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» zero-component: p = 10 = L (o* 2o — o2 d¥)
> plane wave: ®(t,X) = Ne w(E-FD
2 E
= p= N[ 2
» nonrelativistic limit: £ —mc2 = p— N]? v

» relativistic behavior: zero component of a 4-vector
p x E < Lorentz contraction of the volume < larger density
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Fundamental problems
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» relativistic energy-momentum relation:  E? = m?c* + p2c?
= solution with positive and with negative energy:
both consistent with the Klein-Gordon equation
= The energy spectrum is not bounded from below:
» negative energies with arbitrarily large |E| possible
» E can be lowered by increasing the momentum.
= stability problems!

> probability interpretation

plane wave: p = [N -£;  negative for E < 0
» Resolution of the problems only within quantum field theory

(negative energies < antiparticles, p = charge density)

m2c* + p2¢?
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3.4 Klein-Gordon equation
with electromagnetic field
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» So far: free Klein-Gordon equation (no interactions)

» Including interactions:
» Schrédinger: add a potential
» similar procedure in the Klein-Gordon theory:
—R 2 (1, %) = (75%262 + (me? + v, i))z) o(t, %)
» requirements for a relativistic theorie:
correct behavior under Lorentz transformations x — x’ = Ax

» fulfilled for scalar fields V(t, X) = V(x): V/(x) = V(A" "x)

» Coulomb potential: <> zero-component of the 4-potential (A*) = (;)

» fieldstrength tensor: FH¥ = OFAY — OV AH — E- and B fields
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Treatment of electromagnetic fields
in classical mechanics
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» Equation of motion of a point charge (Lorentz force):

mf(:f—'l:q(é+§><§), E:—ﬁ(é—%%?, B=VxA

= Euler-Lagrange equations iﬁ—ﬂ =
N grange eq dt oxk  Oxk
for the Lagrange function L(X, X) = 1 mx2 — qo(t, X) + %)'? At X)
; . ok — oL  k k
> Conjugate momentum: p* = 2% = mx +2A

» Hamilton function: H = )'?-ﬁ—L = %m)'?2+q¢= 2m +qo
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(r-24)

& H-q¢ = ~—;
without electromagnetic field: E = H = %
= effect of the electromagnetic field:
E - E—qo, p— p— %Z\ “minimal substitution”

i ion: L w9 Ap
» covariant notation: p* — p A
» analogous substitution in quantum mechanics:
iho o _ hyy hy 94
ihg; — ihg —qo, TV = 2V - 1A

» covariant notation: D, = 8, + 7LA, “covariant derivative™

"The name has nothing to do with Lorentz covariance but with the behavior under gauge
transformations.
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— Klein-Gordon equation with electromagnetic field:
o0+ (57) Jowo - o

> explicitly:

(000 120) (0 5) (5 ot - 0

» non explicitly Lorentz invariant form:

(ih% - q¢)2 o(t, x) = [(1}6 - %’ﬁ)zcz + m2c4} o(t, x)

» conserved 4-current:  (— exercises)
J(X) = g (O* ()" D(X) — D(X)IHD* (X)) — L O*(x)D(x)A(X)

2m
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1
3.5 The Dirac Gleichung
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» Schrédinger equation:
E= 2’% + V — differential eq. 1st order in t, 2nd order in X

= E bounded from below, but equation not Lorentz covariant
» Klein-Gordon-equation:
E? = p2c? + m*c* — 2ndorderintand X

= Lorentz covariant, but E = ++/p2¢2 + m2c* not bounded from below
» Alternatives?

» Restriction to positive square root: E = +/m?c* + p2c?
= ihd ¢ = Vmct — h2c2V2y = (m2 — V2 - ot )y

— non-local theory (gradients of all orders)

— violates causality (propagation of signals with v > ¢)
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» Ansatz by Dirac: 1st order in time and spatial coordinates

ih% Y(t, x*) = Hp(t, x¥)

(hlc a* o + Bmcz> P(t, xk)

Dirac equation in non-explicitly covariant form (1928)
» of, 3: constants to be determined

» Invariance under rotations:
At least o cannot be simple numbers — matrices

» Apply the equation twice:

(ih2)2 4 = ihd Ho b= HR b= (12 0%y + Bmc?) (2 /o) + Bmc?) b
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(ih2)2 0 = (B2 akdy + Bmc?) (1€ a'd) + Bmc?)
(—h202 ool 00 + h—.c mc? (o B + BaX)Ok + mzc“ﬁz) P

= (—1h2c® {ak, o'} k0, + ¢ mc® {oX, B} Ok + mPct3?)
with the anti-commutator {A, B} = AB + BA.

» Explanation for the last step:

3 3
kol k0 = 3 okl k0 = 1 Y0 (aka! 0k0) + olak 0,0k)

k,I=1 k,I=1

=3 2 (o +dla¥) k0 = 5 {a¥, o'} OO,

05/12/2022 | Michael Buballa | 9



TECHNISCHE
UNIVERSITAT
DARMSTADT

> Hence:
(ing)° v = (= 11262 {ak, o} 040y + 1 mc? {ak, B} O + mPc* 2 ) v

» Apply to plane wave (t,X) = 1o e~ #E—PX)
E%) = (15 {a¥,a'} pepr 2 + { ok, B} pkmc? + mzc“ﬁz)vjz
2 (B2c? + mRc*)y

= o and 3 are matrices with

{ak,al} - 25“, {O{k,ﬂ} - 0’ 52 =1
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» Properties:
i) Hp hermitian = o, 3 hermitian

i) ok’ =2=1 = eigenvalues = +1

i) trak =tr 8 =0
2_ ok -
eg.: trak "= tfaksa] TR ™ wigak s 1 L0 _w[akBB) = —trak
= tra¥=0

iv) Since the different o anticommute with each other and with 3,
they must all be linear independent.

= Search for four linear independent hermitian traceless matrices.
» in general: N2 — 1 linear independent hermitian traceless N x N matrices

» trace = sum over the eigenvalues =- N even
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