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Hyper-fluctuations QCD phase structure
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Functional Methods for QCD
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free energy at momentum scale k
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Aiming at apparent convergence

vacuum fQCD: current set of correlation functions

glue sector

 quark-glue sector

 quark-meson sector

FRG
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Analyticity considerations at finite density

! Self-consistent truncations to functional relations define ‘analytic’ functions in      , eg:        
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! Consequences for functional QCD predictions at finite density  

By now the best truncations to functional 
QCD pass lattice benchmark tests at 
vanishing chemical potential
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! Consequences for functional QCD predictions at finite density  

By now the best truncations to functional 
QCD pass lattice benchmark tests at 
vanishing chemical potential

Regime of reliability of current best truncation

In any case: QCD-based analytic continuations  
               that satisfy the lattice benchmarks 
               at vanishing chemical potential.  

Great opportunity for a combined analysis of high density QCD



Three remarks on Functional Methods for QCD

!off-shell representation of thermodynamic observables 

off-shell

pressure, trace anomaly,  
fluctuations, volume flucs., ...

e.g.
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on-shell

asympt. 
states

asympt. 
states

e.g. hadron resonances

Tr hq(x)q̄(x)i
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!gauge fixing = parameterisation

II: Difficult access to some observables 

hq(x1) · · · q̄(x2n)Aµ(y1) · · ·Aµ(ym)h(z1) · · ·h(zl)i

I: simple correlations

Consequences

‘No free lunch theorem’

! ‘Your mean field is not my mean field’
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QCD at finite density
Nf=2+1 Gluon and quark benchmark results in the vacuum and at finite T 

fRG-DSE

Fu, JMP, Rennecke, PRD 101, (2020) 054032

                   Gao, JMP, PRD 102, (2020) 034027 
                                            PLB 820 (2021) 136584 

fRG:

DSE:

fRG

~p2hAAi(~p2)
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QCD at finite density
Nf=2+1 Gluon and quark benchmark results in the vacuum and at finite T 

lattice:       Nf=2: Sternbeck, Maltman, Müller-Preussker,         
                                       von Smekal, PoS LATTICE2012, 243 (2012) 

                       Nf=2+1: Aguilar, De Soto, Ferreira, Papavassiliou, Rodriguez-Quintero,      
                                       Zafeiropoulos, EPJC 80 (2020) 2, 154,  
                                       Boucaud, De Soto, Raya, Rodriguez-Quintero,      
                                       Zafeiropoulos, PRD 98, 114515 (2018)   
                           

            Finite T: Ilgenfritz, JMP, Rothkopf, Trunin, EPJ C78, 127 (201) 
                           (Nf=2+1+1)

fRG-DSE

Fu, JMP, Rennecke, PRD 101, (2020) 054032

                   Gao, JMP, PRD 102, (2020) 034027 
                                            PLB 820 (2021) 136584 

fRG:

DSE:

fRG

~p2hAAi(~p2)
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fRG

DSE: vacuum & finite T
                          Fischer, Luecker, PLB 718 (2013) 1036 
               Fischer, Luecker,Welzbacher, PRD 90 (2014) 034022 
  Isserstedt, Buballa, Fischer, Gunkel, PRD 100 (2019) 074011  
                                                       Gunkel, Fischer, 2106.08356

9

102 103
0

1

2

3

 

 

gl
uo

n 
dr

es
si

ng
 fu

nc
tio

n

p[MeV]

  FRGT=0
Nf=2: Cyrol et al    

  This work: T=0
                   T=0.98TC
                   T=1.3TC

 LatticeT=0
Nf=2+1:Boucaud et al

  FRGT=0
Nf=2+1  : Fu et al 

  FRGT=1.3Tc
Nf=2+1   : Fu et al

p2hAAi(p2)
<latexit sha1_base64="UPmoOSpa2VSc75aK8veDwKMcrk4="></latexit>

DSE

fRG
fRG



QCD at finite density
Nf=2+1 Gluon and quark benchmark results in the vacuum and at finite T 

fRG-DSE

Fu, JMP, Rennecke, PRD 101, (2020) 054032

                   Gao, JMP, PRD 102, (2020) 034027 
                                            PLB 820 (2021) 136584 

fRG:

DSE:

fRG

~p2hAAi(~p2)
<latexit sha1_base64="rDNTkEMgGTAEODaKbyFoXgJ9UpY="></latexit>

fRG

0.1 1 10
0.0

0.1

0.2

0.3

0.4

qu
ar

k 
m

as
s 

fu
nc

tio
n

p[GeV]

  T=0
  T=0.6TC
  T=0.8TC
  T=1.0TC
  T=1.3TC

DSE

9

102 103
0

1

2

3

 

 

gl
uo

n 
dr

es
si

ng
 fu

nc
tio

n

p[MeV]

  FRGT=0
Nf=2: Cyrol et al    

  This work: T=0
                   T=0.98TC
                   T=1.3TC

 LatticeT=0
Nf=2+1:Boucaud et al

  FRGT=0
Nf=2+1  : Fu et al 

  FRGT=1.3Tc
Nf=2+1   : Fu et al

p2hAAi(p2)
<latexit sha1_base64="UPmoOSpa2VSc75aK8veDwKMcrk4="></latexit>

DSE

fRG
fRG



QCD at finite density

renormalised condensate

Chiral order parameter benchmark results at finite T 

lattice: S. Borsanyi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg, C. Ratti, and K. K. Szabo, JHEP 09, 073 (2010)  

�l,R(T, µB) ' �l(T, µB)��l(0, 0)
<latexit sha1_base64="udt37XsWSQsjEaM1yo0zEkVHYQQ="></latexit>

�q(T, µB) =
T

V m0
q

Z

x
hq̄(x)q(x)i

<latexit sha1_base64="d6+ZQZ85hTGnke9/4su+T8qWi/U="></latexit>

fRG-DSE

0 50 100 150 200 250
0.0

0.2

0.4

0 100 2000.0

0.2

0.4

 µB=0
 µB=200MeV
 µB=400MeV
 µB=600MeV

re
no

rm
al

is
ed

 li
gh

t c
on

de
ns

at
e

T[MeV]

 fRG:Fu et al

 this work

 this work

DSE fRG

Fu, JMP, Rennecke, PRD 101, (2020) 054032fRG:
Gao, JMP, PLB 820 (2021) 136584DSE:

DSE: quark condensates

See also 
                          Fischer, Luecker, PLB 718 (2013) 1036 
               Fischer, Luecker,Welzbacher, PRD 90 (2014) 034022 
  Isserstedt, Buballa, Fischer, Gunkel, PRD 100 (2019) 074011 
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hotQCD, PLB 795 (2019) 15

WB, PLB 751 (2015) 559
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QCD phase structure

Fu, JMP, Rennecke, PRD 101, (2020) 054032fRG:
Gao, JMP, PLB 820 (2021) 136584DSE:

 Reliability considerations Dominant channels I (fRG)
 Braun, Leonhardt, Pospiech, PRD 101 (2020) 036004
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 Eichmann, Fischer, Welzbacher, PRD 93 (2016) 034013
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Minor effects of baryons on phase boundary

Minor effects of mesons: Gunkel, Fischer, 2106.08356 
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Thermal splits of tensor structures 
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Location of CP : Theoretical Prediction

Preliminary collection from Lattice, DSE, FRG and PNJL (2004-2020)

Large uncertainties for the estimation of CP location.

Compilation by X. Luo & Y.G. Huang

Disclaimer 
Most functional computations  
(LEFT or QCD) have not been  
set-up for CEP-predictions! 

Lack of predictive power  
for CEP-predictions  

is no quality measure! 
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Hyper-fluctuations 



On the unreasonable effectiveness of low energy effective theories 

Fu, JMP, Rennecke, PRD 101, (2020) 054032

Sequential decoupling of gluon, quark, sigma, pion fluctuations

Braun, Fister, Haas, JMP, Rennecke, PRD 94 (2016) 034016

Rennecke, PRD 92 (2015) 076012
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QCD-assisted low energy effective theories
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QM-model
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Fluctuations of conserved charges

Benchmark at vanishing density

QCD-assisted LEFT

Fu, JMP, PRD 93 (2016) 091501
Fu, JMP, Schaefer, Rennecke, PRD 94 (2016) 116020 
             Fu, JMP, Rennecke, PRD 101, (2020) 054032 

Wen, Huang, Fu, PRD 99 (2019) 094019

Strangeness
Fu, JMP, Rennecke, SciPost Phys. Core 2, 002 (2020) 
                                        PRD 100 (2019) 11, 111501

Builds on

18Fu, Luo, JMP, Rennecke, Wen, Yin, 2101.06035
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Freezeout curve
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Benchmark at vanishing density

QCD-assisted LEFT
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QCD-assisted LEFT

Fun QCD, in progress

Baryon number conservation?

Fu, Luo, JMP, Rennecke, Wen, Yin, 2101.06035



Fluctuations of conserved charges

20

The 5th, 6th order fluctuation of 
net-proton including pp collisions

New data of net-p cumulants  
at 200 GeV pp collisions 
will be shown by Risa N.

New data of net-proton  C5 , C6 at BES-I 
will be shown by Ashish P.

NPA 1005
(2021) 
121882
(STAR) 

negative c6 could be taken as an indication 
of cross-over transition at small µB
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QCD-assisted LEFT

QCD-assisted LEFT

Fun QCD, in progress20

STAR measurements

Fu, Luo, JMP, Rennecke, Wen, Yin, 2101.06035
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QCD-assisted LEFT

Fun QCD, in progress

Great opportunity for a combined analysis  
-Exp. data, lattice QCD, functional QCD-  

of high density QCD

Fu, Luo, JMP, Rennecke, Wen, Yin, 2101.06035
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QCD-assisted LEFT: Taylor expansion vs full results
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QCD-assisted LEFT: Taylor expansion vs full results
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Great opportunity for a combined analysis (Exp. data, lattice QCD, functional QCD) of high density QCD
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Hyper-fluctuations QCD phase structure



Summary & Outlook

!Towards apparent convergence in functional approaches to QCD  

!Results & predictive power for the phase structure of QCD 

!Observables: quark condensates, fluctuations of conserved charges 

!Towards quantitative precision at high densities 

!Systematic improvements under way for 
<latexit sha1_base64="S7+4sWJ/ya7ewvexs/lI0P3tQyA=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXNWkptXuim5cVugLmlAm00k7dCYJMxOhxC78FTcuFHHrb7jzb5y0FVT0wMDhnHO5d44fMyqVZX0YuaXlldW1/HphY3Nre8fc3WvLKBGYtHDEItH1kSSMhqSlqGKkGwuCuM9Ixx9fZX7nlghJo7CpJjHxOBqGNKAYKS31zYPU9QPo8qR/edp0h0onOXSmfbNolZxqpVotQ6tkVyzHcTJin9m1GrRL1gxFsECjb767gwgnnIQKMyRlz7Zi5aVIKIoZmRbcRJIY4TEakp6mIeJEeuns/ik81soABpHQL1Rwpn6fSBGXcsJ9neRIjeRvLxP/8nqJCi68lIZxokiI54uChEEVwawMOKCCYMUmmiAsqL4V4hESCCtdWUGX8PVT+D9pl3U/JevGKdadRR15cAiOwAmwwTmog2vQAC2AwR14AE/g2bg3Ho0X43UezRmLmX3wA8bbJ18rlag=</latexit>

µB/T & 4



Summary & Outlook

!Towards apparent convergence in functional approaches to QCD  

!Results & predictive power for the phase structure of QCD 

!Observables: quark condensates, fluctuations of conserved charges 

!Towards quantitative precision at high densities 

!Systematic improvements under way for 
<latexit sha1_base64="S7+4sWJ/ya7ewvexs/lI0P3tQyA=">AAAB/3icdVDLSsNAFJ3UV62vqODGzWARXNWkptXuim5cVugLmlAm00k7dCYJMxOhxC78FTcuFHHrb7jzb5y0FVT0wMDhnHO5d44fMyqVZX0YuaXlldW1/HphY3Nre8fc3WvLKBGYtHDEItH1kSSMhqSlqGKkGwuCuM9Ixx9fZX7nlghJo7CpJjHxOBqGNKAYKS31zYPU9QPo8qR/edp0h0onOXSmfbNolZxqpVotQ6tkVyzHcTJin9m1GrRL1gxFsECjb767gwgnnIQKMyRlz7Zi5aVIKIoZmRbcRJIY4TEakp6mIeJEeuns/ik81soABpHQL1Rwpn6fSBGXcsJ9neRIjeRvLxP/8nqJCi68lIZxokiI54uChEEVwawMOKCCYMUmmiAsqL4V4hESCCtdWUGX8PVT+D9pl3U/JevGKdadRR15cAiOwAmwwTmog2vQAC2AwR14AE/g2bg3Ho0X43UezRmLmX3wA8bbJ18rlag=</latexit>

µB/T & 4

0.00 0.05 0.10 0.15 0.20

0.05

0.10

0.15

0.20

Chemical potential μ [GeV]

Te
m
pe
ra
tu
re
T
[G
eV

]

t/τ0

1.00

1.25

1.50

1.75

2.00

2.25

Blum, Jiang, Nahrgang, JMP, Rennecke, Wink, NPA 982 (2019) 871

!Transport, hydro, and critical region 

!Real-time correlation functions  

!Transport at finite mu & T 

!Transport coefficients    


