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(coupled-channel unitarity)
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First lattice analysis for mπ=391 MeV [Jozef Dudek et. al. (2016)]  
Chiral extrapolation of the lattice results [Zhi-Hui Guo et. al. (2017)]

K-matrix:
 Albaladejo et. al. (2017)
 
Inverse Amplitude Method (IAM)
Gomez Nicola et.al. (2002)

Chiral Perturbation Theory
Gasser et. al. (1985)
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Approximate left-hand cuts by vector meson exchanges

L = eCV ✏µ⌫↵� F
µ⌫ @↵�V �

Left-hand cuts

γ

γ

γ

γ

V V
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Approximate left-hand cuts by vector meson exchanges

L = eCV ✏µ⌫↵� F
µ⌫ @↵�V �

Left-hand cuts

γ

γ

γ

γ

V V

C⇢!⇡±,0� ,
1

3
C!!⇡0� ,

p
3C!!⌘� , ...

Physical couplings (rescaled using isospin symmetry)

ρ→ π0γ

ρ→ π± γ

ω → πγ

ω → ηγ

ρ→ ηγ

K* → K0 γ

K*→ K± γ
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Approximate left-hand cuts by vector meson exchanges

L = eCV ✏µ⌫↵� F
µ⌫ @↵�V �

Left-hand cuts

γ

γ

γ

γ

V V

Universal (effective) coupling

gV P� = C⇢!⇡±,0� =
1

3
C!!⇡0� =

p
3C!!⌘� ...

= 0.4± 0.1 GeV�1

C⇢!⇡±,0� ,
1

3
C!!⇡0� ,

p
3C!!⌘� , ...

Physical couplings (rescaled using isospin symmetry)

ρ→ π0γ

ρ→ π± γ

ω → πγ

ω → ηγ

ρ→ ηγ

K* → K0 γ

K*→ K± γ

0.0 0.1 0.2 0.3 0.4 0.5 0.6
���γ[���-�]
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 η → π0γγ

d2�

ds dt
=

1

(2⇡)3
1

32m3
⌘

X

�1,�2

|H�1�2 |2

η → π0γγ is linked to γγ→ π0η by 
crossing symmetry
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ds dt
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 η → π0γγ

d2�

ds dt
=

1

(2⇡)3
1

32m3
⌘

X

�1,�2

|H�1�2 |2

η → π0γγ is linked to γγ→ π0η by 
crossing symmetry

MAMI

AGS

MAMI '07

0.00 0.05 0.10 0.15
0

1

2

3

4

5

6

Mgg
2 @GeV2D

dG
êdM gg2

@eVêG
eV

2 D

NLO ChPT

We find

�⌘!⇡0�� = 0.291± 0.022 eV [Phys. coupl.]

�⌘!⇡0�� = 0.303± 0.029 eV [Fit gV P� ]

�

PDG
⌘!⇡0�� = 0.334± 0.028 eV



a2(1320) contribution

a2(1320) resonance implemented as explicit d.o.f

19

LT!PP = e2 CT!PP Tµ⌫ F
µ�F ⌫

�

LT!�� = CT!�� T
µ⌫ @µP@⌫P



a2(1320) contribution

a2(1320) resonance implemented as explicit d.o.f
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a2(1320) contribution

a2(1320) resonance implemented as explicit d.o.f

19

Couplings
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)

1920⇡
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a2!⇡⌘ M
3

a2

exp

= 15.5(1.5)MeV
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Helicity - 2, d-wave
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LT!�� = CT!�� T
µ⌫ @µP@⌫P
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Results: γγ→πη

a0(980) a2(1320)

Parameter free post-diction using physical couplings:  

Coupled-channel dispersive treatment of a0(980) is crucial  

a2(1320) described as explicit d.o.f

no VM in LHC

pure d-wave

C⇢!⇡0�,⌘�,... and Ca2!⇡⌘,��
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Results: γγ→πη

Scrutinise the uncertainties of our hadronic input using gVPγ and fitting γγ→πη data

Total and differential cross sections are in good agreement with the data
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Two-photon coupling

hIV
��!⇡⌘(s)� hI

��!⇡⌘(s) = 2 i ⇢KK̄(s)hI
��!KK̄(s) tIVKK̄!⇡⌘(s)

For the pole on the IV Riemann sheet unitarity implies
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Two-photon coupling

hIV
��!⇡⌘(s)� hI

��!⇡⌘(s) = 2 i ⇢KK̄(s)hI
��!KK̄(s) tIVKK̄!⇡⌘(s)

For the pole on the IV Riemann sheet unitarity implies

In the vicinity of the pole one can write
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Two-photon coupling

hIV
��!⇡⌘(s)� hI

��!⇡⌘(s) = 2 i ⇢KK̄(s)hI
��!KK̄(s) tIVKK̄!⇡⌘(s)

For the pole on the IV Riemann sheet unitarity implies

��� =
|C�� |2

16⇡m0
= 0.27(4) keV

The two photon decay width Experimental value 

�a0!��B(⇡0⌘) = 0.21+0.08
�0.04 keV

In the vicinity of the pole one can write
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Summary and Outlook

Thank you!
23

‣ We have presented a theoretical study of the γγ → πη reaction from the threshold up 
to 1.4 GeV  

‣ We used a coupled-channel dispersive approach in order to properly describe the 
scalar a(980) resonance, which has a dynamical {πη, KK} origin 

‣ We analytically continued the amplitude into the unphysical regions.  We found the pole 
on the IV Riemann sheet, which produces a strong cusp-like behaviour of the 
cross section exactly at the KK threshold 

‣ At the pole position, we calculated the two-photon coupling which corresponds to 
radiative width: Γγγ=0.27(4) keV  

‣ Our analysis is a necessary starting point for a further study where one of the initial 
photons has a finite virtuality (γ*γ*→πη): input to (g-2) & ongoing BESIII analysis
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Extra slides
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History of achieved accuracy

Magnetic moment of the muon

~µ =
Q

2m
g ~S

anomalous part 

aµ =
(g � 2)µ

2

3 - 4 σ 
deviation! 

aexp
µ

� aSM

µ

=

(26.1± 4.9
th

± 6.3
exp

)⇥ 10�10

1.6
exp? FNAL, J-PARC

2004, BNL

1979, CERN III

1968, CERN II

1962, CERN I

1960, Nevis
↵

2⇡
⇣↵
⇡

⌘2

⇣↵
⇡

⌘3

⇣↵
⇡

⌘3
+ Hadronic

Accuracy

⇣↵
⇡

⌘5
+ Hadronic + Weak

2020?

aexp
µ

= (11 659 208.9 ± 6.3)⇥ 10�10

aSM
µ = (11 659 182.8 ± 4.9)⇥ 10�10



QCD contribution to (g-2)

aQCD
µ = (695.6± 4.9)⇥ 10�10

Dispersive analysis for ππ, 
πη, … loops is needed

Hagivara (2011)
Jegerlehnner (2015)

γ* γ* γ*

μ
γ* γ* γ*

π
0 , η,

 η’

γ* γ* γ*

ππ
, π
η, 

KK, …

= + +

...

Relies on measurements of TFF 
to reduce model dependence  

⇡0�⇤�(⇤), ⌘�⇤�(⇤), ...

Hadronic light-by-light scattering

aQCD,LbL
µ = (10.2± 3.9)⇥ 10�10

Hadronic vacuum polarization

aQCD, V P
µ = (685.1± 4.3)⇥ 10�10
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HLbL contributions to (g-2) in units 10-10

27

γ* γ* γ*

μ
γ* γ* γ*

π
0 , η,

 η’

γ* γ* γ*

ππ
, π
η, 

KK, …

= + +

...



N/D technique

Solve p.w. dispersion relation using N/D technique using model-independent form for the 
left-hand cuts

28

T (s) =
N(s)

D(s)
= ⌦(s)N(s)

T (s) = U(s) +
s� sth

⇡

Z

R

ds0

s0 � sth

⇢(s0)|T (s0)|2

s0 � s

N(s) = U(s) +
s� sth

⇡

Z

R

ds0

s0 � sth

⇢(s0)N(s0)(U(s)� U(s0))

s0 � s

D(s) = 1� s� sth
⇡

Z

R

ds0

s0 � sth

⇢(s0)N(s0)

s0 � s

X

k

Ck ⇠(s)
k

conformal mapping expansion Ck 
fitted to exp data or matched to ChPT

Chew, Mandelstam 
Lutz, I.D, Gasparyan



Conformal mapping

Solve p.w. dispersion relation using N/D technique using model-independent form for the 
left-hand cuts

T (s) = U(s) +
s� sth

⇡

Z

R

ds0

s0 � sth

⇢(s0)|T (s0)|2

s0 � s

29

X

k

Ck ⇠(s)
k

conformal mapping expansion Ck 
fitted to exp data or matched to ChPT

Chew, Mandelstam 
Lutz, I.D, Gasparyan

⇠(s) =
a (⇤2

S � s)2 � 1

(a� 2 b)(⇤2
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1

(⇤2
S � µ2
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2
, b =

1

(⇤2
S � ⇤2

0)
2


