
Aspects of the PNJL Model
at Imaginary Chemical Potential
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Motivation

Lattice QCD
I Lattice QCD has sign problem for Re(µ) 6= 0, but not for Im(µ) 6= 0
I imaginary chemical potential µ = iθT
I use extrapolation from µ2 < 0 to µ2 > 0

µ2

T
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Motivation

PNJL model
I calculations possible for real and imaginary chemical potential
I perform extrapolation from µ2 < 0 to µ2 > 0 and compare with direct

calculations
I 2 quark flavors: [Sakai et. al. (2008 & 2009)]
I here: 2+1 quark flavors
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PNJL Model

I chiral condensate σ: (approximate) order parameter for chiral transition
I Polyakov loop Φ: (approximate) order parameter for deconfinement transition
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Interplay: Z3 symmetry in pure gauge limit

I Z3 is center of SU(3) gauge group
I low T: only one ground state (Φ = 0)
I high T: three degenerate ground states (Φ ∝ exp

[
i 2πk

3

]
), Z3 symmetry is

spontaneously broken
I first order transition at Tc = 270 MeV
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Special properties at
imaginary chemical potential

I imaginary chemical potential µ = iθT

I Roberge & Weiss (1986): QCD has periodicity ΩQCD(θ) = ΩQCD(θ + 2πk/3),
connected by Z3 transformation

I “extended Z3 transformation”:

Φ→ Φe−i2πk/3 and θ → θ + 2πk/3
I invariant in QCD and PNJL: thermodynamic potential Ω(θ), derived quantities

(σf (θ), . . . )
I RW periodicity with period 2π

3

I RW phase transition at high temperatures and θ = π
3 , 3π

3 , ...
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Phase diagram
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Chiral crossover transition
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Extrapolation of the chiral crossover line

Crossover criterion: half vacuum value
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Extrapolation of the chiral crossover line

Crossover criterion: half vacuum value
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Extrapolation of the chiral crossover line

Crossover criterion: half vacuum value
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Extrapolation of the chiral crossover line

Crossover criterion: maximal chiral susceptibility
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Extrapolation of the chiral crossover line

Crossover criterion: maximal chiral susceptibility
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Extrapolation of the chiral crossover line

Crossover criterion: max. chiral susc. (different regularization)
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Extrapolation of the chiral crossover line

Crossover criterion: max. chiral susc. (different regularization)
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Extrapolation of the chiral crossover line

Crossover criterion: max. chiral susc. (different regularization)
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Extrapolation of the chiral crossover line

Crossover criterion: max. chiral susc. (different regularization)
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Extrapolation of the chiral crossover line

Crossover criterion: max. chiral susc. (different regularization)
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Summary and outlook

Summary

I PNJL model has RW symmetry & periodicity
I extrapolation of crossover lines from imaginary to real chemical potential

possible
I not always reliable

Outlook
I more sophisticated fit ansätze, . . .
I comparison with results from lattice QCD
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Alternative topic:
RW transition endpoint



Motivation
RW endpoint in the PNJL model
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Motivation
RW endpoint in Lattice QCD
Phase diagram at µ = i

πT

3

T

m ∞0

3d Ising

triple line

triple line

Nf=2: light and intermediate masses, 1st and 3d Ising behaviour    D’Elia, Sanfilippo 09           

〈|Im(L)|〉 = 0

〈|Im(L)|〉 #= 0

I 1st order for low and high quark masses
I 2nd order for intermediate quark

masses

D’Elia/Sanfilippo, arXiv:0909.0254 (Nf = 2)

picture from: Philipsen, FAIR Lattice Days 2009 (Nf = 3)
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Our study of the RW transition endpoint

I PNJL model with Nf = 2
I redo and extend calculations by Kouno/Sakai et al.
I investigate dependence on quark masses and Polyakov loop potential
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RW transition revisited
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RW legs
(logarithmic Polyakov loop potential)
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RW legs at higher m0

(logarithmic Polyakov loop potential)
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RW legs at higher m0

(logarithmic Polyakov loop potential)
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Change relative strength
(Fukushima Polyakov loop potential)

I
UFuku

T 4 = −bT
(
54e−a/TΦΦ∗ + log

[
1− 6ΦΦ∗ + 4(Φ3 + Φ∗3)− 3(ΦΦ∗)2

])
I pure gauge limit lim

b→∞
TRW/deconf/chiral = Tc = 270 MeV
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Summary and outlook

Summary

I RW endpoint is of 1st or 2nd order depending on Polyakov loop potential
I relative strength of the Polyakov loop potential is important

Outlook
I “Columbia style”-plot: order of RW endpoint depending on quark masses

(Nf = 2 + 1)
I ...

Thanks for your attention!
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Polyakov loop extended
Nambu–Jona-Lasinio model

I Lagrangian LPNJL = ψ̄
(
iγµDµ −mf

)
ψ

+
gS

2

[
(ψ̄τaψ)2 + (ψ̄iγ5τaψ)2]

+ gD
[
det
(
ψ̄(1− γ5)ψ

)
+ det

(
ψ̄(1 + γ5)ψ

)]
+ UPolyakov(Φ[A], Φ̄[A], T )

I in mean field approximation

LMF = ψ̄
(
iγµDµ −Mf

)
ψ + gS

(
σ2

u + σ2
d + σ2

s

)
+ 4gDσuσdσs + UPolyakov(Φ, Φ̄, T )
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Polyakov loop

I L(~x) = P exp
[
i
∫ 1/T

0 dτ A4(~x , τ )
]

I traced expectation values Φ = 1
Nc
〈tr L〉 Φ̄ = 1

Nc

〈
tr L†

〉
Polyakov loop potentials

> polynomial [Ratti, Thaler, Weise (2006)]:
Upoly

T 4 = − b2(T )
2 ΦΦ∗ − b3

6 (Φ3 + Φ∗3) + b4
4 (ΦΦ∗)2

> logarithmic [Rößner, Ratti, Weise (2007)]:

Ulog

T 4 = − a(T )
2 ΦΦ∗ + b(T ) log

[
1− 6ΦΦ∗ + 4(Φ3 + Φ∗3)− 3(ΦΦ∗)2

]
> [Fukushima (2008)]:

UFuku
T 4 = −bT

(
54e−a/TΦΦ∗ + log

[
1− 6ΦΦ∗ + 4(Φ3 + Φ∗3)− 3(ΦΦ∗)2

])
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Order parameters
at imaginary chemical potential

T1 < TRW < T2
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RW transition revisited (II)

T = 185, 188, 191 MeV
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