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Veff derived from the free nucleon-nucleon potential 

Realistic shell-model calculations with two-body forces  

  Two main ingredients 

 Nucleon-nucleon potential 

Many-body theory: derivation of the effective interaction 

No adjustable parameter in the calculation of two-body matrix elements 
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Veff calculated by a well-established perturbative 
approach, the         folded-diagram expansion           
            

In practical applications: diagrams first-, second-, and 
third-order in the interaction 

Veff  should account for effects of the configurations 
excluded from the model space:  core polarization 
effects   

+ … 

“Bubble” 
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Renormalization of the NN interaction 
     (“Hard-core” potentials, e.g., CD-Bonn) 

Vlow-k approach: construction of a low-momentum NN  
potential Vlow-k confined within a momentum-space 
cutoff       . 
 
 
 
  

Λk ≤
Vlow-k preserves the physics of the original NN 
interaction up to a certain cut-off momentum Λ: the 
deuteron binding energy and low-energy scattering 
phase-shifts of VNN are reproduced. 

 Vlow-k is a smooth NN potential    

Low-momentum effective interactions 
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Advantages of the Vlow-k approach  

1. Vlow-k  can be used directly in nuclear structure calculations 
within a perturbative approach.  

 
 
2. The differences between matrix elements of different  
   NN  potentials practically disappear for the Vlow-k matrix  
   elements suggesting the realization of a nearly unique 
   low-momentum NN potential.  
  
  
3. The Vlow-k’s extracted from various phase-shift equivalent  
    NN potentials give very similar results in nuclear  
    structure calculations. 
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Nijmegen I -   (PD = 5.66%);   χ2 / Ndata  = 1.03 
Nijmegen II -  (PD = 5.64%);   χ2/Ndata   = 1.03 
Argonne V18 -  (PD = 5.76%);   χ2/Ndata  =  1.09  
CD Bonn -      (PD = 4.85%);   χ2/Ndata  =  1.02 
 
NN potentials derived from chiral effective field theory 

N3LO potential (Entem & Machleidt, 2002-2003) 

N3LO potential  (E. Epelbaum, W. Glöckle, and U.-G. Meissner, 2005) 

N3LOW  potential (Entem & Machleidt, 2005-2006) 

“Modern” NN potentials 

NNLOopt potential (May 2013) 
χ2 / Ndata  ≈ 1  Elab < 125 MeV 
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IdahoB 

N3LOW vs N3LO+Vlow-k 

N3LOW 



Vlow-k  ( Λ = 2.2 fm-1) 
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N3LOW 
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         How far can we go in explaining nuclear structure  
         properties with the simplest approach to realistic 
         shell-model calculations? 
 
 
               i) Two-body potential + Vlow-k  (for hard-core potentials) 
 
 
              ii) Second-order in the                 expansion 
 
             iii) Single-particle energies from experiment 
 
 
 
 
 
 
 
 
 
 

boxQ−
∧
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Valence neutrons in the 1f7/2, 2p3/2, 0h9/2, 2p1/2,  
1f5/2,0i13/2 levels of the 82-126 shell 
Protons in the 0g7/2, 1d5/2, 1d3/2, 0h11/2, 2s1/2  of the  
50-82 shell 
 
Single-particle energies from the spectra of 133Sb and 
133Sn 

Model space & single-particle energies 

Shell-model calculations with two-body effective interaction 
derived from the CD-Bonn potential through the Vlow-k approach 

Λ = 2.2 fm-1 

132Sn region 
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energy of this state in 134Sn drops to 726 keV, making it the lowest first-
excited 2+ level observed in a semi-magic even-even nucleus over the whole
chart of nuclides.

This, as well as other peculiar features (see for instance Ref. [21]) of
nuclear structure in the 132Sn region for N > 82, has tended to support
the idea that the neutron excess produces a quenching of the N = 82 shell
closure, in contrast with the interpretation [22; 23] based on a reduction of
the neutron pairing above the N = 82 shell. Evidence for a shell quenching
was also considered a first mass measurement of 134Sn [24], which casted
doubt on the doubly magic nature of 132Sn. However, a high-precision
Penning trap mass measurement [25] has revealed a 0.5 MeV discrepancy
with respect to the previous measurement, which restores the neutron-shell
gap at N = 82.

Nuclei around 132Sn, below and above N = 82, have been the subject
of several realistic shell-model calculations ([15] and references therein, [20;
26]) which have yielded very good agreement with experiment without in-
voking any shell-structure modification. In particular, the properties of
134Te, which exhibits a “normal” proton pairing, as well as those of 134Sn
with a weak neutron pairing, are well described by our realistic effective
interaction, as is seen in Fig. 1, where the experimental energies of the
first three excited levels are compared with the calculated ones. Especially
worthy of note is that the energy of the 2+ state in both nuclei, namely
the proton and neutron gap, is remarkably well reproduced. This clearly
means that our effective interaction possesses good pairing properties.
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Fig. 1. Experimental and calculated spectrum of 134Sn (a) and 134Te (b).

As discussed in the previous section, we know, however, that a realistic
effective interaction is obtained from the nucleon-nucleon potential through
a perturbation procedure which takes microscopically into account core
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   (νf7/2 )2 configuration    (πg7/2 )2 configuration 

Lowest first-excited 2+  level in 
semi-magic even-even nuclei  
over the whole chart of nuclei 
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The 0- ground state and the first excited 1- state 
are nearly degenerate (13 keV energy difference) 

πg7/2νf7/2   configuration 



Vlow-k 

Diagonal matrix elements of interaction for the 
πg7/2νf7/2   configuration 

Veff 

V1h1p 
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No shell  closure at N=90, in contrast with the results of other calculations 



Binding energies and one-neutron separation energies (MeV) in Sn 
                     isotopes with A = 134, 136, 138, 140  
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A.	
  Gargano
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  Napoli

Coulomb	
  excitation with RiBs
Firenze,	
  September 27-­‐28,	
  2012

Some	
  predictions for 134Sn	
  &	
  136SnSome predictions for 134Sn and 136Sn 
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                       B(E2 values (in W.u.) 
 
Ji à Jf                     Calc.             Expt. 
 
0+ à 2+                  20                24±3 
 
4+ à 2+                  4.3               4.3±0.30 
 
6+ à 4+                  1.9               2.05±0.03 
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134Te 
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136
51 Sb 1p3n 

136Sb is at present the most exotic open-shell nucleus beyond 132Sn for which 
information exists on excited states 
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4p1n 137Xe 
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Calculated energies and spectroscopic factors for 137Xe  
compared with those obtained by Kay et al. 
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L. Coraggio, A. Covello, A. Gargano, and N. Itaco, Phys. Rev. C 87, 034309 (2013) 
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Evolution of single-particle states beyond 132Sn 

L. Coraggio, A. Covello, A. Gargano, and N. Itaco, Phys. Rev. C 87, 034309 (2013) 

 1n 2p1n 4p1n 
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Summary and Outlook 

The properties of exotic nuclei beyond 132Sn are remarkably well 
described by a unique consistent shell-model Hamiltonian derived from 
a realistic free NN potential (CD-Bonn) renormalized through the Vlow-k 
procedure. This gives confidence in its predictive power.   
 
At present no real evidence of shell modifications in the 132Sn region. 
Our calculations, in line with the estimations of mean field calculations, 
seem to indicate that we are still quite far from the neutron drip line. 
 
We have obtained similar results in other regions, e.g., for nuclei 
around 208Pb and for the Ca chain  
L. Coraggio, A. Covello, A. Gargano, and N. Itaco, Phys. Rev. C 80, 021305(R) (2009) 
                            
   “                         “                        “    Phys. Rev C80, 044311 (2009)  
 
Our calculations in these regions seem to leave little room for sizeable 
contributions from three-nucleon forces. It is very interesting that 
the results recently obtained with the chiral NNLOopt NN potential 
lead to the same conclusion. This is somewhat intriguing and certainly 
deserves further investigation. 
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