
I zero-component: ρ = 1
c j0 = i~

2mc2

(
Φ∗ ∂∂t Φ− Φ ∂

∂t Φ
∗)

I plane wave: Φ(t ,~x) = Ne−
i
~ (Et−~p·~x)

⇒ ρ = |N |2 E
mc2

I nonrelativistic limit: E → mc2 ⇒ ρ→ |N|2 X

I relativistic behavior: zero component of a 4-vector

ρ ∝ E ↔ Lorentz contraction of the volume ↔ larger density
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Fundamental problems

I relativistic energy-momentum relation: E2 = m2c4 + ~p 2c2

⇒ solution with positive and with negative energy: E = ±
√

m2c4 + ~p 2c2

both consistent with the Klein-Gordon equation

⇒ The energy spectrum is not bounded from below:
I negative energies with arbitrarily large |E | possible
I E can be lowered by increasing the momentum.

⇒ stability problems!

I probability interpretation

plane wave: ρ = |N |2 E
mc2 negative for E < 0

I Resolution of the problems only within quantum field theory

(negative energies↔ antiparticles, ρ = charge density)
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3.4 Klein-Gordon equation
with electromagnetic field

I So far: free Klein-Gordon equation (no interactions)

I Including interactions:
I Schrödinger: add a potential

I similar procedure in the Klein-Gordon theory:

−~2 ∂2

∂t2 Φ(t ,~x) =
(
−~2c2~∇2 +

(
mc2 + V (t ,~x)

)2
)
Φ(t ,~x)

I requirements for a relativistic theorie:

correct behavior under Lorentz transformations x → x ′ = Λx

I fulfilled for scalar fields V (t ,~x) = V (x): V ′(x) = V (Λ−1x)

I Coulomb potential: ↔ zero-component of the 4-potential (Aµ) =
(
φ

~A

)
I fieldstrength tensor: Fµν = ∂µAν − ∂νAµ Þ ~E- and ~B fields
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Treatment of electromagnetic fields
in classical mechanics

I Equation of motion of a point charge (Lorentz force):

m~̈x = ~FL = q
(
~E + ~̇x

c × ~B
)

, ~E = −~∇φ− 1
c
∂~A
∂t , ~B = ~∇× ~A

=̂ Euler-Lagrange equations
d
dt

∂L

∂ẋk
− ∂L
∂xk = 0

for the Lagrange function L(~x , ~̇x) = 1
2 m~̇x 2 − qφ(t ,~x) + q

c ~̇x · ~A(t ,~x)

I Conjugate momentum: pk ≡ ∂L
∂ẋk = mẋk + q

c Ak

I Hamilton function: H ≡ ~̇x · ~p − L = 1
2 m~̇x 2 + qφ =

(
~p− q

c
~A
)2

2m + qφ
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⇔ H − qφ =

(
~p− q

c
~A
)2

2m

without electromagnetic field: E = H = ~p 2

2m

⇒ effect of the electromagnetic field:

E → E − qφ , ~p → ~p − q
c
~A “minimal substitution”

I covariant notation: pµ → pµ − q
c Aµ

I analogous substitution in quantum mechanics:

i~ ∂∂t → i~ ∂∂t − qφ , ~
i
~∇ → ~

i
~∇− q

c
~A

I covariant notation: Dµ = ∂µ + iq
~c Aµ “covariant derivative”1

1The name has nothing to do with Lorentz covariance but with the behavior under gauge
transformations.
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Þ Klein-Gordon equation with electromagnetic field:[
DµDµ +

(mc
~

)2 ]
Φ(x) = 0

I explicitly:[(
∂µ +

iq
~c

Aµ
)(
∂µ +

iq
~c

Aµ
)

+
(mc

~

)2 ]
Φ(x) = 0

I non explicitly Lorentz invariant form:(
i~
∂

∂t
− qφ

)2
Φ(t , xk ) =

[(~
i
~∇− q

c
~A
)2

c2 + m2c4
]
Φ(t , xk )

I conserved 4-current: (→ exercises)

jµ(x) = i~
2m

(
Φ∗(x)∂µΦ(x) − Φ(x)∂µΦ∗(x)

)
− q

mc Φ
∗(x)Φ(x)Aµ(x)
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3.5 The Dirac Gleichung

I Schrödinger equation:

E = ~p 2

2m + V Þ differential eq. 1st order in t, 2nd order in ~x

⇒ E bounded from below, but equation not Lorentz covariant
I Klein-Gordon-equation:

E2 = ~p 2c2 + m2c4 Þ 2nd order in t and ~x

⇒ Lorentz covariant, but E = ±
√
~p 2c2 + m2c4 not bounded from below

I Alternatives?
I Restriction to positive square root: E = +

√
m2c4 + ~p 2c2

⇒ i~ ∂∂t ψ =
√

m2c4 − ~2c2~∇2 ψ =
(
mc2 − ~2

2m
~∇2 − ~4

8m3c2
~∇4 − ...

)
ψ

Þ non-local theory (gradients of all orders)

Þ violates causality (propagation of signals with v > c)
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I Ansatz by Dirac: 1st order in time and spatial coordinates

i~
∂

∂t
ψ(t , xk ) = HD ψ(t , xk ) ≡

(
~c
i
αk∂k + βmc2

)
ψ(t , xk )

Dirac equation in non-explicitly covariant form (1928)
I αk , β: constants to be determined
I Invariance under rotations:

At least αk cannot be simple numbers Þ matrices

I Apply the equation twice:(
i~ ∂∂t

)2
ψ = i~ ∂∂t HD ψ = H2

D ψ =
(~c

i α
k∂k + βmc2

) (~c
i α

l∂l + βmc2
)
ψ
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(
i~ ∂∂t

)2
ψ =

(~c
i α

k∂k + βmc2
) (~c

i α
l∂l + βmc2

)
ψ

=
(
−~2c2 αkαl ∂k∂l + ~c

i mc2 (αkβ + βαk )∂k + m2c4β2
)
ψ

=
(
− 1

2~
2c2

{
αk ,αl

}
∂k∂l + ~c

i mc2
{
αk ,β

}
∂k + m2c4β2

)
ψ

with the anti-commutator {A, B} ≡ AB + BA.

I Explanation for the last step:

αkαl ∂k∂l ≡
3∑

k ,l=1
αkαl ∂k∂l = 1

2

3∑
k ,l=1

(
αkαl ∂k∂l + αlαk ∂l∂k

)
= 1

2

3∑
k ,l=1

(
αkαl + αlαk

)
∂k∂l ≡ 1

2

{
αk ,αl

}
∂k∂l
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I Hence:(
i~ ∂∂t

)2
ψ =

(
− 1

2~
2c2

{
αk ,αl

}
∂k∂l + ~c

i mc2
{
αk ,β

}
∂k + m2c4β2

)
ψ

I Apply to plane wave ψ(t ,~x) = ψ0 e−
i
~ (Et−~p·~x) :

E2ψ =
(

1
2

{
αk ,αl

}
pk pl c2 +

{
αk ,β

}
pk mc3 + m2c4β2

)
ψ

!=
(
~p 2c2 + m2c4

)
ψ

⇒ αk and β are matrices with{
αk ,αl} = 2δkl ,

{
αk ,β

}
= 0 , β2 = 1
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Determination of αk und β

I Properties:

i) HD hermitian ⇒ αk , β hermitian

ii) αk 2
= β2 = 1 ⇒ eigenvalues = ±1

iii) trαk = trβ = 0

e.g.: trαk β2=1
= tr[αkββ]

cycl. perm.
= tr[βαkβ]

{αk ,β}=0
= − tr[αkββ] = −trαk

⇒ trαk = 0

iv) Since the different αk anticommute with each other and with β,
they must all be linear independent.

⇒ Search for four linear independent hermitian traceless matrices.

I in general: N2 − 1 linear independent hermitian traceless N × N matrices

I trace = sum over the eigenvalues ⇒ N even
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