Teilchenphysik: TECHNISCHE
Lecture 6: Feynman Rules DARMSTADT

So what is it that we want to calculate?
» What does 1 particle do? Decay rates / widths and partial widths

» What do 2 particles do? Scattering cross-sections (total, differential)
» What else can 2+ particles do? Bound states (skip for now)

How do we calculate them?
» Amplitudes and matrix elements
» Fermi’s Golden Rule
» Feynman calculus to find matrix elements
Today we talk about defining the things we want, and the kinematics of production



2: Decay rates
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Imagine that | have an unstable particle A. What does that mean?
Attime t=0: [¢) =|A)  butattimet;: e "™ |y) = e~ ™bci|A) + | B, C)

where |B, C) is a state with no A particle, but with some other stuff instead.
Probability to still be an A particle: cicy.
Probability to be something else: c;¢, = 1 — ¢} ¢

Suppose A is relatively long-lived: after time t >> 1/ma, we still have cj ¢, < 1,
cicy ~ 1. Then B, C particles tend to fly away and escape
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3: Decay rate as exponential process

TECHNISCHE
UNIVERSITAT
DARMSTADT

If |B, C) flies away, it never evolves back into |A):

e M| A) = e=™icy|A) + ¢»|B, C)

672”-”1 |A> - ef2/mAt 2|A> +e /m,;tc1 02|B C> + Ozelet‘B C>

efsiHﬁ |A> — 673ImAt 3|A> + 672/mAt 202|B C> +e lmAtC1 ce —iHt ‘B C> + 02672/Ht1 |B C\

The probability to still be particle-type A goes, at times (0, 1, 2t;, 3%, ...), as
(1,]c1?, |ei]*, e ], ...) which is a geometric series

Probability to still be A decays exponentially:
Prob(A at time t)= e "t = e 1/7
We call ' the decay width and T the decay time

Strategy will be based on computing ¢; ¢,, not ¢;.
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There are almost always multiple possible final states.

oMK = 07 ™MGy K°) + ol + ol ) 4l ) ¢

Decay depends on 22 =T, , 22 =T 0, 2% =T L, ..
We call these partial widths for each decay process.

The sum is the total widthT =T1 + 5 + ...

We also introduce the branching ratio

r.
Br; = I" = probability that final state will be i
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Question: | shoot something (electron? arrow?) at a target (proton? bull’'s eye?).
How likely am | to hit?
Depends on three things:

» How “big” is the target? Cross section
» How many times do | shoot?
» How good is my aim?
Product of (times | shoot) x (aim) = Luminosity (particles / cm? s)
Number of “hits” per second is Luminosity x Cross section.

Luminosity: how good an accelerator engineer do you have?

Cross-section: something for theorists to compute.
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6: Classical example: hard sphere
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Shoot small rubber balls at a hard sphere of radius R

Distance b from axis
(impact parameter):
scattering occurs if b < R.
Total cross-section o = wR?
Units of area

Angle scattered:
0 = 2 arccos(b/R)
(and ¢out = ¢in)

b=0:0=m.b— R:0—=0
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We have more info than total cross-section o = wR?.
We can say how many balls get scattered into each angle 9, or really each
solid-angle sin(0)dfd¢

Area of incident beam with b € [by, by + db] and ¢ € [¢g, Po + d¢] is b db de.

differential cross-section (note, dQ2 = sin(#) df d¢)

do _ do bdbdg b db
0= | gg @ Hardspherer o8 = Sn@)dods ~ sind) do

We already found b = Rcos(0/2), |db/df| = —Rsin(6/2)/2

do b db Rcos(#/2) Rsin(¢/2) R?

aQ - d6 " isotropic!
dQ  sin(f) df sin() 5 isotropic
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8: Cross sections in Quantum Mechanics
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It is important to understand that the strict geometrical picture from the
hard-spheres example is deceptive.

For large objects (nuclei) and high enough energies, b is well defined and a
geometrical picture is OK. But note:

bx p=L angular momentum classicalif bp>> h

Nuclear size b ~~ 5fm, classical for p > 40 MeV. Proton is 10x smaller, need 400
MeV to see its physical size (p < 400MeV sees proton as point particle)

Otherwise, scattering really a quantum process.
fundamental particles have no geometrical size — always essentially quantum.
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Decays happen because of interaction Hamiltonian and time-dependent
perturbation theory. Consider Hamiltonian:

H = “0,A0" A+ m?A® + same for B, C” + “ABC”

There are parts of H which “tell” particles to propagate, and what masses they
have, and a part which describes interactions:

(AlHasc|BC) #0

If | have a state containing particle A, it constantly produces an amplitude to have
BC instead.

Produces all possible BC combinations consistent with momentum conservation.
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Consider an A particle at rest. What B, C are possible?

Any final momenta so long as they add up to pa (0 in rest frame)
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All of them! It's QM, they each have an amplitude
(BCIH|A) #0 if Hagc # 0
H|A) = ¢1|Bp, C_p,) + C2|Bp,C_p,) + ...

Decay into QM superposition of all B, C states.
BUT each B, C state still evolves with time!
Tiny bit of time-evolution: (lots of 1/# left out!l)

e M| A) = e~ Ead| A) 4 ¢y Ot |BCy) + ...
effdee*’Hd’|A> _ 672/'EAdt|A> + e dt efiEAdI‘BCO + ¢ dt e~ ey dt|BC1> +...

First BC term: generated from |A).
Second BC term: time evolution from first time.
Longer time t;: BC generated at every time, each picks up a different phase:

t1 . .
At time t: / dt cie~EateEeci (=0 | BCy)
0
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What if EBC1 #EA'P Call AE = EBC1 — EA.

b . . . t o
Amplitude at time ¢: / dt cie Frtg=Eaci (=1 _ ¢, e*’EA’/ dt' e~ AEqt
0 0
® 4sin’(AEt/2)

li : =
Squared amplitude N

t
/ dt/eff[/ AEdt/
0

Top to bottom:
t=2, 1, 0.5 As t increases, function becomes
more peaked. Total area under curve
= 7t linear in time.

Late times: Egc = Ex or probability
—0
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Taking t “large” (mc®t/h > 1 so AE < mc?)

Decay rate is phase space x p* conservation x “Matrix Element”
1 / d*ps d®pc
2mp (27‘()32E3 (27T)32EC

lasBC = x (2m)* 64 (Pl — Pl — Ph) X [Masscl

r 1 / d’pg d®pc °pp
AZBCD = oma | (2m)32Eg (27)°2E, (27)32Ep

x (2m)*6* (0l — P — PG — Pp) X [Mascol?

» Meaning of | M4_,gc|?: squared amplitude for microphysics to turn A into BC.
Roughly [(BC|H|A)|?, all info about theory is here

> Factor 1/2ma — 1/2E, if particle not at rest.
Accounts for time dilation

» Combination d®p/2E, is the same in all rest frames.



14: And scattering?
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When A and B scatter into C and D, the expression is similar.
Cross section is:

1 d®*pc d*pp
2EA 2EB |VA — VB| 27T' 32Ec (27T)32ED
x (2m)*6* (04 + P — Pls — Pp) X [Mas—col?

OAB—CD =

Each extra final particle has the same integration factor.

Why this leading factor? Dimensional grounds: ¢, an area, should scale with E 2.
And this combination is frame independent.

Intuition: 1/(va — vg) “flux factor” means slow-moving particles,
with more time to interact, have larger cross-section.



15: Three-body scattering?
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This is almost impossible to make happen in a particle physics experiment. Hard
enough to get 2 bodies to come together!

But in a region with a phase-space density of particle type A of f4(p, x) (number of
particles per d®x per d®p), the number of ABC — DEF scatterings is:

3 3.3

Nasc—perF = /d4X/ M%M(X’ pa)fs(x, ps)fc(x, pc)
y / d®ppd®ped®pr

(27T)92ED2EE2EF

x (2m)*6*(pa + Ps + Pc — Po — PE — PF)|M asc— per|?

(1= fo(x, pp))(1 & fe(x, pe))(1 & fr(x, p

Here (1 & fp g r) are Bose stimulation (+) or Pauli blocking (—) factors.
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Unstable particles decay. If they live long compared to /mc? then there is a
well-defined decay rate I'.

The final state particles must match the energy and momentum of the initial
particle. With this constraint, we must integrate over all possible final state
momenta.

Two or more particles can scatter. They scatter more often if you have good aim:
rate of scatterings is “cross-section” (physics) times “luminosity” (accelerator
design)

The total cross-section involves an integral over all final state momenta, subject to
energy-momentum conservation. “Physics” is incorporated in the matrix element
M.



