
4.3 Single- and many-particle operators

I example: H =
N∑
α=1

(
~p 2
α

2m + U(~xα)
)

+ 1
2

∑
α 6=β

V (~xα,~xβ)

↑ ↑ ↑
one-particle operators two-particle operator

goal: express H in terms of creation and annihilation operators

1. single-particle operators: T̂ =
∑
α

t̂α (e.g., t̂α = ~p 2
α

2m )

I Consider a single-particle system first (N = 1) Þ t̂α = t̂1 ≡ t̂

Let tij ≡ 〈i|t̂ |j〉

Then: t̂ =
(∑

i
|i〉〈i|

)
t̂
(∑

j
|j〉〈j|

)
=
∑
ij
|i〉 tij 〈j| =

∑
ij

tij |i〉〈j|

⇒ 〈i|t̂ |j〉 =
∑
i′ j′

ti′ j′ 〈i|i ′〉︸︷︷︸
δii′

〈j ′|j〉︸︷︷︸
δj′ j

= tij X
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single-particle system: t̂ =
∑
ij

tij |i〉〈j|

Þ N-particle system: T̂ =
N∑
α=1

t̂α =
∑
ij

tij
N∑
α=1
|i〉α〈j|α

I
∑
α
|i〉α〈j|α symmetric under permutations of the particles

⇒
[
P,
∑
α
|i〉α〈j|α

]
= 0⇒

[
S±,

∑
α
|i〉α〈j|α

]
= 0

I bosons:∑
α
|i〉α〈j|α |n1, n2, ...〉 =

∑
α
|i〉α〈j|α 1√

n1!n2!...
S+|i1, ... , iN〉

= 1√
n1!n2!...

S+
∑
α
|i〉α〈j|α |i1, ... , iN〉

(with a suitable N-particle state |i1, ... , iN〉)
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⇒
∑
α
|i〉α〈j|α |n1, n2, ...〉 = 1√

n1!n2!...
S+
∑
α
|i〉α〈j|α |i1〉1 ... |iN〉N

(i) i 6= j : =
√

ni + 1
1
√

nj︸ ︷︷ ︸
correct normalization of the new state

nj |... , ni + 1, ... , nj − 1, ...〉︸ ︷︷ ︸
In nj terms |j〉 gets replaced by |i〉

=
√

ni + 1
√

nj |... , ni + 1, ... , nj − 1, ...〉

= a†i aj |... , ni , ... , nj , ...〉

(ii) i = j : = ni |... , ni , ...〉︸ ︷︷ ︸
In ni terms |i〉 gets “replaced” by |i〉.

= a†i ai |... , ni , ...〉

⇒
∑
α
|i〉α〈j|α = a†i aj for all i , j .

This also holds for fermions (→ exercises).
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I We had: T̂ =
∑
ij

tij
N∑
α=1
|i〉α〈j|α,

∑
α
|i〉α〈j|α = a†i aj

⇒ T̂ =
∑

ij

tij a†i aj ≡
∑

ij

〈i|t̂ |j〉 a†i aj

I special case: tij = εiδij

(i.e., the single-particle operator is diagonal in the single-particle basis)

⇒ T̂ =
∑

i
εi a†i ai =

∑
i
εi n̂i

The total energy of particles which do not interact with each other is the sum
of the single-particle energies. X
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2. Two-particle operators: F̂ = 1
2

∑
α6=β

f̂αβ (e.g., f̂αβ = V (~xα,~xβ))

I Analogously to the single-particle operators we write:

F̂ = 1
2

∑
ijmn
〈i , j|f̂ |m, n〉

∑
α6=β
|i〉α|j〉β〈m|α〈n|β

I Meaning of the two-particle matrix elements 〈i , j|f̂ |m, n〉 : see later

I
∑
α6=β
|i〉α|j〉β〈m|α〈n|β =

∑
α6=β
|i〉α〈m|α |j〉β〈n|β

=
∑
α,β
|i〉α〈m|α |j〉β〈n|β −

∑
α
|i〉α〈m|α |j〉α〈n|α

=
∑
α
|i〉α〈m|α

∑
β

|j〉β〈n|β −
∑
α
|i〉α 〈m|j〉︸ ︷︷ ︸

δmj

〈n|α

= a†i am a†j an − a†i δmj an
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∑
α6=β
|i〉α|j〉β〈m|α〈n|β = a†i am a†j an − a†i δmj an

δmj =

{ [
am, a†j

]
for bosons

{am, a†j } for fermions

⇒
∑
α 6=β
|i〉α|j〉β〈m|α〈n|β = ±a†i a†j aman = a†i a†j anam

I F̂ = 1
2

∑
ijmn
〈i , j|f̂ |m, n〉

∑
α6=β
|i〉α|j〉β〈m|α〈n|β

⇒ F̂ =
1
2

∑
ijmn

〈i , j|f̂ |m, n〉 a†i a†j anam
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Two-particle matrix elements

I example: F̂ = 1
2

∑
α6=β

V̂ (~̂xα, ~̂xβ) = 1
2

∑
α6=β

e2

|~̂xα−~̂xβ |
, ~̂xλ: position op. for particle λ

= 1
2

∑
α 6=β

f̂αβ ⇒ f̂αβ = V̂ (~̂xα, ~̂xβ)

I two-particle matrix elements in position space:

〈~x1,~x2|V̂ (~̂x(1), ~̂x(2))|~x3,~x4〉 = V (~x3,~x4) 〈~x1,~x2|~x3,~x4〉
↑ ↑

1st particle 2nd particle
= V (~x1,~x2) δ3(~x1 − ~x3)δ3(~x2 − ~x4)

I general two-particle matrix elements:

〈i , j ,|f̂ |m, n〉 =
∫

d3x1 ... d3x4〈i|~x1〉〈j|~x2〉〈~x1,~x2|f̂ |~x3,~x4〉〈~x3|m〉〈~x4|n〉

=
∫

d3x1 ... d3x4 ϕ
∗
i (~x1)ϕ∗j (~x2) 〈~x1,~x2|V̂ (~̂x(1), ~̂x(2))|~x3,~x4〉ϕm(~x3)ϕn(~x4)

=
∫

d3x1d3x2 ϕ
∗
i (~x1)ϕ∗j (~x2) V (~x1,~x2)ϕm(~x1)ϕn(~x2)
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Summary

I Hamiltonian:

H =
∑
α

(
t̂α + Û(~̂xα)

)
+ 1

2

∑
α6=β

V̂ (~̂xα, ~̂xβ)

=
∑
ij

(
tij + Uij

)
a†i aj + 1

2

∑
ijmn

Vijmn a†i a†j anam

I single-particle matrix elements:
I tij ≡ 〈i|t̂ |j〉

I Uij ≡ 〈i|Û(~̂x)|j〉 =
∫

d3x ϕ∗i (~x) U(~x)ϕj (~x),

ϕ: single-particle wave function in position space

I two-particle matrix elements:

I Vijmn ≡ 〈i , j|V̂ (~̂x(1), ~̂x(2), )|m, n〉

=
∫

d3x1d3x2 ϕ
∗
i (~x1)ϕ∗j (~x2) V (~x1,~x2)ϕm(~x1)ϕn(~x2)
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