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» Jan Pawlowski’s talk on Friday [Fu, Pawlowski, Rennecke, PRD (2020)]:
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» QCD phase diagram (standard picture):
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» assumption: (gq), (qq) constant in space
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» QCD phase diagram (standard picture):

T _
<G> =0

<qg> =0

<qo> <qo>

v

» assumption: (gq), (qq) constant in space

» How about non-uniform phases ?

September 19, 2021 | Michael Buballa | 3



Introduction

TECHNISCHE
UNIVERSITAT
DARMSTADT

NJL model, homogeneous phases only
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NJL model, including inhomogeneous phase
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NJL model, including inhomogeneous phase
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» 1st-order phase boundary
completely covered by the
inhomogeneous phase!

» Critical point — Lifshitz point
[D. Nickel, PRL (2009)]
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NJL model, including inhomogeneous phase
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[D. Nickel, PRD (2009)]

» 1st-order phase boundary
completely covered by the
inhomogeneous phase!

» Critical point — Lifshitz point
[D. Nickel, PRL (2009)]

» Inhomogeneous phase rather
robust under model extensions
and variations
[MB, S. Carignano, PPNP (2015)]
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» What is the effect of explicit chiral-symmetry breaking?

[MB, S. Carignano, PLB 791 (2019) 361;
MB, S. Carignano, L. Kurth, EPJST 229 (2020) 3371]

» What is the influence of strange quarks?
[S. Carignano, MB, PRD 101 (2020) 014026]
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» What is the effect of going away from the chiral limit?
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» What is the effect of going away from the chiral limit?

» NJL model [Nickel, PRD (2009)]:
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» What is the effect of going away from the chiral limit?

» NJL model [Nickel, PRD (2009)]:

100;
k.. Myg=0,5MeV, 10 MeV
80} ™.
60!
40!

20¢

T [MeV]

07360 280 300 320 340 360 380 400
Hq [MeV]
Inhomogeneous phase gets smaller

but still reaches the CEP

» Quark-meson model
[Andersen, Kneschke, PRD (2018)]:
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» What is the effect of going away from the chiral limit?
» NJL model [Nickel, PRD (2009)]: » Quark-meson model
[Andersen, Kneschke, PRD (2018)]:
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but still reaches the CEP my > 37.1 MeV

» Here: systematic study within stablity and Ginzburg-Landau analyses
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» Lagrangian: Zom = (i7", — glo + isT - m)) ¢ + L8 — U(o, )

» Meson kinetic term: 4" = 1 (9,00/0 + 9, - 0Vm)
» Meson potential: U(o, ) = 3 (0% + 7% — v3)" — co

» Model parameters: g, A, v2, ¢
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Example: Quark-Meson Model TECHNISCHE
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» Lagrangian: Zom = (i7", — glo + isT - m)) ¢ + L8 — U(o, )
» Meson kinetic term: 4" = 1 (9,00/0 + 9, - 0Vm)
» Meson potential: U(o, ) = § (0% + w2 — v2)2 —co

» Model parameters: g, A, v2, ¢

» Mean-field approximation:

—

o(x) = (o(x)) =0(X),  ma(x) = (ma(X)) = 7(X) da3

» o(X), m(X) time independent classical fields

» retain space dependence !
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» Grand potential per volume: (T, u) = — 7 log Z(T, p)
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Mean-field thermodynamic potential TECHNISCHE
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» Grand potential per volume: (T, u) = — 7 log Z(T, p)
> in mean-field approximation:  Que(T, 1) = Qo(T, 150, 7) + Qmes (0, )
> Qmes = v [y &*x {3 (Vo(X)? + (V(X))?) + U(o(X), ©(X)) }
> Qq=—LTrlogs-"
- Tr: functional trace over Euclidean V4 = [0, lT] x V, Dirac, color, and flavor

- inverse dressed quark propagator:

ST (x) = "0 + 17° — glo(X) + insTam(X)
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Mean-field thermodynamic potential ECHNISCHE
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» Grand potential per volume: (T, u) = — 7 log Z(T, p)
> in mean-field approximation:  Que(T, 1) = Qo(T, 150, 7) + Qmes (0, )
> Qnes = \17fv a®x {% ((VO’()?))Z + (V7r()_('))2) + U(a()_('),7r()_('))}

> Qq=—LTrlogs-"
- Tr: functional trace over Euclidean V4 = [0, lT] x V, Dirac, color, and flavor
- inverse dressed quark propagator:
S7'(0) = iV + 1y — g(o(X) + insTam(X)
= Qur = Qurlo(X), T(X)]

Evaluation of the functional trace + subsequent minimization extremly difficult !
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» Stability analysis:

» Minimize Qe w.r.t. homogeneous mean fields — o=, 7=0
» Study effect of small inhomogeneous fluctuations do(X), dm(X)
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» Stability analysis:
» Minimize Qe w.r.t. homogeneous mean fields — o=, 7=0
» Study effect of small inhomogeneous fluctuations do(X), dm(X)
— sufficient but not necessary criterion for an inhomogeneous phase

® instabilities w.r.t large inhomogeneous fluctuations not excluded
©® no ansatz functions for o(X) and (X) needed
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» Stability analysis:
» Minimize Qe w.r.t. homogeneous mean fields — o=, 7=0
» Study effect of small inhomogeneous fluctuations do(X), dm(X)
— sufficient but not necessary criterion for an inhomogeneous phase
® instabilities w.r.t large inhomogeneous fluctuations not excluded

©® no ansatz functions for o(X) and (X) needed

— well suited to identify 2nd-order phase transitions

» Ginzburg-Landau analysis:

» additional expansion in small gradients Va( X), V7r( X)
» best suited to identify critical and Lifshitz points
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» Decompose mean fields: o(X) = 7 + do(X), m(X) = dm(X)
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» Decompose mean fields: o(X) = 7 + do(X), m(X) = dm(X)
— dressed propagator: S~ = 851 -3
> Sg‘ = iv"d, +puy® — g5 = quark with homogeneous mass M=—g5

> 3 = g(0o(X) + ins3om(X))  fluctuations
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» Decompose mean fields: o(X) = 7 + do(X), m(X) = dm(X)

— dressed propagator: S~ = 851 -
> Sg‘ = iv"d, +puy® — g5 = quark with homogeneous mass M=—g5

> 3 = g(0o(X) + ins3om(X))  fluctuations

» Expand thermodynamic potential in orders of §a, 6m:  Que = > QW
n=0
» QO = TTrIog +U(5,0)
» QW = ITr (SoX) + (M2 — v3)5 — ¢ & [, d¥x 5o (X)
27T (Sox ) zv /v d (X))? (V57f(7))2]

» 0@ 8x (Voo (
+2(852 —v3)L [, &Bx (60(%)% + 2(62 — v3) 3 [, &Bx (67(%))*

(V5
)’
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» Decompose mean fields: o(X) = 7 + do(X), m(X) = dm(X)
— dressed propagator: S~ = 851 -
> Sg‘ = iv"9, + u1® — g5 = quark with homogeneous mass M = —g&
» ¥ = g(60(X) + ivsT30m(X))  fluctuations
» Expand thermodynamic potential in orders of §a, 6m:  Que = > QW
n=0
> QO = —TTr Iog +U(5,0)
» QW = ITr (SoX) + (M2 — v3)5 — ¢ & [, d¥x 5o (X)
A\ 2 . -,
» Q@ =1TTr (S2)" + 17 Ly Bx [(Véo(X)? + (Vér(X))?]
2\ 2 , -\ 2
+3(36% — v3) 7 [, &Bx (60(X))" + 3(6% — v3) T [, &Bx (67(X))

Evaluation of the functional traces straightforward in momentum space!
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» Fourier transforms:  do(X) = | 89 oid% 55(G),  Om(X) = S 9q o7 57(5)
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» Fourier transforms: o (X) = f% e9%50(G), or(X)=[ 9q o7 57(5)

— linearterm: Q1 =0 for & homogeneous minimum
(+» homogeneous gap equation)
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» Fourier transforms:  do(X) = f% e9%50(G), or(X)=[

— linearterm: Q1 =0 for & homogeneous minimum
(+» homogeneous gap equation)

> quadratic term: Q® = —3 (gi‘)’a{léo@lz Dg‘(o,c7>+|6w<6)|20;‘(o,a>}

» D, (0, g) = sigma / pion propagator (in RPA) — ~ = O OO
at zero energy and 3-momentum g
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» Fourier transforms: o (X) = f% €% 5a(q), om(X)=[ 9q o7 57(5)

— linearterm: Q1 =0 for & homogeneous minimum
(+» homogeneous gap equation)

{167(@) D;"(0,d) + [67(G) 2 D "(0,4) |

» D, (0, g) = sigma / pion propagator (in RPA) — ~ = O OO
at zero energy and 3-momentum g

3
> quadratic term: Q® = —1 [ £,

— hom. ground state unstable if D; (0, g) > 0 or D, (0, g) > 0 for some g
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» Fourier transforms: o (X) = f% €% 5a(q), om(X)=[ 9q o7 57(5)

— linearterm: Q1 =0 for & homogeneous minimum
(+» homogeneous gap equation)

{167(@) D;"(0,d) + [67(G) 2 D "(0,4) |

» D, (0, g) = sigma / pion propagator (in RPA) — ~ = O OO
at zero energy and 3-momentum g

3
> quadratic term: Q® = —1 [ £,

— hom. ground state unstable if D; (0, g) > 0 or D, (0, g) > 0 for some g

(point particles in vacuum: Dl = —G2 — m2, < 0)
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» Fourier transforms: o (X) = f% €% 5a(q), om(X)=[ 9q o7 57(5)

— linearterm: Q1 =0 for & homogeneous minimum
(+» homogeneous gap equation)

{167(@) D;"(0,d) + [67(G) 2 D "(0,4) |

» D, (0, g) = sigma / pion propagator (in RPA) — ~ = O OO
at zero energy and 3-momentum g

3
> quadratic term: Q® = —1 [ £,

— hom. ground state unstable if D; (0, g) > 0 or D, (0, g) > 0 for some g
(point particles in vacuum: Dl = —G2 — m2, < 0)

» 2nd-order phase boundary: D) = 0 at one |§]|
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» Fourier transforms: o (X) = f% €% 5a(q), om(X)=[ 9q o7 57(5)

— linearterm: Q1 =0 for & homogeneous minimum
(+» homogeneous gap equation)

{167(@) D;"(0,d) + [67(G) 2 D "(0,4) |

» D, (0, g) = sigma / pion propagator (in RPA) — ~ = O OO
at zero energy and 3-momentum g

3
> quadratic term: Q® = —1 [ £,

— hom. ground state unstable if D; (0, g) > 0 or D, (0, g) > 0 for some g
(point particles in vacuum: Dl = —G2 — m2, < 0)
» 2nd-order phase boundary: D) = 0 at one |§]|

» (Pseudo-) Lifshitz point: critical mode |G| — O
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Numerical results
[MB, S. Carignano, L. Kurth, Eur. Phys. J. ST (2020)]
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» Parameter fixing in vacuum:

» chiral limit: g, A\, v? < f, = 88 MeV, M = 300 MeV, m, = 600 MeV
» then: increase c — m, > 0, keeping g, ), v? fixed
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» Parameter fixing in vacuum:

» chiral limit: g, A\, v? < f, = 88 MeV, M = 300 MeV, m, = 600 MeV
» then: increase c — m, > 0, keeping g, ), v? fixed

» Phase diagram for m, = 140 MeV 50

T T T T T T

» shaded area: A =757 MeV
instability region or i
» solid lines: 30l
phase boundaries for RKC
ansatz 20 -

T/MeV

» dashed line:
homogeneous first-order
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u/MeV
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» Parameter fixing in vacuum:

» chiral limit: g, A\, v? < f, = 88 MeV, M = 300 MeV, m, = 600 MeV
» then: increase c — m, > 0, keeping g, ), v? fixed

» Phase diagram for m, = 140 MeV 50

» shaded area: A=5GeV
instability region or i
» solid lines: 30} i
phase boundaries for RKC
ansatz 20 - i

T/MeV

» dashed line:
homogeneous first-order
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Numerical results
[MB, S. Carignano, L. Kurth, Eur. Phys. J. ST (2020)]
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» Show only the “right” phase boundary:
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» General idea: expand 2 in powers of the order parameters and their gradients
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» General idea: expand 2 in powers of the order parameters and their gradients
> Here: QIM(X)] = QIM] + 3, [ d®x dw[M, SM(x)]

» M(X) = go(X) = M+ 5M(x) (neglect pseudoscalar fluctuations)

> 0w = a1OM + a0 M? + azdM?® + g f6M* + g p(VIM)? + ...

» o= oi(M, T, )
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» General idea: expand 2 in powers of the order parameters and their gradients
> Here: QIM(X)] = QIM] + 3, [ d®x dw[M, SM(x)]

» M(X) = go(X) = M+ 5M(x) (neglect pseudoscalar fluctuations)

> 0w = a1OM + a0 M? + azdM?® + g f6M* + g p(VIM)? + ...

» o= oi(M, T, )
» chiral limit: M =0, only even powers (aj=as="---=0)

» ftricritical point (TCP): ap = =0
» Lifshitz point (LP): ar=o0up=0
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v

General idea: expand 2 in powers of the order parameters and their gradients
Here: QIM(X)] = QIM] + 3 [ d®x dw[M, SM(x)]

» M(X) = go(X) = M+ 5M(x) (neglect pseudoscalar fluctuations)

> 0w = a1OM + a0 M? + azdM?® + g f6M* + g p(VIM)? + ...

» o= oi(M, T, )
chiral limit: M =0, only even powers (a1 =ag=---=0)

» ftricritical point (TCP): ap = =0
» Lifshitz point (LP): ar=o0up=0

v

v

» general case: odd powers allowed, gapeq.: ay =0 — M= M(T, )
» critical endpoint (CEP): as=a3=0
» pseudo Lifshitz point (PLP): a2 =a4p =0
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chiral limit

explicitly broken

NJL model

QM model
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GL results for critical points and Lifshitz points
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chiral limit explicitly broken
NJL model LP =TCP
[Nickel, PRL (2009)]
QM model
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chiral limit

explicitly broken

NJL model LP =TCP
[Nickel, PRL (2009)]

LP =TCP
QM model if m, =2M
[MB, Carignano, Schaefer, PRD (2014)]

100

80

60

T (MeV)

40

20

0
240 260 280 300 320 340 360
1 (Mev)

September 19, 2021 | Michael Buballa | 15



GL results for critical points and Lifshitz points
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[MB, Carignano, Schaefer, PRD (2014)]

chiral limit explicitly broken
NJL model LP =TCP PLP = CEP
[Nickel, PRL (2009)] [MB, Carignano, PLB (2019)]
LP =TCP
QM model if my =2M
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GL results for critical points and Lifshitz points
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[MB, Carignano, Schaefer, PRD (2014)]

chiral limit explicitly broken
NJL model LP =TCP PLP = CEP
[Nickel, PRL (2009)] [MB, Carignano, PLB (2019)]
LP =TCP PLP = CEP
QM model if m, =2M if m, = 2M in the chiral limit

[MB, Carignano, Kurth EPJST (2020)]
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GL results for critical points and Lifshitz points
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chiral limit explicitly broken
NJL model LP =TCP PLP = CEP
[Nickel, PRL (2009)] [MB, Carignano, PLB (2019)]
LP =TCP PLP = CEP
QM model if m, =2M if m, = 2M in the chiral limit

[MB, Carignano, Schaefer, PRD (2014)]

[MB, Carignano, Kurth EPJST (2020)]

» Model results, but independent of model parameters
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chiral limit explicitly broken
NJL model LP =TCP PLP = CEP
[Nickel, PRL (2009)] [MB, Carignano, PLB (2019)]
LP = TCP PLP = CEP
QM model if m, =2M if m, = 2M in the chiral limit
[MB, Carignano, Schaefer, PRD (2014)] | [MB, Carignano, Kurth EPJST (2020)]

» Model results, but independent of model parameters

— Model predictions of an inhomogeneous phase should be taken as seriously
as those of a CEP!
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» Motivation: Strange-quark effects cannot be neglected near the CEP.
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Including strange quarks

» Motivation: Strange-quark effects cannot be neglected near the CEP.

» More interesting (speculative ?): 122
2-flavor NJL: TCP — LP, CEP — PLP § 60 \
Does this also hold in QCD? e W
0 260 280 3(1)0 3‘20 340 360 380 400
g [MeV]

[D. Nickel, PRD (2009)]
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» Motivation: Strange-quark effects cannot be neglected near the CEP.

» More interesting (speculative ?):
2-flavor NJL: TCP — LP, CEP — PLP
Does this also hold in QCD?

» No proof yet, but similar picture
from QCD Dyson-Schwinger studies
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[D. Miiller et al. PLB (2013)]
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» Motivation: Strange-quark effects cannot be neglected near the CEP.

200 T T
» More interesting (speculative ?): . _\\ﬂl;“l;:ddl -
2-flavor NJL: TCP — LP, CEP — PLP 2 B N
Does this also hold in QCD? -
» No proof yet, but similar picture 0 N

0 100 200 300 400 500
1 [MeV)

[D. Miiller et al. PLB (2013)]

from QCD Dyson-Schwinger studies

If true, would it still hold for 3 flavors?
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» Motivation: Strange-quark effects cannot be neglected near the CEP.
N;=2 Pure
» More interesting (speculative ?): o \‘ Gauge
2nd order
2-flavor NJL: TCP — LP, CEP — PLP S
Does this also hold in QCD? " M=
» No proof yet, but similar picture NG M=t
from QCD Dyson-Schwinger studies g order
¥
If true, would it still hold for 3 flavors? 0
0 m,,my o
» 3-flavor QCD with very small masses: [from de Forcrand et al., POSLAT 2007]

CEP reaches T-axis :7> PLP reaches T-axis
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» Motivation: Strange-quark effects cannot be neglected near the CEP.
N;=2 Pure
» More interesting (speculative ?): o \‘ Gauge
2nd order
2-flavor NJL: TCP — LP, CEP — PLP S
Does this also hold in QCD? " M=
» No proof yet, but similar picture o Ppoint M=t
from QCD Dyson-Schwinger studies g order
¥
If true, would it still hold for 3 flavors? o
0 m,,my o
» 3-flavor QCD with very small masses: [from de Forcrand et al., POSLAT 2007]

CEP reaches T-axis :7> PLP reaches T-axis

— Chance to study the inhomogeneous phase on the lattice!
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» GL potential for 2 massless and 1 massive quarks (order parameters: Ay, Ag):
Wit = Q| D + g alAg]* + aap| VA
+ 810 + B2AZ + B3 A3 + B4 2% + Bap(VAG)2
+ 73| A¢PAs + 74| Ay 2 A2 + O(A?)
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» GL potential for 2 massless and 1 massive quarks (order parameters: Ay, Ag):
Wast = 2| Agl? + g ol Dg|* + g p| VAL
+ 810 + B2AZ + B3 A3 + B4 2% + Bap(VAG)2
+ 73| A¢PAs + 74| Ay 2 A2 + O(A?)
» Eliminate As with Euler-Lagrange equations (extremize Q w.r.t. Ag(X))

2 -
= Weff = O¢2|Ag|2 + ((1'4,3 — %)‘Agr‘ + (,Y4qb|VAg|2 + O(A?)
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Wast = 2| Agl? + g ol Dg|* + g p| VAL
+ 810 + B2AZ + B3 A3 + B4 2% + Bap(VAG)2
+ 73| A¢PAs + 74| Ay 2 A2 + O(A?)
» Eliminate As with Euler-Lagrange equations (extremize Q w.r.t. Ag(X))
= werr = ap|AP+ (a4,a — %)\Ad“ + 04,b|€Ag|2 + (’)(A?)

= CP: 042=CM4,3—%=0, LP: 012=Oé4,b=0

September 19, 2021 | Michael Buballa | 17



Ginzburg-Landau analysis in 2 + 1-flavor NJL TECHNISCHE

UNIVERSITAT
DARMSTADT

» GL potential for 2 massless and 1 massive quarks (order parameters: Ay, Ag):
Wast = 2| Agl? + g ol Dg|* + g p| VAL
+ 810 + B2AZ + B3 A3 + B4 2% + Bap(VAG)2
+ 73| A¢PAs + 74| Ay 2 A2 + O(A?)
» Eliminate As with Euler-Lagrange equations (extremize Q w.r.t. Ag(X))
= werr = ap|AP+ (a4,a — %)\Ad“ + 04,b|€Ag|2 + (’)(A?)

= CP: 042=CM4,3—%=0, LP: 012=Oé4,b=0

CP and LP split for 73 # 0!
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Results

[S. Carighano, MB, PRD (2020)]

TECHNISCHE
UNIVERSITAT
DARMSTADT

» realistic parameters (fitted to vacuum meson spectrum):
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[S. Carighano, MB, PRD (2020)]

» realistic parameters (fitted to vacuum meson spectrum):
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» splitting between CP and LP small
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ReSUItS TECHNlSCHE
[S. Carignano, MB, PRD (2020)] DARMSTADT

» realistic parameters (fitted to vacuum meson spectrum):
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» splitting between CP and LP small
» homogeneous 1st-order phase boundary completely covered by inhom. phase
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» reducing ms: 160 ‘
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sizeable splitting between CP and LP at small mg

» CP — T-axis (as expected)
» LP does not follow
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» Inhomogeneous chiral condensates should be considered!

» Ginzburg-Landau and stability analyses are powerful tools to identify regions
of their existence.

» Explicit chiral-symmetry breaking and strange-quark degrees of freedom do
not lead to qualitativel changes of earlier model results.
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» Inhomogeneous chiral condensates should be considered!

» Ginzburg-Landau and stability analyses are powerful tools to identify regions
of their existence.

» Explicit chiral-symmetry breaking and strange-quark degrees of freedom do
not lead to qualitativel changes of earlier model results.

Work in progress:

» Include color superconducting phases
» Stability analysis in FRG beyond mean-field approximation

» Apply to QCD using DSEs
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Inhomogeneous phases beyond mean field
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» FRG stability analysis in the QM model
[Tripolt, Schaefer, von Smekal, Wambach, PRD (2018)]

M® = ey (w =0,1p)) ~ D1 (w = 0,18)
< k10 » zero crossing at intermediate k
g»o.s sy » disappears in the IR
£ 10 > interpretation?
" » more systematic studies needed
o0 w0 @0 w8 w0 7 (and planned within the CRC-TR 211)
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