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» Partial-wave decomposition:

» based on an expansion of the wave function in angular-momentum
eigenstates

» particularly well suited for small energies

» classical picture: potential with range R
P
——

impact parameter b I ) o : .
FU S S j._ W SRS S o s - 3 >

» Only particles with b < R are scattered.

= Only angular momenta |Z| < R|p| contribute to the cross section.
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» Schrodinger equation with radially symmetric potential V(r) = V(r):
( B2 4 V(r ) () = Eg()

_10 L2

» reminder: V2= 1ol —

» orbital angular momentum: L2 = —hz(sir‘]—ea@ sin62 + e 38: )
> eigenfunctions: L2 Y["(0, ) = £(£+1) K2 Y(0, )
— solutions of the Schrddinger eq. with well defined orbital angular momentum:

Yem(P) = RN Y0, ) = “2YM(0, )

. . . " ? g(f + 1)h2
» equation for the radial part: (7 onaz * V(r) + W )u@(r) = Euy(r)
—_— ——m——

Vetf(r )
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» Define:  U(r) = 24V(r), k%=24E (as before)

= (d2 ~un - 4 +k2> uy(r) = 0

dr? ra

1. Non-interacting case: V =0

= LZZ_ €+1 + k2 =0
(- 2 4) 0

linear independent solutions:

> Fy(kr) = Kr jo(kr), Je(x) = spherical Bessel functions
> Gy(kr) = kr ng(kr), ny(x) = spherical Neumann functions
€.g., jO(X) = Si%s nO(X) = _%s
) = SE - SoEX () = 95X — s
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» Asymptotic behavior:

L

> Bessel: Je(x = 0) < x°, jox — o0) — Sz

X

cos(x—£7)

> Neumann: ng(x = 0) &< b,  Mp(X — 00) = — =

diverge at the origin — not suitable (see below)

» Normalizability:
o0 oo dr r? jAkr)
[ &Brieml® o< [ r2dr|Re|? = [ drlu?® / ¢
0 0 [ dr r® nqkr)

= The n, are not normalizable for ¢ > 1.
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» Special case / = 0:
» Go(kr) = kr no(kr) = — cos(kr) = (g—; +k2) Go(kr) = 0

i.e., Go(kr) solves the equation for the radial wave function ug(r). v/

» total wave function:  too(7) = LY (9, ¢) = ﬁ% = —\/%%rk')
» behavior at the origin:  too(F — 0) — — =1

» reminder: A1? = —476%(r) (cf. Poisson equation in electrostatics)

= 1go(r) solves the free Schrédinger equation everywhere except the origin!

— Allowed solutions of the radial equation for V = 0:

uf(r) = NFolkr) = N kr jy(kr) == N sin(kr — gg)
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2. Spatially localized potential:

=0 (or negligible) forr > R
V(r){ (or negligible)

#0 forsmall r

» Solutions outside the potential range: uy(r > R) = A¢Fy(kr) — ByGy(kr)
» origin not contained = Neumann functions allowed
» solution for r < R different (in particular at r = 0)

» coefficients A, and B, are determined by boundary conditions at r = R
(continuity of u; and up)
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» change notation: ug(r > R) = C;( cos &, Fy(kr) — sin6,Gy(kr))
Ay = Cycosdy

= C2=A2:+B2, tang, =2
Bg:CgSin(S@ } ¢ ¢ ¢ Ae

» Cy: related to the normalization
» 0y contains information about the potential
(V=0 = B;=0 = §,=0)
» asymptotic behavior:
ug(r — oo) = Cy(cos &, sin(kr — £3) + sind, cos(kr — (3))
= Cy sin(kr — {5 + 0y)

— §;: “phase shift”
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» Attractive potential (V < 0):

In the potential region the wave
oscillates faster than the free
solution of the same energy.

= 0, >0

» Repulsive potential (V > 0):

The wave oscillates slower (for E > V) than without potential
ornotatall (E < V)

= 6 <0

> Note: dp = §¢(E)
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» Solution of the scattering problem:

—r 00

VRlP) = € + Yeo(D) =T & 4 £(0) &
Expand in a basis of angular-momentum eigenstates:

¢k H) E Cem Upr Ym(9 ®)

» spherically symmetric potential V(r) = 1. does not depend on ¢.

— only Y Pg(cos 0)

= Yp(F) = ZCg D Pycost) = S vy, 1 “partial waves”
¢
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o0
» incoming plane wave: €% = 3" i (24 + 1) j,(kr) Py(cos 6)
£=0
ikz —00Q = Y sin(kr—£ %)

= e = ZZ;)I (2€ +1) =2 Py(cos 0)

0 i ko i ud

. ¢ i(kr—25-) —i(kr—2 )

-4 (¢ - =) Pycost)

(outgoing — incoming) spherical wave

(oo}
» expansion of the scattering amplitude: f(6) = >_ f, Ps(cos 0), fo = fo(E)

£=0
) . . ; ™ i
= ¢k(—*) jﬁf 217 {ié 222;;(1 [el(kr—ég) _ e_’(k’_ei)] + fZ e/kr} Pg(COS 0)
£=0
f, el = f, el glkr—t5) - f, it gitkr—L%)
[e’e) . -
- S {5 (14 £51)@%E) e 5)] | Pcos)
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> p(F) = ;w u() py(cos )
o0 . ™
== ;%{i“f%ﬁ[ﬁ + o) ekrts) — e*’(“’*ff’]}PAcose)

0 20+1 2ik i(kr—0% —itkr—L %
= up(r — o0) o i*Z[(1+ 2l fy) el —F2) — o= lr=t3)]

 sin(kr — 0% + 6¢)

=1 [eitig ei(kr—Z%) _ e—iég e—i(kr—é%)}

2i
— %e—lﬁz [621'52 ei(kr—é%) _ e—i(kr—ﬁ%)]
2i6, _ 2ik
= € + 3l
= f — 2€+1 (621'52 _ 1) - 257(1 (eiég _ e—i(Sz) ei5z — 2£+1 S|n6 el(5e
1
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20 +1 :
" sin 6,

f, =

= fi(0) = + (20 + 1) sind, € Py(cos b)
7

» differential cross section:

9e = |f(0 )P = 2= D(2¢+1)(20 + 1) sin §; sin &, €0 =%) Py(cos 6) Py (cos 6)
o

The different partial waves interfere:
The particles measured by the detector have a well-defined momentum hk'
= no well-defined angular momentum
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