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Nature	
  137	
  (1936)	
  351	
  quo.ng	
  Niels	
  Bohr:	
  
``..	
  the	
  energy	
  of	
  the	
  incident	
  neutron	
  will	
  be	
  	
  
rapidly	
  divided	
  among	
  all	
  the	
  nuclear	
  parDcles	
  ..’’	
  	
  

Niels	
  Bohr,	
  Nature	
  143	
  (1939)	
  330:	
  
``..	
  any	
  nuclear	
  reacDon	
  iniDated	
  by	
  collisions	
  or	
  radiaDon	
  	
  
involves	
  as	
  an	
  intermediate	
  stage	
  the	
  formaDon	
  of	
  a	
  	
  
compound	
  nucleus	
  in	
  which	
  the	
  excitaDon	
  energy	
  is	
  	
  
distributed	
  among	
  the	
  various	
  degrees	
  of	
  freedom	
  in	
  	
  
a	
  way	
  resembling	
  thermal	
  agitaDon	
  ..’’	
  

N.	
  Bohr	
  &	
  J.A.	
  Wheeler,	
  Phys	
  Rev	
  56	
  (1939)	
  426:	
  

Basic	
  concepts	
  in	
  fission	
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χ = {χi}

K(χ, χ̇) = 1

2
χ̇ · M(χ) · χ̇ = 1

2

∑

ij

χ̇iMij(χ)χ̇j

F(χ, χ̇) = 1

2
χ̇ · γ(χ) · χ̇ = 1

2

∑

ij

χ̇iγij(χ)χ̇j

U(χ) = U({χi})

d

dt

(

∂L

∂χ̇i

)

=
∂L

∂χi

−
∂F

∂χ̇i

Standard	
  framework	
  for	
  fission	
  dynamics	
  

Define	
  a	
  suitable	
  parametrized	
  family	
  of	
  nuclear	
  shapes:	
  

1)	
  Calculate	
  the	
  potenDal	
  energy	
  of	
  deformaDon:	
  

2)	
  Calculate	
  the	
  inerDal	
  mass	
  tensor:	
  

3)	
  Calculate	
  the	
  fricDon	
  tensor:	
  

Solve	
  the	
  equaDons	
  of	
  moDon:	
  

Add	
  stochasDc	
  forces	
  	
  (dissipaDon	
  =>	
  fluctuaDon):	
  	
  	
  	
  Γi	
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Nuclear	
  shapes	
  relevant	
  for	
  fission	
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Family of shapes considered 

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "f1 ~  Left fragment deformation

"f1 "f2

15 "f2 ~  Right fragment deformation

15
#

#

#

#

d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points
$  5 009 325 physical grid points

for  αg, εf1, εf2 = 0	



5D	
  shape	
  family:	
  	
  
3	
  quadraDc	
  surfaces	
  of	
  revoluDon	
  	
  
[J.R.	
  Nix,	
  NPA130	
  (1969)	
  241]	
  

5D	
  shape	
  laZce	
  (P.	
  Möller)	
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Surface

Coulomb
Umacro

elongation

Nuclear	
  poten.al	
  energy	
  of	
  deforma.on	
  

Umacro(shape)	
  	
  =	
  	
  Esurf(shape)	
  +	
  ECoul(shape)	
  +	
  …	
  

Utotal(shape)	
  	
  =	
  	
  Umacro(shape)	
  +	
  Umicro(shape)	
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Family of shapes considered 

Macroscopic-­‐microscopic	
  method:	
  

finite-­‐range	
  
liquid	
  drop	
  

StruDnski	
  
procedure	
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elongation

Utotal

Umacro
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Family of shapes considered 

Nuclear	
  poten.al	
  energy	
  of	
  deforma.on	
  

Utotal(shape)	
  	
  =	
  	
  Umacro(shape)	
  +	
  Umicro(shape)	
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Family of shapes considered 

Macroscopic-­‐microscopic	
  method:	
  

finite-­‐range	
  
liquid	
  drop	
  

StruDnski	
  
procedure	
  

From	
  summary	
  of	
  2nd	
  Hirschegg	
  Winter	
  Workshop	
  by	
  John	
  Negele	
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208Pb	
  

240Pu	
  

264Fm	
  

5D	
  deforma.on-­‐energy	
  surfaces	
  for	
  5254	
  nuclei	
  
P.	
  Möller	
  et	
  al,	
  Phys	
  Rev	
  C79,	
  064304	
  (2009)	
  

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "f1 ~  Left fragment deformation

"f1 "f2

15 "f2 ~  Right fragment deformation

15
#

#

#

#

d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points
$  5 009 325 physical grid points

E(Z, N, shape) = Emacro(Z, N, shape) + Emicro(Z, N, shape)

Macroscopic-­‐microscopic	
  method:	
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Family of shapes considered 

Poten.al-­‐energy	
  surface	
  for	
  236U	
  
(calculated	
  by	
  P.	
  Möller	
  1970)	
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Family of shapes considered 
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A.	
  Andreyev	
  et	
  al,	
  Phys	
  Rev	
  Lee	
  105	
  (2010)	
  252502:	
  
New	
  type	
  of	
  asymmetric	
  fission	
  in	
  proton-­‐rich	
  nuclei	
  	
  

Adapted	
  from	
  plot	
  made	
  by	
  T.	
  Ichikawa	
  	
  for	
  

Example:	
  	
  Fission	
  of	
  180Hg	
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Strongly	
  damped	
  nuclear	
  shape	
  dynamics:	
  Brownian	
  mo.on	
  

F
pot

+ F
fric

+ F
ran .

= 0
〈F ran(t)〉 = 0

〈F ran

i (t)F ran

j (t′)〉 = 2Tγijδ(t − t′)

F pot
= −∂U/∂χ

F fric
= −∂F/∂χ̇ = −γ · χ̇

χ̇ = µ · (F pot + F ran) µ ≡ γ
−1

Strong	
  dissipaDon	
  	
  =>	
  	
  creeping	
  evoluDon	
  	
  =>	
  	
  mass	
  unimportant	
  

Strongly	
  damped	
  EoM:	
  

Mobility	
  tensor:	
  
SoluDon:	
  

δχi =
∑

n

χ̃
(n)
i

[

∆t χ̃(n)
· F pot

+
√

2T∆t ξn

]

˙̄χi
.
=

∑

j

µijF
pot
j=>	
  	
  Average	
  shape	
  evoluDon:	
  	
  	
  

Direct	
  numerical	
  simulaDon:	
  

µij =

∑

n

χ̃
(n)
i χ̃

(n)
j

Isotropic	
  mobility	
  	
  =>	
  	
  simple	
  random	
  walk	
  on	
  the	
  la_ce	
  	
  =>	
  	
  Metropolis	
  	
  

Brownian	
  
	
  	
  mo.on	
  

Smoluchowski	
  Equa.on	
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Random	
  walk	
  on	
  the	
  5D	
  poten.al-­‐energy	
  landscape	
  

Metropolis	
  method:	
   ΔU	
  <	
  0:	
  	
  P(step)	
  =	
  1	
  

ΔU	
  >	
  0:	
  	
  P(step)	
  =	
  exp(-­‐ΔU/T)	
  
ΔU	
  =	
  U’-­‐	
  U:	
  (to	
  step	
  or	
  not	
  to	
  step?)	
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Random	
  walk	
  in	
  the	
  Hirschegg	
  landscape	
  

X	
  marks	
  
the	
  target	
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a b

c d

Exp. 233U(n,f)        
Calc. (6.54 MeV) 234U 
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Exp. 235U(n,f)        
Calc. (6.54 MeV) 236U 

  

  

Exp. 234U(!,f)        
Calc. (11.0 MeV) 234U 

30 40 50 60 
Fragment Charge Number Zf 

  

P(Af)	
  from	
  240Pu*	
  and	
  236,234U*	
  	
  

J.	
  Randrup	
  &	
  P.	
  Möller,	
  PRL	
  106	
  (2011)	
  132503	
  

5D	
  Metropolis	
  walks	
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a b

c d

Exp. 226Th(!,f)        
Calc.(11 MeV) 226Th 

30 40 50 60 
                          

0 

5 

10 

15 

20 

25 

Yi
el

d 
Y(

Z f
)(%

) 
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Exp. 224Th(!,f)        
Calc.(11 MeV) 224Th 

  

  

Exp. 228Th(!,f)        
Calc.(11 MeV) 228Th 

30 40 50 60 
Fragment Charge Number Zf 

  

P(Af)	
  for	
  222,224,226,228Th(γ,f)	
  

J.	
  Randrup	
  &	
  P.	
  Möller,	
  PRL	
  106	
  (2011)	
  132503	
  

5D	
  Metropolis	
  walks	
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5D	
  -­‐>	
  3D:	
  	
  V(i,j,m)	
  =	
  minkl[V(i,j,k,l,m)]	
  

Restricted	
  shape	
  family?	
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=>	
  Must	
  use	
  sufficiently	
  flexible	
  shapes!	
  

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "f1 ~  Left fragment deformation

"f1 "f2

15 "f2 ~  Right fragment deformation

15
#

#

#

#

d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points
$  5 009 325 physical grid points

JR,	
  P.	
  Möller,	
  A.J.	
  Sierk,	
  
PRC	
  84	
  (2011)	
  034613	
  



JR:	
  Hirschegg	
  2012	
  

Brownian	
  nuclear	
  shape	
  mo.on	
  

〈F ran(t)〉 = 0

〈F ran

i (t)F ran

j (t′)〉 = 2Tγijδ(t − t′)

F pot
= −∂U/∂χ

F fric
= −∂F/∂χ̇ = −γ · χ̇

χ̇ = µ · (F pot + F ran)

µ ≡ γ
−1Mobility	
  tensor:	
  

δχi =
∑

n

χ̃
(n)
i

[

∆t χ̃(n)
· F pot

+
√

2T∆t ξn

]

*)	
  Solve	
  EoM	
  by	
  direct	
  	
  
	
  	
  	
  	
  	
  numerical	
  simulaDon:	
  

µij =

∑

n

χ̃
(n)
i χ̃

(n)
j

Smoluchowski	
  Equa.on*)	
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Q̇ = mρ0v̄

∮
d2σ ṅ2

Wall	
  dissipa.on	
  fromula:	
  

..	
  is	
  strong	
  	
  	
  (and	
  ~constant)	
  

Nuclear	
  one-­‐body	
  dissipa.on	
  

Ann	
  Phys	
  113	
  (1978)	
  330	
  

v

v’

V

v’=2V−v

..	
  in	
  the	
  mononucleus:	
  

..	
  in	
  the	
  dinucleus:	
  

Nucl	
  Phys	
  A307	
  (1978)	
  319;	
  A327	
  (1979)	
  490	
  	
  

Q = −∆Erel N = σ
2

A

Q ∼ VABvFN

Dissipated	
  
	
  	
  energy	
  

	
  Nucleons	
  
exchanged	
  

A
nn

	
  R
ev
	
  N
uc
l	
  S
ci
	
  2
7,
	
  4
65

	
  (1
97

7)
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Q̇ = mρ0v̄

∮
d2σ ṅ2

Q̇ =
∑

ij

χ̇i γij(χ) χ̇i =
∑

µν

q̇µ gµν(q) q̇ν

γij(χ) =
∑

µν

∂qµ

∂χi

gµν(q)
∂qν

∂χj

gµν = π

2
mρ0v̄

∫

∂ρ2(z)

∂qµ

∂ρ2(z)

∂qν

[

ρ2(z) + 1

4

(

∂ρ2

∂z

)2
]

−
1

2

dz

Q2

45 Q2 ~  Elongation (fission direction) 

35 !g ~  (M1-M2)/(M1+M2) Mass asymmetry

15 "f1 ~  Left fragment deformation

"f1 "f2

15 "f2 ~  Right fragment deformation

15
#

#

#

#

d ~  Neck 

d

Five Essential Fission Shape Coordinates

M1 M2

$  5 315 625 grid points % 306 300 unphysical points
$  5 009 325 physical grid points

Structure	
  of	
  the	
  mobility	
  tensor?	
  

DissipaDon	
  rate:	
  
1b	
  wall	
  formula	
  

FricDon	
  tensor	
  in	
  
the	
  Nix	
  variables:	
  

FricDon	
  tensor	
  γ	
  	
  in	
  
the	
  laZce	
  variables:	
  

Isotropize	
  γ	
  	
  at	
  
each	
  laZce	
  site:	
  
0 ≤ f ≤ ∞

v

v’

V

v’=2V−v

γ̃(f) : γ̃n(f) ≡

γn + fγ

1 + f
γ ≡

1

D

D∑

n=1

γnwhere	
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Dependence	
  of	
  P(Af)	
  on	
  the	
  mobility	
  tensor	
  

µ̃(f) = γ̃(f)−1=>	
   f	
  =	
  0.2,	
  1.0,	
  ∞	
  γ̃(f) : γ̃n(f) ≡

γn + fγ

1 + f
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Main	
  points:	
  

Shape	
  mo.on	
  is	
  strongly	
  damped	
  	
  =>	
  	
  ignore	
  iner.al	
  masses	
  
	
   =>	
  	
  Smoluchowski	
  equa.on	
  (Brownian	
  mo.on)	
  

P(Af)	
  depends	
  only	
  weakly	
  on	
  the	
  dissipa.on	
  tensor	
  
	
   =>	
  	
  Metropolis	
  walk	
  is	
  a	
  reasonable	
  star.ng	
  point	
  

χ̇ = µ · (F pot + F ran)

The	
  dependence	
  on	
  the	
  dissipa.on	
  anisotropy	
  provides	
  
an	
  es.mate	
  of	
  the	
  uncertainty	
  on	
  the	
  calculated	
  P(Af)	
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*	
  Fong,	
  Phys	
  Rev	
  102	
  (1956)	
  434;	
  
Wilkins	
  et	
  al,	
  PRC	
  14	
  (1976)	
  1832	
  

Sta.s.cal	
  scission:	
  
Each	
  scission	
  configura.on	
  is	
  populated	
  
in	
  propor.on	
  to	
  its	
  sta.s.cal	
  weight*	
  

⇒ 	
  Shape	
  dynamics	
  on	
  the	
  pre-­‐scission	
  	
  
	
  	
  	
  	
  	
  	
  poten.al	
  landscape	
  is	
  important!	
  

Shape	
  diffusion:	
  robust	
  wrt	
  c0	
   Scission	
  model:	
  sensi.ve	
  to	
  csc	
  

Metropolis	
  walk:	
  
The	
  shape	
  evolves	
  un.l	
  the	
  neck	
  
has	
  shrunk	
  to	
  a	
  specified	
  value	
  c0	
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222Th:	
  Mass	
  asymmetry	
  is	
  NOT	
  determined	
  at	
  the	
  saddle!	
  

P (Af ;Q2) ∼ ≺

∑

n

δ(In − I) δ(Mn − M) $

DistribuDon	
  of	
  mass	
  asymmetries	
  
at	
  a	
  specified	
  fixed	
  elongaDon	
  Q2:	
  

I=20	
  

I=7	
  

M=8	
  

M=0	
  

M=0	
  

Af:	
  
Q2:	
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226Th:	
  Shape	
  dependence	
  of	
  the	
  Wigner	
  term?	
  
E(Z, N, shape) = Emacro(Z, N, shape) + Emicro(Z, N, shape)

Emacro(Z, N, shape) = · · · + W (shape)
|N − Z|
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⇒ 	
  The	
  shape	
  dependence	
  
	
  	
  	
  	
  	
  of	
  the	
  Wigner	
  term	
  
	
  	
  	
  	
  	
  influences	
  P(Af)!	
  

Metropolis	
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Summary	
  and	
  perspec.ves	
  

Novel	
  model	
  for	
  calculaDng	
  fission	
  fragment	
  mass	
  distribuDons	
  

Unprecedented	
  predic.ve	
  power	
  

Augments	
  the	
  standard	
  compound	
  nucleus	
  picture	
  
with	
  explicit	
  simulaDon	
  of	
  the	
  equilibraDon	
  dynamics	
  

The	
  deformaDon-­‐energy	
  landscape	
  for	
  a	
  	
  
sufficiently	
  rich	
  family	
  of	
  fission	
  shapes	
  

Preliminary	
  applicaDon	
  possible	
  to	
  	
  >5,000	
  nuclei	
  	
  
for	
  which	
  the	
  5D	
  surfaces	
  are	
  already	
  available	
  

A	
  number	
  of	
  model	
  aspects	
  need	
  further	
  study	
  	
  

Extensions	
  anDcipated	
  	
  

Requires	
  only	
  relaDvely	
  modest	
  compuDng	
  power	
   ~500,000	
  CPU	
  hours	
  
vs	
  ~minutes	
  on	
  a	
  mac	
  

Light	
  Hg	
  isotopes;	
  
end	
  of	
  r-­‐process?	
  

Conceptually	
  
very	
  simple	
  

FricDon	
  tensor,	
  
energy	
  dependence,	
  ..	
  

Spontaneous	
  fission?	
  
fragment	
  TKE?	
  …	
  

The	
  fricDon	
  tensor	
  for	
  the	
  shape	
  moDon	
  
Required:	
  

Less	
  crucial	
  

Very	
  important	
  

Useful	
  tool	
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