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» so far: passive transformations

The same physical process is described in two inertial frames K and K’,
which can be transformed into each other by a Lorentz transformation.

K=K = x—=x'=Ax, X)) —¢'(X)=3S8y(x)

» active transformations = transformation of the physical system
(equivalent to passive transformations in the opposite direction)

> examples:

» clockwise rotation of the physical system
= counter-clockwise rotation of the frame

» boost of the physical system with velocity v
£ boost of the framewith velocity —v
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Consider the active rotation of a physical system in a frame K, and
» . original spinor described in K
» 1): rotated spinor described in K
» K': frame that was rotated in the same way as the physical system
» 1)’: rotated spinor described in K’, must be identical to v

= J/(x') =v(x’) (same argument on both sides!)
I I

SH(x) B(AX)
= d(x) = ST

with the matrices S and A of the passive transformations

12/01/2023 | Michael Buballa | 2



TECHNISCHE
UNIVERSITAT
DARMSTADT

> P(x) = STTP(Ax)
» infinitesimal transformations:

A, =gt + Aw!, = M XY =xM+ Aw!, x¥

S=1-1Awvs,, = S '=1+iAwv0,,
= Y(Ax) = w((x“ + Aw#yx"))

= P(X) + (0u1p(x)) - Dwh, X" = (1+ Awr, x"0,,) 1(X)
= P(x) = [1+ Awt”(x,0, + 10,,)] V(x)
Vs N

due to A — always present, due to S~' — specific for Dirac spinors
e.g., for scalar fields
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» inifinitesimal rotation around the z-axis: Aw'? = —Aw?' = —dp

= (x) = [1 = 6p(x01 — X102 + 1012)] ¥(x)

= [1 =300 (Xt g =g+ 3 2)] ¥

= [1 = £0p ] i)

J=L+$ total angular momentum
with L=rxp=rx=2V orbital angular momentum

A =

Lo 0 _
S=ZZ=Z(O &> spin

» finite rotation about an arbitrary axis: | 1)(x) = exp <—I<ﬁ~ j) P(x)
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> [Hp, j] =0 = conserved quantity, simultaneous eigenstates
(remains true in the presence of radially symmetric potentials)

in contrast:  [Hp, Z] = —[Hp, §] #0
> [, ] = ik KL U] = ik LK, [ST, O] = ihelk Sk
> Hp, [2, 82, J2 and JX mutually commute

— simultaneous eigenstates: |E, ¢, s = %/ mj) (but not mg, m)
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~ —

» helicity operator: h=% -

il‘bl

» p= Tﬁﬁ = momentum operator,
|B| can be defined via expansion in momentum eigenstates
» [Hp, Al =0 — simultaneous eigenstates
but: [Hp, T - Ai] #0, unless 7 is parallel to .
» h2=1 = eigenvalues of h: =+1

» righthanded spinors: Aty = +1)  (momentum and spin parallel)
» lefthanded spinors: iy = —p  (momentum and spin anti-parallel)
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1. Parity transformations

. ct’ ct
» coordinates: (x’'#) = <)?,> = ( 4> = (AM)=

coo =
|
- ooo
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1. Parity transformations
» . 1 0 o0
; ¢ ¢ 0 -1 0 0
» coordinates: (x'*)=|( _ | = . =  (A")=
wn=(T)= (%) = was(d 8
0 0 0 -1

» spinor transformation: ’'(x’) = S(A) ¥(x) = Piy(x), P: parity operator
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1. Parity transformations
. , ot ct
» coordinates: (x'*) = _ |=( .| = ()=
X

» spinor transformation: ’'(x’) = S(A) ¥(x) = Piy(x), P: parity operator
We have shown:  S~'(A)y”S(A) = A¥ y*

P_1’YOP — '70
P_1’}/kP =_,}/k

0
-1 0
—1

0

oo o=
- OO0 o

0
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1. Parity transformations
; . 10 0 O
; ¢ ¢ 0 -1 0 0
» coordinates: (x'*)=|( _ | = . =  (A")=
( ) <Xl> (X> ( V) 0 0 —1 0
0 0 0 -1

» spinor transformation: ’'(x’) = S(A) ¥(x) = Piy(x), P: parity operator
We have shown:  S~'(A)y”S(A) = A¥ y*
P_1’YOP — '70
= P=np", = const.
P—1,ykP _ _,}/k ne7y np
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1. Parity transformations

1 0 0
dinates: (x' ") ct ct (A ) 0 -1 0

» coordinates:. (x = o = o = =
X ’ g 0 73)

—X
0

» spinor transformation: ’'(x’) = S(A) ¥(x) = Piy(x), P: parity operator
We have shown:  S~'(A)y”S(A) = A¥ y*

- OO0 o

P_1’YOP — ’YO
p—wkp =_,}/k - P=77P’YO, np = const.

Probability conservation:
I () 2Pt ) = PIP=1 = np=6® = P=g¥y°
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1. Parity transformations

. ct’ ct
» coordinates: (x’'#) = <ﬂ,> = ( 4> = (M) =

X

0

-1 0
—1

0

oo o=
- OO0 o

0 —
» spinor transformation: ’'(x’) = S(A) ¥(x) = Piy(x), P: parity operator
We have shown:  S~'(A)y”S(A) = A¥ y*
P_1’YOP — '70
= P=np", = const.
P_1’}/kP - _,}/k ne7y np
Probability conservation:

I () 2Pt ) = PIP=1 = np=6® = P=g¥y°

The phase ¢ is not observable. — choose ¢ =0 =
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1l 0
> 0= < ) — opposite sign for the transformation of
0 -1 spinors with positive and negative energy:

PUpa(x) =+ (x), PUpd(x) =~ (x), P’ = (EC>

—p

Particles and antiparticles have opposite “intrinsic parity”.
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1l 0
> 0= < ) — opposite sign for the transformation of
0 -1 spinors with positive and negative energy:

+ + - - E/
PYSA(x) = +05) (X)), PUSd(x) = =yl hx), P = ( i )
Particles and antiparticles have opposite “intrinsic parity”.

» In interacting theories with several different particle species the relative
phases are in general fixed.
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» Reminder:
detA =+1 for proper orthochronous Lorentz transformations
detA =—1 for parity transformations
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» Reminder:
detA =+1 for proper orthochronous Lorentz transformations
detA =—1 for parity transformations

» important definition: 75 = v° = 7?14?43

property: {y*,vs} =0forall x=0,...,3
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» Reminder:
detA =+1 for proper orthochronous Lorentz transformations
detA =—1 for parity transformations

» important definition: 75 = v° = 7?14?43

property: {y*,vs} =0forall x=0,...,3

» Using the v matrices one can construct so-called “covariant bilinears” from 1
and 1, which transform in different well-defined ways under Lorentz
transformations.
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S(x) = P(x)(x) S'(x") = S(x) scalar
P(x) = 1 (x)irs(X) P'(x’) = det A P(x) pseudoscalar
VE(X) = x)y p(x) V(X)) = A*, VP (x) vector

A (X) = P(xX)yystp(x) A F(x') = det AN, AY(x)  axialvector
TH(x) = Y(X)orip(x) T #(x") = A" N”, TP?(x) 2nd rank tensor

(proof: exercises)
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S(x) = P(x)(x) S'(x") = S(x) scalar
P(x) = 1 (x)irs(X) P'(x’) = det A P(x) pseudoscalar
VE(X) = x)y p(x) V(X)) = A*, VP (x) vector

A (X) = P(xX)yystp(x) A F(x') = det AN, AY(x)  axialvector
TH(x) = Y(X)orip(x) T #(x") = A" N”, TP?(x) 2nd rank tensor

(proof: exercises)

» The bilinears are hermitian.
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S(x) = P(x)(x) S'(x") = S(x) scalar
P(x) = 1 (x)irs(X) P'(x’) = det A P(x) pseudoscalar
VE(X) = x)y p(x) V(X)) = A*, VP (x) vector

A (X) = P(xX)yystp(x) A F(x') = det AN, AY(x)  axialvector
TH(x) = Y(X)orip(x) T #(x") = A" N”, TP?(x) 2nd rank tensor

(proof: exercises)

» The bilinears are hermitian.

> {1, ivs, ¥*, v vs,0"”}: 16 linearly independent 4 x 4 matrices
1+1+4 + 4 + 6 =16
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S(x) = P(x)(x) S'(x") = S(x) scalar
P(x) = 1 (x)irs(X) P'(x’) = det A P(x) pseudoscalar
VE(X) = x)y p(x) V(X)) = A*, VP (x) vector

A (X) = P(xX)yystp(x) A F(x') = det AN, AY(x)  axialvector
TH(x) = Y(X)orip(x) T #(x") = A" N”, TP?(x) 2nd rank tensor

(proof: exercises)
» The bilinears are hermitian.
> {1, ivs, ¥*, v vs,0"”}: 16 linearly independent 4 x 4 matrices
1+1+4 + 4 + 6 =16

— complete basis for arbitrary 4 x 4 matrices in Dirac space

12/01/2023 | Michael Buballa | 10



TECHNISCHE
UNIVERSITAT
DARMSTADT

2. Charge conjugation
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + 2 A %)z/)(x) =0 (1)

> positron (q = +&): (ia Sy - %)1/;0 -0 (2
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + 2 A %)z/)(x) =0 (1)

> positron (q = +&): (ia Sy - %)1/1(; -0 (2
If we know 1/(x), how does the charge conjugate solution 1¢(x) look like?
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + 2 A %)w(x) =0 (1)

> positron (q = +&): (ia Sy - %)1/1(; -0 (2
If we know 1/(x), how does the charge conjugate solution 1¢(x) look like?
):

» Complex conjugation of (1
[=7"(i0 — 75Au) — F]Y*(x) =0
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + 2 A %)w(x) =0 (1)
> positron (q = +&): (ia Sy - %)1/1(; -0 @
If we know 1/(x), how does the charge conjugate solution 1¢(x) look like?
» Complex conjugation of (1):
(=77 (10 = 56 Au) — ]9 (x

N K for 0,1,3
ok ={ _3# Z=2 } yRytay? ¥Py? = —1
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + %A — %)w(x) =0 (1)
> positron (q = +&): (ia Sy - %)1/1(; -0 @
If we know 1/(x), how does the charge conjugate solution 1¢(x) look like?
» Complex conjugation of (1

):
[_7“*(i6u - %AM) - %W)
1,

" K for 0,1,3
7“={—z“ Z=2 }=727”72, 122 = —1
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + 2 A %)w(x) =0 (1)
> positron (g =+e): (il — 2A-%)vc=0 ()
If we know 1/(x), how does the charge conjugate solution 1¢(x) look like?
» Complex conjugation of (1):
[ (10 — 75 An) — T (x) =0
o { v for 1

= —Plid — A TP 0 =0
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2. Charge conjugation

» Dirac equation with electromagnetic field
» electron (g = —e): (i(? + 2 A %)w(x) =0 (1)
> positron (g =+e): (il — 2A-%)vc=0 ()
If we know 1/(x), how does the charge conjugate solution 1¢(x) look like?
» Complex conjugation of (1):
[ (10 — 75 An) — T (x) =0
o { v for 1

= [if - A= TP =0 = yelx) = €979 (x)
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bo(x) = €972 (x)
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bo(x) = €972 (x)

» usual choice: €% =i = iv? =real matrix
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Po(x) = €999 (x)
» usual choice: €% =i = iv? =real matrix

» standard notation:

Yolx) = CYY (X) = CO (x),  C=ip?y°
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Ye(x) = €920 (x)
» usual choice: €% =i = iv? =real matrix
» standard notation:
* —T .
Pe(x) = CY%*(x) = CY (x), C=i*°

(in Dirac representation, can be different in other representations!)
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3. Time reversal
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3. Time reversal

» more complicated (anti-unitary transformation, see e.g. book by Schwabl)
= here: slightly simplified idea
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3. Time reversal

» more complicated (anti-unitary transformation, see e.g. book by Schwabl)
= here: slightly simplified idea

» Dirac equation with electromagnetic field (non-covariant form):

inG U7 = @1 (V — AW ) + Bme? + qo(t, )] vt )

12/01/2023 | Michael Buballa | 13



TECHNISCHE
UNIVERSITAT
DARMSTADT

3. Time reversal
» more complicated (anti-unitary transformation, see e.g. book by Schwabl)
— here: slightly simplified idea
» Dirac equation with electromagnetic field (non-covariant form):
inG U7 = @1 (V — AW ) + Bme? + qo(t, )] vt )
» Consider a “backward running movie”:
» coordinates: (t,7) — (—t,7)
» electromagnetic charges and currents: p — p, 7% ,7
= E—E, B—»—-B = ¢(t,7) — ¢(—t,7), A7) — —A(-t,7)
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» Dirac equation with electromagnetic field:
ingut,P) = |6 16 (V = 2AWA) + Bme + go(t, P (¢, D
» Dirac equation with time-reversed electromagnetic field:

ingwr(t,P) = [@- 2 (V + LA + Bme® + qo(—t, D] r(t, D)
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» Dirac equation with electromagnetic field:

ingut,P) = |6 16 (V = 2AWA) + Bme + go(t, P (¢, D
» Dirac equation with time-reversed electromagnetic field:

G Ur(t7) = [@- 1 (Y JLA-17) + Bme + go(—t,7)| vr(t, )
» Solution:

[0r(t,7) = 007 (1,7 = iV Pu (1,7
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