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with E = S and E” = 2

ng)/; — ingeneral: E” # E: virtual intermediate state

» energy denominator: =2~ (cf. perturbation theory)
— Intermediate states with E” ~ E contribute most.

> In fact: Performing the integral with the residue theorem:
Ultimately only states with k" = k < E’ = E contribute.
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» nth order:

D Pk Pl T2 1 1
f(”)(k’,k) = _275712 f(zﬂfﬁ (27r)31 V(k’ = Kn—1) E—E, 1+ic

1 1 YIDR
E—E,_p+ie " E—Ej+ic V(ki — k)

X V(Enf1 - /_(’an)
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2.5 Representation independent approach
to scattering theory
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» Hamiltonian: H=Hy+ V

> free part:  Hy = Flo(p) = é’—;, p= 1k

» potential: /= V(7) (by our assumption)

» Eigenstates with energy E:

> Hlv) = Elv)
> Folo) = E|o)

» Momentum eigenstates: l?\l?) =k|k) = [3\/?) = hk |K)

= |k) € {lo)}

PR Z2 202 -
= Ho|K) = B2 1Ry = 25 iy

EIK) with E= 12K
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» Schrédinger equation: M [4)) = E |¢)

= (E-A)lv)=(E-Ho—V)[y)=

= (E—Fo)|v) = V]v)
» formal solution:

[0) = 16) + (E— Fo) " V[1) = [6) + Go(E) V 0)

with  Go(2) = (2= Fo) ™,
> Gy () |g) = (E - Ho) |$) =0

|p) = Go(E E)|¢) = Go(E)0 = Go(z)is singularat z = E

ze C, ,Green’s operator’, ,resolvent”

— evade the smgularlty in the complex energy plane
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» Boundary condition:

plane wave + outgoing scattering wave (as before)

= | i) = |K) + Go(E + i) V [

Lippmann-Schwinger equation for the state |¢)
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Position-space and momentum-space
representation
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» Eigenstates of position and momentum operator:
FR=AR, KK =KIK)
» Orthogonality, normalization and completeness:
(F'|r) =0%(F" = 1), [ d®r|F)(F| =1
(K'|K) = (@m0 °(K" —K), [ &k k) (K| =1
(Caution: Some authors have different normalization conventions!)

Consistency:

= [ PR =[PP OE -7 v

|k'> = [ 5 RKIK) = [ E (k)@ ek -k v
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» Wave functions
» position-space representation: W(F) = ()
» momentum-space representation: z/?(l?) = <l_<'|1/1)
) k|¢ JRr(KIf)Aw) = [ &r (KIF)yw() = [ ore T o(p)

—

= (kIP) = &7

& (rk) = (EW* = &*T  pos.-space wave fct. of the momentum eigenstate

V(F',7) = (F'| V()P = V() (F'|F) = V(N 63(F' — ) “local potential”

(R\VIR) = [ &Pr' [ or (K7 (7' | V(PI7)(7IR)

de /f derei ik’-F’ ﬁ‘)é‘S 21 aelk?: j‘dSre—ifj-? V(a — \"/(a)

(§ =k’ — k = momentum transfer)
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» Green’s operator:

</_(’//|GO lk > < I(Z_ HO 1|k > ( o 52252)—1<l‘(‘//|/_('/>

22y —1 — —
= (Z _ h2l:4 ) (27’(’)3(53(/(” _ k/)
#2F2
DAY RN =T2u 2 R o
= (K"\Go(E+ie)lk') =" Sk o (@m0 (K" — k)

— % Gﬁ:)(l_('/) (27T)353(/_('// _ R’/)

= (F|Go(E + ie)|F")
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» Lippmann-Schwinger equation:  [t)z) = |E> + Go(E + ie) \A/|w,;)
» Position-space representation:
(Flug) = (FIK) + (F1Go(E + i) V |4z)
= (FIk) + [ &Br [ dBr(F|Go(E + ie)|F")(F'| V|F")(F" |vbg)
= D) = &5+ [ B [ B 2% GOFF) V() BFE ) (P

=T B [T GYE T V) U
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T-matrix TECHNISCHE
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> Def: Tlk)= V|yp) T-matrix
oVlvg)) = (V+ VG T) IR)

= |T=V+VGT| Lippmann-Schwinger equation for the T-matrix

» valid for Go(E + ic)

N T\R’)LEE\‘/(

Q)

E>+

» generalization: Gy(z) — T(2)
» Matrix elements:
R TIR) = (R Vlusg) = [ r [ @ (RYFI)(7 | V)7) (Flg)
= [dPre V(R

= |f(k',K) = ———
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