
3.7 Solutions of the free Dirac equation

1. Solutions with vanishing momentum (“particles at rest”):

I ~pψ = ~
i
~∇ψ = 0

Þ Dirac equation in non-covariant form:

i~ ∂∂t ψ(t) = βmc2 ψ(t) = mc2

 1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

ψ(t)

I linear independent solutions:

ψ(1)(t) =

 1
0
0
0

 e−
i
~ mc2t , ψ(2)(t) =

 0
1
0
0

 e−
i
~ mc2t ,

ψ(3)(t) =

 0
0
1
0

 e+ i
~ mc2t , ψ(4)(t) =

 0
0
0
1

 e+ i
~ mc2t
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ψ(1) =

 1
0
0
0

 e−
i
~ mc2 t , ψ(2) =

 0
1
0
0

 e−
i
~ mc2 t , ψ(3) =

 0
0
1
0

 e+ i
~ mc2 t , ψ(4) =

 0
0
0
1

 e+ i
~ mc2 t

I energy eigenvalues:

E ψ = i~ ∂∂t ψ

⇒ E =
{

+mc2 for ψ(1,2)

−mc2 for ψ(3,4)

⇒ The problem of negative energies remains!

(But Dirac found a way out, see later ... )

15/12/2022 | Michael Buballa | 2



ψ(1) =

 1
0
0
0

 e−
i
~ mc2 t , ψ(2) =

 0
1
0
0

 e−
i
~ mc2 t , ψ(3) =

 0
0
1
0

 e+ i
~ mc2 t , ψ(4) =

 0
0
0
1

 e+ i
~ mc2 t

I energy eigenvalues:

E ψ = i~ ∂∂t ψ

⇒ E =
{

+mc2 for ψ(1,2)

−mc2 for ψ(3,4)

⇒ The problem of negative energies remains!

(But Dirac found a way out, see later ... )

15/12/2022 | Michael Buballa | 2



ψ(1) =

 1
0
0
0

 e−
i
~ mc2 t , ψ(2) =

 0
1
0
0

 e−
i
~ mc2 t , ψ(3) =

 0
0
1
0

 e+ i
~ mc2 t , ψ(4) =

 0
0
0
1

 e+ i
~ mc2 t

I energy eigenvalues:

E ψ = i~ ∂∂t ψ ⇒ E =
{

+mc2 for ψ(1,2)

−mc2 for ψ(3,4)

⇒ The problem of negative energies remains!

(But Dirac found a way out, see later ... )

15/12/2022 | Michael Buballa | 2



ψ(1) =

 1
0
0
0

 e−
i
~ mc2 t , ψ(2) =

 0
1
0
0

 e−
i
~ mc2 t , ψ(3) =

 0
0
1
0

 e+ i
~ mc2 t , ψ(4) =

 0
0
0
1

 e+ i
~ mc2 t

I energy eigenvalues:

E ψ = i~ ∂∂t ψ ⇒ E =
{

+mc2 for ψ(1,2)

−mc2 for ψ(3,4)

⇒ The problem of negative energies remains!

(But Dirac found a way out, see later ... )

15/12/2022 | Michael Buballa | 2



ψ(1) =

 1
0
0
0

 e−
i
~ mc2 t , ψ(2) =

 0
1
0
0

 e−
i
~ mc2 t , ψ(3) =

 0
0
1
0

 e+ i
~ mc2 t , ψ(4) =

 0
0
0
1

 e+ i
~ mc2 t

I energy eigenvalues:

E ψ = i~ ∂∂t ψ ⇒ E =
{

+mc2 for ψ(1,2)

−mc2 for ψ(3,4)

⇒ The problem of negative energies remains!

(But Dirac found a way out, see later ... )

15/12/2022 | Michael Buballa | 2



2. Arbitrary momenta:

I free Dirac equation:
(
i /∂ − mc

~
)
ψ = 0

I free particles ⇒ conserved 4-momentum Þ plane-wave ansatz

i) positive energies

Ansatz: ψ(x) = ψ(+)
p (x) ≡

(
ϕ(p)

χ(p)

)
e−

i
~ p·x , E ≡ p0 > 0,

ϕ =
(
ϕ1

ϕ2

)
, χ =

(
χ1

χ2

)

i∂/ e−
i
~ p·x = iγµ∂µe−

i
~ pνxν

= iγµ
(
− i

~pν δνµ
)

e−
i
~ p·x = 1

~ p/ e−
i
~ p·x

⇒ 0 =
(
i /∂ − mc

~
)
ψ(+)

p (x) = 1
~
(
/p −mc

)
ψ(+)

p (x)
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⇒
(
/p −mc

)(ϕ(p)

χ(p)

)
= 0

/p = γµpµ = γ0 E
c − ~γ · ~p =

( E
c −~σ · ~p

~σ · ~p −E
c

)
⇒

(
/p −mc

)(ϕ(~p)

χ(p)

)
=
( E

c −mc −~σ · ~p
~σ · ~p −E

c −mc

)(
ϕ(p)

χ(p)

)
= 0

Þ coupled equations:

(E −mc2)ϕ(p) − ~σ · ~pc χ(p) = 0

~σ · ~pc ϕ(p) − (E + mc2)χ(p) = 0 ⇒ χ(p) = ~σ·~pc
E+mc2 ϕ(p)
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E > 0 ⇒ E = mc2, χ = 0 X
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(

E −mc2 − (~σ·~p)2c2

E+mc2

)
ϕ(p) = 0
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I Product of two Pauli matrices: σkσl = δkl + iεklmσm

⇒ ~σ · ~a~σ · ~b = ak bl σkσl = ~a · ~b + i
(
~a× ~b

)
· ~σ

⇒ (~σ · ~p)2 = ~p 2

⇒ 0 !=
(

E −mc2 − ~p 2c2

E+mc2

)
ϕ(p) = 1

E+mc2

(
E2 −m2c4 − ~p 2c2

)
ϕ(p)

always fulfilled for E2 = m2c4 + ~p 2c2

Þ two linear independent solutions:

ϕ↑ = N
(

1

0

)
, ϕ↓ = N

(
0

1

)
, N = normalization factor

I corresponding lower components of the Dirac spinor: χ(p) = ~σ·~pc
E+mc2 ϕ(p)

(nonrelativistically suppressed Þ “small components”)
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ii) negative energies

I only place where before E > 0 was used: elimination of χ

Þ E < 0: same ansatz, but eliminate ϕ

I alternative ansatz: ψ(x) = ψ(−)
p (x) ≡

(
ϕ(p)

χ(p)

)
e + i

~ p·x

I we still write: p · x = Et − ~p · ~x

⇒ i~ ∂∂t ψ
(−)
p (x) = −E ψ(−)

p (x) Þ energy = −E

!
< 0 ⇒ E > 0

~
i
~∇ψ(−)

p (x) = −~pψ(−)
p (x) Þ momentum = −~p
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Summary of the solutions:

I positive energy:

ψ(+)
p,s(x) = us(~p) e−

i
~ p·x

u1,2(~p) =
(

ϕ↑,↓(~p)
~σ·~pc

E+mc2 ϕ↑,↓(~p)

)
, ϕ↑(~p) = N (~p)

(
1

0

)
, ϕ↓(~p) = N (~p)

(
0

1

)
I negative energy:

ψ(−)
p,s (x) = vs(~p) e

i
~ p·x

v1,2(~p) =
(

~σ·~pc
E+mc2 χ↑,↓(~p)

χ↑,↓(~p)

)
, χ↑(~p) = N (~p)

(
0

1

)
, χ↓(~p) = N (~p)

(
1

0

)
I in both cases: p · x = Et − ~p · ~x mit E = +

√
~p 2c2 + m2c4
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I explicitly:

~σ · ~p = σ1px + σ2py + σ3pz =
(

pz px − ipy

px + ipy −pz

)

⇒ u1(~p) = N (~p)


1
0

pz c
E+mc2

(px +ipy )c
E+mc2

 , u2(~p) = N (~p)


0
1

(px−ipy )c
E+mc2

−pz c
E+mc2



v1(~p) = N (~p)


(px−ipy )c

E+mc2

−pz c
E+mc2

0
1

 , v2(~p) = N (~p)


pz c

E+mc2

(px +ipy )c
E+mc2

1
0
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Normalization

I Probability density:

ψ†ψ = ψγ0ψ = 1
c j0 with the 4-current jµ = c ψγµψ

Þ should transform proportionally to p0 = E , e.g., ψ†ψ = E
mc2

I positive energies:

ψ(+)
p,s
†
ψ(+)

p,s

= u†s (~p) us(~p) =
(
ϕ†s(~p), ϕ†s(~p) ~σ·~pc

E+mc2

)( ϕs(~p)
~σ·~pc

E+mc2 ϕs(~p)

)
=
(

1 + ~p 2c2

(E+mc2)2

)
|ϕs(~p)|2 = 2E

E+mc2 |N (~p)|2

I analogously for negative energies: ψ(−)
p,i
†
ψ(−)

p,i = v†s (~p) vs(~p) = 2E
E+mc2 |N (~p)|2

I requirement: u†s (~p) us(~p) = v†s (~p) vs(~p) != E
mc2 ⇒ N (~p) =

√
E+mc2

2mc2
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Further relations

With the normalization

I us(~p)†us(~p) = v†s (~p)vs(~p) = E
mc2

one finds the orthonormalization relations

I ūr (~p)us(~p) = −v̄r (~p)vs(~p) = δrs ⇒ ūs(~p)us(~p) = 1, v̄s(~p)vs(~p) = −1

I ūr (~p)vs(~p) = v̄r (~p)us(~p) = 0

I ur (~p)†us(~p) = vr (~p)†vs(~p) = E
mc2 δrs

I ur (~p)†vs(−~p) = vr (~p)†us(−~p) = 0
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Energy projectors

I
(
i /∂ − mc

~
)
ψ(x) = 0, ψ(x) = ψ(+)

p,s(x) = us(~p) e−
i
~ p·x ⇒ /p us(~p) = mc us(~p)

ψ(x) = ψ(−)
p,s (x) = vs(~p) e+ i

~ p·x ⇒ /p vs(~p) = −mc vs(~p)

Þ Projectors onto positive / negative energies: Λ± = ±/p+mc
2mc

⇒ Λ+(~p) us(~p) = us(~p) , Λ+(~p) vs(~p) = 0

Λ−(~p) us(~p) = 0 , Λ−(~p) vs(~p) = vs(~p)

Λ2
+ = Λ+ , Λ2

− = Λ− , Λ+Λ− = Λ−Λ+ = 0
I On the other hand we obtain from the orthonormalization relations:

2∑
r=1

ur (~p) ūr (~p) us(~p)︸ ︷︷ ︸
=δrs

= us(~p),
2∑

r=1
ur (~p) ūr (~p) vs(~p)︸ ︷︷ ︸

=0

= 0 ⇒ Λ+(~p) =
2∑

r=1
ur (~p)ūr (~p)

analogously: Λ−(~p) =−
2∑

r=1
vr (~p)v̄r (~p)
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r=1
ur (~p)ūr (~p)

analogously: Λ−(~p) =−
2∑

r=1
vr (~p)v̄r (~p)
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Λ+(~p) =
2∑

r=1
ur (~p)ūr (~p), Λ−(~p) =−

2∑
r=1

vr (~p)v̄r (~p)

⇒
2∑

r=1

ur (~p)ūr (~p) =
/p + mc
2mc

,
2∑

r=1

vr (~p)v̄r (~p) =
/p −mc

2mc
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Remarks

I massless particles: m = 0 ⇒ E
mc2 diverges

Þ choose a different normalization, e.g., u†s (~p)us(~p) = v†s (~p)vs(~p) != 2E

⇒ ūs(~p)us(~p) = v̄s(~p)vs(~p) = 0

I Often one still needs to normalize the probability to find a particle within a
certain volume (or the entire space) in a given frame:∫

V
d3x ψ†ψ != 1

In this case one still keeps the normalization of the us and vs and introduces
additional normalization factors.
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Wave packets

I Dirac equation: (i /∂ − mc
~ )ψ = 0 linear and homogeneous

⇒ Superpositions of solutions are also solutions.

Þ Wave packet:

ψ(x) =
∫ d3p

(2π~)3
mc2

E

2∑
s=1

(
b(~p, s) us(~p) e−

i
~ p·x + d∗(~p, s) vs(~p) e

i
~ p·x)

I Fourier coefficients b(~p, s), d(~p, s)
I complex conjugation d∗: here convention, gets a meaning in QFT

I Lorentz invariant integral measure:∫ d3p
(2π~)3

mc2

E = 2π~mc
∫ d4p

(2π~)4 δ(p
2 − m2c2) with E =

√
~p 2c2 + m2c4

I Normalization:
∫

d3x ψ†(x)ψ(x) != 1

⇔
∫ d3p

(2π~)3
mc2

E

2∑
s=1

(
|b(~p, s)|2 + |d(~p, s)|2

)
= 1 time independent X
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