
1. Basics of nonrelativistic quantum mechanics

I Content:

very brief repitition of some basic elements of nonrelativistic quantum
mechanics you probably know already from the introductory courses

I Goals:
I general introduction to this course
I among other things: preparation for the relativistic quantum mechanics
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1.1 Heuristic motivation of the Schrödinger
equation from wave-particle duality

I Wave-Particle-Duality

A plane wave ψ(~r , t) ∼ ei(~k·~r−ωt) corresponds to a particle with
I energy E = ~ω (Einstein 1905; photoelectric effect),
I momentum ~p = ~~k (de Broglie 1924).

This motivates the introduction of hermitian operators
I Ê = i~ ∂∂t ⇒ Ê ψ = ~ω ψ
I ~̂p = ~

i
~∇ ⇒ ~̂pψ = ~~k ψ

I nonrelativistic energy-momentum relation: E = ~p 2

2m + V

⇒ Schrödinger equation: i~ ∂∂tψ =
(
− ~2

2m
~∇2 + V

)
ψ ≡ Hψ

I Hamiltonian: H = − ~2

2m
~∇2 + V
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I ~̂p = ~

i
~∇ ⇒ ~̂pψ = ~~k ψ

I nonrelativistic energy-momentum relation: E = ~p 2

2m + V

⇒ Schrödinger equation: i~ ∂∂tψ =
(
− ~2

2m
~∇2 + V

)
ψ ≡ Hψ

I Hamiltonian: H = − ~2

2m
~∇2 + V

10/17/2022 | Michael Buballa | 2



1.1 Heuristic motivation of the Schrödinger
equation from wave-particle duality

I Wave-Particle-Duality

A plane wave ψ(~r , t) ∼ ei(~k·~r−ωt) corresponds to a particle with
I energy E = ~ω (Einstein 1905; photoelectric effect),
I momentum ~p = ~~k (de Broglie 1924).

This motivates the introduction of hermitian operators
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1.2 Probabalistic interpretation and
continuity equation

I Wave function ψ(~r , t): not an observable

|ψ(~r , t)|2: probability density, to find the particle at time t at spatial point~r

I free Schrödinger equation (V = 0): i~ ∂∂t ψ = − ~2

2m
~∇2 ψ

∣∣∣ × 1
i~ψ
∗

complex conjugate equation.: −i~ ∂∂t ψ
∗ = − ~2

2m
~∇2 ψ∗

∣∣∣ ×− 1
i~ψ

⇒ ψ∗ ∂∂t ψ + ψ ∂
∂t ψ

∗ = − ~
2mi

(
ψ∗~∇2 ψ − ψ~∇2 ψ∗

)

= =

∂
∂t (ψ∗ψ)

=− ~
2mi

~∇ ·
(
ψ∗~∇ψ − ψ~∇ψ∗

)

Obviously, this also works with a real potential V .
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I ∂
∂t (ψ∗ψ) = − ~

2mi
~∇ ·
(
ψ∗~∇ψ − ψ~∇ψ∗

)

⇒ ∂ρ

∂t
+ ~∇ ·~j = 0 continuity equation

probability density: ρ = ψ∗ψ = |ψ|2

probability current:

~j = ~
2mi

(
ψ∗~∇ψ − ψ~∇ψ∗

)
≡ ~

2miψ
∗
(
~∇ −

←
∇
)
ψ

I example: ψ(~r , t) = Nei(~k·~r−ωt)

→ exercises
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Conservation of probability

I Continuity equation ∂ρ
∂t + ~∇ ·~j = 0 ⇒ conserved quantities

I Example: electrodynamics → electric charge conservation
I ρ = charge density
I ~j = electric current density

I Integration over volume V : Q(t) =
∫
V

d3r ρ(~r , t) = charge contained in V

⇒ dQ
dt =

∫
V

d3r ∂ρ∂t
cont. eq.

= −
∫
V

d3r ~∇ ·~j Gauß= −
∮
∂V

d2~σ ·~j

variation of charge in V with time = − current through the surface of V

I Quantum mechanics: Q = probability to find a particle in V
(if correctly normalized as

∫
R3 d3r |ψ|2 = 1)
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1.3 More formal approach to quantum
mechanics

I So far: wave mechanics in coordinate-space representation
I (relatively) easy to imagine
I not always the simplest way to solve a problem

I More general approach:

(i) Physical systems are described by states |ψ〉, which are vectors in a
Hilbert space.

(ii) Observables are represented by hermitian operators Ô.

(iii) Possible measurements correspond to the eigenvalues of Ô.
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(iv) The corresponding eigenstates |n〉, i.e., Ô|n〉 = λn|n〉,
form a complete orthonormal basis of the Hilbert space.

〈m|n〉 = δmn,
∑
n
|n〉〈n| = 11 .

(For continuous spectra one can generalize this to δ-functions and integrals.)

(v) Let |ψ〉 =
∑
n

cn|n〉

I probability to find the value λn in a single measurement: |cn|2.

I “expectation value” 〈Ô〉 = 〈ψ|Ô|ψ〉
= average over many measurements at identically prepared systems:

〈ψ|Ô|ψ〉 =
∑
m,n

c∗mcn〈m|Ô|n〉 =
∑
m,n

c∗mcn λn 〈m|n〉︸ ︷︷ ︸
δmn

=
∑
n
|cn|2λn

= sum over the possible measurements, weighted by their probability X
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〈ψ|Ô|ψ〉 =
∑
m,n

c∗mcn〈m|Ô|n〉 =
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form a complete orthonormal basis of the Hilbert space.

〈m|n〉 = δmn,
∑
n
|n〉〈n| = 11 .

(For continuous spectra one can generalize this to δ-functions and integrals.)

(v) Let |ψ〉 =
∑
n

cn|n〉

I probability to find the value λn in a single measurement: |cn|2.

I “expectation value” 〈Ô〉 = 〈ψ|Ô|ψ〉
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∑
m,n

c∗mcn λn 〈m|n〉︸ ︷︷ ︸
δmn

=
∑
n
|cn|2λn

= sum over the possible measurements, weighted by their probability X

10/17/2022 | Michael Buballa | 7



(iv) The corresponding eigenstates |n〉, i.e., Ô|n〉 = λn|n〉,
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Time evolution

(vi) Immediately after a measurement of the value λn, the system is in the
eigenstate |n〉.

(vii) As long as no measurement is performed, the time evolution of |ψ〉 is
determined by the Schrödinger equation:

i~ ∂∂t |ψ(t)〉 = Ĥ|ψ(t)〉

Formal solution for time independent Hamiltonians:

|ψ(t)〉 = exp
(
− i

~ Ĥt
)
|ψ(0)〉 ≡

∞∑
n=0

1
n!

(
− i

~ Ĥt
)n |ψ(0)〉

(viii) representations = expansions of states in complete bases

I coordinate-space rep.: ψ(~r , t) = 〈~r |ψ(t)〉,
|~r〉: eigenstate of the coordinate operator

I momentum-space rep.: ψ̃(~p, t) = 〈~p|ψ(t)〉,
|~p〉: eigenstate of the momentum operator
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Formal solution for time independent Hamiltonians:

|ψ(t)〉 = exp
(
− i

~ Ĥt
)
|ψ(0)〉 ≡

∞∑
n=0

1
n!

(
− i

~ Ĥt
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1.4 Schrödinger vs. Heisenberg picture

I Equivalent descriptions:
I Schrödinger picture: states time dependent, operators time independent
I Heisenberg picture: states time independent, operators time dependent

I Expectation value in the Schrödinger picture (operator ÔS , state |ψS(t)〉):

〈ψS(t)|ÔS|ψS(t)〉

= 〈ψS(0)|e i
~ ĤtÔS e−

i
~ Ĥt |ψS(0)〉

I Identify: ÔH (t) ≡ e
i
~ ĤtÔS e−

i
~ Ĥt , |ψH〉 ≡ |ψS(0)〉

⇒ 〈ψS(t)|ÔS|ψS(t)〉 = 〈ψH |ÔH (t)|ψH〉

I Time derivative of the Heisenberg operator:
dÔH

dt = i
~ Ĥe

i
~ ĤtÔS e−

i
~ Ĥt − i

~e
i
~ ĤtÔS e−

i
~ Ĥt Ĥ

= 1
i~
[
ÔH , Ĥ

]
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〈ψS(t)|ÔS|ψS(t)〉
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〈ψS(t)|ÔS|ψS(t)〉
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〈ψS(t)|ÔS|ψS(t)〉 = 〈ψS(0)|e i
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~ ĤtÔS e−

i
~ Ĥt Ĥ
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dÔH

dt = 1
i~
[
ÔH , Ĥ
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Heisenberg’s equation of motion
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