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» field operator:

= %@E(f) ag = \%V %:eiki('al_{ , wT()—(’) — ﬁ ZR; e—ik.x a}%

Z‘l

7@ = [ Pxe T nE) = LS [ dxe @K Pigla - val a
K

= P(0) = Z a. -ay = Z e = N (total particle number operator)
K
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» particle with spin:
basis states additionally characterized by the z-component of the spin

— field operators: )(X) = Zgo,-( Zcpk ag s = > Ps(X)

Z Pr(X aks
» commutator relations:

[s(), s (X)] , = [Wd(R), 0L ()] L= 0, [s(R), vl (%), = 06 (% = %)

» replacement rule for spin independent quantities:
JdB¥x = Y [d®, > =
s K K,s
» example: N= [aBxypiX)x) =3 [d® VI(R)s(X) = > ng(X) = A(0)
S
Z T- s
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4.6 Many-fermion systems:
Non-interacting spin-3-particles
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» Ground state: Fermi sphere, filled up to the Fermi momentum pr = hkg
60) = II T1at J0)
\E\;kp °
= occupation numbers:
1 for |k| < ke
Ngs= <¢0|3,T;’Sa;;s|¢o> = {

. = (ke — |K])
0 |k|>k/: ||

= total particle number:

N =3 o =53 0(ke — |K)) =23 0(ke — |K)
s K Kk

K,s
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Thermodynamic limit
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> N=2 0ke — k), L =223

ik k ke
» periodic boundary conditions: k eon (% Z—j %) n ez
= ki = Ak;n; with Ak = 2T7/T

. Li— ; 3
:>%:=§;Aki——°>°;—ﬂfdk; :>Z:—>Vf%
i i k

— ke
= N2V [ & gk — [K) = 2VZEns [ Kok = %% & K2 =3n2N =3x%n
0

» thermodynamic limit: N,V — oo, n= % — const. = Kkr — const.

» For practical calculations it is often convenient to start with a finite volume and
takes the thermodynamic limit later.
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> (n(X)) = (bo|t/T (X)¥(X)| o)
- VZZe-'k &7 (ola, , azlo0) = v g = Y =1
k’ PE] —,_/ I‘(',s

51 05/ s M
» The density (n(X)) does not depend on the position X!

This is not a trivial consequence of the definition:
(...y denotes the quantum mechanical expectation value,
not a spatial average.

So the probablility of finding a particle is the same at any place inside the
volume V.

From a physical point of view this is of course expected, since there are no
interactions and no preferred spatial points.
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» Pair distribution function:
Gss' (X, X') = <¢0|7/)s _’/)1/13’ X' )Ys(X)| o)
o probability to find a particle with spin projection s’ at X’
if there is another particle with spin projection s at X
> |P5(X)) = 1s(X)|do): state resulting from the ground state
after removing a particle with spin s at position X
= Gss' (X, X') o (¢5(X)|ns (X')|95(X))
» N = normalization factor
chosen such that one gets gs (X, X’) = 1 for uncorrelated particles:

1 = (ol b (®)s(®)|60) (Golv L, (¥ () [60) = (2)2 = N = (2)?

= gss’(x X) ( ) Z e (E_El).)?e <¢0|a qs’aq s’ak/ |¢0>
K’,q,

g

»x “"_‘
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» conditions for (¢0|a qs/ 83 ¢ 8 ¢ P0) # 0

) |kl K], 14, Iqlé ke,

since otherwise az ¢ az [¢o) = 0 or (¢o|a qs, =0

2.) Fors=s wemusthave k # §and k' # @,
because single-particle states cannot be occupied twice.

3.) In order to get a non-vanishing product of the resulting bra and ket states,
we must have
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k,geFs
2 N 2
D> 1=(qZ 1) = (2)
k,GEFs. keFs.
> Y e EaET - (% e—:m—?/))( > elaa—r'))
k.GeFs keFs geFs
v 2 —
= ( gtik (X=X )) , since the sum contains +k
EGES
7o 3 o —
> & — V[ 555 €Y 0(ke — |K|)

ke 1 ) ke .
= ooy Of k2 dk _f1 L Of dk 2k sin(ky)
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ke key
oy :70fdk2k sin(ky) “=” 32 55 of duu sinu
Vo Key B
= ng’duu(—ﬁcosu)
= 2 % ( — kry cos(key) + sin(key))
KEV

= 32 % (sina—acosa), a = kry

= % w’ since ng — 37T2N

ol
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k,geFs
N\2
> > 1=(3)
k,GeFs.
. _‘Z e—i(lzfa)'()?f)?") _ ( Z e+il?-()?7)?’))2 SN (% sina—aosccosa)z’
k,geFs. keFs

a=ke|¥ — %]

- . 2 S
= gss(X,X) = 1 =659 25 (sina—acosa)” = gs(X — X)
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S 9 -
g (X —X') = 1 =g —5 (sma—acosa)2, a = Ke|X — X/|
«

Interpretation:

s#s': gss =1 = The particles are uncorrelated.

s = 8': The probability to find the second particle close to the first one
is suppressed.

Ges (K-5")

a1

sina — acos o
~ 1 1
~(a— §a3) —a(l - Eaz) =

= Oss = O(az)

o’
3

= gss(0) =0 (Pauli principle)
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