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1.  Few-body universality 
known   =>   “Efimov effect” 

new !      =>   “super Efimov effect” 

•  Phys Rev Lett 110, 235301 (2013)  with Moroz and Son 

•  Phys Rev A 90, 063631 (2014)  with Moroz

2.  Many-body crossover physics 
known   =>   “BCS-BEC crossover” 

new !      =>   “atom-trimer continuity” 

•  Phys Rev Lett 109, 240401 (2012) 

•  Phys Rev Lett 114, 115302 (2015)
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Novel few-body 
universality
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Few-body universality

Infinite bound states 
with exponential scaling

Efimov effect  (1970) 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance En ⇠ e�2⇡n

Universal !
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Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance 

Efimov effect 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance 

 exponential scaling

5Few-body universality

Super Efimov Effect of Resonantly Interacting Fermions in Two Dimensions

Yusuke Nishida,1 Sergej Moroz,2 and Dam Thanh Son3
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2Department of Physics, University of Washington, Seattle, Washington 98195, USA
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We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.

DOI: 10.1103/PhysRevLett.110.235301 PACS numbers: 67.85.Lm, 03.65.Ge, 05.30.Fk, 11.10.Hi

Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
!
i@t þ

r2

2

"
c þ#y

a
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r2

4
% "0
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y
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y
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y
a#

y
a#a#a: (3)

Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling

PRL 110, 235301 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
7 JUNE 2013

0031-9007=13=110(23)=235301(4) 235301-1 ! 2013 American Physical Society

Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4
 “doubly” exponential

New !
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6P-wave scattering in 2D

V(r)
Two fermions with short-range potential

scattering “length” effective “range”

collision energy

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

Cf.  H.-W. Hammer & D. Lee 

Ann. Phys. 325, 2212 (2010)
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7P-wave scattering in 2D

V(r)
Two fermions with short-range potential

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

collision energy

resonance 
(a➔∞)

low-energy 
(ε➔0)

Cf.  H.-W. Hammer & D. Lee 

Ann. Phys. 325, 2212 (2010)
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8P-wave scattering in 2D
Two fermions with short-range potential

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

→

propagator of  dimer

V(r)

ig ig

= (ig)2 p·q 

“running” coupling
(logarithmic decrease toward low-energy p/Λ→0)

- iT
resonance

low-energy

"
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9P-wave scattering in 2D
Two fermions with short-range potential

V(r)
p+k/2

p-k/2

q+k/2

q-k/2

→ ig ig-iT
resonance

low-energy

dimer field Φ± couples to two fermions ψ                     

with orbital angular momentum L=±1

=>  Low-energy effective field theory
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}marginal coupling
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10RG in 2-body sector
Low-energy effective field theory
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logarithmical decrease  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RG equation
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renormalized by

11RG in 3-body sector
3-body problem  ⇔  fermion+dimer scattering

marginal coupling

}

irrelevant

=>  RG equation

L3�body = v3

XXX

a=±
 †�†

a�a + · · ·

dv3

ds
=

16

3⇡
g4 �

11

3⇡
g2v3 +

2

3⇡
v2
3
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12RG in 3-body sector
3-body problem  ⇔  fermion+dimer scattering

}
marginal coupling @ low-energy limit s→∞

irrelevant
L3�body = v3

XXX

a=±
 †�†

a�a + · · ·

}
non-universal

diverges at 

En / ⇤
2

m
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=>  characteristic energy scales

Super Efimov effect !
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resonance (a➔∞)

13Model confirmation

} }
�±(p) = (p

x

± ip
y

) e�p2/(2⇤2)

Spinless fermions 
with a separable potential

=>  solve STM equation numerically

�n = ln ln (mEn/⇤
2)�1/23-body binding energies

= +
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resonance (a➔∞)

�n = ln ln (mEn/⇤
2)�1/2

14Model confirmation

} }
�±(p) = (p

x

± ip
y

) e�p2/(2⇤2)

3-body binding energies

=>  doubly exponential scaling

Spinless fermions 
with a separable potential

mEn/⇤
2 / e�2e3⇡n/4+✓

! 3!/ 4

n ! n ! n ! ! n! 1 3 7.430 2.352

0 0.5632 Ñ 4 9.785 2.355

1 2.770 2.207 5 12.141 2.356

2 5.078 2.308 " Ñ 2 .35619Super Efimov effect !
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L=±2 tetramers attached to every trimer 

with resonance energy

15RG in 4-body sector
4-body problem  ⇔  dimer+dimer scattering

}
irrelevant

marginal couplings
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Infinite bound states 
with doubly exponential 
scaling

Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance

10-9 m 10-3 m 1060 m

n=0

n=1

n=2

En ⇠ e�2e3⇡n/4

Universal !
but difficult to observe ?
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17Efimov vs super Efimov

Efimov effect 
•  3 identical bosons 
•  3 dimensions 
•  s-wave resonance 

 exponential scaling
En+1
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(4 .88) ! 2

18Efimov vs super Efimov

Super Efimov effect 
•  3 identical fermions 
•  2 dimensions 
•  p-wave resonance 

 “doubly” exponential

Efimov effect 
•  3 identical bosons 
•  3 dimensions 
•  s-wave resonance 

 exponential scaling

Super Efimov effect

En+1

En
! e" 2! # (22 .7) " 2 ln En+1

ln En
! e3!/ 4⇡ 10.55

for 6Li-133Cs mixture

???
for 6Li-133Cs mixture
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19Mass imbalance mixtures

2 bosons + 1 
    ( M/m > 4.03 )

2 fermions + 1  ( M/m > 2.41 )

ln
E

n+
1/

ln
E

n

M
m

e3!/ 4 ⇡ 10.55

for 3 identical 
fermions

!  for 6Li-133Cs mixture
ln En+1

ln En
⇡ 1.34

•  p-wave resonance observed but 2D confinement necessary 
      M. Repp et al, Phys. Rev. A 87, 010701(R) (2013)

@ p-wave 
   resonance

M

m

M
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Many-body physics 
•  BCS-BEC crossover 
•  …

Few-body 
physics

•  Efimov effect 
•  …

From few to many 20

How do they interplay ?
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Novel many-body 
crossover physics
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• 2-component Fermi gas

loosely bound Cooper pairs tightly bound dimers

Jin Group at JILA



/ 4523BCS-BEC crossover
• 3-component Fermi gas

?

loosely bound Cooper pairs tightly bound dimers

unpaired atoms



/ 4524BCS-BEC crossover
• 3-component Fermi gas

loosely bound Cooper pairs tightly bound dimers

unpaired atoms unpaired trimers

“Atom-trimer continuity”  =  New crossover physics !
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f (k ) =
�1

ik + 1
a

K. M. O’Hara, New J. Phys. (2011)

• 3 spin states ( i = 1, 2, 3 ) of  6Li atoms 
  near a Feshbach resonance :

• a12 = a23 = a31
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• 3 spin states ( i = 1, 2, 3 ) of  6Li atoms 
  near a Feshbach resonance :

• a12 = a23 = a31  =>  SU(3) × U(1) invariance

f (k ) =
�1

ik + 1
a

• Problem !  3 fermions form an infinitely deep 
bound state  (Thomas collapse)

No many-body ground state  :-(

L = !  
i

!
i " t +

! 2

2m

"
! i +

g

2
!  

i !  
j ! j ! i
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f (k ) =
�1

ik + 1
a

• 3 spin states ( i = 1, 2, 3 ) of  6Li atoms 
  near a “narrow” Feshbach resonance :

Universal many-body ground state 
(depends only on  a, R, kF)

f(k) =
�1

ik + 1
a + Rk2

re! = �2R is the effective range

• a = a12 = a23 = a31  and  R = R12 = R23 = R31

• R regularizes short-distance behaviors 
  ( =>  no Thomas collapse)
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28Phase diagram

1/akF

Rk F ?
↓ broad resonance

↑ narrow resonance

← weak 
attraction

strong → 
attraction
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0

•
0

← weak 
attraction

strong → 
attraction

29Phase diagram

Rk F

Trimer Fermi gas

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface ?

1/akF

↑ narrow resonance
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30Phase diagram

Rk F

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface 

Large RkF expansion

Trimer Fermi gas

?
1/akF
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31Phase diagram

Rk F

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface 

Trimer Fermi gas

?
1

akF
=

4

! (1/ 4)2

!
4⇡

RkF

"1/ 4

1/akF
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32Phase diagram

Rk F

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface 

Trimer Fermi gas

?
1/akF

Dilute 
limit 

kF→0

Dilute 
limit 

kF→0

N=3

N=2

atom

trimer

! 0.2 0.2 0.4 0.6
R"
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33Phase diagram

Rk F

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface 

Trimer Fermi gas

?
1

akF
= !

0.0917
RkF

1/akF

N=3

N=2

atom

trimer
dimer

! 0.2 0.2 0.4 0.6
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limit 

kF→0



/ 45

-• •
0

•
0

34Phase diagram

Rk F

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface 

Trimer Fermi gas

dimer SF 
+ trimer FS

?
1/akF

N=3

N=2

atom

trimer
dimer

! 0.2 0.2 0.4 0.6
R"

a

! 0.08
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! 0.02
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35Phase diagram

Rk F

BCS 
superfluid 

+ 
Fermi 

surface 

BEC 
superfluid 

+ 
no Fermi 
surface 

Trimer Fermi gas

dimer SF 
+ trimer FS

?
1/akF
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SF + FSA SF

SF + FST

Trimer FG

-• •
0

•
0

Rk F

Unpaired fermions 
are atom-like 

(meff ~ m) Unpaired fermions 
are trimer-like 

(meff ~ 3m)

1/akF“Atom-trimer continuity”  =  New crossover physics !
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VOLUME 82, NUMBER 20 P H Y S I C A L R E V I E W L E T T E R S 17 MAY 1999

Continuity of Quark and Hadron Matter

Thomas SchŠfer and Frank Wilczek
School of Natural Sciences, Institute for Advanced Study, Princeton, New Jersey 08540

(Received 30 November 1998)

We review, clarify, and extend the notion of color-ßavor locking. We present evidence that for three
degenerate ßavors the qualitative features of the color-ßavor locked state, reliably predicted for high
density, match the expected features of hadronic matter at low density. This provides, in particular,
a controlled, weak-coupling realization of conÞnement and chiral symmetry breaking in this (slight)
idealization of QCD. [S0031-9007(99)09191-7]

PACS numbers: 12.38.Aw

In a recent study [1] of QCD with three degenerate ßa-
vors at high density, a new form of ordering was predicted,
wherein the color and ßavor degrees of freedom become
rigidly correlated in the ground state: color-ßavor locking.
This prediction is based on a weak-coupling analysis us-
ing a four-fermion interaction with quantum numbers ab-
stracted from one gluon exchange. One expects that such
a weak-coupling analysis is appropriate at high density, for
the following reason [2,3]. Tentatively assuming that the
quarks start out in a state close to their free quark state,
i.e., with large Fermi surfaces, one Þnds that the relevant
interactions, which are scattering the states near the Fermi
surface, for the most part involve large momentum trans-
fers. Thus, by asymptotic freedom, the effective coupling
governing them is small, and the starting assumption is
conÞrmed.

Of course, as one learns from the theory of superconduc-
tivity [4], even weak couplings near the Fermi surface can
have dramatic qualitative effects, fundamentally because
there are many low-energy states, and therefore one is
inevitably doing highly degenerate perturbation theory.
Indeed, the authors of [1] already pointed out that their
color-ßavor locked state displays a gap in all channels ex-
cept for those associated with derivatively coupled spin
zero excitations, i.e., Nambu-Goldstone modes. This is
conÞnement. For massless quarks, they also demonstrated
spontaneous chiral symmetry breaking.

In very recent work we [5], and others [6], have rein-
forced this circle of ideas by analyzing renormalization of
the effective interactions as one integrates out modes far
from the Fermi surface. A fully rigorous treatment will
have to deal with the extremely near-forward scatterings,
which are singular due to the absence of magnetic mass for
the gluons, at least in straightforward perturbation theory.

In the earlier work [1], several striking analogies be-
tween the calculated properties of the color-ßavor locked
state and the expected properties of hadronic matter at
low or zero density were noted. In addition to conÞne-
ment and chiral symmetry breaking, the authors observed
that the dressed elementary excitations in the color-ßavor
locked state have the spin quantum numbers of low-lying
hadron states and for the most part carry the expected ßa-

vor quantum numbers, including integral electric charge.
Thus, the gluons match the octet of vector mesons, the
quark octet matches the baryon octet, and an octet of col-
lective modes associated with chiral symmetry breaking
matches the pseudoscalar octet. However, there are also
a few apparent discrepancies: there is an extra massless
singlet scalar, associated with the spontaneous breaking of
baryon number (superßuidity); there are eight rather than
nine vector mesons (no singlet); and there are nine rather
than eight baryons (extra singlet). We will argue that these
ÒdiscrepanciesÓ are superÞcialÑor rather that they are fea-
tures, not bugs.

Let us Þrst brießy recall the fundamental concepts of
color-ßavor locking. The case of three massless ßavors
is the richest due to its chiral symmetry (and adding a
common mass does not change anything essential) so we
shall concentrate on it. The primary condensate takes the
form [1]

kqia
Laq

jb
Lbeijl ≠ 2kqa

R Ÿka
q

b

RŸlb
e

ŸkŸll ≠ k1da
a d

b
b 1 k2da

b db
a .

(1)
Here L, R label the helicity,i, j, k, l are two-component
spinor indices,a, b are ßavor indices, anda, b are color
indices. A common space-time argument is suppressed.
k1, k2 are parameters (depending on chemical potential,
coupling, etc.) whose nonzero values emerge from a
dynamical calculation.

This equation must be interpreted carefully. The value
of any local quantity which is not gauge invariant, taken
literally, is meaningless, since local gauge invariance
parametrizes the redundant variables in the theory, and
cannot be broken [7]. But as we know from the usual
treatment of the electroweak sector in the standard model,
it can be very convenient to use such quantities. The point
is that we are allowed to Þx a gauge during intermediate
stages in the calculation of meaningful, gauge invariant
quantitiesÑindeed, in the context of weak-coupling per-
turbation theory, we must do so. For our present purposes,
however, it is important to extract nonperturbative results,
especially symmetry breaking order parameters, that we
can match to our expectations for the hadronic side. To
do this, we can take suitable products of the members of

3956 0031-9007y99y82(20)y3956(4)$15.00 © 1999 The American Physical Society

New link between atomic and nuclear systems !
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Quantitative analysis of  phase diagram 

=>  challenging to incorporate three-body 
       physics in many-body problem

=>  “Polaron problem” with variational approach
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|SFi =
YYY

p

h
u p + vp !  

1(p)!
 
2(�p)

i
|0i

|atom! k = zk ! †
3(k)|SF!

BCS-BEC crossover wave function

Atom-like and trimer-like wave functions

|trimer ! k =
!!!

P , p

! k (P, p ) " †
3(k " P )" †

1(p) " †
2(P " p) |SF!

=>  Polaronic atom-trimer state

|atom! trimer ! k = |atom! k + |trimer ! k hybridizable by 
condensed pairs

Z = |zk|2  = atomic fraction = 1 - (trimeric fraction)

}
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1.  Novel few-body universality 
•  3 particles (fermions or mixtures) 

•  2D @ p-wave resonance 

=>  “super Efimov effect” 
Related works by Volosniev, Zinner, Yu, Gridnev, Efremov, …

2.  Novel many-body crossover physics 
•  3-component Fermi gas 

•  3D @ narrow s-wave resonance 

=>  “atom-trimer continuity” 
  Related works by Schmidt, Hammer, Zinner, …


