
Lorentz transformations

I The laws of nature are invariant under Poincaré transformations

= inhomogeneous Lorentz transformations: x ′µ = Λµν xν + aµ

= (homogeneous) Lorentz transformations + translations in space and time

I Lorentz transformations: x ′µ = Λµν xν

= Lorentz boosts + rotations︸ ︷︷ ︸
proper orhochronous Lorentz transformations

+ parity transformations + time reversal

I Example: Boost along the x axis

(Λµν ) =

 coshχ − sinhχ 0 0
− sinhχ coshχ 0 0

0 0 1 0
0 0 0 1
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I Lorentz transformation of the covariant components:

x ′µ = Λ ν
µ xν (= definition of Λ ν

µ )

= gµα x ′α= gµα Λαβ xβ = gµα Λαβ gβν xν ⇒ Λ ν
µ = gµα Λαβ gβν

i.e., the indices of Λ can be raised and lowered by the metric tensor as well.

I Invariance of the proper time:

Λ ν
µ xν Λ

µ
λ xλ = x ′µ x ′µ != xν xν = xν gνλ xλ ⇒ Λ ν

µ Λµλ = gνλ = δνλ

I backtransformation:

xν = gνλ xλ = Λ ν
µ Λµλ xλ = Λ ν

µ x ′ µ ⇒ xν = x ′ µ Λ ν
µ

analogously: xν = x ′µ Λ
µ
ν
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Four-vectors

I Contra- and covariant four-vectors

= objects a with four components which under Lorentz transformations
behave like (xµ) or (xµ), respectively:

a ′µ =Λµν aν , aν =a ′µ Λ ν
µ ,

a ′µ =Λ ν
µ aν , aν =a ′µ Λµν ,

I Scalar product: a · b ≡ aµbµ = aµbµ

⇒ a′ · b′ = a · b (because x ′ µx ′µ = xµxµ)

I Example: four-momentum p = (pµ) =
(

E/c
~p

)
with the relativistic energy E =

√
m2c4 + ~p 2c2

⇒ pµpµ = E2

c2 − ~p 2 = m2c2 X
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I Four-gradients:
∂

∂x′µ = ∂xν

∂x′µ
∂
∂x ν = Λ ν

µ
∂
∂x ν like xµ Þ covariant Þ ∂

∂xµ ≡ ∂µ
∂
∂x′

µ
= ∂xν

∂x′
µ

∂
∂xν

= Λµν
∂
∂xν

like xµ Þ contravariant Þ ∂
∂xµ
≡ ∂µ

I Relation to the usual three-gradient:

∇k = ∂
∂xk = − ∂

∂xk

⇒ (∂µ) =

(
∂
∂x0

( ∂
∂xk )

)
=

(
1
c
∂
∂t
~∇

)
, (∂µ) =

(
∂
∂x0

( ∂
∂xk

)

)
=

(
1
c
∂
∂t

−~∇

)

I d’Alambert operator: 2 ≡ ∂µ∂µ = 1
c2
∂2

∂t2 − ~∇2 Lorentz scalar!

I Tensors of rank 2: A′ µν = ΛµαΛ
ν
β Aαβ (like xµxν )

Examples: fieldstrength tensor Fµν , gµν , Λµν

I Tensors of rank n: A′ µ1...µn = Λµ1
ν1

...Λµn
νn

Aν1...νn
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Classification of Lorentz transformations

I Using Λ ν
µ Λµλ = δνλ (see above) one can show:

I det(Λ ν
µ ) = ±1

I Λ0
0 ≥ 1 or Λ0

0 ≤ −1
Þ classification of Lorentz transformations by the sign of det(Λ ν

µ ) and Λ0
0

I Boosts and rotations: det(Λ ν
µ ) = +1, Λ0

0 ≥ 1

(can be generated continuously from the identity)

I parity transform.: x ′ =

(
ct ′

~x ′

)
=

(
ct

−~x ′

)
⇒ (Λµν ) =

(
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

)
⇒ det(Λ ν

µ ) = −1, Λ0
0 ≥ 1

I time reversal: x ′ =

(
ct ′

~x ′

)
=

(
−ct
~x ′

)
⇒ (Λµν ) =

( −1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

)
⇒ det(Λ ν

µ ) = −1, Λ0
0 ≤ −1
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3.3 The Klein-Gordon equation

I Analogous procedure to the “derivation” of the Schrödinger equation:

I relativistic energy-momentum relation: E2 = ~p 2c2 + m2c4

I replace by operators: E → i~ ∂∂t , ~p → ~
i
~∇

⇒ −~2 ∂
2

∂t2 Φ(~r , t) =
(
−~2c2~∇2 + m2c4

)
Φ(~r , t)

“Klein-Gordon equation” (Schrödinger, Fock, Klein, Gordon 1926)
I partial diff. equation of 2nd order in time and spatial derivatives

(Schrödinger equation: 1st order in time, 2nd order in space)

I Lorentz invariant form:

⇔
[

1
c2

∂2

∂t2 − ~∇2 +
(mc

~

)2
]
Φ(~r , t) = 0
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“Klein-Gordon equation” (Schrödinger, Fock, Klein, Gordon 1926)
I partial diff. equation of 2nd order in time and spatial derivatives

(Schrödinger equation: 1st order in time, 2nd order in space)

I Lorentz invariant form:

⇔
[
2 +

(mc
~

)2
]
Φ(x) = 0 ~

mc = ~c
mc2 ≡ λC “Compton wavelength”
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I plane-wave ansatz for the solution: Φ(t ,~x) = Ne−
i
~ (Et−~p·~x)

⇒
[

1
c2
∂2

∂t2 − ~∇2 +
(

mc
~
)2
]
Φ(t ,~x) =

[
− E2

~2c2 + ~p 2

~2 + m2c2

~2

]
Φ(t ,~x) != 0

⇒ E2 = m2c4 + ~p 2c2 relativistic energy-momentum relation X

I using four-vectors:

x =
(

ct

~x

)
, p =

( E
c

~p

)
⇒ p · x = Et − ~p · ~x

⇒ The solution is Lorentz invariant: Φ(t ,~x) = Ne−
i
~ p·x ≡ Φ(x)

insert into the Klein-Gordon equation:[
2 +

(
mc
~
)2
]
Φ(x) =

[
∂µ∂

µ +
(

mc
~
)2
]
Φ(x) =

[
− p2

~2 + m2c2

~2

]
Φ(x) != 0

⇒ p2 = E2

c2 − ~p 2 != m2c2 ⇔ E2 = m2c4 + ~p 2c2 X
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Current conservation

I Klein-Gordon equation:
[
2 +

(
mc
~
)2
]
Φ(x) = 0

complex-conjugate equation:
[
2 +

(
mc
~
)2
]
Φ∗(x) = 0

⇒ 0 = Φ∗(x)2Φ(x) − Φ(x)2Φ∗(x)

= Φ∗(x)∂µ∂µΦ(x) − Φ(x)∂µ∂µΦ∗(x)

= ∂µ [Φ∗(x)∂µΦ(x) − Φ(x)∂µΦ∗(x)] ⇒ ∂µjµ(x) = 0

with the conserved 4-current

jµ(x) = α (Φ∗(x)∂µΦ(x) − Φ(x)∂µΦ∗(x))

≡ αΦ∗(x)
(
∂µ −

←
∂ µ

)
Φ(x), α: arbitrary constant
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I time- and space-like components: (jµ) =
(

j0
~j

)
≡
(

cρ
~j

)
⇒ 0 = ∂µjµ = ∂0j0 + ∂k jk = 1

c
∂
∂t cρ + ~∇ ·~j

⇒ ∂ρ

∂t
+ ~∇ ·~j = 0 continuity equation

interpretation in the nonrelativistic case: ρ = probability density
~j = probability current density

I determination of the constant: ~j !=~jSchrödinger

~j ≡
(
jk
)

= α
(
Φ∗(∂k )Φ − Φ(∂k )Φ∗

)

!= ~
2mi

(
Φ∗~∇Φ− Φ~∇Φ∗

)

⇒ α = i~
2m
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