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• The old puzzle of particle-hole symmetry

• Berry phase of composite fermions



Hall conductivity/resistivity

ji = �ijEj

Ei = ⇢ijjj

i, j = x, y



Fractional QH effect



Integer quantum Hall state
• electrons filling n Landau levels
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Energy scales

IQH FQH
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Interesting limit: eB/mc >> Δ (m→0)
only lowest Landau level (LLL) states survives

No small parameter
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QHE in cold atoms

• Rapidly rotating atomic systems Wilkin Gunn 2000

• Lattice magnetic field by quadrupole potential and 
time modulation of tunneling Sørensen Demler Lukin 
2005

• Artificial magnetic field Jaksch Zoller 2003

• Fractional Chern insulators Cooper Dalibard 2013, 
Yao et al 2013



Composite fermions

• Theoretical understanding of FQHE relies on the 
notion of the composite fermion

e = CF



Mathematically

# of attached
flux quantar⇥ a = 2⇡p † 

Lopez, Fradkin
Halperin, Lee, Read

L = i †(@0 � iA0 + ia0) � 1

2m
|(@i � iAi + iai) |2 +

1

4⇡p
✏µ⌫�aµ@⌫a� + · · ·

At mean field level: Be↵ = B � b = B � 2⇡p n

⌫�1
e↵ = ⌫�1 � p
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CFs form a Fermi liquid



Fermi liquid of CFs

• The theory of the nu=1/2 state as a Fermi liquid of 
CFs was developed by Halperin, Lee, Read (HLR)

• No small expansion parameter: p~1

• Difficulty with energy scales in the limit m→0 

• Nevertheless, abundant experimental evidence for 
a Fermi liquid behavior of the nu=1/2 state
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• Despite its success, the HLR theory suffers from a 
flaw: lack of particle-hole symmetry



Particle-hole symmetry

PH symmetry

Can be formalized mathematically

Girvin 1984

exact symmetry the Hamiltonian on the LLL, when mixing 
of higher LLs negligible 

⌫ ! 1� ⌫
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• The particle-hole asymmetry of the HLR theory 
has been noticed early on Kivelson et al 1997

• No conclusive resolution has emerged

• Maybe ground state at nu=1/2 breaks PH 
symmetry spontaneously? Barkeshli Mulligan Fisher 
2015

• By now, numerical and experimental evidence: 
nu=1/2 state is particle-hole symmetric
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Berry phase in Fermi liquids

• Original Fermi liquid theory (Landau, 1956) 

Recent understanding: Landau’s Fermi liquid theory has to be 
supplemented by the Berry phase of quasiparticles

Niu, Haldane, ...



Example: Dirac cone

(� · p)up = |p|up

u†
prpup = iA(p)

I
A · dp = ⇡
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IQHE in graphene
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To explain the half-integer QHE qualitatively, we invoke
the formal expression2,14–17 for the energy of massless relativistic
fermions in quantized fields, EN ¼ [2e!hc*

2B(N þ 1/2 ^ 1/2)]1/2.
In quantum electrodynamics, the sign^ describes two spins, whereas
in graphene it refers to ‘pseudospins’. The latter have nothing to do
with the real spin but are ‘built in’ to the Dirac-like spectrum of
graphene; their origin can be traced to the presence of two carbon
sublattices. The above formula shows that the lowest LL (N ¼ 0)
appears at E ¼ 0 (in agreement with the index theorem) and
accommodates fermions with only one (minus) projection of the
pseudospin. All other levels N $ 1 are occupied by fermions with
both (^) pseudospins. This implies that for N ¼ 0 the degeneracy is
half of that for any otherN. Alternatively, one can say that all LLs have
the same ‘compound’ degeneracy but the zero-energy LL is shared
equally by electrons and holes. As a result the first Hall plateau occurs
at half the normal filling and, oddly, both n ¼ 21/2 and þ1/2
correspond to the same LL (N ¼ 0). All other levels have normal
degeneracy 4B/f0 and therefore remain shifted by the same 1/2 from
the standard sequence. This explains the QHE at n ¼ N þ 1/2 and, at
the same time, the ‘odd’ phase of SdHO (minima in rxx correspond to
plateaux in rxy and therefore occur at half-integer n; see Figs 2 and 4),
in agreement with theory14–17. Note, however, that from another
perspective the phase shift can be viewed as the direct manifestation
of Berry’s phase acquired by Dirac fermions moving in magnetic
field20,21.
Finally, we return to zero-field behaviour and discuss another

feature related to graphene’s relativistic-like spectrum. The spectrum
implies vanishing concentrations of both carriers near the Dirac
point E ¼ 0 (Fig. 3e), which suggests that low-T resistivity of the

zero-gap semiconductor should diverge at Vg < 0. However, neither
of our devices showed such behaviour. On the contrary, in the
transition region between holes and electrons graphene’s conduc-
tivity never falls below a well-defined value, practically independent
of T between 4K and 100 K. Figure 1c plots values of the maximum
resistivity rmax found in 15 different devices at zero B, which
within an experimental error of ,15% all exhibit rmax < 6.5 kQ
independently of their mobility, which varies by a factor of 10. Given
the quadruple degeneracy f, it is obvious to associate rmax with
h/fe2 ¼ 6.45 kQ, where h/e2 is the resistance quantum.We emphasize
that it is the resistivity (or conductivity) rather than the resistance (or
conductance) that is quantized in graphene (that is, resistance R
measured experimentally scaled in the usual manner as R ¼ rL/w
with changing length L andwidthw of our devices). Thus, the effect is
completely different from the conductance quantization observed
previously in quantum transport experiments.
However surprising it may be, the minimum conductivity is an

intrinsic property of electronic systems described by the Dirac
equation22–25. It is due to the fact that, in the presence of disorder,
localization effects in such systems are strongly suppressed and
emerge only at exponentially large length scales. Assuming the
absence of localization, the observed minimum conductivity can be
explained qualitatively by invoking Mott’s argument26 that the mean
free path l of charge carriers in ametal can never be shorter than their
wavelength lF. Then, j ¼ nem can be rewritten as j ¼ (e2/h)kFl, so j
cannot be smaller than,e2/h for each type of carrier. This argument
is known to have failed for 2D systems with a parabolic spectrum in
which disorder leads to localization and eventually to insulating
behaviour22,23. For 2DDirac fermions, no localization is expected22–25

and, accordingly, Mott’s argument can be used. Although there is a
broad theoretical consensus15,16,23–28 that a 2D gas of Dirac fermions
should exhibit a minimum conductivity of about e2/h, this quantiza-
tion was not expected to be accurate and most theories suggest a
value of ,e2/ph, in disagreement with the experiment.
Thus, graphene exhibits electronic properties that are distinctive

for a 2D gas of particles described by the Dirac equation rather than
the Schrödinger equation. The work shows a possibility of studying

Figure 4 | QHE for massless Dirac fermions. Hall conductivity jxy and
longitudinal resistivity rxx of graphene as a function of their concentration
at B ¼ 14 T and T ¼ 4K. jxy ; (4e2/h)n is calculated from the measured
dependences of rxy(Vg) and rxx(Vg) as jxy ¼ rxy/(rxy

2 þ rxx
2 ). The

behaviour of 1/rxy is similar but exhibits a discontinuity at Vg < 0, which is
avoided by plotting jxy. Inset: jxy in ‘two-layer graphene’ where the
quantization sequence is normal and occurs at integer n. The latter shows
that the half-integer QHE is exclusive to ‘ideal’ graphene.

Figure 3 | Dirac fermions of graphene. a, Dependence of BF on carrier
concentration n (positive n corresponds to electrons; negative to holes).
b, Examples of fan diagrams used in our analysis7 to findBF.N is the number
associated with different minima of oscillations. The lower and upper curves
are for graphene (sample of Fig. 2a) and a 5-nm-thick film of graphite with a
similar value of BF, respectively. Note that the curves extrapolate to different
origins, namely to N ¼ 1/2 and N ¼ 0. In graphene, curves for all n
extrapolate toN ¼ 1/2 (compare ref. 7). This indicates a phase shift ofpwith
respect to the conventional Landau quantization in metals. The shift is due
to Berry’s phase14,20. c, Examples of the behaviour of SdHO amplitude Dj
(symbols) as a function of T for m c < 0.069 and 0.023m0 (see the
dependences showing the rapid and slower decay with increasing T,
respectively); solid curves are best fits. d, Cyclotronmassm c of electrons and
holes as a function of their concentration. Symbols are experimental data,
solid curves the best fit to theory. e, Electronic spectrum of graphene, as
inferred experimentally and in agreement with theory. This is the spectrum
of a zero-gap 2D semiconductor that describes massless Dirac fermions with
c* 1/300 the speed of light.
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Alternative to flux 
attachment

• Flux attachment breaks PH symmetry

• Alternative: fermionic particle-vortex duality

LA = i ̄�µ(@µ � iAµ) 

LB = i ̄�µ(@µ + 2iaµ) +
1

2⇡
✏µ⌫�Aµ@⌫a�



Particle-vortex duality

original fermion composite fermion

magnetic field density

density magnetic field
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Z
d

3
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DTS; Metlitski, Vishwanath; Senthil, Wang



Jain’s sequences again
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Comments on particle-vortex duality

• Bosonic counterpart: duality between XY model 
and abelian Higgs model

• strong numerical evidence

• specific for d=3, N=1

• Fermionic particle-vortex duality: no numerical 
evidence (yet?) at zero B field

• small N: chiral symmetry breaking in dual theory

• strong interactions needed for original fermions?

• magnetic field quenches kinetic energy, 



 Relativistic model with FQHE
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 Low-energy description of ground state at zero chemical 
potential, finite B field



Consequences

• Exact particle hole symmetry in linear response

• at           ,              exactly (HLR: ρxy=2)

• New particle-hole symmetric gapped nonabelian 
state at ν=1/2: 

h✏↵� ↵ �i 6= 0

�
xy

=
1

2
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1

2

Pfaffian and anti-Pfaffian states: pairing of Dirac CFs with
angular momentum 2 and -2



Dirac composite fermions

• Emergent gauge field

• No Chern-Simons interaction ada

• ada would break CP and CT 

• Composite fermion without flux attachment

• composite fermions have Berry phase π around 
Fermi surface



HLR theory as the NR limit

μ
When CP is broken, CF has mass

In the NR limit: NR action for CF

Integrating out Dirac sea: Chern-
Simons interaction between CF

ada

Standard HLR theory is reproduced
Particle-hole symmetry broken by the CF Dirac mass



Conclusion and open questions

• PH symmetry: a challenge for CF picture

• Proposal: Dirac CF with gauge, non-CS interaction

• particle-vortex duality instead of flux attachment

• experimentally verifiable consequences

• Open questions:

• derivation of the effective theory

• experimental measurement of the Berry phase: 
cold atoms?


