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» N=2 = only N> — 1 = 3 such matrices,
0 1 0 —i 1 0
; ; . 1 _ 2 _ 3 _
e.g., Pauli matrices: ¢' = (1 0) , 0° = ( i 0) , 0° = (0 1 )
» lowest possible dimension: N =4

» one choice (“standard representation”, “Dirac representation”):

0 o 1 0
k _ _ .
o = <0_k 0 > B = ( 0 —1 > (with 2 x 2 blocks)

» There is an infinite number of possible representations.

» Observables do not depend on the representation.
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> Hp = (%€ ok + Bmc?), X, B: 4 x 4 matrices

V4
V2
V3
V4

— wave function ¢ = “Dirac spinor”

» not a four-vector!
» Although the number of components depends on the space-time dimension,
they are in general not identical:
D space-time dimension
— D linear independent traceless hermitian N x N matrices
- N2-1>D

example: D=3 — N =2sufficient, e.g., oX, 3: Pauli matrices
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(B &V + Bmc?) 1

» Dirac equation: ihg

—

» @V =oko

(— Be (Vypl) - &+ me2yt B)

> hermitian adjoint spinor: o = (¢, 93, ¢3,v5)

» adjoint equation: —ihZ: '
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» Dirac equation: iy = ("q. V+pme?) ¢ ‘ Lot x

» @V =oko
> adjoint equation: —ih ¢t = (— 5 (Vypl) . &+ mcyt B) ( X — L
> hermitian adjoint spinor: o = (¢, 93, ¢3,v5)
= ISy + (Guh) v
& & (W)

—cyta- vy —c(Volh) - @y
v (C¢T&¢)

)

P

t

— continuity equation: +§-7=O with  p

,l/}'r/(/),
cyt @y

j
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» probability density:
p = Uiy = |2+ |af? + |sf? + 4> > 0 always positive v/
» probability current density: f = cytay

» interpretation:

<{

= & - 1L[X H| (Heisenberg picture)

evaluate for H = Hp:

vk = ’% [Xk,¥a’8/+,6’m02] = —ca [Xk,(?/] = cak
——
sk
= V = ca
= j=vytvy (cf. classical point charge: | = pV)
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» Dirac equation: ih2 ¢ = (%€ & -V +Bmc?) 1
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» Dirac equation: iy = ("€&-V +Bmc?) ¢
& (IO +iakO — )Y = 0 | Bx
& (iBO +iBakox —T)p = 0

» Def.: ‘70 =6, A= Bak‘ “~y matrices”

= (%0 +iv 0 — ) = 0

. mc . . .
& (/7“8# — ?) 1) = 0| Dirac equation in covariant form

(We still have to investigate its exact transformation properties.)

» ‘Feynmanslash™ 4 = ~"a, for arbitrary four-vectors (a*)

= (- "5) v =0
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» Explicit form in Dirac representation:
1l 0
0o —
1 0 0 of\ _
0 —1 ok B

» General properties (represenation independent):
» Hermiticity: ak , Bt=8

¥ =8

,_Yk - ,BOék

N
o
=
o U
N———

o q

Kt 2 (Ba")T = a8t = akB = —Bak = —K anti-hermitian
» Anti-commutator relations:

{ak’a/} =26kls {akiﬂ} =0, 52 =1 = {’Yﬂs’yy} = 29"
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= 0= —ig, iyt —

a0 { vz:vz = viw‘;
Y0 = —ky
+—
= qfy0 (—iv“au - ”;’ic) =0

adjoint Dirac equation
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» Dirac equation: ("0 —3¢) ¢ = 0
» Adjoint equation:  ( — i'yl‘g# -m) =0
. _ < — <
0= B0, = B = B~ D= BV = 79,4 0,0
= 0, (Vy™)

— Continuity equation in covariant form: | J,j"(x) = 0

with the conserved 4-current ‘ JH(x) = Cz/)(x)’y”w(x)‘
1P =% = 9100 = ¢ly v
J© = ey = etk = cytaky v

= p

12/12/2022 | Michael Buballa | 8



