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» example: H= Z ("“ + U(X, ) )) +3 > V(Xa, X3)
a7
Tt 1 T

one-particle operators  two-particle operator
goal: express H in terms of creation and annihilation operators

1. single-particle operators: T = St (e.g., I, = pa

2m

~

» Consider a single-particle system first (N =1) = 1, =}

Let  t; = (i[t]j)
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single-particle system: &= t; |i){j|
if

— N-particle system: T = ﬁ: th =2t ﬁ: D ala
am 7 a=
> > Yo {jlo Symmetric under permljtations of the particles
= [P XNalila] =0= [Se, X INalla] =
> bosons:

> 1Dalile 11,12y = X 1l —ee Silit, o in)
= ot S+ X lialfle s i)

(with a suitable N-particle state |i, ..., in))
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= Ylallalm. ne, ) = 7= S 2o li)adlila lin)1 - liv)n

[e3% e

1
\/n,-+1— nj\...,n,-+1,...,nj—1,...)

i) I ] =
In n; terms |}) gets replaced by |i)
correct normalization of the new state
= 4/Nj+ 11/n]‘ \...,n,-+ 1,...,n,- — 1,>
= a}L a; | y Niy ooy Ny >
(i) i=j: =il n, ) =a al.n,..)
———

In n; terms |i) gets “replaced” by |i).
= Y Nalila = a a foralli,j.
«@

This also holds for fermions (— exercises).
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n N o . - .
» Wehad: T= thj 21 11 e (| cxs Yo lhalla = a;r g
i a=

[e3%

= |T=) talg=> (l)al g
.

I

> special case: fj = €;dj
(i.e., the single-particle operator is diagonal in the single-particle basis)

= T:Zs,afa, = ZE,‘ﬁ,‘
i i

The total energy of particles which do not interact with each other is the sum
of the single-particle energies. v

26/01/2023 | Michael Buballa | 4



TECHNISCHE
UNIVERSITAT
DARMSTADT

2. Two-particle operators:  F =1 7,5 (6.9, Fup = V(Xs, X))
a7

» Analogously to the single-particle operators we write:
F =3 > (i,jlf|m,n) gﬁ D ali)s(mla(nls

ijmn

» Meaning of the two-particle matrix elements (i, j|f|m, n) : see later
> > Dalidslmlanls = 3 [almla [/)s(nls
a-lp aslp

= Zﬁ [admla 1i)s(nls = 2 e (mla [i)anla
=2 Dalmla X 1i)s(nls = 2 1i)a (M) (nla
o B el S~~~

_ata At omi
= a/an a;

; an — a,T(Smj an
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% i) ali)s(mla(nls = &l am & an — a] m; an
«

[am, a/T] for bosons
Omj = )

{am, /} for fermions

gt

= > NaliYs{mla(n|s = ia ama,,_a  @nam

o

= 3 > (i.j|Hm, n) Z [)ali)s(mla(nls

ijmn

~ 1
= |F= §Z<I jl¥|m, n) aTaTa,,am

ijmn
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> example: F=1 3 V(X,%5) =13 ﬁ Xx: position op. for particle A
adp ap [Xe X8
= % Z ?046 = Aaﬂ = V(Yav )_('B)
i

» two-particle matrix elements in position space:
(X1, %o| V(X1), X2)) | Xa, Xa) = V(X3, Xs) (X1, Xo| X5, Xa)
, T , = V(% X) 8*(X — X3)0%(X2 — Xa)
1st particle  2nd particle

» general two-particle matrix elements:
(i, | Flm, n) = [ &®xq ... d®xa (i %) (j| Xa) (%1, Xo|T[Xs, Xa) (Xs| M) (Xa|n)

5

= [ ... d%x ¢} F(%) ¢ (X2) (X4, Xo| V( )A_('(1 X2))| X3, Xa) om(X3) ©n(Xa)

= [ d®xd®x o (X1) ©F (X2) V (X1, X2) om(¥1) @n(Xe)
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» Hamiltonian:

H=S (ht OG) + 3 5 VR, %)

a7
= Z (tij + U/j) a,Ta,- + % Z Vijmn a,TajTa,,a,,,
U ijmn

» single-particle matrix elements:
>t = (ilHl))
> Uy = (10()]j) = [ dPx o7 () UR) (%),
w: single-particle wave function in position space

» two-particle matrix elements:
> Vimn = (i, j| V(Xay, X2), )| m, n)

= [ &PxidPxe oF (34) ¢ (X) V(X1, X2) om(X1) pn(X)
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