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» The laws of nature are invariant under Poincaré transformations

inhomogeneous Lorentz transformations: | x"" = A* x” + a*

(homogeneous) Lorentz transformations + translations in space and time

» Lorentz transformations: | x"* = A# x”

Lorentz boosts + rotations  + parity transformations + time reversal

proper orhochronous Lorentz transformations

» Example: Boost along the x axis
coshx —sinhy
—sinhy  coshyx
0 0
0 0

(A*,) =

o =+ OO
- O O o
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» Lorentz transformation of the covariant components:

X'=N"x (= definition of A ")

= Gua X' = Gua /\ag Xﬁ: Gua /\aﬂ gﬂy X, = /\HU = Oua /\aﬁ gﬂ

i.e., the indices of A can be raised and lowered by the metric tensor as well.

» Invariance of the proper time:

[T T A v AK v
N2 X Noy x™ = X0, X = X, XY = X, 97\ X = (NN =97, =%

» backtransformation:

Vo o_ ANV A v AN A [V v _ v
XV =g"\x* = NN Xt =N x = |xX"=x"A,

. !/
analogously: X, = x, N,
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» Contra- and covariant four-vectors

= objects a with four components which under Lorentz transformations
behave like (x*) or (x,,), respectively:

1K v v T v
a =N\, a”, a’=a" N},

r_ v _al AR
a,l_/\H a,, a, =a, N\, ,

» Scalar product: a-b = a'b, = a,b"
= a-b=ab (because x' #x;, = x"'x,)

» Example: four-momentum p = (p#) = ( Eéc )

with the relativistic energy E = /m?c* + p2¢?
=  pip, = E—:—ﬁz = mPc® v
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» Four-gradients:
o _ X" 8 _ A i Jc
a7 = ooy = N axv — covariant 52 =0,
0 _ 9% 0 _ pAn O i 0 = u
o, = ox on = N o — contravariant o, =0
» Relation to the usual three-gradient:
ko 0 _ _ 0
V= oxk — Oxx
0 10
Ox° oy _ 0xXo c ot
X Dk -
2 —
» d’Alambert operator: %25 — V2  Lorentz scalar!
» Tensors of rank2: ~ A"M = AH AV AP (like xHxV)
Examples: fieldstrength tensor F*¥, g, A*,

» Tensors of rank n:

AI P1efbn —

AHn  AV1-Vn
g vn

01/12/2022 | Michael Buballa | 4



Classification of Lorentz transformations TECHNISCHE

UNIVERSITAT
DARMSTADT

» Using A" AN, = & (see above) one can show:
> det(A,") = £1
» A% >1 or A% < —1
— classification of Lorentz transformations by the sign of det(A,”) and A%,
» Boosts and rotations: det(/\u”) = +1, /\0O > 1
(can be generated continuously from the identity)

of ot 10 0o o
» parity transform.: x’ = ()_(,,) = (_;(,,) = (M) = ( o o 1 9 )
0o 0 0 -

= det(\,)=—1, A% > 1

» timereversal: x' =

~~
L9
~__—

Il
N
>y |
Y
83
~
>
=

S
N

|
N
OOOL
[eNeR o]
= e Ne)

= det(\,") =1, A% < —1

01/12/2022 | Michael Buballa | 5




3.3 The Klein-Gordon equation
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» relativistic energy-momentum relation:  E2? = g2¢? + m?c
» replace by operators: E — ih%, p— v

2 . - S
S (—h2c2v2 . m2c4) o(F, 1)
“Klein-Gordon equation”  (Schrédinger, Fock, Klein, Gordon 1926)
» partial diff. equation of 2nd order in time and spatial derivatives
(Schrdédinger equation: 1st order in time, 2nd order in space)
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3.3 The Klein-Gordon equation
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» Analogous procedure to the “derivation” of the Schrédinger equation:
» relativistic energy-momentum relation:  E? = g2¢2 + m?c*
» replace by operators: E — lhm, p— Ly

02
ot?
“Klein-Gordon equation”  (Schrédinger, Fock, Klein, Gordon 1926)

» partial diff. equation of 2nd order in time and spatial derivatives
(Schrdédinger equation: 1st order in time, 2nd order in space)

= |- oF = (—h2c262+m2c4) O(F, 1)

» Lorentz invariant form:

. [162 V24 (mc>]¢(7,t)=0

c2 o2
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3.3 The Klein-Gordon equation
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» Analogous procedure to the “derivation” of the Schrédinger equation:
» relativistic energy-momentum relation: E? = p2¢? + m?c*

> replace by operators:  E — ihg, p— LV

0% . = 5
= —hzﬁ D t) = (—h202V2 + m204) O(7, 1)
“Klein-Gordon equation”  (Schrédinger, Fock, Klein, Gordon 1926)
» partial diff. equation of 2nd order in time and spatial derivatives
(Schrédinger equation: 1st order in time, 2nd order in space)

» Lorentz invariant form:

mc\ 2
o {D + (?) } d(x) =0 % = ”%2 = A¢ “Compton wavelength”
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» plane-wave ansatz for the solution: (%, )?) = ./\/e‘%(’-:"ﬁ"a
5, =22
=[5 -V ()] 0t = [+ B mE | 01D 20
= E? = m’c*+p2c® relativistic energy-momentum relation v/

» using four-vectors:

(5) o

= The solution is Lorentz invariant: ®(t, X) = N'e” #P* = d(x)

L olm

) = p-x=Et—p-X

insert into the Klein-Gordon equation:

[0+ (2)7] 00 = [0,0" + (52)°] o) = [ £ + ZE] () 20

2 >0 | —
= pPP=5-p?=mPc® & E?=mPc*+p3c® v
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Current conservation
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» Klein-Gordon equation: [D + (%)Z} d(x) =0

complex-conjugate equation: [D + (%)2] d*(x)=0

o

= 0=0*(x)ad(x) — ¢(x)Od*(x)
= ©*(x)0,0"P(x) — ®(x)0,0"P*(x)
=0, [P*(X)0"D(x) — P(x)O*P*(x)] = |0."(x) =0
with the conserved 4-current
JHX) = o (P*(x)0"B(x) — P(x)0"P*(x))
= ad*(x) (8“ — 5”) d(x), a: arbitrary constant

01/12/2022 | Michael Buballa | 8



TECHNISCHE
UNIVERSITAT
DARMSTADT

/° cp
» time- and space-like components:  (j*) = (7> = ( f)
= 0= 0" = 0 +0 = 12cp+V-]
8p = 7 P .
= FT +V .j=0]| continuity equation

interpretation in the nonrelativistic case: p = probability density
f= probability current density
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/° cp
» time- and space-like components:  (j*) = (7> = (I)
= 0= 0" = 0 +0 = 12cp+V-]
8p = 7 P .
= FT +V .j=0]| continuity equation

interpretation in the nonrelativistic case: p = probability density
7= probability current density

» determination of the constant: f=! fsmradinger

—

F= (%) = a(@" @) — d@F)d*)
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/° cp
» time- and space-like components:  (j*) = (7> = (I)
= 0= 0" = 0 +0 = 12cp+V-]
8p = 7 P .
= FT +V .j=0]| continuity equation

interpretation in the nonrelativistic case: p = probability density
7= probability current density

» determination of the constant: f=! fsmradinger

—

j= (%) = a(@(-V)® — &(—V)o*)
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/° cp
» time- and space-like components:  (j*) = (7> = (I)
= 0= 0" = 0 +0 = 12cp+V-]
8p = 7 P .
= FT +V .j=0]| continuity equation

interpretation in the nonrelativistic case: p = probability density
7= probability current density

» determination of the constant: f=! fsmradinger

—

J= (9 = a(® (—V)o — &(—V)o*) £ L (d)*ﬁd)f Y <b*)

ih
2m

= o =
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