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Short motivation

I Neutron matter constrains

properties of neutron stars

I All calculations so far:

NN forces at N3LO and

3N forces at N2LO

I First inclusion of 3N and 4N

interactions at N3LO

[NASA/CXC/M.Weiss]
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Chiral e�ective �eld theory for nuclear interactions

I Separation of scales:

low mom. Q � breakdown scale Λ

I Write most general Lagrangian

and expand in powers of

(
Q ∼ mπ

Λ ∼ 500MeV
∼ 1

3

)ν

I Systematic: can work to desired

accuracy and obtain error estimates

[Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Meiÿner, . . . ]
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Chiral e�ective �eld theory for nuclear interactions

I Explicit degrees of freedom:

pions and nucleons

I Long-range physics explicitly,

short-range physics expanded in

general operator basis

I High-momentum physics

absorbed into few short-range

couplings, �t to experiment

[Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Meiÿner, . . . ]
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Chiral e�ective �eld theory for nuclear interactions

I Many-body forces are crucial

I Consistent interactions:

same couplings for

NN and many-body sector

I So far: only leading 3N forces

included

[Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Meiÿner, . . . ]
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Chiral e�ective �eld theory for nuclear interactions

This work: take into account

all contributions to N3LO

N3LO 3N forces have been derived

only recently

[Bernard et al., PRC 77, 064004 (2008)
and PRC 84, 054001 (2011);

Epelbaum, PLB 639, 456, (2006)]

In neutron matter:

I simpler, only certain parts of the

many-body forces contribute

I chiral 3- and 4-neutron forces

are predicted to N3LO

[Weinberg, van Kolck, Kaplan, Savage, Wise, Epelbaum, Kaiser, Meiÿner, . . . ]
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3N interactions at N3LO

2π exchange

2π-1π exchange

pion ring (involved)

1π-exchange contact

(vanishes)

2π-exchange contact

(2-body-contact CT )

relativistic corrections

(2-body-contacts CT , CS)

[Bernard et al., PRC 77, 064004 (2008) and PRC 84, 054001 (2011)]
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4N interactions at N3LO 3

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

FIG. 3: The leading contributions to the four–nucleon force.
Graphs resulting by the interchange of the vertex ordering
and/or nucleon lines are not shown.

+ all perm.,

V n = 2C2
T

g2A
(2Fπ)2

~σ1 × ~σ2 · ~q12 ~σ3 × ~σ4 · ~q12
[~q 2

12 +M2
π ]

2
τ 2 · τ 3

+ all perm.. (4)

Here, the subscripts refer to the nucleon labels and
~qi = ~pi

′ − ~pi with ~pi
′ and ~pi being the final and ini-

tial momenta of the nucleon i. Further, ~q12 = ~q1 + ~q2 =
−~q3 − ~q4 = −~q34 is the momentum transfer between the
nucleon pairs 12 and 34. Notice that some terms in the
sum over all possible 24 permutations of the nucleon la-
bels are the same. Diagrams (b), (d), (g), (h), (i), (j),
(m), (o) and (p) lead to vanishing contributions to the
4NF. Notice further that the short–range 4NFs only de-
pend on the LEC CT which can be traced back to the
fact that the CS–vertex commutes with the other lowest–
order vertices. Details of the derivation will be published
elsewhere.

The results given in Eq. (4) deserve some special com-
ments. The easiest way to evaluate the contributions
from graphs (e) and (f), which do not include reducible
topologies (i. e. time–ordered diagrams with purely nu-
cleonic intermediate states), is by calculating the corre-
sponding Feynman diagrams. The resulting 4NFs de-
pend individually on the parameter α which enters the
effective Lagrangian in Eq. (1). When they are added
together, this α–dependence cancels out, see also [16, 17]
for an earlier discussion of these contributions. We only

(a) (b) (c) (d)
1 2 3 1 2 3 1 2 3 1 2 3

FIG. 4: Selected contributions to the three–nucleon force.

show explicitly the remaining, α–independent terms in
Eq. (4). The 3π–exchange 4NF proportional to g2A can
be obtained by evaluating the Feynman diagram (g) in
Fig. 3. Due to the four–momentum conservation at each
vertex and the fact that the Weinberg–Tomozawa vertex
contains a time derivative of the pion field, this contri-
bution is suppressed by Q2/m2 and, therefore, shifted to
higher orders. In the method of unitary transformation,
one needs to consider not only graph (g) but also graph
(h), where the ππNNNN vertex of dimension ∆i = 0,

Hint =
1

2(2Fπ)4
(N †τ × πN) · (N †τ × πN) , (5)

arises in the Hamiltonian through the application of the
canonical formalism to the Lagrangian in Eq. (1), see
e.g. [18]. We have verified that the 4NF contributions
from diagrams (g) and (h) in this framework cancel
against each other, which is consistent with the result
based on the Feynman graph technique.

Before discussing the numerical size of the derived 4NF,
another important comment is in order. Nuclear forces
are not unique and can, in general, be changed via uni-
tary transformations. We have explored a large class of
unitary transformations which act on the nucleon sub-
space of the Fock space and affect nuclear forces at or-
der ν = 4 (and higher). We found that the associated
ambiguity in the definition of the nuclear forces is re-
solved if one requires renormalizability of the 1–loop 3NF
contributions. Consider, for example, 3π–exchange 3NF
corresponding to diagrams (a–c) in Fig. 4. Ultraviolet–
divergent loop integrals resulting from 2π–exchange be-
tween the nucleons 1 and 2 have to be renormalized by
a redefinition of the LEC D which enters the expression
for the 3NF at order ν = 3 [6, 15], see diagram (d) in
Fig. 4:

V3N = −D
gA
8F 2

π

~σ2 · ~q3 ~σ3 · ~q3
[~q 2

3 +M2
π ]

τ 2 · τ 3 + all perm.. (6)

For this to be possible, ultraviolet–divergent pieces in the
3π–exchange 3NF must have the same form as V3N . As
a consequence, no terms proportional to (~q 2

3 + M2
π)

−2,

(~q 2
3 + M2

π)
−3/2 or (

√
~q 2
3 +M2

π +

√
~l 21 +M2

π)
−1 with ~l1

being the momentum of one of the two pions exchanged
between the nucleons 1 and 2 should appear in the 3NF.
This restriction imposes nontrivial constraints on the
choice of the unitary transformations and, therefore, also

[Epelbaum, PLB 639, 456 (2006) & EPJ A 34, 197 (2007)]
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Energy per particle in the Hartree-Fock approximation

3N forces are perturbative at N2LO (for smaller ci ) [Hebeler, Schwenk]

Hartree-Fock is a reliable approximation at this order!

E

N
=
1

n

1

A!

∑

σ1,...,σA

∫
d3k1

(2π)3
· · ·
∫
d3kA

(2π)3
f 2R nk1 · · · nkA

× 〈 1 · · ·A | AA

∑

π∈SA

V
(
π(1), . . . , π(A)

)
| 1 · · ·A 〉

NNV

Ekin ENN
(1) E3N

(1) E4N
(1)

3NV 4NV

fR = exp

[
−
(
k2
1

+ . . .+ k2A − k1 · k2 − . . .− kA−1 · kA
AΛ2

)nexp]
nexp = 4

cuto� variation: Λ = 2− 2.5 fm−1
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Results: individual N3LO contributions
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[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4

Expected size

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4
EM 500 MeV
EGM 450/700 MeV
EGM 450/500 MeVExpected size

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4
EM 500 MeV
EGM 450/700 MeV
EGM 450/500 MeVExpected size Large due to ∆ contributions shifted to N4LO

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4
EM 500 MeV
EGM 450/700 MeV
EGM 450/500 MeVExpected size Large due to ∆ contributions shifted to N4LO

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4EGM 450/500 MeV
EGM 450/700 MeV
EM 500 MeV

relativistic
corrections 3N

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4
EM 500 MeV
EGM 450/700 MeV
EGM 450/500 MeVExpected size Large due to ∆ contributions shifted to N4LO

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4EGM 450/500 MeV
EGM 450/700 MeV
EM 500 MeV

rel
corrections 3N

small

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4
EM 500 MeV
EGM 450/700 MeV
EGM 450/500 MeVExpected size Large due to ∆ contributions shifted to N4LO

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4EGM 450/500 MeV
EGM 450/700 MeV
EM 500 MeV

rel
corrections 3N

small

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Results: individual N3LO contributions

-4

-2

0

2

4

E
/N

 [
M

eV
]

-4

-2

0

2

4
EM 500 MeV
EGM 450/700 MeV
EGM 450/500 MeVExpected size Large due to ∆ contributions shifted to N4LO

0 0.05 0.1 0.15
n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

E
/N

 [
M

e
V

]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15
n [fm-3]

0 0.05 0.1 0.15 0.2

n [fm-3]

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4EGM 450/500 MeV
EGM 450/700 MeV
EM 500 MeV

rel
corrections 3N

smallsmall + cancellations

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]

Good agreement with Kaiser, EPJ A48, 148 (2012) (only parts of 4N).

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 13/26



Orientation

I Introduction: chiral EFT for nuclear interactions

I 3N and 4N interactions at N3LO

I Complete neutron matter calculation at N3LO

I From neutron matter to neutron stars

Thomas Krüger Technische Universität Darmstadt � Institut für Kernphysik � Theory Center 30th Jan 2013 14/26



Energy per particle beyond the Hartree-Fock approximation

NN and leading 3N (with large ci )

need to be evaluated beyond the

HF approximation [Hebeler, Schwenk,

PRC 82, 014314 (2010)]

Use density-dependent NN forces

V̄3N =
∑

σ3

∫
d3k3

(2π)3
nk3A3V3N

∣∣∣
nnn

Density dependent NN forces from

many-body forces at N3LO are cur-

rently developed.

Second order

NNV

NNV

NNV

4NV NNV

4NV

E1
(2) E3

(2)E2
(2)

E7
(2)E6

(2)

NNV

3NV

3NV

NNV

4NV

4NV

E5
(2)E4

(2)

E9
(2)E8

(2)

3NV

3NV3NV

3NV

3NV

3NV

E10
(2)

3NV

4NV

E11
(2)

3NV

4NV 4NV

E12
(2)

4NV

E13
(2)

4NV

4NV

E14
(2)

4NV

4NV
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Total neutron matter energy
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Bands include:

I Λ = 2− 2.5 fm−1

I many-body uncertainties

I 3N uncertainties mainly:

c1 = −(0.75− 1.13)GeV−1

c3 = −(4.77− 5.51)GeV−1

[Krebs, Gasparyan, Epelbaum,

PRC 85, 054006 (2012)]

I Final N3LO result:

E

N
(n0) = (14.1− 21.0)MeV

Good agreement with other approaches!

[Tews, TK, Hebeler, Schwenk, PRL 110, 032504 (2013)]
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Convergence of the many-body calculation
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[TK, Tews, Hebeler, Schwenk, arXiv:1301.xxxx ]
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Convergence of the many-body calculation
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Convergence of the many-body calculation
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Convergence of the many-body calculation
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Break Wigner symmetry: large CT ~ CS
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Convergence of the many-body calculation
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Convergence of the many-body calculation
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Orientation

I Introduction: chiral EFT for nuclear interactions

I 3N and 4N interactions at N3LO

I Complete neutron matter calculation at N3LO

I From neutron matter to neutron stars
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Neutron matter from chiral EFT vs. supernova EOS
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I Chiral EFT constrains neutron

matter energy per particle

I N3LO many-body forces add

more density dependence

I Constrains many model

equations of state

[Lines from Hempel; Lattimer; G. Shen]
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Constraining the symmetry energy
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Neutron matter band puts constraints

on symmetry energy and its density

dependence

[Hebeler et al., PRL 105, 161102 (2010)]

I Sv = 28.9− 34.9MeV

I L = 43.0− 66.6MeV

Good agreement with experimental

constraints:

I Dipole polarizability [Tamii et al.,

PRL 107, 062502 (2011)]

I Nuclear masses [Kortelainen et al.,

PRC 82, 024313 (2010)]
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Impact on neutron stars

Equation of state for neutron-star matter: extend results to small Ye,p

[Hebeler et al., PRL 105, 161102 (2010) and in preparation]2
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FIG. 1: Pressure of neutron star matter based on chiral low-momentum interactions for densities ρ < ρ1 (corresponding
to a neutron density ρ1,n = 1.1ρ0). The band estimates the theoretical uncertainties from many-body forces and from an
incomplete many-body calculation. At low densities, the results are compared to a standard crust EOS [17], where the right
panel demonstrates the importance of 3N forces. The extension to higher densities using piecewise polytropes (as explained in
the text) is illustrated schematically in the left panel.

with binding energy aV = 16MeV and incompressibility
K = 230MeV (which are within theoretical uncertainties
of the nuclear matter calculations of Ref. [10]). To in-
clude the symmetry energy in Eq. (1), we use the Ansatz
S2(ρ) = S2(ρ/ρ0)

γ and fit S2 ≡ S2(ρ0) and γ to our neu-
tron matter results. The fit has a relative uncertainty of
< 5% for densities ρ0/8 < ρ < ρ1 = 3.0 × 1014 g cm−3

(ρ1 corresponds to a neutron density ρ1,n = 1.1ρ0). We
obtain the following symmetry energy parameters and
proton fractions:

c1 [GeV−1] c3 [GeV−1] S2 [MeV] γ x(ρ0)

−0.7 −2.2 30.1 0.5 4.8%
−1.4 −4.8 34.4 0.6 7.2%

NN-only EM 26.5 0.4 3.3%
NN-only EGM 25.6 0.4 2.9%

The resulting pressure of neutron star matter is shown
in Fig. 1 for densities ρ < ρ1, where the band is domi-
nated by the uncertainty in c3. The comparison of these
parameter-free calculations to a standard crust EOS [17]
shows good agreement to low densities ρ & ρ0/10 within
the theoretical uncertainties. In addition, the right panel
of Fig. 1 demonstrates the importance of 3N forces. The
pressure obtained from low-momentum NN interactions
only, based on the RG-evolved N3LO potentials of Entem
and Machleidt (EM) [12] or Epelbaum et al. (EGM) [13],
differ significantly from the crust EOS at ρ0/2.
Neutron stars.– The structure of non-rotating neutron

stars without magnetic fields is determined by solving
the Tolman-Oppenheimer-Volkov (TOV) equations. Be-
cause the central densities reach values higher than ρ1,
we need to extend the uncertainty band for the pressure
of neutron star matter beyond ρ1. To this end, we intro-
duce a transition density ρ12 that separates two higher-
density regions, and describe the pressure by piecewise
polytropes, P (ρ) = κ1ρ

Γ1 for ρ1 < ρ < ρ12, and

P (ρ) = κ2ρ
Γ2 for ρ > ρ12, where κ1,2 are determined by

continuity of the pressure. Ref. [18] has shown that such
an EOS with 1.5 < Γ1,2 < 4.0 and transition densities
ρ12 ≈ (2.0− 3.5)ρ0 can mimic a large set of neutron star
matter EOS. We therefore extend the pressure of neu-
tron star matter based on chiral EFT in this way, with
1.5 < Γ1,2 < 4.5 and 1.5 < ρ12/ρ0 < 4.5, as illustrated
in Fig. 1. The possibility of a phase transition at higher
densities is implicitly taken into account if one regards
the Γ1,2 values as averages over some density range.

We solve the TOV equations for the limits of the pres-
sure band below nuclear densities continued to higher
densities by the piecewise polytropes. The range of Γ1,2

and ρ12 can be constrained further, first, by causal-
ity, which limits the sound speed to the speed of light
and, second, by the requirement that the EOS support
a 1.65M⊙ star [19]. The resulting allowed range of poly-
tropes is shown by the light blue band at higher density
in Fig. 2 [27]. The comparison with a representative set
of EOS used in the literature [16] demonstrates that the
pressure based on chiral EFT interactions (the darker
blue band) sets the scale for the allowed higher-density
extensions and is therefore extremely important. It also
significantly reduces the spread of the pressure at nu-
clear densities from a factor 6 at ρ1 in current neutron
star modeling to a factor 1.5.

Results.– In Fig. 3 we show the neutron star M -R
curves obtained from the allowed EOS range. The blue
region corresponds to the blue band for the pressure in
Figs. 1 and 2. At the limits of this region, the pressure
of neutron star matter is continued as piecewise poly-
tropes, and all curves end when causality is violated.
Should causality be violated before the maximum mass
(at dM/dR = 0) is reached, one could continue the M -
R curves by enforcing causality. This would lead to a
somewhat larger maximum mass, but would not affect
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Impact on neutron stars

Heaviest neutron star: M = 1.97± 0.04M�

[Nature 467, 1081 (2010)]
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Impact on neutron stars

Constrain resulting EOS with causality and heaviest observed neutron

star

I Chiral EFT interactions provide strong constraints for EOS

I Rule out many model equations of state
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Impact on neutron stars
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Radius for M = 1.4M� neutron star:

I R = 9.7− 13.9 km

Maximal supported mass:

I Mmax = 3.05M� (14 km)

Uncertainties from many-body forces

and polytropic expansion

[TK, Tews, Hebeler, Schwenk

arXiv:1301.xxxx ]
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Summary

I First consistent neutron matter calculation at N3LO

I Neutron matter energy per particle at n0: 14.1− 21.0MeV

I Symmetry energy: Sv = 28.9− 34.9MeV, L = 43.0− 66.6MeV

I Neutron stars: 1.4M� neutron star → R = 9.7− 13.9 km
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Thanks for Your Attention
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