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> 70(E) = S ouE), ou(E) = 5 @0+ 1)1~ m(E) cos 20,(E))

» For n(E) ~ const., o,(E) is maximal at 6,(E) = %, 3m, 2, ...
(not exactly true because of the factor %)
» Crossing d,(E) = (2n + 1) 5 with big slope

— sharp maximum of o,(E) (“resonance”), which often dominates oo(E)
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Simplification: purely elastic scattering (n, = 1)

2@+1 16[( ) _ 26+1sindy _ 2041 sin dy _ 2041 1
> fg(E) smé( ) k e=% — k cosép—isind, ~ k cotdp—i

» Resonance: &¢(E§) =(2n+1)3 = cotdy(E§) =0
= f(E{) = 21 (purely imaginary)
» Taylor expansion about the resonance:

cot6,(E) = cot8,(E§) + L22E) (E—Eby+... =~ —8)(EY)(E — E))

’E:EO‘-’

> cotéy(E§) =0
dcotx _ 1 d cotdy(E) _ =4 =4
g dxx T sin?x dEZ ‘E_Eg - sm2 sin? EY 07(Eg) = —04(Ep)
-0
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COt5g(E) ~ —62(Eg) (E _ Eg) = fK(E) 2Z+1 1 ~ _ 20+ 1

cotdy—i k= 5,(ES) (E—ES)+i
20 + 1 /2 .
f(E ~El)=— o= 5
= |ME~E) K (E_Ehsirgz| ™ T 5

,»Breit-Wigner formula”

rz2/4

T
@) ——
@1 e EL2 +12/4

k2

T2 = |owE)=

2(+1

> oy(Ef) = ‘,‘(—’; (20+1) = o™

> O'g(Eg + r2) =0o)®/2
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» scattering amplitude for elastic scattering (with inelastic channels present):

2041 j 2k
fe = P9 (77262/6@71) = e £ =i+ eoe—%)

> purely elastic scattering (1 = 1): 520 f(E) = i + e/®(E)=%)

— unit circle in the complex plane with center i

“Argand diagram”

Jo=m e

» on resonance: 6g =@2n+1)% = 264 —Z=2mn+% = Zf(Ef) =
KBS+ 2)=—2t =2 =72 E =ix1

» Breit-Wigner: %1
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2 A(E) = i+ mu(E) #2001~ )

» presence of inelastic channels: 1, < 1

> 2K f2(E) lies inside the unit circle

» distance from the center: 7,(E), depends on energy

» otherwise similar behavior
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3.1 Motivation
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» Nonrelativistic quantum mechanics works well in many areas of physics,
e.g., hydrogen atom.

— So why do we need relativistic quantum mechanics?

» Already in classical physics, Newton’s mechanics is only a (often very good)
approximation to special and general relativity.

— In order to develop a theory as correct as possible, we should try to
formulate quantum mechanics consistently with the principles of relativity.
So far this has only been achieved for special relativity.

» The relativistic formulation has led to new insights even for the nonrelativistic
limit:
» existence of antiparticles
» nature of spin
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» In the “microcosmos”, where quantum mechanics is inevitable, one also finds
the highest velocities, e.g., cosmic rays, particle accelerators.

» estimate: Bohr model
Electrons move on circular orbits with L = nh.

n=1: L=rp=rmv=h <« Y=o, ~ 2kVA__ 1

¢ T rm " 05A500keV | 125
fic ~ 200 MeV fm = 2keV A
electron: mc? = 511 keV
Bohr radius (hydrogen): rg ~ 0.5A
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» In the “microcosmos”, where quantum mechanics is inevitable, one also finds
the highest velocities, e.g., cosmic rays, particle accelerators.

» estimate: Bohr model
Electrons move on circular orbits with L = nh.

- [ —rp= - v
n=1: L=rp=rmv="nh <& (=75

Bohr radius (atomic number Z): r = >

finestructure constant: o = g—i ~ 11?
% nonrelativistic approx. OK
0.67 nonrel. app. questionable

» hydrogen: Z=1 =
» hydrogen-like uranium: Z2 =92 =

ol ol<
-
w
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» In the “microcosmos”, where quantum mechanics is inevitable, one also finds
the highest velocities, e.g., cosmic rays, particle accelerators.

» estimate: Bohr model
Electrons move on circular orbits with L = nh.

n=1: L=rp=rmv=h & L=l -Zq=2Z

Bohr radius (atomic number Z): r = S = ke

finestructure constant: « = g—i ~ 11?
» hydrogen: Z=1 = ¥-= 11? nonrelativistic approx. OK
» hydrogen-like uranium: Z =92 = ¢ =0.67 nonrel. app. questionable

» quarks in proton (quark model): mc® ~ 300 MeV, r ~ 1 fm -7 ~0.67
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» In the “microcosmos”, where quantum mechanics is inevitable, one also finds
the highest velocities, e.g., cosmic rays, particle accelerators.

» estimate: Bohr model
Electrons move on circular orbits with L = nh.

n=1. L=rp=rmv=h &

ol<
.
3
Q
R

Bohr radius (atomic number Z): r = >
; . _ & o 1
finestructure constant: o = £ ~ 35

% nonrelativistic approx. OK

7
0.67 nonrel. app. questionable

» hydrogen: Z=1 =
» hydrogen-like uranium: Z2 =92 =

ol ol<

» quarks in proton (QCD): mc® ~5MeV, r~1fm — Y~ 40%
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3.2 Basics of special relativity (brief reminder)
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» Fundamental axiom of special relativity:
In all inertial frames the laws of nature are equal.
In particular this holds for the speed of light.

» Lorentz Boosts:

» Two inertial frames: Z: (t,x,y,2), Z: (t,x,y,Z)

» 7’ moves relative to Z with constant velocity V.

» We assume that at t = 0 the origins of both frames coincide,
(t,x,y,2)=(0,0,0,0) = (t',x",y',2)=(0,0,0,0),
and that at this space-time point a light pulse is emitted.

» Then for the wave front holds:

I X2+ y? + 2% = (ct)? (c: speed of light)
T X2+y%+2%=(ct')?
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» Lorentz boost in x direction:

» 7’ moves relative to Z with constant speed v in x direction.

» The directions of the axes in Z and Z’ coincide.

Then one finds:

ct' =y (ct — Bx), =Y,
Xl:rY(X_BCt)i

Y=y,

zZ' =z

= (c1)? = (ct)? — x® — 2

T: “proper time”

2
I

=/

_ z2 — (Ct/)2 _ X/2

-y

12

— 7’2 = invariant
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» Rapidity: x =11n 11:% = ~y=coshy, Bvy=sinhy

ct coshy —sinhy 0 O ct
N x| | —sinhy coshxy 0 0 X
y | 0 0 10 y
z 0 0 0 1 z

— formal similarities with (imaginary) rotations

28/11/2022 | Michael Buballa | 11



Minkowski space
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x
o

. ct
» contravariant four-vector: (

x|
~_
Il
VR
x| X
~_
Il
x X
o "L
Il
=
=
Il
o

X

X0 X0
. X1 —x' x° ct
» covariant four-vector:  (x,) = = » | = )= -
X2 —X —X —X

X3 —x°
3 —

= xX2=xtx, =3 xtx, = (xX°)?% — (x)2 — (x3)2 — (x%)2 = (ct)? — X2 = (c7)?
n=0

» Einstein summation convention:

3
» greekindices: a“b, = > a“b,
=0

> latinindices: a"bx

3
Z a"bk
k=1
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Metric tensor
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» Relation between covariant and contravariant four-vectors:
X = X 1 0 0
n = Guv » 0 -1 0 0
(g,uu) = (g ) = 0 0 —1 0
XM = gHVXV
0 0 —1
(metric tensor)
» Act with the metric tensor on itself:
1 0 0 O
01 0 O
g“y = g#)\g)\us g’u‘V = gﬂ)\g)\u = (g#y) = (gp,y) = 0 0 1 0
0O 0 0 1

= g', =9,/ =0d",=0,"=9, (motivated by the Kronecker symbol)
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