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» main difference to the fermions:
All states can be occupied more than once.

» Consider [¢) = [ng, ng,...)
It was shown in the exercises:
> particle density: (n(X)) = (|T(X)¥(X)|¢) =
» pair distribution function:

¥ x (oly R (%) w*)w)
9(X = &) = 110 T

2
- +N2{|Ze’k"" | Zn%}
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independent of X
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» example 1:

all particles in the same state |ko):  nj = Nézz
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» example 1:
all particles in the same state |ko):  nj = Nézz
(e.g., \Eo = 5) = ground state at T = 0, “Bose-Einstein condensate”)

= g(xX - X)= "5

totally uncorrelated
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= gX—-X)=1+e z%¥"  g)=2

— The probability of finding a
second particle close to
another one is enhanced.
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> example 2: Gaussian distribution:  n oc e~ (K—k)*/A%

= gX—-X)=1+e z%¥"  g)=2

— The probability of finding a
second particle close to
another one is enhanced.

» thermal distribution:

E:>kpT B h2k2
k 2 2mkgT
- ~ kgT — 2mKgT — B
Ny X El?/k T p ~ e Bl =@ B = A = >
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» Hamiltonian in momentum-space representation:

H = Z £ a. g+ oy >, V(@) aLaa;_aa,;, ag
Kk.g

» ground state for V = 0 (at T = 0): all particles in the state \E = 6)

» low temperatures, weak potential:

> almost all particles in the state |k = 0):  (¢|a}ao|d) = No, N7 < 1
— Mutual interactions among particles in excited states can be neglected.

— Consider only interaction terms with at most two indices Kk 7!6.
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» potential symmetric under reflections:  V(X) = V(—X) < (k) = V(—k)
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]
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» macroscopic number of particles in the condensate: Ny ~ 1023

» expectation:
One particle more or less in the condensate should not change the properties
of the system considerably.

ao|No, ..y = v/No [No — 1, ...) = v/No | No, ...)

al|No, ...y = VNo + 1 |No+1,..) =~ /No + 1| No, ...) = /No [No, -..)
» This corresponds to a replacement of operators by ¢ numbers:

ag — /Ny, ag — +/Ny  “Bogoliubov replacement”

» formal realization by “coherent states”
= states without well-defined particle number [¢) =] f;(a£)|0>
K

e.g., fo(ag) - g% = ao|o) = a|p)
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~ N B2RR Ne v
H ~ o aEaE+ﬁV()

+ 2 5 {(V0) + V(K) alag + LV(R)(ala' ;. + aza g)
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272 N2“ -
Ha'y %a;a,;+ﬁV()
k
+ o Z{(V(qﬂ V(K)) aj?a;+ ;V(E)(af?ai; + apa ,;)}
k70

> ($Nolg) = (8N — 3 al- ag|¢)
k#0
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» Bogoliubov replacement in our Hamiltonian:

H ~ “aTak+2— V(0)
K
+ o Z {(\7(4)+ V(E)) aj?a;+ ;V(E)(af?ai; + apa ,;)}
k70

> ($Nolg) = (8N — 3 al- ag|¢)
k0

Neglect again terms with more than two operators with k #0
~ N ~
= Ng~N—-2NYala, BY--~{¥..
k50

2~ = 7 ~ = ~ =
= H~ V0 + X {(55 + ¥0) alag + 4 VR (al

Tt
e K
k50

a . +a; af,?)}
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> Hy = ;(ff + NU(k)) a;%a,; diagonal in the momentum basis
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- H =S N V(/?)(a; ai’? +aga ;) non-diagonal in the mom. basis
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> H~ Hy+Hi+Hj

» Hy = 2’—‘2/ \7(6) constant contribution to the energy

> Hy = ;(ff + NU(k)) a;%a,; diagonal in the momentum basis
k0

> Hj = ;% V(/?)(a; ai’? +aga ;) non-diagonal in the mom. basis
k50

» perturbation theory: (@o|Hj|po) =0
with the non-interacting ground state |¢o) = |No = N, 0,0,0, ...))

but: inconsistent with the Bogoliubov replacement,
which assumes a coherent state

— exact diagonalization of the approximated Hamiltonian
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» ansatz for new annihilation and creation operators:

e An — ya At L
Qp=Ugap — Vga p < oae=U.a — Vvea g

» annihilate or create “quasiparticles” with momentum k
= superposition of a particle and a “hole” with momentum k
(hole = missing particle with momentum —k, cf. hole theory).

» requirement: «ajand a}; satisfy the canonical commutation relations

s [ogal] = (Ul — 1el?) 0 = 05 = lugl? — v = 1
> [a[(’a a;’/] = _(UEV_R’ — VEU—E> (5,—(:_,—(‘/ ; 0

holds for symmetric coefficients: vz =u_g, vi=Vv_g
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» ansatz for new annihilation and creation operators:

e An — ya At L
Qp=Ugap — Vga p < oae=U.a — Vvea g

» annihilate or create “quasiparticles” with momentum k
= superposition of a particle and a “hole” with momentum k
(hole = missing particle with momentum —k, cf. hole theory).

» requirement: «ajand a}; satisfy the canonical commutation relations

|
> agoal] = (JugP = 1l?) 6 = gz = lugl? = |vg2 =1
|
> o] = —(upvig — veug) &z =0
holds for symmetric coefficients: vz =u_g, vi=Vv_g

» further assumption: u; und v; are real.
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» inverse transformation:

o e v 1 T_ AT -~
& =Ugag + Vpa_ o, g = Ugogp + Vga
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» inverse transformation:

272 ~ =
+ > (hzf,‘q + %V(k)) (u§a£az+ VE a;a£+ UpVvi (a}%aiE+aEa_E))

+ V(E)((ug + v%)(a} aiE +agpa_g) + 2upvg (a; ap + op a;))}
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» inverse transformation:
ar = Uupap + V-’OéT aT—u~aT + Voo
k = Yk %k kK _g> k= Yk O Kk Y—k

» insert into the Hamiltonian:

272 ~ =
+ > {(Z,’; + %V(k)) (u§a£az+ VE a;a£+ UpVvi (a}%aiE+aEa_E))

+ % V(k)((ug + v%)(a} aiE +apo_g) + 2Upvy (a; ap + ap a;))}
» For the non-diagonal terms to vanish, it must hold:

k2 N - N - - .
( + S VIK)) upve + o V(K)(U2 + vE) = 0
2m v

2V
A B
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» assumption: repulsive potential V(E) >0
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Auv + BlP +v?) =0 = A Pv? = B?(LP + v?)?
» Wefound 1?2 —v2=1 < ?=v2+1

2
= ARV +v?) = BB +1)7? & vievi= B

» assumption: repulsive potential V(E) >0
= A B>0, A>4B°

1A-va-a 2 _ 1 A/AZ—4B? uy = —=8
2 AR _4B? T2 JAR-4B? T VAR AR

(non-interacting limit: V=0 = B=0 = v=0, v*=1 V)

—’V2=
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» Insertion into the Hamiltonian finally yields:

N2 _ 1 k2 N -
~ _ L v AT
H~ = V(0) +22(mk = VV(k)) + Z;hwkaEak
k k0
ground-state energy (= constant number) quasiparticle excitations

» quasiparticle energy (“dispersion relation”):

hwg = VA— 4B = hK|\/ X V(K) + K2 (for |K| — O linear in |K|)
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N2 1 k2 N._ -
~ 2 Lt N IS
H ~ 2VV(O) + gd z(hwk 5 VV(k)) + g hwkaEak

ground-state energy (= constant number) quasiparticle excitations

» quasiparticle energy (“dispersion relation”):

hwg = VA— 4B = hK|\/ X V(K) + K2 (for |K| — O linear in |K|)

— The quasiparticles yield positive contributions to the energy.
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» Insertion into the Hamiltonian finally yields:

2 2r2
He N ) Zl(mrﬂfﬂ\?(/?)) v Y hpalag

ground-state energy (= constant number) quasiparticle excitations

» quasiparticle energy (“dispersion relation”):

= VA— 4B = hlk| V(K)+ K2 (for |K| — O linear in |K|)
— The quasiparticles yield positive contributions to the energy.

— The ground state is defined as the state which contains no quasiparticles:

aglg.s.) =0 firalle k #0 ground state = “quasiparticle vacuum”
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» But the ground state contains particles (not quasiparticles) outside of the
condensate:

N = (g.s.| ;a; aglg.s.)
k70
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» But the ground state contains particles (not quasiparticles) outside of the
condensate:

N = (g.s.| ;a; aglg.s.)
kHA
= _‘Z_ﬂg.S.‘(U,—(’ Oz; + V,-(' O‘—E) (U,-(‘ ap + V,-(‘ aiE)|g.s.>

k50
=Y vE(gsla_; aT_E\g.s.)

L

|
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» But the ground state contains particles (not quasiparticles) outside of the
condensate:

N = (g.s.| ;a; aglg.s.)

—Z(gs‘(“kaiJ'Vk W) (Uzog + vgal Hlgs.)

1

k
= Y vE(gsla_gal lgs.)
K
=y V’% (g.s.]1+ aT_Eai,;\g.S)

1

x|
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» But the ground state contains particles (not quasiparticles) outside of the
condensate:

N = (g.s.| ;a; aglg.s.)

—Z(gs‘(“kaiJ'Vk W) (Uzog + vgal Hlgs.)

1

7
= Y vE(gsla_gal lgs.)
k
=Y v2(gslt+a’ La flgs)
k
=EVI%

1

x|
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Classical mechanics of point particles

» generalized coordinates: gk = gk(t), k=1,....,N

» Lagrangian function: L= L({qk},{gk})

t>
action: S= [ dtL({qr(t)}, {ak(t)})
t

v

» Hamilton’s principle: §S =0
d oL _ oL _ . ;
= &6 " g = 0 Euler-Lagrange equations
(= equations of motion)
» canonical conjugate momenta: px = %k

v

Hamiltonian function: H=> pkGx — L
k

09/02/2023 | Michael Buballa | 15



TECHNISCHE
UNIVERSITAT
DARMSTADT

Quantization of classical mechanics

09/02/2023 | Michael Buballa | 16



TECHNISCHE
UNIVERSITAT
DARMSTADT

Quantization of classical mechanics

» coordinates, momenta — operators: qx — Gk, Px — Pk

09/02/2023 | Michael Buballa | 16



TECHNISCHE
UNIVERSITAT
DARMSTADT

Quantization of classical mechanics

» coordinates, momenta — operators: qx — Gk, Pk — P«
= Hamilton function — Hamiltonian operator: H — H

energy spectrum: eigenvalues of H

09/02/2023 | Michael Buballa | 16



TECHNISCHE
UNIVERSITAT
DARMSTADT

Quantization of classical mechanics

» coordinates, momenta — operators: qx — Gk, Pk — P«
= Hamilton function — Hamiltonian operator: H — H
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Quantization of classical mechanics

» coordinates, momenta — operators: qx — Gk, Pk — P«
= Hamilton function — Hamiltonian operator: H — H
energy spectrum: eigenvalues of H
» commutator relations:  [§k, §¢| = [P, De] =0, |8k, Pe] = N ke
“canonical quantization conditions”

» Schrddinger picture: operators time independent
» Heisenberg picture:  operators time dependent
— commutators at equal times
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2 generalized coordinates g(t) with continuous index: ¢(t, X) = ¢x(t)
» Lagrangian function: L= [ d®x.%(¢,0,¢), £ :Lagrangian density
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Classical field theory

» classical field: ¢(t, X) = ¢(x)

2 generalized coordinates g(t) with continuous index: ¢(t, X) = ¢x(t)
» Lagrangian function: L= [ d®x.%(¢,0,¢), £ :Lagrangian density
= action: S= [d*x.Z
» §S=0 = Euler-Lagrange equations: 8, 3%%: — £ =0

B.0) 9
(= classical field equations)
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1. electromagnetic field:

&L =—1F,F* —jtA,, field-strength tensor: FH* = 91 AY — 0¥ A*

Euler-Lagrange: O g5y — g2 =0 = OuF* ="

(inhomogeneous Maxwell egs.)
2. Schradinger theory:

L= — LGy g+ it — Vg

Y(t,X): complex field — consider ¢ and +)* as independent variables

0L 0L
= 0=0ugm.om ~ o°
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1. electromagnetic field:

&L =—1F,F* —jtA,, field-strength tensor: FH* = 91 AY — 0¥ A*

Euler-Lagrange: O g5y — g2 =0 = OuF* ="
(inhomogeneous Maxwell egs.)

2. Schradinger theory:
Z = f—Vz/) Vi + ihp*) — Vap*ap

Y(t,X): complex field — consider ¢ and +)* as independent variables

= 0= auagﬁ) gfp% = — V2 — b+ Vi

& (—EV2iv)y= ihZy (Schrédinger equation)
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Classical field theory

» classical field: ¢(t, X) = @(x)
£ generalized coordinates gx(t) with continuous index: ¢(t, X) = ¢x(t)
» Lagrangian function: L= [ d®x.%(¢,0,¢), £ :Lagrangian density
= action: S= [d*x.Z
0L 2% _ ¢

» 0S =0 = Euler-Lagrange equations: 0ﬂm — %

(= classical field equations)
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Classical field theory

» classical field: ¢(t, X) = @(x)
£ generalized coordinates gx(t) with continuous index: ¢(t, X) = ¢x(t)
» Lagrangian function: L= [ d®x.%(¢,0,¢), £ :Lagrangian density

= action: S= [d*x.Z

» §S=0 = Euler-Lagrange equations: 6;1% — % =0

(= classical field equations)

» canonical conjugate momentum densities: 7 (x) = %
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Classical field theory

» classical field: ¢(t, X) = @(x)

£ generalized coordinates gx(t) with continuous index: ¢(t, X) = ¢x(t)

v

Lagrangian function: L= [ d®x £(¢,0,¢), £ :Lagrangian density

= action: S= [d*x.Z
02 oz _g

» 0S =0 = Euler-Lagrange equations: 8ﬂm — %
17
(= classical field equations)
» canonical conjugate momentum densities: 7(x) = %

v

Hamiltonian function: H = [ d®x 57, H =1(X)p(X) — &L

Hamiltonian density
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Canonical field quantization

» fields, canon. conj. momentum densities — operators: ¢ — ¢, T — 7
» postulate the commutator relations

[$(5), $x)] = [#(F), #(K)] =0,  [$(0), #(X)] = ih (X — X)
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Canonical field quantization

» fields, canon. conj. momentum densities — operators: ¢ — ¢, T — 7
» postulate the commutator relations
[6(3), ()] = [#(0, 7#(%)] =0, [d(R), #(¥)] = ih (X — X)
» Schrédinger picture:

9,
» Heisenberg picture: ¢, # time dependent
— commutators at equal times

7 time independent
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» fields, canon. conj. momentum densities — operators: ¢ — b, ™R
» postulate the commutator relations
[6(X), d(X)] = [#(X), #(X)] =0, [d(X), #(X)] = ihd*(X — X)
» Schrodinger picture: ¢, # time independent
» Heisenberg picture: ¢, # time dependent
— commutators at equal times

» Hamiltonian density, Hamiltonian function — operators

as in quantum mechanics: energy spectrum = eigenvalues of H
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Canonical field quantization

» fields, canon. conj. momentum densities — operators: ¢ — b, ™R
» postulate the commutator relations
[6(X), d(X)] = [#(X), #(X)] =0, [d(X), #(X)] = ihd*(X — X)
» Schrodinger picture: ¢, # time independent
» Heisenberg picture: ¢, # time dependent
— commutators at equal times

» Hamiltonian density, Hamiltonian function — operators
as in quantum mechanics: energy spectrum = eigenvalues of H

» notation: From now on we write ¢, 7, ... for the operators ¢ ...
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» Lagrangian density:

L = —%61/} VT + it — Vplep (1p: operator = * — )
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» Lagrangian density:

L = —%61/} VT + it — Vplep (1p: operator = * — )
» canonical conjugate momentum density: 7 = % = ihapt
» quantization conditions:

[D(X), (*)] = [7(X),7(X)] =0, [(X), 7(X)] = ih&*(X — X

= [0, v(x)] = [¢T(3), T ()] =0, [$(X), vT(X)] = 63X — X))
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» Lagrangian density:

L= —%61/} VT + it — Vplep (1p: operator = * — )
» canonical conjugate momentum density: 7 = % = ihapt
» quantization conditions:

[D(X), (*)] = [7(X),7(X)] =0, [(X), 7(X)] = ih&*(X — X

= [0, 6] = [BIER,eIE)] =0, [V(R), v (R)] = °(% - X)

= commutator relations of the bosonic field operators in section 4.4!
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» Lagrangian density:

L= —%61/} VT + it — Vplep (1p: operator = * — )
» canonical conjugate momentum density: 7 = % = ihapt
» quantization conditions:

[D(X), (*)] = [7(X),7(X)] =0, [(X), 7(X)] = ih&*(X — X

= [0, v(x)] = [¢T(3), T ()] =0, [$(X), vT(X)] = 63X — X))

= commutator relations of the bosonic field operators in section 4.4!

2nd quantization
—

» old point of view: quantum mech. wave fct. field operator

quantization
—

new point of view: classical field field operator
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» Lagrangian density: % = 3[(8,9)(0"¢) — m?¢?] (nat. units: h=c=1)

— Euler-Lagrange eq.:  [9,0" + m?*]¢ =0  Klein-Gordon equation

09/02/2023 | Michael Buballa | 22



5.2 Klein-Gordon theory

TECHNISCHE
UNIVERSITAT
DARMSTADT

» Lagrangian density: % = 3[(8,9)(0"¢) — m?¢?] (nat. units: h=c=1)
— Euler-Lagrange eq.:  [9,0" + m?*]¢ =0  Klein-Gordon equation

» canonical conjugate momentum density: = ¢

09/02/2023 | Michael Buballa | 22



I
5.2 Klein-Gordon theory

TECHNISCHE
UNIVERSITAT
DARMSTADT

» Lagrangian density: % = 3[(8,9)(0"¢) — m?¢?] (nat. units: h=c=1)
— Euler-Lagrange eq.:  [9,0" + m?*]¢ =0  Klein-Gordon equation
» canonical conjugate momentum density: = ¢

» Hamiltonian operator: H = [ d®x }[7? + (V)2 + mP¢?]
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» Lagrangian density: % = 3[(8,9)(0"¢) — m?¢?] (nat. units: h=c=1)
— Euler-Lagrange eq.:  [9,0" + m?*]¢ =0  Klein-Gordon equation

canonical conjugate momentum density: m = ¢

Hamiltonian operator: H = [ d®x 1 [x? + (Vo) + mP¢?]

v

v

» expansion of the field operators in momentum modes (Heisenberg picture):
®p 1 (aﬁ e x4 a; e*””) E,=+y/p2+m?

o(x) = IW\/T?;,

b
Po=Ep
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» Lagrangian density: % = 3[(8,9)(0"¢) — m?¢?] (nat. units: h=c=1)
— Euler-Lagrange eq.:  [9,0" + m?*]¢ =0  Klein-Gordon equation

canonical conjugate momentum density: m = ¢

Hamiltonian operator: H = [ d®x 1 [x? + (Vo) + mP¢?]

v

v

» expansion of the field operators in momentum modes (Heisenberg picture):

(aﬁ e~ X 4 a; e+ip-x) E, = +\/B2 + m?
T T

(relativist. QM:  positive / negative energy)

d’p 1

o(x) = IW\/T?;,

b
Po=Ep
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» Lagrangian density: % = 3[(8,9)(0"¢) — m?¢?] (nat. units: h=c =1)
— Euler-Lagrange eq.:  [9,0" + m?*]¢ =0  Klein-Gordon equation
» canonical conjugate momentum density: 7 = ¢
» Hamiltonian operator: H = [ d®x }[7? + (V)2 + mP¢?]
» expansion of the field operators in momentum modes (Heisenberg picture):
(aﬁ e~P* 4+ al e*””) Ep=+\V/p2+n?
T T

(relativist. QM:  positive / negative energy)

3 . .
m(x)=—i [ —(gﬂ’; vz (aﬁ =X _ ag e*’P‘X)

d’p 1

o(x) = IW\/T?;,

b
Po=Ep

po=Ep
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» canonical quantization conditions for ¢ and :

- [az a3] = [ag, a;/] =0, [a a%,] = (27m)35% (B — p)
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» canonical quantization conditions for ¢ and :

— las.ay] = [al,al] =0, (a5 al] = (2r)5°(B - P)

P
- H=[ L2 E,( ala; 1[aﬂaw)
=J e Er\ 358 + 5199
N~ ——
particle number op. 1(2m)28%(0)
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» canonical quantization conditions for ¢ and :

— las.ay] = [al,al] =0, (a5 al] = (2r)5°(B - P)

1
- H=[ £ E, ( ala; + 5las.a]])
v ——
particle number op. 1(2m)28%(0)

» second term — non-measurable infinite vacuum energy
= can be omitted
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» canonical quantization conditions for ¢ and :

— las.ay] = [al,al] =0, (a5 al] = (2r)5°(B - P)

1
~H-ERE (e + lad))

. v N——
particle number op. 1(2m)28%(0)

» second term — non-measurable infinite vacuum energy
= can be omitted

» vacuum (= ground state) [0): a5/0) =0 Vp
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» canonical quantization conditions for ¢ and :
- [az a3] = [a}, a;,] =0, [ap,aa,] 2m)25%(5 — p)

1
~H-ERE (e + lad))

. v N——
particle number op. 1(2m)28%(0)

» second term — non-measurable infinite vacuum energy
= can be omitted

» vacuum (= ground state) [0): a5/0) =0 Vp
» single-particle states: |p) ag\o) = H|p) = E,|p)
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» canonical quantization conditions for ¢ and :
- [az a3] = [a}, a;,] =0, [ap,aa,] 2m)25%(5 — p)

1
~H-ERE (e + lad))

. v N——
particle number op. 1(2m)28%(0)

» second term — non-measurable infinite vacuum energy
= can be omitted

» vacuum (= ground state) [0): a5/0) =0 Vp
» single-particle states: |p) ag\o) = H|p) = E,|p)
reminder: E, =+/p%+m? >0 = no states with negative energy!

09/02/2023 | Michael Buballa | 23



5.3 Dirac theory

TECHNISCHE
UNIVERSITAT
DARMSTADT

09/02/2023 | Michael Buballa | 24



5.3 Dirac theory

TECHNISCHE
UNIVERSITAT
DARMSTADT

» Lagrangian density: & = ¢ (iv*9, — m)y (again: h=c=1)
¥, 1 indep. — Euler-Lagrange eq.:  (iv#8, — m)y = 0 Dirac equation
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¥, 1 indep. — Euler-Lagrange eq.:  (iv#8, — m)y = 0 Dirac equation
» canonical conjugate momentum density: 7 = it

» expansion of the field operators in free solutions (Heisenberg picture):

3 . . iox
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» Lagrangian density: & = ¢ (iv*9, — m)y (again: h=c=1)
¥, 1 indep. — Euler-Lagrange eq.:  (iv#8, — m)y = 0 Dirac equation
» canonical conjugate momentum density: 7 = it

> expansion of the field operators in free solutions (Heisenberg picture):
v =] gE =T (a3 us@) 6P + b°L vilP) )|

» canonical quantlzatlon with commutators:

Po=Ep

st s _ psThs [T
Z E, (a sa — b°Lbs + (infinite constant))
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» Lagrangian density: & = ¢ (iv*9, — m)y (again: h=c=1)
¥, 1 indep. — Euler-Lagrange eq.:  (iv#8, — m)y = 0 Dirac equation
» canonical conjugate momentum density: 7 = it

» expansion of the field operators in free solutions (Heisenberg picture):

3 . . iox
V) = [ 5 7 T (23 us(p) e + %% vs(p) &)

Po=Ep
» canonical quantization with commutators:

- H=| (g:r’)’s Zs: E, (asgag - bs;gbg + (infinite constant))

spectrum not bounded from below!
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» Lagrangian density: & = ¢ (iv*9, — m)y (again: h=c=1)
¥, 1 indep. — Euler-Lagrange eq.:  (iv#8, — m)y = 0 Dirac equation
» canonical conjugate momentum density: 7 = it

» expansion of the field operators in free solutions (Heisenberg picture):

3 . . iox
V) = [ 5 7 T (23 us(p) e + %% vs(p) &)

Po=Ep
» canonical quantization with commutators:

- H=| (g:r,;3 Zs: E, (asga% - bs;gbg + (infinite constant))

spectrum not bounded from below!
» quantization with anti-commutators:

- H-= f % Zs: Ep (asgag + bsgbg — (infinite constant))
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» Lagrangian density: & = ¢ (iv*9, — m)y (again: h=c=1)
¥, 1 indep. — Euler-Lagrange eq.:  (iv#8, — m)y = 0 Dirac equation
» canonical conjugate momentum density: 7 = it

» expansion of the field operators in free solutions (Heisenberg picture):

3 . . iox
V) = [ 5 7 T (23 us(p) e + %% vs(p) &)

Po=Ep
» canonical quantization with commutators:

- H=| (g:r’)’s Zs: E, (asgag - bs;gbg + (infinite constant))

spectrum not bounded from below!
» quantization with anti-commutators:

- H={ % Zs: E, (asgaf3 + bsgbg — (infinite constant)) ~ works!
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