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QCD Phase Diagram
This talk



 Collective modes at high T

(g: coupling constant) 

Massless fermion-boson system (Yukawa, QED, QCD) 

Low energy excitations 
are collective.

In bosonic sector, 
hydro mode exists 
as zero modes.



ex) Hydro mode:Density fluctuationDynamical Density Fluctuations around QCD CP 891

Fig. 1. The spectral function in the Landau equation and the minimal relativistic equation are
shown by the solid line and dashed line, respectively. The parameters are k = 0.1 [1/fm],
µ0 = 200 [MeV], T0 = 200 [MeV], η/(n0s0) = ζ/(n0s0) = 0.3 and κT0/(n0s0) = 0.6. Relativistic
effects are not apparent in the Rayleigh peak but enhance the Brillouin peaks.

stable one in the sense that any fluctuations around the thermal equilibrium state
relax to recover the equilibrium.35) Thus, let us consider the TKO equation in the
particle frame and examine whether the spectral function of the density fluctuations
shows any frame dependence.

In the case of the TKO equation in the particle frame, the dissipative terms are
given by

τµν = η

[
∂µ
⊥uν + ∂ν

⊥uµ − 2
3
∆µν(∂⊥·u)

]
− ζ

′
(3uµuν − ∆µν)(∂⊥·u)

+ κ(uµ∂ν
⊥T + uν∂µ

⊥), (2.46)
νµ = 0 , (2.47)

where ζ
′ = ζ/(3γ − 4)2, with γ being the ratio of the specific heats as before.

From the same procedure as that performed for the Landau equation, we obtain
the spectral function as follows (the detailed derivation is given in Appendix C):

Snn(k, ω)
〈(δn(k, t = 0))2〉 =

(
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γ

)
2χk2

ω2 + χ2k4

+
1
γ

[
ΓBk2
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Bk4
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Bk4

]
, (2.48)

with

ΓB =
1
2

[
χ(γ − 1) + νTKO

l − αP c2
s

n0c̃P
(κT0 + 3ζ

′
)
]
≡ ΓTKO

B , (2.49)

Sound mode

Thermal diffusion mode

Minami and Kunihiro (2009)



Fermionic ultrasoft-modes at high T?
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cf:  fermionic ultrasoft mode was suggested:
massive boson case: M. Kitazawa, T. Kunihiro and Y.  Nemoto, PTP 117, 103 (2007), 
QCD: V. V. Lebedev and A. V. Smilga, Annals Phys. 202, 229 (1990).

?

Normal modeAntiplasmino �(�, p = 0)

� � gT
� � g2T

HTL effective theory 
works



Kitazawa, Kunihiro and Nemoto (’06)
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Fig. 9. The quark spectral function ρ+(p,ω) (left) and the quasi-dispersion relations ω±(p) (right)

for T/m = 1.0, 1.4, and 1.8 from the top. In the right panels, the (ω,p) dependence of ρ±(p,ω)

is represented by the color density. ω+ (ω−) and ρ+ (ρ−) are shown in the right (left) halves

of these panels. Note the direction of the momentum scale in the left half-plane is opposite to

that of the right half-plane.
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T � m
e.g., Yukawa model

boson mass



Does chiral symmetry imply 
the existence of zero modes?

Yes, in the vacuum.
Questionable at finite T.



Naive perturbation does not work 
at ultrasoft momentum region

diverges as p→0. Need improvement.

One-loop analysis

p

k

p + k
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Boson:

Bare propagators
Fermion:

(scalar, photon, gluon,..)

Perturbation theory at high T



Dressed perturbation theory

p

p + k

k

where

Dressed propagators

p→0
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b : thermal masses �f , �b : damping rates
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�
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(2�)4
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1
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Finite, improved!

DR(k) =
�k

k2�m2
f + 2ik0�f

Fermion soft mode in QCD, 
Lebedev, Smilga (’90) 



One loop results (QED)
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But this is not the end of story....

Infinite numbers of higher order 
diagrams can contribute the 
leading order.



A similar situation:
transport coefficients 

Resummation of ladder 
diagrams is necessary

�+=

Boltzmann equation
Jeon (’94)



All ladder diagram contributes 
to the leading order. 

+ +
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g2 �

�
1
g2

�2

� g2 � 1
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+ · · ·

Higher loop diagrams



= +

Self-consistent equation

Self-energy in the leading order

Resummation



Yukawa model is a special case.

=
Ladder diagram is suppressed,
tree vertex function is leading.

The ‘wave function’ in the ladder diagram
� m2

f � g2, so it is higher order correction.

Special case: Yukawa model



Pole Residue

Results

The velocity is 1/3, the residue is of order g2.

Z =
g2

16�2
c

Yukawa model
QED
QCD � g2T

� g2T

� g4T

4(Nf + 5)/3

� c
2/9
1/9

� = ±1
3
|p| + i�



Ward-Takahashi identity
kµ�µ(p, k) = /p + /k ��R(p + k)� /p + �R(p).

Ward-Takahashi identity is 
satisfied in the leading order.

= +

kµ

kµ kµ

+
�1

�



Origin of ultrasoft modes
Supersymmetry?

Levedev and Smilga(’90)

At g=0, supersymmetry can be assigned 
to quarks and gluons, which is explicitly 
broken by the interaction.

In a supersymmetric model:
Phonino as Goldstino due to the symmetry 
breaking of the SUSY at finite T.

Girardello, Grisaru, Salomonson (’81); Boyanovsky (’84); Aoyama, Boyanovsky (’84);  
Gudmundsdottir, Salomonson (’87).  Lebedev, Smilga (’89). 

For QCD:



Origin of ultrasoft modes
Chiral symmetry

In medium
ReD�1(�, 0) = �ReD�1(��, 0)

ImD�1(�, 0) = ImD�1(��, 0)

and if Im D-1 is small,  
If ReD-1  is continuous at ω=0, ReD�1(0, 0) = 0

pole at � = �i�

no explicit mass

In vacuum
pole at � = 0D�1(�, 0) = �D�1(��, 0)

Time reversal



Summary

� = ±1
3
p + i�

Pole Residue

Z =
g2

16�2
c

Ward-Takahashi identity: OK

Ultrasoft fermionic mode



Outlook
Kinetic theory for ultrasoft 

fermionic modes.

Observables
sensitive to the ultrasoft fermionic modes.

Kinetic theory 
for the ultrasoft fermionic modes.
(in preparation Satow and YH)


