4.4 Field operators
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» two complete single-particle bases:  {|i)}, {|A\)}

> basis change:  a}|0) = |\) = 2o 10IA) = S2(ilA)a] |0)

i
= al=>(i1Na =Y (\i)'al = a=Y(\)a
I 1 I
» important case:
{IM} ={|X)} (position-space eigenstates), (X|i) = pi(X)

— “field operators™: (¥ Zsol X) aj,

w E ;=Z(p/
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Interpretation
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> (%) [0) = X @i (X) af [0) = 3 1i) (i) = |%)
» particle number:
Nvi(%)|0) = Za awa, all0) = Zw, a aa/ |0)

> bosons:  aa ,Ho> [a;,a]] 10) + & a[0) = &;|0)
S—— S~~~
=5 =0
> fermions: aa |0) = {a;,al} |0) —a' a0) = d; |0)
\_\6,_/ \6./

= Ngi())0) =X ¢r(%)al [0) = vT(K)|0) = N=1

— ¢f(X) creates a particle at position X.
Analogously, ¥(X) annihilates a particle at position X.
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Commutator relations TECHNISCHE
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Notation, allowing a common treatment of bosons and fermions:

[A,B} =AB+BA = [A,B} ={AB}, [AB]_=IAB]

> [111(7) ] Z 501 ") [ai, a/]:i: 0
-0
» analogously: [wT()?),wT()?’)] =0
g [Q/J(_') ] Z‘P/ ) lai, ']i
=6U

= 2 @ilX)ef (X') = S(RIiiX') = (X|X') = °(X = X')

i

= @), = [T, 0T@)] L =0, [B(R),$I(®)], = (% - F)

( + for fermions, — for bosones)
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Single- and two-particle operators CECHNISCHE
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» Kinetic energy'

T= Z< 1)) a Zfdsxfds X) (% [tX) ()?|/'> alg
v
o7 (%) ey

= [ &Bx [ &X' T (X) (X[} X) 1b(X)

N h2”2

—/ a2 = 3 3./ = >, A > -
t=hr = WX = [ & [ S KUK (KHK) (k%)

e X B2R (o7 )353(K! —K)

_ f (gal)(a R2K? eiE.()?’—)?)
iy

= T=[dx [ X [ gl wl(¥) BE &R F D)

27)3 2m
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T=[oPx [dPx [ &k pi(x) BE k& Ry ()
= [&Px [ [ &k yl(®) (— B KR p(R)
integrate by parts tW|ce.
d3k I‘_" X —% . 22 N
S J @ [ox [ e D i) (5 ()
—_—
SF—F)
2 N _, int. b 2 = -,
= I [ xR V2 @) " L ox (VT(9) - (Vi)
> Single-particle potential'
U= E( |U )j)alaj = [ dBx [ aBx' T(X ) (X' U( )?)\x>
a,_/
U3 )
= [ &Bx T (X) UX) ¢(X)
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> two-particle operators:
= 1 (i j|}m, n) &l al aham

ijmn
=13 [d®*xdPx o7 (%1) 0 (X2) V(X1, X2) pm(X1) pn(X2) a,Ta,-Tanam
ijmn

= 3 [ PxadPxo ¢ (%) ¢ (%) VI(Fr, %) (%) (%)
— Hamiltonian:
H= [ &x (45 (Vi) - (VeiR) + 01 (R) UE v(x))
w3 [ dBxidPr pt(4) 1 (%) V(R1, %) (%) (%)
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» particle density operator:  A(X) = > 63(X — X,)

= n |X1,...,YN> =253()?—ia)|§1,...,}N>
general single-particle operators: T =31, = Z</|t|/>

i
= AX) = S(6%(% — X)j) af
i T 1

“c number”  operator

—Efde‘ L[ PR (R63(K — X)X (R']j) al 4
—_— ——
S3(X—X") 83(X"" —X")

= Z@, X)ala = ¢ (R)w(F)

= total particle-number operator: N = [ d®x A(X) = [ d®x ¢! (X)y(X)
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Second quantization TECHNISCHE
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> (%) =T (R)p(X), N=[d®x¢T(X)(X):
formal similarity with the probability density and the total probability in the
Schrédinger theory

» Schrédinger: 1(X) = wave function
— n(xX) = function (classical field), N = number

» now: (X) =operator — A(X), N = operators
This correspondence is called “second quantization”.
» single-particle operators:

> T = [dxph(R) (- 55V?) $(x)

> U= [ dxy!(X) UR) ¢(X)

look like expectation values but are operators
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Field equation
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» Heisenberg picture = time dependent field ops.: (X, t) = e%H%[z()?)e*%”’
» commutator relations at equal times:

[6(%, 1), 6%, 0], = [0 (%, 0,01 (%, 0], =0, [¥(X, 1), ¢1(¥, 0], =0°(X — &)
» Heisenberg equation:  24(X, 1) = & [¥(X, 1), H]
» explicit evaluation for

H= [ dxyi(x, ) ( — £V2 + UR)) (X, 1)

+3 [ BPxidPx T (%1, 1) T (X, 1) V(X1 X2) Y(Xa, 1) (%5, 1)
— form of a non-linear Schrédinger equation (see exercises):
inZ W, H = (= V2 + UR))b(X, 1)
+ [ X PR, 1) VX, X) (X, 1) (X, 1)
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4.5 Momentum representation LECHNISCHE
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working in momentum space often more convenient (see scattering theory)

» single-particle basis: plane waves @g(X) ek %

v

simplification: finite volume + periodic boundary conditions
> V=1L Ly,
> 0p(X) = 0p(X + Ly€y) = pp(X + Ly €)) = pp(X + L;€;)
— normalizable, discrete basis states |k)
» orthonormalized basis wave functions:

(RIK) = (%) = 5%, /?€2W<Z—;,Z—j,%§), n ez

= (K'[K) = fd3x 0% X ep(X) = 6. &
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2772 2-’2 270
o i = (K iy |K) = T (K 1K) = T 0
272 272
= T Zt’k k/a/}'=ziigf,:; j‘;‘ =Zh2rl;n;
K
> single—particle potential:
Ug i = (KU fd3xfd3 (K% (% | U(R)[%) (%]K)
‘fdsxwk,(X)U(X) = 1 [ dBxe K —RT y(x) = LUK — K)
(Fourier transform)
= U = lV Zﬂ U(El — _‘) a;,ak i
k' k x U

=~
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» two-particle potential: V= 3 2 Vi, a. a. a &
k1 k2 k3 k4
Viiii, = J d°xi d®x . (%1) 7, (%) VX1, xe) g, (%1) o, (%)
= o [ d®x dxo eitk—k)-% gilki—k)% V(x, xp)
Invariance under translations:
V depends only on the relative coordinates: V(X;, X2) = V(X; — X»)
Fourier transform: = [Pxe V() & V(X) =1 Z e'IxV(q)
g

1 3y A3 K P

= Vl?a!&l?wl?z 732 de1dX23 (ks —Ki — 4% g—il i(Ka—Ko+G)- %2
el
1 S E P
= VZ K'sk1+q5k4k2 g A"7 koo
g
0 _ 1 ~ - ;1 N
= V=g ~%q V(g) k1+qak2 %, 9, k. ke,
1,K2,4
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