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Abstract:
This paperexaminessingle-modeand two-mode Gaussianpure states(GPS), quantum mechanicalpure stateswith Gaussianwavefunctions.

Thesestatesareproducedwhenharmonicoscillatorsin theirground statesareexposedto potentials,or interactionHamiltonians,that arelinearor
quadraticin thepositionand momentumvariables(i.e., annihilation andcreationoperators)of the oscillators.The physicaland group theoretical
propertiesof theseHamiltoniansand theunitary operatorsthey generatearediscussed.Thesepropertieslead to a naturalclassificationschemefor
GPS.Importantpropertiesof single-modeandtwo-modeGPSarediscussed.An efficient vectornotationis introduced,andusedto derivemanyof
the important propertiesof GPSand of the Hamiltoniansand unitary operatorsassociatedwith them.

1. Introduction and overview

This paper considersGaussianpure states (GPS), quantum mechanical pure statesthat have
Gaussianwave functions (i.e., wave functions that are exponentialsof complex-valuedlinear and
quadraticforms in “position” or “momentum”variables).Thesestatesareparticularly relevantto the
descriptionof a harmonicoscillatorwith a nearlyclassical,coherentexcitationwhoseintrinsic quantum
mechanicalfluctuationsare important.Such a descriptionarises,for example, in connectionwith the
transmissionor detection of coherent optical signals [1,21, or high-precision measurementsof a
macroscopicoscillator’s displacement,as in the detectionof gravitationalwaves[3,4]. Gaussianpure
statesare familiar in quantumoptics, wherethey describethe coherentoutput from a laserand the
predicted “squeezed-state”light [5,6] from an optical parametric amplifier. For the theorist, these
stateshavethe satisfyingfeaturethat the Hamiltoniansfor thephysicalprocessesthat producethem are
known and havesimple, easily interpretedforms.

Gaussianpurestatesareproducedwhen harmonicoscillatorsin their groundstatesaresubjectedto
particular kinds of time-dependentpotentials,or interactionHamiltonians.The oscillatorsmight be
mechanicalor electrical,or they might be the normal (bosonic)modesof a quantizedfield such as the
electromagneticfield; for purposeof illustration, I shall havethe last of theseexamplesin mind
throughoutthis paper.The interactionHamiltoniansthat produceGPSarepolynomials that arelinear
and/or quadraticin the oscillators’position andmomentumvariables.Hence,althoughtheymayaffect
N oscillators (N � 1), thus producing an N-mode GPS, the interaction Hamiltonians are sums of
Hamiltonians that either involve a single oscillatoror couple two oscillators.This has the important
consequencethat one needlook only at single-modeand two-mode GPS in order to understandthe
fundamentalfeaturesof all N-mode GPS.Single-modeGPS and their subsetshavebeenstudiedby
manypeopleduring the last six decades[7—161.The goal of this paperis to helpmakethe lesswidely
known andunderstoodtwo-modeGPS asfamiliar as their single-modecounterparts.

This first section,composedof ninesubsections(1.1 through 1.9), provides an introduction to and
overview of the resultsderivedin the remainderof the paper. Subsection1.1 establishesthe logical
connectionbetweenthe Gaussiannatureof the wave functionsand the Hamiltoniansfor the physical
processesthat produce GPS. The nature of theseHamiltonians, and of the unitary (“evolution”)
operatorstheygenerate,is describedbriefly. Subsection1.2 describesin detail the interactionHamil-
tonians,andclassifiesthem accordingto their importantphysicalproperties.Subsection1.3 goeson to
describethe unitary operatorsassociatedwith the different interaction Hamiltonians.Subsection1.4
beginsa discussionof Gaussianpurestates.The notion of the “total noise” of a stateis defined,anda
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generalclassificationschemefor GPS,basedon their total noise,is introduced.Subsection1.5 reviews
briefly the definition of coherentstates[10,11]. Subsection1.6 introducesthe readerto “single-mode
squeezedstates” [12,13, 17] (or “two-photon coherentstates” [16]), the most generalkind of single-
mode GPS.Subsection1.7 definesthe most general kind of two-mode GPS.Subsection1.8 discusses
squeezingin the context of two-mode GPS, with emphasison a specialset of two-mode GPS— the
‘~two-modesqueezedstates” [18—21].The natural physical variables for characterizingsqueezingin
two-mode states— the “quadrature-phaseamplitudes” [18—211— are motivated and defined briefly.
Subsection1.9 providesa brief outline of the remainderof the paper.

1.1. Introduction

Associatedwith any oscillatoris a real, positive,constantfrequency11. The quantummechanicalfree

Hamiltonianfor the oscillatoris

H0”~ f2a~a, f~= (1.la)

wherea andat areannihilationandcreationoperatorsfor themode([a, at] = 1). (Here andthroughout
thispaperI useunits with h c 1.)The expectationvalueof ata,the photon-numberoperatorfor the
mode, is the numberof photonsin the mode. The free Hamiltonianfor N oscillators is the sum of N
single-modefree Hamiltonians:

Hj~ ~ Q1a a1, f~= ~ * (1.ib)

The stationarystatesfor eachoscillator(eigenstatesof H0u)) are the numberstates n),

n) (n!)_1l2(a)t)*2~0). (1.2a)

Ho”~n)= nu2~n) (1.2b)

wherethe statevector 0) representsthe groundstate.Throughoutthispaperthestatevector 0), or the
term “vacuum state”,meansthe tensorproductof the groundstatesof N oscillators,for any N � 1.
The vacuumstate,unlike the othernumberstates,is an eigenstateof the annihilationoperatorsfor all
the modes.Its wavefunction is Gaussian,whereasthe wave functionsfor the othernumberstatesIn),
n � 1, arenot [221.

The forms of the interaction Hamiltonians that produce(or preserve)Gaussianpure statesare
derived in this paper by considering the most general single-modeand two-mode Gaussianwave
functions,in which all parametersarearbitrary,subjectto normalization.The wave functionsimply that
Gaussianpure statesareeigenstatesof certainkindsof linear combinationsof creationandannihilation
operators.Theselinear combinationsin turn determinethe generalform of the unitary operatorsthat
relateGaussianpurestatesto the vacuumstate,in the following way. Let themostgeneral(normalized)
N-modeGPSbeexpressedformally as thestatevectorUg~~O),whereUg~ exp[.jHgtN)tI is aunitary
operatorwith Hermitian (self-adjoint)generatorHg~.(Physically, Hg(N) representsa Hamiltonianand
thereforehasdimensionsof energy;t hasdimensionsof (energy)

1,or time, in unitswith h c= 1.) Since
thevacuumstateis aneigenstate(with zeroeigenvalue)of the annihilationoperatorsa

1, j = 1, 2,.. . , N, an
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N-mode GPS is an eigenstate(with zero eigenvalue)of the transformedannihilation operators
g1 Ug~ajUg”’~.The Gaussiannatureof the wave functionsimplies that the operatorsg~are linear
combinationsof annihilation and creation operatorsplus constants,which in turn implies that the
HermitiangeneratorHg(N) consistsonly of linear andbilinear combinationsof annihilationandcreation
operators.Thereare no further restrictionson the generatorHg~, SO H5~ consists,in general,of all
possibleHermitian linear andbilinear combinationsof annihilationandcreationoperators.

The unitary operatorsUg~ exp[—i(Hg~t)1that relateN-mode GPS to the vacuumstate factor
naturally into unitary operatorswhosegeneratorsare (Hermitian)linear combinationsof creation and
annihilationoperators,andunitary operatorswhosegeneratorsare(Hermitian)bilinearcombinationsof
creation and annihilation operators.There are N unitary operatorswhose generatorsare linear in
creationandannihilation operators,one for eachmode, and they are identical to eachotherin form.
They arecalled “displacementoperators”[101.In contrast,the unitary operatorswhosegeneratorsare
bilinear combinationsof creation and annihilationoperatorsdivide into four basictypes, which differ
fundamentallyfrom eachotherin both their physical and grouptheoreticalsignificance.In this paper
they are referredto as rotation,mixing, single-modesqueeze,and two-modesqueezeoperators.This
division reflects the underlyingstructureof the N(2N + 1)-dimensionalLie algebraassociatedwith all
bilinear combinationsof N creation and annihilation operators.These unitary operatorsand their
generatorsaredescribedbelow.

The proof (for N = 1 andN = 2) that the unitary operatorUg~,whosegeneratorHg(N) is a sum of
all linear and bilinear combinationsof creation and annihilationoperators,factorsinto a product of
displacement,rotation,mixing, and squeezeoperatorsis subsumedby more generalproofs given in
subsections2.3, 3.3, and appendixA. Thereeach term in the generatorsH5t

11 andH
5~

2~is allowed to
havean arbitrary time dependence(subjectto overall Hermiticity), andthe unitary evolution operator
U~(t),the solution to the Schrödingerequationi8~Ut”~(t)= H

5~(t)U~(t),U~(0)= 1, (N = 1, 2),
is shown to factor into a productof theseunitary operators.The Hermitianforms associatedwith the
displacement,rotation,mixing andsqueezeoperatorsthustake on a physical meaning,in addition to
their group theoretical roles. When allowed to take on time dependences,they becomethe Hamil-
toniansfor all the physicalprocessesthat produce(or preserve)Gaussianpure states.Theirproperties
arenow described.

1.2. InteractionHamiltonians

The interaction Hamiltoniansthat produceGaussianpure statesdivide naturally into two broad
categories:thosethat conservethe total number of photonsin the mode(s),and thosethat do not.
Thosethat conservetotal photonnumberleave thevacuumstateunchanged,andtheir effect on other
GPSis merelyto redistributethe photonsamongthe differentmodes.Of greaterinterestherearethose
interactionsthat do not conservethe total photonnumber,but that do preservethe Gaussiannatureof
a state.As statedabove,all interactionHamiltoniansthat produceor preserveGPS are polynomials
that are linear and/orquadraticin creationandannihilationoperators(i.e., in positionandmomentum
variables).Conversely,all such interactionHamiltonians describephysical processesthat produceor
preserveGaussianstates.Those that conservethe total photon numbermust consistof productsof
equal numbers of creation and annihilation operators.The requirement that they also preserve
Gaussiansimplies that theyhavethe (normally-ordered)forms

HR~(t)~~Hj1(t)ajtaj, fl~1=J1~, (1.3)
g, j = 1
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wherethe .l1~1(t)are arbitrary complex-valuedfunctionsof time t. In contrast,the Hamiltoniansthat
produceor preserveGPSbut do not conservethe total numberof photonshavethe forms

H1~(t)us iAj*(t)aj — iA1(t)a1
t, (1.4a)

H
2~(t)us ~ ~i~~(t)a~a1— ~i~(t)~ta~t, (1.4b)

1,1=1

whereA1(t) and ~1(t) [=~~(t)Iarearbitrary complex-valuedfunctionsof time.
The photonnumber-conservinginteractionsdefinedin eq. (1.3) divide naturally into two types.The

first is madeup of the termsfor which i = j; for eachmode i theseHamiltonianshavethe form

IIR~°(t)_—w~(t)a~~a1,w~(t)= w*(t) , (1.5)

which looks like the free Hamiltonian for the mode but with a time-dependentreal function (not
restrictedto positive values)in place of the frequency.These Hamiltoniansconservethe number of
photonsin eachmode;hencethey conservethe total energy,as well as the total numberof photons.
They are referredto in this paperas rotation Hamiltonians.Like the free Hamiltonian, they causea
time-dependentexchangeof kinetic and potential energywithin each mode, but unlike the free
Hamiltonian, the time dependenceneednot be harmonic.

The secondtype of photonnumber-conservinginteraction is madeup of the terms in eq. (1.3) for
which i � j. For eachpair of modes i andj, theseHamiltonianshavethe form

HR~J(t)usTI~J(t)a~
taJ+ H~(t)ajtat, i �j. (1.6)

Theseinteractionsconservethe total numberof photonsin eachpair of modes,but not the numberin
eachmodeseparately;i.e., the HamiltoniansHR~J(t)commutewith the sum,but not the difference,of
the photon-numberoperatorsfor the two modes.Physically,theydescribe“ideal” frequency-converting
interactions,in which a photonof frequency I1J ~ 11~and a “pump” photonof (or photonsof total)
frequency(l~— are destroyedsimultaneouslyto producea photonof frequency(1k, andvice-versa.
The interactionis “ideal” if the pump(s)can be assumedto haveanunlimited supply of photons,andso
be describedby a classicalfunction .l1~

1(t).
The interactionsdefinedin eq. (1.4), which do not conservephotonnumber,areof threetypes.The

first consistsof the linear HamiltoniansH~.°(t),eachof which describesthe interactionof an oscillator
with a classicalforce characterizedby a function A(t) (e.g., a classicalcurrent) [10,11]. Thesewill be
seento conservequantitiesthat describethe quantumnoise (uncertainties)associatedwith GPS.The
secondtypeof interactionconsistsof thosequadraticHamiltoniansH~(t)thatcoupletwo differentmodes
(i � J). For a pair of modesi, j theseHamiltonianshavethe form

H20(t) us i~*(t)a.~— i~(t)aj
tajt, i � j. (1.7)

Theseinteractionsconservethedifferencein the numberof photonsin the two modes,but not the total
number; i.e., the HamiltoniansH2u(t) commutewith the difference,but not the sum, of the photon-
numberoperatorsfor the two modes[23].Physically, theydescribe“ideal” nondegeneratetwo-photon
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interactions,in which two photonsof frequencies(2. and 12~aredestroyedsimultaneouslyto producea
pump photonof (or photonsof total) frequency(1~+ f2~,,and vice-versa.The simplestexampleof a
devicethat operatesby such aninteraction is a nondegenerateparametricamplifier [23—25],which uses
a single pump at frequency12, + f1~the two modes are called the signal and the idler. Another
exampleis a four-wavemixer [26,27], which usestwo pumps,the sum of whosefrequenciesis 11, + Q~.
The interactionis “ideal” if the pump(s)can bedescribedby a classicalfunction ~(t).

The third type of interaction that does not conserve photon number consistsof the quadratic
HamiltoniansH~.°(t)that involve single modes(i = J). For eachmodetheseHamiltonianshavethe form

H~1~(t)= ~i~*(t)a2— ~i~(t)at2. (1.8)

Physically,theseinteractionsdescribeideal degeneratetwo-photoninteractionsin which two photonsof
frequency12 from the samemodeare destroyedsimultaneouslyto producea pump photon of (or
photons of total) frequency 2(2, and vice-versa. Such an interaction is used, for example, in a
degenerateparametricamplifier. For specificity throughoutthe remainderof this paper,wheneverI
needan exampleof a devicethat operatesby atwo-photoninteraction(degenerateor nondegenerate),
I shall havein mind the simplestexample— an ideal parametricamplifier.

1.3. Unitary operators

The unitary operatorsthat relateoneGPSto otherGPSwith the sametotal numberof photonsare
generatedby the photonnumber-conservingHermitian forms HR~.They are of two types: rotation
operators,which acton onemodeat atime, and“mixing” operators,which coupletwo modes.For each
modea rotationoperatorR(0)is definedby

R(0)usexp(—ioata), 0=0* (1.9)

[eq. (1.5)]. Formally, R(0) rotatesthe real andimaginary partsof a (i.e., positionandmomentum)into
eachother. For eachpair of modesi, J a mixing operatorT(q, x) is definedby

T(q, x) exp[q(e2~a
1

ta
1— e

2~a,ta
1)], i � j (1.lOa)

[eq. (1.6)], whereq andx arereal numbersdefinedon the intervals

0�q�~1T, —~ir<,k’�~1T. (1.lOb)

Formally, T(q,x) unitarily transformsa- anda1 into linear combinationsof eachother.
The unitary operatorsthat relate one GPS to other GPS with different total photonnumber are

generatedby the (non-photon-number-conserving)HermitianformsH1~”~andH2~°.Again, theyareof
two types: thosethat acton one modeat a time, andthosethat couple two modes.For eachmodea
displacementoperator[10,11] anda single-modesqueezeoperator[12,13, 17] aredefinedby

D(a,~s)usexp[~a
t_u*a], (1.11)

S
1(r, ço) us exp[~r(e

2~~a2— e2t~~at2)] (1.12a)
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[eqs.(1.4a),(1.8)]. Here~ais a complexnumber,andr and~, known as thesqueezefactorandsqueeze
angle,arereal numbersdefinedon the intervals

0~r<cx, —<ço~iT. (1.12b)

Formally, the displacementoperatoraddsa constant(~)to a, thus changingthe meanvalues of the
positionand momentumvariables.The single-modesqueezeoperatormixes a with at. Consequently,~it
inducesa correlationbetweenthe position andmomentumvariablesthat is independentof their mean
values.This correlationcan result, for example,in a narrowing of the coordinate-spacewave function,
with correspondingbroadeningof the momentum-spacewavefunction.

For eachpair of modes i, j atwo-modesqueezeoperator[18—21]S(r, p) is definedby

S(r, p) usexp[r(e2’~’a
1a1— e

21*ajtajt)] , i ~ j (1.13)

[eq. (1.7)], where r and ~ are definedas above[eq. (1.12b)].The two-modesqueezeoperatormixes a-
with a, and a

1 with a1t. Consequently,it inducescorrelationsbetweenthe positionsandmomentaof
the two modes(but not of eachmode, as the single-modesqueezeoperatorwould do); i.e., it causesa,
anda1 to becomecorrelated.

1.4. Gaussianpurestates(GPS)

Turn now from discussionof the interactionHamiltonians and unitary operatorsassociatedwith
GPS to the statesthemselves.Although it is useful to classify the interactionHamiltoniansandunitary
operatorsaccordingto whethertheyconservethe total numberof photons,it is not sousefulto classify
the statesaccordingto their total numberof photons.More usefulfor classifyingGPS is a quantity that
ignoresthe meanexcitation of eachmode ((a1), j = 1, 2, . . . , N) and focusesexclusively on the total
(second-moment)noiseassociatedwith the state.The total noiseof asingle-modeGPSis definedas the
mean-squareuncertaintyin a, thesum(hencetheadjective“total”) of thesquareduncertainties(variances)
in thereal andimaginarypartsof a. The minimumtotal noiseallowedby quantummechanics(i.e.,by the
commutator[a, at] = 1) for eachmodeis onehalfquantum(“zero-pointnoise”).Thisminimumisrealized
if andonly if the stateis an eigenstateof the annihilationoperatorfor thatmode. Thetotal noiseof an
N-modeGPSis definedasthesumof thecontributionsfrom (“total noises”of) eachmode.Thetotalnoise
of aGPScan bethoughtof asthenoisecontentof thestatein units of photonnumber;it is thenumberof
photons,includingahalf quantumfrom eachmodedueto zero-pointnoise,thatwouldbeleft in thestateif
themeanexcitationswere removed.Thetotalnoiseof astateis amorefundamentalquantity thanthetotal
numberof photons.It is conservedif thetotal numberof photonsis conserved,buttheconverseis nottrue.
[Forexample,aclassicalforceinteractingwith anoscillator(s)changesthetotalnumberof photons,but not
the total noise;seesubsection2.1.3.]

When consideringtwo or more modesoneshould note the distinction betweenthe total noise and
anotherquantity, the total noise energy.The total noise energyof a GPS is the noise content of the
statein units of energy;it is theenergy,including zero-pointenergy,that wouldbeleft in the stateif the
meanexcitationswere removed.For a single modethe distinctionis not important,sincethe total noise
energyis equalto the productof thetotal noise,andthe mode’sfrequency.But for two or moremodes
with different frequencies,the total noiseand the total noiseenergyneednot be proportionalto each
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other. (They areproportionalto eachotheronly when the total noisesof all the modesareidentical.)
Just as photon numberis a more convenientquantity than energyfor classifying the potentialsthat
produceGPS,so total noise is a more convenientquantity than total noiseenergyfor classifyingGPS.

It is shown below that all linear interactionHamiltoniansH1~(t),as well as all photonnumber-
conservinginteraction HamiltoniansHR~(t),conservethe total noise of an N-mode state.Further,
thesearethe only interactionHamiltoniansthat conserveboth the total noiseandthe Gaussiannature
of a state.This means that statesunitarily relatedto eachother by productsof rotation,mixing, or
displacementoperatorsall havethe sametotal noise.Conversely,all GPSwith the sametotal noiseare
relatedto eachotherby (productsof) rotation,mixing, anddisplacementoperators.Only the quadratic,
non-photon-number-conservingpotentialsH2~”

1(t)can changethe total noise of a state.There are,
therefore,two broadclassesof GPS.The first classconsistsof all statesunitarily relatedto the vacuum
stateby productsof displacement,rotation,and mixing operators.Thesestateshavea total noiseequal
to that of the vacuumstate,the minimumallowed by quantummechanics(~N,for an N-modestate).
Put anotherway, the first class consistsof all (normalized)eigenstatesof annihilationoperators.The
secondclassconsistsof all statesunitarily relatedto statesin the first class by productsof single-mode
and/or two-modesqueezeoperators.The total noiseof thesestatesis necessarilygreaterthan that of
the vacuumstate.

1.5. Coherentstates

The single-modeGPSproducedwhen anoscillatorin its ground stateis actedon by a classicalforce,
i.e., subjectedto the linear interaction Hamiltonian H

1~°(t),is called a single-modecoherentstate
[10,11]. Formally, a single-modecoherentstate,symbolizedby the statevector J.u)~Oh,is definedas that
stateunitarily relatedto the vacuumstateby the single-modedisplacementoperator,

us D(a,p)~0). (1.14)

It is an eigenstateof the annihilationoperatora with eigenvalue~i. An N-modecoherentstateis simply
a tensorproduct of N single-modecoherentstates.For example, a two-modecoherentstate,sym-
bolizedby the statevector ~)~oh (or /L±, ~ is definedby

!/.L)COh us p~÷,/.L_)C0h us

usD(a+, i~±)D(a_,is_)j0) us D(a, /L)jO) (1.15)

(the two modesarelabeledhereandhenceforthby “+“ and “—“). It is an eigenstateof the annihilation
operatorsa+ anda for thetwo modes,with eigenvalues~÷ and~, respectively.All normalizedN-mode
statesthat are eigenstatesof the annihilationoperatorsfor their modescan be describedas N-mode
coherentstates.That is, all statesunitarily relatedtoacoherentstatebyproductsof rotation,displacement,
and mixing operatorscan be describedas anothercoherentstate,with different eigenvalues.Glauber
[10,11] andothers[23,28—32]beginning in theearly1960shaveusedcoherentstatesto build apowerful
descriptionof theelectromagneticfield. Todaythesestatesareattheheartof quantumoptics,providingthe
basis for a sophisticatedtheory of the laser,for example.
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1.6. Single-modesqueezedstates

For a singlemode,thereis only oneinteractionHamiltonian,H2~°(t),that canproducea GPSwhose
total noise differs from (i.e., is greaterthan) that of a coherentstate.The state producedwhen an
oscillator in a coherentstateis subjectedto an interactiondescribedby H2”~(t)is calleda “single-mode
squeezedstate” [12,13, 16, 17] (SMSS). Formally, a SMSS,symbolizedby the statevector I~a)(r, ~ is
defined as that stateunitarily related to the single-modecoherentstateI~)coh by the single-mode
squeezeoperator,

p’**)(r,e)us S1(r, ~)I~~)coh. (1.16)

The SMSS /i,~)(T ~ is an eigenstateof the “single-modesqueezedannihilationoperator” [18—20]

a(r, (p) us S1(r, p)aSit(r,~), (1.17)

with complex eigenvalue ~. Any state unitarily related to the SMSS /-~)(r,~) by products of
single-moderotation,displacement,andsqueezeoperatorscan beexpressedas anotherSMSS I/2’**)(r’ ~p’)
(multiplied by an unobservableoverall phasefactor), with differentsqueezefactor, squeezeangle, and
eigenvalue.Any unitary operator U whosegeneratoris a linear combinationH5

t1~of the Hermitian
forms HR~’~,H

1t
11, and H

2~
11(or, more generally, the solution U(t) to the Schrodingerequation

i8~U(t) Hgt1~(t)U(t),U(0) us 1)canbewritten astheproductof asingle-moderotation,displacementand
squeezeoperator,andanoverallphasefactor(seesubsection2.3 andappendixA). SincetheseHermitian
forms, or time-dependentHamiltonians,describeall physicalprocessesthat producesingle-modeGPS
(provedin subsection2.2,by consideringthemostgeneralsingle-modeGaussianwavefunctions),theSMSS
I~s~)(~~)of eq. (1.16), with r and ~ defined over the ranges (1.12b), representsthe most general
(normalized)single-modeGPS.

Single-modesqueezedstateswere introducedindependentlyby Stoler [12] (“minimum-uncertainty
packets”)andLu [13](“new coherentstates”).They havebeendiscussedin detailby Yuen[16] in the
context of quantumopticsunder the name“two-photon coherentstates”or “TCS”. Their properties
and possible application to back-actionevading techniques[4] for gravitational-wavedetectionwere
first consideredby Hollenhorst[17],who coinedthe adjective“squeezed”.For morerecentdiscussions
see,e.g., refs. [5] and [6]. Single-modesqueezedstates,describedin the contextof “generalizations”of
coherentstates,havealso beendiscussedfrom group theoreticalviewpoints by Barut and Girardello
[14], Perelomov[15], Milburn [33], andothers[34].The propertiesof single-modesqueezedstatesare
summarizedbriefly hereandbelow in subsections2.1.5 and2.2.

Recall that thetotal noiseof asingle-modeGPSis thesum of the variancesof thereal andimaginary
parts(mean-squareuncertainty)of theannihilationoperatora,or,equivalently,of e~a,where5 is anyreal
number.Thetotalnoiseof asingle-modecoherentstateis equalto ~, thesmallestvalueallowedbyquantum
mechanics(thehalf quantumof zero-pointnoise).This impliesthat,for all choicesof 3, thetwo variances
areequalto eachother,andtheir productis equalto theminimumvalueallowedby quantummechanics.
Contrastthiswith single-modesqueezedstates.Forcertainrangesof thesqueezeangle~ (or, equivalently,
for thoseconjugateobservablesdefinedbycertainrangesof 5), oneof thevariancesissmallerthanit would
bein acoherentstate.Theothervarianceisgreaterthanit wouldbein acoherentstate,sincethetotalnoise
of a SMSS is greater,but this doesnot alter the potentialpracticaladvantagesofferedby the reduced
uncertaintyin theoneobservable.Theseadvantagesaretheimpetusfor thecurrentexperimentaleffort to
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producesqueezedstates[35—37];applicationshavebeenproposedin low-noiseopticalcommunications
[1,2] andhigh-precisioninterferometricexperiments[38—40],for example.For a single-modesqueezed
statethevarianceof thereal partof e~*ais minimizedandis afactore2~smallerthanits coherent-state
value, while the varianceof the imaginarypart of e1*a is maximizedand is a factor e2r largerthanits
coherent-statevalue.Theproductof thesevariancesisequalto its minimumallowedvalue,asin acoherent
state.

The importantparameterof a squeezedstateis its squeezefactor r, not its squeezeanglecc~.There
are a number of equivalent ways to see this. First, as conjugate observablesthe real and
imaginarypartsof a deserveno specialstatusrelativeto the real andimaginarypartsof e~a.In actual
experimentsone would tune the apparatusto respondto whicheverobservablehas the smallest
uncertainty.Second,as the SMSS /.‘a)(r,,,~) evolvesfreely, its squeezeanglechanges,but its squeeze
factor r does not. The uncertaintiesoscillatebetweenthe conjugateobservables(as does the energy
betweenpotentialand kinetic), but the total noise, which dependsonly on r, is constant.Evenif an
oscillator in a SMSS is actedon by a classicalforce (i.e., multiplied by a displacementoperator), its
squeezefactorremainsconstant,andonlyits squeezeangleandeigenvalue(aswellasitscomplexamplitude
(a)) change.If, however,anoscillatorin aSMSSis subjectedto anew degeneratetwo-photoninteraction
[Hf’1(t)] — i.e., multiplied by anothersingle-modesqueezeoperator— it will go into anotherSMSS,with
different squeezefactor, squeezeangle,andeigenvalue.

1.7. Two-modeGaussianpure states

For two modes,therearethreeinteractionHamiltoniansin H
2~

21(t)that can producea GPSwhose
total noise is greaterthan that of a coherentstate. Two of these are the degeneratetwo-photon
interaction Hamiltonians H

2”~(t)of eq. (1.8), one for each mode. The third is the nondegenerate
two-photoninteractionHamiltonianH2÷_(t)definedin eq. (1.7).The mostgeneralkind of (normalized)
two-modeGPS is producedwhen two oscillators,each in a coherentstate,are exposedto all threeof
thesequadraticinteractionHamiltonians.Formally, this state,symbolizedby the statevectorJ~~)(or
I /Lg+’ /1g.)), is relatedto a two-modecoherentstateby a productof the threesqueezeoperators:

us S1±(r+,ç~±)S1_(r_,~_)S(r,~)I/Lg)cohus Sj/25)coh . (1.18)

It is an eigenstateof the transformedannihilationoperatorsg±usSa±S~,with complexeigenvalues~
The order of the three squeezeoperatorsin the operatorS of eq. (1.18) has been chosen for
convenienceonly. All statesunitarily relatedto the GPS ~) of eq. (1.18) by a productof rotation,
displacement,mixing, and squeezeoperatorscan be expressedas another two-mode GPS ~i’~)

(multiplied by an unobservablephasefactor), with newvaluesfor r~,r, ~ ~, ~ and/.t5_. Any unitary
operatorUus exp[—iHg~

21t]whosegeneratorHg~2~is a linear combinationof the Hermitianforms HRt2~,

H
1

t2~,and H
2

t2~can be written as the product (in any order) of two single-mode rotation and
displacementoperators,a mixing operator,an operatorlike S, andan overallphasefactor (seesubsection
3.3 andappendixA). SincetheseHermitianforms,or time-dependentHamiltonians,describeall physical
processesthat producetwo-mode GPS (proved in subsection3.3, by consideringthe most general
two-modeGaussianwave function), the state fpg) definedby eq. (1.18) representsthe most general
normalizedtwo-modeGPS.

When two oscillators, each in a coherentstate, are subjectedonly to degeneratetwo-photon
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interactions [H2~°(t)],the resulting two-mode state is simply a tensorproduct of two single-mode
squeezedstates (no correlationsbetween the modes). If, however, they are subjectedonly to a
nondegeneratetwo-photoninteraction [H2+_(t)],the resulting state is called a “two-mode squeezed
state” [18—21](TMSS). Formally, a TMSS, symbolizedby the statevector II.~)(r,~, is definedas that
stateunitarily relatedto the two-modecoherentstate Fi**)co~by the two-modesqueezeoperator,

us Ip~±,P~**—)(r,~p)us S(r, ~)Ip~)~05. (1.19)

The TMSS ~ ~ is an eigenstateof the “two-mode squeezedannihilationoperators”[18—20]

a~(r,~.p)us S(r, q’)a±S
t(r,p). (1.20)

with complex eigenvaluesiaa±.The propertiesand importanceof two-modesqueezedstatesin the
context of quantumopticsare the subjectof a recentseriesof papersby Cavesandme [19,201. They
are discussedfurther in subsection1.8below andin section3.

How might oneproducelight in thegeneraltwo-modeGPS ~) of eq. (1.18)?The simplestanswerfor
purposeof illustration is to usethreeparametricamplifiers.Onecouldfirst shinecoherent-statelight on a
nonlinearmediumpumpedat frequency212 thatis phase-matchedout (at least)to frequencies12±s; this
producesthedesired“broadbandsqueezing”.Next, thislight wouldbeusedasinput to anothernonlinear
medium(s)pumpedat frequencies2(12 + E) and2(12 — s), with negligiblephasematchingbetweenthetwo
frequencies.This producesthe desiredadditionaldegeneratesqueezingat the two sidebandfrequencies.

1.8. Two-modesqueezedstates

The two-mode squeezedstates(1.19) are the natural two-mode analogsof single-modesqueezed
states[eq. (1.16)].Formally, this is becausetheyareunitarily relatedto two-modecoherentstatesin the
samefunctionalway that single-modesqueezedstatesarerelatedto single-modecoherentstates.This is
a consequenceof thefact that the threeoperatorsa~a, a_ta±t,and (a+a÷t+ a_a_t)symhavethe same
commutatoralgebra[that of the noncompact,pseudo-unitaryLie groupSU(1,1)] as the operators~a2,
~at2, and(aat)sym(seesubsections2.3, 3.1.5b,c,and3.3) [15,41]. Physically,atwo-modesqueezedstate
can be producedin a parametricamplifier by using a singlepump whosephotonshaveenergy12..+ IL,
just as a single-modesqueezedstatecan be producedin the degeneratelimit of a parametricamplifier
by using a single pump with photonsof energy 211. Thus, a two-mode squeezedstate is produced
automatically in a degenerateparametricamplifier if one looks slightly away from degeneracy.In
contrast,production of the general two-mode GPS (1.18) would require three separateparametric
amplifiers— i.e., threedifferentpumps,with photonenergies212÷,21L, and11±+ u2.

Like asingle-modesqueezedstate,atwo-modesqueezedstateis astatein whichthevarianceof oneof
two conjugateobservablesissmallerthanit wouldbein acoherentstate.Forasingle-modesqueezedstate
the naturalconjugateobservablesarethe real andimaginary partsof a (or elSa).But what are theyfor
two-mode squeezedstates?Analysesof optical heterodyning[1,42], togetherwith the propertiesof
two-modesqueezedstates,indicatethat naturalchoicesfor theseobservablesarethe quadrature-phase
operatorsE

1 andE2 of theelectricfield E (or similarly definedquantitiesif theoscillatorsarenot modesof
the electromagneticfield). The following qualitative remarksgive a generalidea of the nature and
significanceof thequadraturephases.For furtherdiscussion,thereaderis referredto appendixD andrefs.
[1,2, 18—21] and [42-46].
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In opticalheterodyningan inputelectricfield E(t) E1(t)cos fit + E2(t)sin lit, composedof upperand
lower sidebandsof acarrierfrequency12, iscombinedat abeamsplitterwith astronglocal-oscillator(LO)
field atthecarrierfrequency;for illustrationherelet theLO field havetimedependencecos lit. Oneorboth
of the beam-splitteroutput ports is then monitored with a photodetector(s).The preferredmethod
monitors both output ports, with identical photodetectors,and coherently subtracts their outputs
(“balancedheterodyning”;seerefs.[45,461and[42]).Therelativestrengthof theLO field guaranteesthat
(i) the dominantcontributionto the output intensityis proportionalto the meanfield of the in-phase
quadraturephase,(E1) in this example,and (ii) the dominantcontribution to the noisein the out-
put intensityisproportionalto thenoisein (varianceof) thatquadraturephase.A reductionin thenoisein
onequadraturephaserelativetoitscoherent-statevalue(squeezing)is thereforemanifestedinheterodyning
asan improvedsignal-to-noiseratio.

Theupperandlower sidebandsof the input field consistof modeswith frequencies11 + e and11 —

respectively,where the “modulation frequencies”s take on all positive valuesin somebandwidthL~se
(0 ~ i~r~ 12). The quadraturephaseshaveno time dependenceat the carrierfrequency11; theycarry
only the time dependencesat frequenciesr. Thus, the signal observedat the output of a heterodyne
detectoris a modulationof the local-oscillatormeanfield, with modulationfrequenciesr. Typically, one
filters this signal to pick out the contributionfrom asingle modulationfrequencys, i.e., from onepair of
modes,with frequencies11 ±e.Thenoisepropertiesof thisfilteredoutputmodulationsignalthusreflectthe
noisepropertiesof a two-modestate.

Whenmeasuredin units of energy,the minimumcontributionthat two modeswith frequencies11±e
canmaketothetime-averagednoisein (varianceof) theelectricfield is thesumof theirindividualminimum
total noiseenergies,~(fl + e)+ ~(Q— E) = 12. Thisminimumis realizedonly if both modesare in coherent
states;togethertheycontributeazero-pointnoiseenergyof~11 to eachquadraturephase.As shownbelow,
the minimumcontributionthat two modesof frequencies12 ±r can maketo the time-averagednoisein
eitherquadraturephaseis ~r,muchsmallerthanthat realizedby a two-modecoherentstate[eqs.(1.22),
appendixD, or refs. [18—2011.For the time-averagednoisein onequadraturephaseto be smallerthanits
coherent-statevalueof ~12,thetwomodesmustbespeciallycorrelatedwitheachother,in thewayproduced
by a nondegeneratetwo-photoninteractionlike (1.7); that is, the two modesmustbe in a statewhose
unitaryrelationto atwo-modecoherentstateincludesatwo-modesqueezeoperatorS(r, ço). Thereduction
is greatestwhen the two modesarein a two-modesqueezedstate(seeappendixD).

The obviousadvantagesqueezingoffers is that one can transmit a signal at frequencies11±~ as
amplitudeor phasemodulationof acarrierwaveat frequency12 (modulationfrequency0� e ~ 11), and
haveatime-averaged(zero-point)noiseassociatedwith thatsignalthatis muchsmallerthanthezero-point
noises~(li ±e) thatwould accompanythesamesignalif it weresentdirectlyatthefrequencies11 ± r. The
quadrature-phasezero-point noise energy~1t~is very small, and with real photodetectorsessentially
unobservable.That it is in principle nonzero(for nonzeroe), however,is consistentwith what onemight
expectphysically; it saysthat thezero-pointnoiseof ~ associatedwith any signal transmitteddirectly at
frequencyr cannotbemadeto vanishby “disguising” the signal asamplitudeor phasemodulationof a
carrierwaveat frequencyli~

The propertiesof two-mode GPS can be described in terms of the annihilation and creation
operators(a±anda±t)of thetwomodes;thisis theapproachtakenin section3of thispaper.Alternatively,
they can be describedin terms of the “quadrature-phaseamplitudes” a1 and a2 for the two modes
[18-21]. The latter are dimensionlesscomplexoperators,proportional to the Fouriercomponentsat
frequencye of theelectric field quadraturephasesE1 andE2 (seeappendixD). They aredefinedas the
following linear combinationsof a÷anda_t:
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a1 us(2fl~~’
2[(fl+ c)”2a÷+ (11 — c)l~’2a_t1 (1.21a)

a
2us(2I2)’~

2[—i(Q+ c)”2a±+ i(12 — c)ut2a~t]. (1.21b)

In unitsof energy,thetime-averagednoisein (varianceof) thequadraturephaseE
1 (j = 1 or 2)atfrequency

e is proportionalto theproductof 12 andthemean-squareuncertaintyin a1 (thesumof thevariancesof its
real and imaginary parts). The quadrature-phasezero-pointnoise energy~s is a consequenceof the
commutationrelationsof the quadrature-phaseamplitudes:

[ai, ait] = [a2,a2t] = c/li ; [a1,a2t] = [ait, a2] = i ; [a1,a2] = 0 . (1.22)

Theseimply that the minimummean-squareuncertaintyin a3 is ~c/l2;it is realizedin a specialkind of
two-modesqueezedstate(a “squashedstate”, for whichc = ~cosh’li/c [19]).Theyalsoimply that the
minimumvaluefor theproductof thetotalnoisesin a1anda2is~ it is realizedby two-modecoherentstates
([19] and[20]).

For a two-modesqueezedstatethe only nonvanishingnoise momentsof a1 and a2 (momentsof
Aa1 us a1— (a1)andt~a2us a2— (a2)) arethosethatcontainequalnumbersof quadrature-phaseamplitudes
and their Hermitian conjugates,e.g., (~ai~a2t),(~ait~ai),etc. This hastwo importantconsequences:
First, all time-dependentnoise momentsof the quadraturephasesE1 and E2 vanish. Fieldswith this
property are said to have “time-stationaryquadrature-phase”(TSQP) noise [18—21].Second, the
descriptionof the propertiesof two-modesqueezedstatesis formally identical to that for single-mode
squeezedstates(seethe discussionsin subsections3.1.5b,cand3.3).

Statesthat do not exhibitTSQPnoise— e.g.,productsof two single-modesqueezedstates,or thegeneral
two-modeGPSIFi5) — alwayshaveamean-squareuncertaintyin a1 (henceatime-averagednoisein E) that
is greaterthanthe coherent-statevalue.However,suchstatescan exhibitsqueezingof anothersort, i.e.,
squeezingin apairof conjugateobservablesotherthanthequadraturephasesE1 andE2 [56].Theoperator
for themodulationsignalat theoutputof aheterodynedetector[thefrequencys componentof .E,(t), say]

has the form a11cosct + a12sin ct, where a11 (a12) is 21/2 times the real (imaginary) part of the
quadrature-phaseamplitudea1(seeappendixD). Foratwo-modesqueezedstatethevanishingof thenoise
moments((~a1)

2)meansthat thevariancesof theobservablesa
11anda12areequal.But for othertwo-mode

GPSthesevariancescan beunequal,with onesmallerthan its coherent-statevalue. Suchstatesexhibit
squeezingin a11 anda12— i.e., in thequadraturephasesof the (monochromatic)modulationsignal.Thereis
in principle no limit to this kind of squeezing:the varianceof the observablea11 or a12 can bearbitrarily
small. For a two-modecoherentstate,the variancesof a11 and a12 (in energyunits)are both ~l2; for a
two-modesqueezedstate,theyareagainequalandhencecan bemadeonly assmall as~c[seeeq. (D.7a)
below]. But for a productof two single-modesqueezedstateswith ~‘÷ = ~p.and r.. — r_ = c/Il [eq.(D.8)
below], the varianceof a11 or a12can be afactor (1 — c

21u22)”2exp[(r÷ + r_)] smallerthan~12,i.e., it
canbearbitrarilysmall.And,for atwo-modeGPSlike Fig) [eq.(1.18)]with ~‘÷ = = ~ andr±— r c/li,
thevarianceof eithera

31or a12canbestill smaller— afactor(1 — e
2/1l2)112exp[—(r±+ r_)] exp(—2r)smaller

than ~l2.This kind of squeezingcan be detectedby mixing the modulationsignal at the output of a
heterodynedetectorwith awavecos(ct+ 6).Theresultingzero-frequencyoutputisproportionalto (a

11) (if
6 = 0) or (a12) (if 6 = ~ir). (Formore detailssee appendixD.).

1.9. Outline of thispaper

Section2 of this paperis a review of single-modeGaussianpure states.Subsection2.1 looks at the
unitary operatorsassociatedwith single-modeGPS and reviews some of the propertiesof coherent
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statesandsingle-modesqueezedstates.Subsection2.2 considersthemostgeneralsingle-modeGaussian
wave function and from it shows that the most general single-modeGPS is a single-modesqueezed
state.Subsection2.3 usesa two-componentvectornotationto provide a compactandpowerful way to
expressthe propertiesof single-modeGPSandtheir associatedunitary operators.Section3 is adetailed
discussionof two-modeGaussianpure stateswhich parallelsclosely in structurebut is necessarilymore
complicatedthan that of section2.

Some useful details are relegatedto appendices.Appendix A outlines the procedureand gives
supportingdetails for writing the unitary evolution operatorassociatedwith the most general (time-
dependent)linear combinationof interactionHamiltoniansthat can producesingle-modeandtwo-mode
GPS as a productof squeeze,rotation,mixing, and displacementoperators.AppendixB calculatesthe
(amplitude-independent)phase factor in the coordinate-spacewave functions for single-modeand
two-modesqueezedstates,and suggestsits form for the most generaltwo-mode GPS. Appendix C
elaborateson a point made in subsection3.2 concerningthe criterion for two complex operators,
definedas linear combinationsof creationandannihilationoperators,to havea complete(or overcom-
plete) set of simultaneous,normalizableeigenstates.AppendixD givessomesupportingdetailsfor the
discussionin subsection1.8of the kindsof squeezingexhibitedby generaltwo-mode GPS.

2. Single-modeGaussianpure states

2.1. Introductionandreview

This section, composedof five subsections,serves both as an introduction to and a review of
single-modeGPS. Subsection2.1.1 defines dimensionlessposition andmomentumvariables,and the
second-order“noise moments”that characterizesingle-modeGPS.Subsections2.2.2—2.2.4look closely
at the unitary operators— rotation,displacement,and squeezeoperators— that relatesingle-modeGPS
to the vacuum state. Subsection2.2.5 derives the second-ordernoise moments of a single-mode
squeezedstate, and discussestwo special kinds of single-modestates: single-mode “minimum-un-
certaintystates”(MUS), andsingle-modestateswith “time-stationary” (TS), or “random-phase”,noise.

2.1.1. Notationand definitions
The quantum mechanical operators naturally associatedwith a harmonic oscillator are the

Schrodinger-picture(SP) annihilationoperatora and its adjoint at, the creationoperator.Equivalent
operatorsare the dimensionlessposition andmomentum~ and j3; these are Hermitian operators,
constantin the SP andrelatedto a andat by

us 21’2(a+ at), j3 us2112(—ia+ iat); (2.1.la)

aus21t2(~+i/3). (2.1.lb)

Theposition andmomentumareequalto 21/2 timesthe realandimaginary partsof a, respectively.The
creation and annihilationoperatorsand the dimensionlessposition andmomentumobey the standard
commutationrelations:

[a,at]=1, [~,/3]=i. (2.1.2)

The complexamplitudeof a single-modestate,alwaysdenotedin this paperby the symbol~a,is the
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expectationvalueof a; it is relatedto the meanpositionandmomentumx0 andPoby

us (a) = 2~1/2((1)+ i(13)) us 2~
112(x

0+ ip0) . (2.1.3)

Thenoisemomentsof the operatorsa andat or ~ andj3 providea usefulway to characterizestates
associatedwith harmonicoscillators.Noisemomentsof anyoperatorB aremomentsof L~Bus B — (B),
the operatorminus its mean. Note that an operatorz~Bis definedonly with referenceto a particular
state,which defines(B). All noisemomentsof aandat (or ~ andj3) for Gaussianstatesare expressible
in termsof the second-ordernoisemoments.Thereare threereal second-ordernoisemomentsof the
annihilationoperatora. Two of thesemakeup the complexnumber

((~a)2)us (a2) — (a)2= ((~at)2)* , (2.1.4a)

andthe third is the positivereal number

(J~aI
2)us(~a~at)sym ~(~a I~at+ z~at~a), (2.1.4b)

the mean-squareuncertainty in a (the subscript “sym” denotes a symmetrized product). These
second-ordernoisemomentsof a arerelatedto thethreerealsecond-ordernoisemomentsof I and/3 by

((~a)2)= ~(((~~2) — ((~p)2))+ i(L~.I~/3)sym, (2.1.5a)

(I~aI2)= 1(((~I)2) + ((~/3)2)) (2.1.5b)

[eqs.(2.1.1)]. The total (second-moment)noise of a single-modeGPS is the mean-squareuncertainty
(I~aI2),the sum of the variances(squareduncertainties)of the real and imaginarypartsof a.

The commutationrelations(2.1.2)enforcethe following lower limits on the productandsum of the
variancesof I andj3 [47]:

((M)2)((~j3)2)� ~ + (~24j3)~ym� ~, (2.1.6a)

i(((~e)2)+ ((~p)2))2= (I~aI2)2� ~ + I((~a)2)I2� ~. (2.1.6b)

Equalitieshold in the first of each of theseinequalitiesif and only if the state is an eigenstateof a
certainkind of linear combinationof I andj3 (or a and at)— i.e., if and only if the stateis a Gaussian
purestate(seesubsection2.2). Hence for a single-modeGPS only two of the threereal second-order
noise momentsare independent;i.e., there are two independentreal numbersassociatedwith the
second-ordernoisemoments.

2.1.2. Single-moderotation operator

Considernow the single-moderotationoperatorR(0), definedby

R(0)usexp(—iOata)= exp(~iO)exp[— ~i0(I2 + /32)] (2.1.7a)

[eq. (1.9)]. It satisfies
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R~(0)=Rt(0)=R(—0). (2.1.7b)

For an oscillator characterizedby frequency11, R(llt) is the evolution operatorassociatedwith the
free HamiltonianH

0w,

us l1a~a= ~l1(I2+ ~32 — 1), (2.1.8a)

exp(—iH0”~t)= R(llr). (2.1.8b)

The rotationoperatoracting on anynumbereigenstateIn) simply multiplies it by the phasefactore~”°
[eqs.(1.2)]; in particular,it leavesthe vacuumstateunchanged:

R(0)I0) = 10). (2.1.9)

The rotationoperatorunitarily transformstheannihilationoperatora into &°a— i.e., it rotatesI and
/3 into eachother:

R(0)aRt(0) e’°aus a(0), (2.1.lOa)

R(0)IR
t(0)= I cos0— /3 sin 0us 1(0), (2.1.lOb)

R(0)J3Rt(0)=Isin 0+j3cosOus/3(0). (2.1.lOc)

The unitarity of R(0) ensuresthat 1(0) and j3(O) are conjugateobservables,[1(0),j3(O)] = i. The
transformation(2.1.lOa)showsthat an eigenstateof a remainsan eigenstateof a whenoperatedon by
a rotationoperator,i.e., as it evolvesfreely.The rotationoperatorclearlypreservesthe total numberof
photonsin the mode,

Rt(0)ataR(0)= a~a (2.1.11)

(hencealso the total energy).The effect of the rotation operatoris merely to transferenergybetween
kinetic (/32) andpotential (12). It therefore alsopreservesthe total noise,

(Rt(0)IAaI2R(0))= (I~aI2), (2.1.12a)

its effect on a state being merely to redistribute the noise betweenthe position and momentum
variables,

(Rt(O)(i.~a)2R(0))= ([~a(—0)]2)= e218((z~a)2). (2.1.12b)

Notein eqs.(2.1.12)that theoperatorL~aon theleft-handsideof theequationsis i~ausa — (Rt(0)aR(0)),
whereason theright-handsideit is i~aus a — (a).A similar remarkholdsthroughoutthis paperwherever
the momentsor noise momentsof operatorsin a state ~P’)arecomparedwith those in a state U~~P).

Finally, note that the simple form of R(0) implies that theproductof an arbitrarynumberof rotation
operatorscan beexpressedtrivially as asingle rotationoperator,usingthe rule

R(0)R(0’)= R(0+ 0’). (2.1.13)
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2.1.3. Single-modedisplacementoperator
The single-modedisplacementoperator[10,11] is definedby

D(a, ~)usexp(~at— ,~*a) = exp[i(p01 — x0j3)] = exp(—~ipoxo)exp(ip0I)exp(—ix0j3) (2.1.14)

[eq.(1.11)]. It satisfiesthe following equalities:

D
1(a, ~ = Dt(a,~)= D(a,—u)= D(—a,ia). (2.1.15)

Propertiesof D(a, ~s)are discussedin refs. [10, 11, 31, 20]. Most important is the way it unitarily

transformsthe annihilationoperator:
D(a, ~e)aDt(a,~u)= a — ~ (2.1.16)

Theadditivenatureof this transformationimplies thatwhenthedisplacementoperatoractson a stateit
changesall momentsof a and at (e.g., the complexamplitude (a), and the photon number(ata)).
However,sincethe transformationmerelyaddsa complexnumberto a, the noisemomentsof aandat
are left unchanged.Thus, when the displacementoperatoracts on a state, it displacesthe wave
function, but doesnot modify its shape.In particular,an eigenstateof a remainsan eigenstateof a
when operatedon by a displacementoperator.Hence the single-modecoherentstateIp)~~h,definedas
D(a,~)actingon the vacuumstate[eq. (1.14)], is an eigenstateof a with eigenvalue~

Two otherpropertiesof the displacementoperatorare usefulhere.First, it is unitarily transformed
by the rotationoperatorin the following way:

R(0)D(a,~)Rt(0) = D[a(0), js] = D[a, ~a(—0)], (2.1.17a)

~a(0)use~°j.t (2.1.17b)

[eqs. (2.1.10), (2.1.14)]. This transformationshows that the form of the displacementoperatoris
invariant undera unitary transformationof a generatedby the rotationoperator:

D(a,~a)= D[a(0), ~(0)]. (2.1.18)

It also showsthat D(a,~) doesnot commutewith the rotationoperatorand hencedoesnot preserve
photonnumber.Second,the productof two displacementoperatorsis anotherdisplacementoperator,
multiplied by a phasefactor:

D(a, p~’)D(a,~) = exp[i Im( ,a~l*)]D(a,~ + ~ (2.1.19)

Theseproperties,like the transformations(2.1.lOa)and (2.1.16),showthat any eigenstateof a remains
an eigenstateof a whendisplacedand/orallowedto evolve freely. For example,as acoherentstate[eq.
(1.14)] evolvesfreely, it changesin the following way:

R(12t)I~)COh= I~(—flt))cohus Ie~’,L)COh. (2.1.20)

All single-modestatesthat are eigenstatesof a areunitarily relatedto the vacuumstateby products
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of rotation and displacementoperators.Conversely,all such statesare eigenstatesof a. Thesestates
comprisethe entire class of single-modestateswhose total noise is equalto that of the vacuumstate.
The specialpropertiesof the rotationoperator— that it preservesthe total numberof photons,that it
preservesthe total noise, and that it preservescoherentstates— are a consequenceof one essential
property: the unitary transformationit induceson a merelymultiplies a by a phasefactor; i.e., it never
mixes a with at. To find unitary operatorsthat do not conservethe total noiseand that generatenew
statesfrom coherentstates(stateswith a total noisegreaterthan that of the vacuumstate),one must
consideroperators— single-modesqueezeoperators— that mix a with at.
2.1.4. Single-modesqueezeoperator

Thesingle-modesqueezeoperator[12,13, 17] is definedby

S1(r, ~)us exp[~r(e
21~’a2— e2icat2)], (2.1.21a)

0�r<~°, —<~o�~r (2.1.21b)

[eqs.(1.12)]; it is denotedsimply by S
1 when lack of referenceto a particularr and ~ doesnot leadto

confusion.It satisfiesthe following equalities:

S1
1(r, p)= S

1
t(r, p)= S

1(—r,~)= S1(r, çt~+~ii-). (2.1.22)

Propertiesof S1(r, p) are discussedin refs. [17,19] and [20]. Most important is the way it unitarily
transformsthe annihilationoperator:

S1(r,~p)aSit(r,cc’) = a cosh r + a~e
2’~’sinh r us a(r, q’) (2.1.23a)

[eq. (1.17)]. A stateunitarily relatedto an eigenstateof a by a single-modesqueezeoperatoris an
eigenstateof the single-modesqueezedannihilationoperatora(r, ~)(denotedsimply by a whenlack of
referenceto r and ~ doesnot leadto confusion).Inverting eq. (2.1.23a)gives a in termsof a and at:

a = S
1t(r, q~)a(r,p)S1(r,~)= acosh r — at e

2’~’sinh r. (2.1.23b)

The unitarity of S
1 ensuresthat [a, at] = [a, at] = 1

The transformation(2.1.23a)tells one that when the squeezeoperatoractson a stateit changesthe
noise momentsof a and at. That is, it modifies the shapeof the wave function (and, if the mean
position or momentumare nonzero, displacesit as well). In particular,it preservesneither the total
numberof photonsnor the total noiseof a state,

(SitataSi)= sinh
2 r + cosh2r(ata)— sinh2r Re(e2”(a2)), (2.1.24a)

(SitJz~aI2Si)= cosh2r~aI2)— sinh 2r Re(e21~((z~a)2)). (2.1.24b)

Equation(2.1.24b)showsexplicitly that any statewhoseunitary relationto the vacuumstate(or to any
eigenstateof a) includes a single-modesqueezeoperatorhasa total noise greaterthan that of the
vacuumstate.

A few other propertiesof the single-modesqueezeoperatorare useful here. First, it is unitarily
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transformedby the rotationoperatorin the following way:

R(0)S1(r,p)R
t(0)= S

1(r,~ — 0) (2.1.25)

[eqs.(2.1.lOa), (2.1.21)].That S1(r, cc’) doesnot commutewith the rotationoperatorrevealswhy it does
not preservephotonnumber[eq. (2.1.24a)].

Second,it unitarily transformsthe displacementoperatorin the following way:

S1t(r,q~)D(a,~s)S1(r,‘p) = D(a, ~ (2.1.26)

us ~ cosh r+ 1a~e
21* sinh r (2.1.27)

[eqs. (2.1.14), (2.1.23a)].This relation reflects the fact that the form of the displacementoperatoris
invariant under unitary transformationsof a that are linear in a and at (and that do not add to a a
constant).Such unitary transformationsare generatedonly by (productsof) rotation andsingle-mode
squeezeoperators.The invarianceunder rotations was noted in eq. (2.1.18). The invarianceunder
transformationsgeneratedby the single-modesqueezeoperatorsaysthat

D(a, ~)= D(a, /~a). (2.1.28)

This equality implies that the SMSS I~t~,)(T.~),defined by eq. (1.16) as the squeezeoperatorS
1(r, ~)

actingon the coherentstateLaa)coh, can aswell bedefinedas the displacementoperatorD(a, ~)acting
on the squeezedvacuum:

~ S1(r, cc’)I1u~)COh= D(a,~s)S1(r,~)l0). (2.1.29)

The complexnumber~ais equalto (a), the state’scomplexamplitude.It is relatedto the eigenvalue,a~.
by

= p~coshr_,2,~*e
21* sinh r (2.1.30)

[eq. (2.1.23b)]. With this definition one can easily verify the statementmadein the Introduction:any
stateunitarily relatedto the SMSS i~)(r, ~) by aproductof rotationanddisplacementoperatorsis equal
to anotherSMSS (multiplied by an unobservableoverall phasefactor) with the samesqueezefactor r,
but with different squeezeangleandeigenvalue.For example,

R(0)D(a,/t’)I/J~)(r*‘) = e m(i~l*)D(a~)S
1(r,~ — 0)~0)

— ilm(p~~*) — \
— e

use
t0(/~+ ia’) (2.1.31)

[eqs.(2.1.17), (2.1.19), (2.1.25)].
Finally, the productof two different single-modesqueezeoperatorsis anothersingle-modesqueeze

operator,multiplied by a phasefactorand a rotationoperator[seeeqs. (2.3.16)and appendixB of ref.
[20]]. For the caseç = cc” the relation simplifies to

S
1(r,co)S1(r’,ço)=S1(r+r’,co). (2.1.32)
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It is provedin the nextsection,by consideringthe mostgeneralsingle-modeGaussianwave function,
that the Hermitian generatorHg~1~of the unitary operator U

5
t1~usexp[—iHgt°t] that relatesa single-

modeGPSto the vacuumstateis a sumof linear andbilinearcombinationsof a andat. In otherwords,
the mostgeneralsingle-modeGPSis producedwhen aharmonicoscillatorin its groundstateis exposed
to the interactionHamiltoniansHR~°(t),H

1”~(t),andHf’~(t)describedin the Introduction [eqs.(1.3)
and(1.4)]. The unitary operatorU5~

11factorsinto a productof single-modedisplacement,squeeze,and
rotation operators(in any order), and an overall phasefactor (proved in subsection2.3 and appendix
A). The propertiesdescribed in this subsectionensure that any product of single-mode rotation,
displacement,andsqueezeoperatorscan be expressedas the productof a displacementoperatoranda
single-modesqueezeoperator(in eitherorder), multiplied on the right by a rotation operator(and an
overall phasefactor). Since therotation operatorhasno effecton the vacuumstate,this showsthat the
most general single-modeGPS can be describedas a single-modesqueezedstate, defined by eq.
(2.1.29).

2.1.5. Single-modeGPSand minimum-uncertaintystates(MUS)
The second-ordernoisemomentsfor a single-modecoherentstatefollow directly from the fact that it

is an eigenstateof the annihilationoperatora:

((~a)2)= (~I ~/3)sym= 0, (2.1.33a)

(I~ai2)= ((M)2) = (z~j3)2)= ~. (2.1.33b)

A coherentstate has the minimum total noise allowed by quantummechanics[eq. (2.1.6b)]. The
second-ordernoise momentsfor the mostgeneralsingle-modeGPS,a single-modesqueezedstate,can
beobtainedfrom the transformation(2.1.23a)andthosefor a coherentstate,or from eqs. (2.2.32)and
(2.2.35)below. For the SMSS Ip~)tr,c

1[eq.(2.1.29)] theyare

((~a)
2)= —~e2~sinh2r, (2.1.34a)

(I~aI2)= ~cosh2r; (2.1.34b)

= ~(cosh2r — sinh 2r cos2çc’), (2.1.35a)

((~/3)2)= ~(cosh2r+ sinh 2r cos2w), (2.1.35b)

(~I~J3)sym = —~sinh2r sin2~. (2.1.35c)

Much of the interestin single-modeGPS has centeredaroundthe so-called“minimum-uncertainty
states”[12] (MUS)—statesthat minimize the productof the uncertaintiesin I andj3:

((M)2)((~j3)2)= ~ (MUS) (2.1.36)

[eq. (2.1.6a)].Theseare (single-mode)GPSthat satisfy

Im((~a)2)= (&f ~j3)sym = 0 (2.1.37)
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[eqs. (2.1.5)]. The condition (2.1.36) implies that there is only one independentreal parameter
associatedwith the second-ordernoisemomentsof a single-modeMUS. Comparisonwith eqs. (2.1.34)
or (2.1.35)showsthat the set of single-modeMUS consistsof single-modesqueezedstateswith ~ = 0, a
set which includes all coherentstates(r = 0). It is shown below [seeeqs. (2.2.5) or (2.2.6)] that a
single-modestate is a MUS if and only if it is an eigenstateof a linear combination I + iy

1’/3,

Yi = y~> 0. A single-modesqueezedstatewith ~ = 0 satisfies this condition with Yi = e
2r. By com-

parison, a single-modestate is a Gaussianpure state if and only if it is an eigenstateof a linear
combinationI + iy~/3, Re(y)>0 (see section2.2). All statesunitarily related to MUS by a rotation
operatorR(0)areeigenstatesof just such a generallinear combination:

R(0)(I+iy71j13)Rt(0)=I(0)+iy71/3(0) ce I+iy1/3, Re(y)>0,

whereIm(y) is independentof Re(y) and, in general,nonzero[Im(y) = 0 if and only if Yi = 1, i.e., a
rotatedcoherentstate is still a coherentstate]. Conversely,all statesthat are eigenstatesof a linear
combination I + iy1

13, Re(y)>0 (i.e., all single-mode GPS) are related to single-modeMUS by
rotation operators.Thus,by extendingthe definition (2.2.36)of single-modeMUS to include all states
relatedto MUS by the rotation operatorR(0), one obtainsall single-modeGPS.Another way to see
this is to notethat the condition (2.2.37)can alwaysbe satisfiedfor somerotatedannihilationoperator
a(0)us R(0)aRt(0)= e

10a [eq. (2.1.lOa)], with 0 chosenso that Im([z~a(0)]2)= 0. For example, the
SMSS~ is a MUS for the rotatedconjugatevariablesI(—~)andj3(—~):

([~I(_~’)]2)= ~e_2r, ([~/3(cc~)]2)= le2r (2.1.38a)

(M(q~)~j3(q’))sym = 0. (2.1.38b)

Another importantset of single-modestatesconsistsof thosethat have“random-phasenoise”, i.e.,
whose noise moments are invariant under rotations. States with random-phasenoise satisfy the
condition

((~a)”)=0, n=1,2,3 (2.1.39a)

For states(pure or mixed) with Gaussiannoisestatistics,this conditionreducesto ((~a)2)= 0, which is
equivalentto the conditions

([~I(0)]2) = ([i~j3(0)]2)= ([z~I(0’)]2) for all 0, 0’ . (2.1.39b)

If all the modes present in an electric field have random-phasenoise, the field is said to have
“time-stationary” [18—21](TS) noise,becausethe condition (2.1.39a)implies that all time-dependent
noisemomentsof the electric field vanish.The intersectionbetweensingle-modeGaussianpurestates
andstateswith random-phasenoiseis the setof single-modecoherentstates[eqs.(2.1.33)].

2.2. Single-modeGaussianwavefunctions

This section beginswith the most generalsingle-modeGaussiancoordinate-spacewave function,
with all parametersarbitrary, subject to normalization.Subsection2.2.1 exploresthe relation of the
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parametersin the wave function to the noise propertiesof a single-modeGPS, and derives general
relations betweenthe different noise moments. Subsection2.2.2 examines the operatorsof which
single-modeGPS are eigenstates,thesebeingdeterminedby the wave function. It establishesthereby
the logical connectionbetweenthe wave function andthe formal definition of a single-modeGPS as a
unitary operatoracting on the vacuumstate.Subsection2.2.3 derivesthe unitary operatorthat relates
the most generalsingle-modeGPS to the vacuumstate,and showsthat the mostgeneralsingle-mode
GPS is a single-modesqueezedstate.The parametersin the wave function for a single-modesqueezed
stateare given explicitly in terms of the two real parametersof the single-modesqueezeoperator.
Subsection2.2.4 considersthe mostgeneralsingle-modeGaussianmomentum-spacewavefunction, and
relatesits parametersto thoseof the coordinate-spacewavefunction for a single-modesqueezedstate.

2.2.1. Thewavefunction
Considernow the coordinate-spacewave function for the most generalsingle-modeGaussianpure

state,symbolizedhereby the statevector ~g). The GPS I/i5) is an eigenstateof an operatorg, whose
generalform is discussedbelow,with complexeigenvalue~ [It will be seenbelow that g hasthe form
of the single-modesqueezedannihilationoperatorsa(r, ç).] The wave functionis written in termsof the
dimensionlessposition variable x, the eigenvalueof the Hermitian operator I. The most general
(normalized)single-modeGaussiancoordinate-spacewave function hasthe form

(xliig) = Ng exp(~i6~)exp(~ip0xo)exp(ipox)exp[—~y(x— x0)
2]. (2.2.1)

Here

xous(I)= f dXXI(XI/ig)I2, (2.2.2a)

Po us(j3) = —i f dX(/igIX)8x(Xj/ig), (2.2.213)

arethe meanvalues of the positionandmomentum,y is a complexnumberrelatedto the second-order
noise momentsof I and /3, 6~is an unobservablephaseangle (separatedout for reasonsdiscussed
below), and N~is a (real) normalization constantdeterminedby the condition (js

5 lug) = 1. The
subscript“x” on the phaseangle6~servesonly to distinguishS~from the phaseangleO~,which appears
in the momentum-spacewave function [eqs. (2.2.38)—(2.2.41)below]; 6~has no dependenceon x.
Normalizability dictatesthat

Re(y)us Yi >0, (2.2.3)

andthe normalizationconstant1V~is equalto

Ng = (IT/y1)

1”4. (2.2.4)

The most importantparameterin thewavefunction (2.2.1) is the complexnumbery. The form of the
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wave functiontells onethat-thestate /ig) is an eigenstateof the linearcombinationI + iy1j3, andhence
that y is relatedto the second-ordernoisemomentsof I and /3 by

— . ~((i~I ~/3)sym + ~i) — i((~j3)2)
YY1+1Y2 ~2 = .‘ .‘ ~.• (2.2.5a)

((z~x)) (~x~ —

The real andimaginary partsof y are thereforeequalto

1 HL~I~J3)sym

us Re(y)= 2((~I)2)’ Y2us Im(y) = ((M)2) (2.2.5b)

and the absolutesquareis

Ly12 = ((~,3)2)/((~I)2) (2.2.5c)

Inverting theseexpressionsgives the second-ordernoisemomentsof I and j3 in termsof y:

((/.~I)2)= (2yi)~ ((~/3)2)= [2 Re(y~)]~1= IyI2(2yiY1

(~I~/3)sym= (2y1)’y2. (2.2.6)

The normalizationconstantNg can thusbe rewritten as

N
5 = (ir/y1~

114= (2ir((~I)2))_h/4. (2.2.7)

That the state lu
5) is an eigenstateof I + iy

1
13 meansthat it is also an eigenstateof the operator

a + (~‘+ 1)
1(y— 1)a~.The second-order noise moments of a and at are thereforemore naturally

expressedin termsof the complexnumber

~y~l —((~a)~)(I~aI2)~ 228

- y+ 1 (I~aI2)+~- _((~at)2)~ (..)

Invertingtheseexpressionsgives the second-ordernoisemomentsof a in termsof bothF and y:

((z~a)2)= —(1 — 1F12)1 f = _(y* + l)(4y~)1(y— 1), (2.2.9a)

(I~aI2)= ~ + F12)(1 — 1F12y’ = (1 + yI2)(4yiY1 . (2.2.9b)

Note alsothat

1 Fl2 = 4yijy + 1I2 (2.2.10)

hencenormalizabilitydictatesthat Fl < 1.
From the aboverelationsone can see that only two of the threereal piecesof information in the
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second-ordernoisemomentsfor a single-modeGPSare independent,since

((AI)2)((A
13)

2)= ~+ (M AP)~ym= (Al A,ô)(A
13Al), (2.2.lla)

(IAal
2)2 = ~+ ((Aa)2)~ (2.2.llb)

[cf.eqs. (2.1.6)]. Theserelationsaremademoreobviousbelow [eqs.(2.2.31), (2.2.32)].
The remainingparameterin the wavefunction (2.2.1) is the phaseangleO~in generalit can be any

realnumber.Thephaseangle5~is unobservable,but for a statedefinedasa particularunitary operator
acting on the vacuum state it has a well-defined value, provided one assignsa phaseangle to the
vacuum-statewave function. The reasonthat the phasefactor exp(~iO~)separatesnaturally from the
restof the overall phasefactor in the wave function lies with the definition (2.1.14)of the single-mode
displacementoperator.That definition, togetherwith thecorrespondence/3 —~—i3~[eq. (2.1.2)], implies
that if one “displaces” any single-modepure state ~P),by operating on it with the single-mode
displacementoperatorD(a, is), the resulting wave function is related to the original wave function
(x I ~P)in the following way:

(xID(a, u)I !P) = exp(—~ipoxo)exp(ixp
0)(x— xol !P’). (2.2.12)

Formally, therefore,oneway to obtainan arbitrarysingle-modepurestate I ~ with complexamplitude
~ii is to operatewith the displacementoperatorD(a, ~a)on a stateI ~I’~)us U0j0) thathasthedesirednoise
propertiesbut haszerocomplexamplitude ((01 UotaUoJO)us 0):

us D(a, ,u)UolO). (2.2.13)

The property (2.1.16)of the displacementoperatorthenensuresthat JW’,~)hascomplexamplitude ~i,

~ (2.2.14)

Any normalizedsingle-modepure statewith complexamplitude ~i can be definedby an expression
like (2.2.13). The advantageof this definition is that the state’smeanvalues x0 andPo (or the complex
amplitude~a)are determinedsolely by the displacementoperatorD(a, ‘u), andits noisemomentsof a
and at are determinedsolely by the unitary operatorU0. Any normalizedsingle-modeGPS ~) with
complexamplitude~ can thereforebeformally definedby

l,u~)us D(a,~)U5I0). (2.2.15)

Note the following three propertiesof Lig: First, it is uniquely defined only up to (right-hand)
multiplicationby a rotationoperatorR(0)andan overall phasefactor. Second,sinceit definesthenoise
momentsof a andat (or I andj3) for the GPS ~g), it hasassociatedwith it two independentreal
parameters(over andabovethat of a rotationoperatorandphasefactor).Third, sincethe stateIu~)has
complexamplitude~a,the expectationvalue(OjUgtaUg~0)mustvanish.

The phasefactor exp(~iO~)in the wave function (x I ~g)is given, from eqs. (2.2.1)and (2.2.12),by

exp(~i5~)= (x = 01 U510)II(x = 0~(J~I0)I. (2.2.16)
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The phaseangle 8~has no dependenceon the complex amplitude ,a, provided Ug does not; any
dependenceof U on ji is artificial, however,in the sensethat it does not affect the state’s complex
amplitude(a). Consider,for illustration, the coherentstatel/i)coh us D(a,~)I0) [eq. (1.14)], for which the
operatorU5 is the identity operator.Equation(2.2.12)saysthat the wavefunction for the coherentstate

I /i)coh is relatedto the vacuum-statewave function (x 0) by

(x I /i)coh = exp(—~ip0x0)exp(ixp0)(x— 0), (2.2.17)

so thephaseangleO~for a coherent-statewavefunction is just equalto thephaseangle8~assignedto the

vacuum-statecoordinate-spacewave function;conventionally,O~is set equalto zero.

2.2.2. Operatorsof which single-modeGPSare eigenstates
The form of its wave function shows that a single-modeGPS Iu~)is an eigenstateof an operatorg

that is proportionalto the linear combinationsI + iy~/3or a+ Fat. The label /ig for the GPS I/ig) ~5

chosento be the eigenvalueof g. Thus,onecan write the following relations:

gI/ig) = /2g~/2g), (2.2.18a)

g I + i7’/3 c~ca + Fat, (2.2.1813)

~ X0 + ~y
1poc ~s+ F/i * (2.2.18c)

It is instructiveto considerthegeneralform for the operatorsg of whichthe single-modeGPS /ig) is an
eigenstate:

g = p~a+ p~atus p~(a+ Fat)

= p~,l+ ip~j3us p~,(I+ iy~j3). (2.2.19a)

Herep,,, p~,Pc, andp~arecomplexnumbers,relatedto eachotherby

p = 2-’~(~±ps), p~= 2”2(p~±ps). (2.2.19b)

The eigenvalueji~ is relatedto the complexamplitude ji andthe meanposition and momentumby
similar relations,

= Pc/i + ps/2* = PpXo + ipxpo. (2.2.20)

Inverting eqs.(2.2.19a,b)leadsto thefollowing expressionsfor aandthe complexamplitude~ in terms
of g andthe eigenvalue~

a = [g, gt]_l(p~g— p~gt) (2.2.21a)

us (a) = [g,gt]~l(p~~g— p~u~). (2.2.21b)
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Theserelationsimply the importantequality

D(a, his) = D(g, [g,gt]~l~g)~ (2.2.22)

The equality (2.2.22) enablesone to see explicitly how the form of the unitary operatorUg, which
definesa single-modeGPS I~g)through eq. (2.2.15), is determinedby the form of the operatorsg. To
see this, begin with an alternativedefinition for the GPS /ig). First, assumethat u5) is relatedto the
vacuumstateby someunitary operatorU:

pg) = (710). (2.2.23a)

It is then convenientto defineanotherunitary operatorUg by

Uus U5D(a, Ii~), (2.2.23b)

so that the state lu~)is equalto the operatorU5 actingon the coherentstate l/ig)coh,

li~Lg)= U5D(a,~g)lO)= Ugj/ig)coh. (2.2.24)

[Theequality (2.2.22)will be seento ensurethat the operatorUg definedhereis the sameas that in eq.
(2.2.15).] It is then consistentwith the eigenvalueequation(2.2.18a)that the operatorg be unitarily
relatedto the annihilationoperatora through theoperatorUg:

g= UgaUg
t. (2.2.25)

The form of Ug is thusdeterminedby the form of the operatorsg. The unitarity of Ug ensuresthat

[g gt] = [a, at] = 1. This, togetherwith the form (2.2.19a)of g, implies the equality
D(a, ~i) = D(g, u~) (2.2.26)

[eq. (2.2.22)],which in turn provesthe equivalenceof the definitions (2.2.15)and(2.2.24)for lug). Thus,
any single-modeGPS jj~)hasthe following two equivalentdefinitions:

j~g)= D(a, u)L1~!O)= UgD(a, /ig)IO) us Ygl/ig)coh. (2.2.27)

An equivalentline of reasoninghasbeen used by Stoler [12] in a discussionof single-mode MUS
(single-modesqueezedstateswith ~ = 0).

Return now to the general forms (2.2.19a) for the operatorsg of which single-modeGPS are
eigenstates.Two of the four real parametersin the expressions(2.2.19a)for g are determinedby the
wave function (x I jsg), which specifiesthe ratios

p~/p~us.y, ps/PcusF. (2.2.28)

[It will be seenthat theseparametersspecifythe squeezefactor r andsqueezeanglesc’.] The third real
parameterin g is partially determinedby the requirementthat g havea complete(or overcomplete)set
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of normalizableeigenstates,i.e., that thecommutator[g, gt] beapositiverealnumber(seeappendixC).
It is determinedcompletelyif onespecifiesthat g beunitarily relatedto the annihilationoperatora [eq.
(2.2.25)],which implies that

[ggt] = [a, atl = 1. (2.2.29)

The commutator[g,gt] can be written in thefollowing different ways,usingeqs. (2.2.5)and (2.2.8):

[g,gtl = 2 Re(px*pp)= 2lpXl2y1 = p~l2/((AI)2)

= 2Ip~l2Re(y1)= Ip~I2/((Ai5)2)

= Ip~l2— lp~I2= Ip~l2(1— Fl2) = Ip~l2((lAal2)+ 1)_i

= p~l2(lF~2— 1) = lp~I2((jAaJ2)— 1)—i

= p~p~F1(1— Fl2) = —p~p~((Aa)2)1 (2.2.30)

[eqs.(2.2.5)and (2.2.8)]. Thus,the condition that g be unitarily relatedto a [eq. (2.2.29)] implies that

Re(px*pp)= L lp~I2 I~~l2= 1 . (2.2.31)

The expressions(2.2.30) show that the operatorsg have normalizableeigenstates— i.e., [g gt] is a
positivereal number— if andonly if yi >0, or Fj < 1; this is equivalentto the conditionthat the wave
function (xj~

5)be normalizable[eq. (2.2.3)].This conditionalsorequiresthat the numbersp~,,p~,andp,,
be nonzero.The only remainingparameterin g is an overall multiplicative phasefactor. Multiplying g
by a phasefactore~is equivalentto multiplying Ug (on the right) by a rotation operatorR(0). The
definition (2.2.27) of Iu~)showsthat this freedom reflects the fact that a coherentstate remainsa
coherentstatewhenmultiplied by arotation operator[eq.(2.1.20)].

The expressions(2.2.30)for the commutator[g,gt] revealthe following simple relationsbetweenthe
second-ordernoisemomentsof a, at, I, andj3 andthe numbersp~,p..~,Pc, andp. that define operatorsg
unitarily relatedto a:

((Al)
2) = lp~I2, ((A

13)
2)= I~~I2~(Al A/3)sym = _Im(px*pp), (2.2.32a)

((Aa)2)= —p~’p~, (2.2.32b)

(lAaI2) = ~(Ip~I2+ lp~l2)= Ip~l2— = lp~I2+ ~ (2.2.32c)

[cf. eqs. (2.2.6) and (2.2.9)]. These expressionsmake obviousthe equalities (2.2.11) satisfied by the
second-ordernoisemoments.

2.2.3. Unitary relation ofsingle-modeGPSto the vacuumstate
The form of the unitary operator Ug in the definition (2.2.27) of the single-modeGPS /2g) is

determinedby the transformation(2.2.25)andthe form of g [eqs.(2.2.19a),(2.2.31)].Thelinearity and
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absenceof anyadditive constantsin the transformationimply that U5 = exp[—iH5”~t], whereH5”~is a
(Hermitian) linear combinationof the threeoperatorsata,a

2, and at2. That is, the generatorH
5~

1~of
Ug has the general form H

0~”+H2”~defined in the Introduction [eqs. (1.1)—(1.4)]. It is shown in
subsection2.3 andappendixA that the operatorUg can alwaysbewritten asa productof asingle-mode
squeezeoperatoranda single-moderotationoperator(andan unobservableoverall phasefactor). The
rotationoperatorcan beplacedeither to the right or left of the squeezeoperator,withoutchangingthe
generalform of Ug [eq. (2.1.25)]. When placed to the right of the squeezeoperator,it acts like the
identity operatoron thevacuumstateandhenceis inconsequential.Therotationoperatorcantherefore
be neglected in the general form for Ug. Hence the operator U5 that relates the most general
single-modeGPSto a single-modecoherentstateis a single-modesqueezeoperatorS1(r, p). The most
generalsingle-modeGPS is that statedefinedby eq. (2.2.27)with Ug us S1(r, ~); i.e., it is the SMSS

l~~)tr.g) usD(a, ~)S1(r,~)l0)= S1(r, ~‘P)I/~t~s)cob (2.2.33)

[eq.(1.16)]. A single-modeGPSis thuscompletelydefinedby its complexamplitude~aandthe valuesof
its two real parametersr and ~c.

The SMSS I/ia)(~~ is an eigenstateof the squeezedannihilationoperator

a(r, cc’) us S1(r, co)aSit(r,cc’) = a cosh r + at e
21~sinh r (2.2.34a)

= 2~’2(coshr+ e21~sinhr)I + i2~2(coshr— e2’~sinh r)j3 (2.2.34b)

[eq. (2.1.23a);cf. eq. (2.2.19a)]. The complexnumberspc,, p
5, F and p~,p~,y, which define the noise

momentsof a, at, I, andj3, arethereforerelatedto r and ~ by

uscosh r, p5us e
21~sinh r; p~us 2”2(coshr ±e21~sinh r); (2.2.35a)

F usps/pc = e2’~tanhr, y us pa/p = (coshr + e2~sinh r)/(cosh r — ~2i~ sinh r). (2.2.35b)

Thecomplexamplitude~i andthe eigenvalueia,, are relatedto eachotherby

~aus(a)= ~ coshr—~~e2~”sinh r, (2.2.36a)

1k. = ,a cosh r + ~i * ~2i~ sinh r (2.2.36b)

[eqs. (2.2.20) and (2.2.21b)]. The second-ordernoise momentsof a SMSS in terms of r and ~ are
obtainedby inserting the expressions(2.2.35)for p~,p

5, p,,, andPx into eqs. (2.2.32);theyweregiven in
eqs. (2.1.34)and (2.1.35).

The phase angle O~in the coordinate-spacewave function for the SMSS lu~)(~,~ can be obtained
from eq. (2.2.16). The calculationis describedin appendixB. The result is

1coshr — e21~sinh r~112 ( *\1/2
exp(~iO~)=‘ —2 us ~ ~2 (2.2.37)

Icosh r— e sinh r~
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2.2.4. Single-modemomentum-spaceGaussianwavefunction
To concludethis discussionof single-modeGaussianwave functions,considerbriefly themomentum-

spacewave function for a single-modeGaussianpure state,(p~~),obtainedby Fourier transforming
(xl u~)[eq. (2.2.1)]; herethe dimensionlessmomentumvariablep is the eigenvalueof the Hermitian
operatorj3. The momentum-spacewave function hasthe following form:

(plu5)us(2~Y
1/2J dxe~(xl~)

us ,~
5exp(—~iO~)exp(~ip0x0)exp(—ix0p)exp[—(p — p0)

2/2y], (2.2.38a)

wherethe (real)normalizationconstantM~is

= (irIyl2/y~) 1/4 = (2n~((A/3)2))~’4 (2.2.38b)

[cf. eqs. (2.2.1)and(2.2.7)]. The phaseangleO~,is relatedto the coordinate-spacephaseangle8~by

exp(iO~)= exp(-i3~)-~- = exp(—iO~) i((z~x~p)sym+~i) (2.2.39)
l~l I(A~p)sym+~‘l

For the single-modesqueezedstate I/ia)(r, ~ the phasefactorexp(—~i5~)is therefore

~. (coshr + e2~~sinh r)”2 (p~)~2exp(—~i8~)= Icosh r+ e21~sinh ri1’2 = I~~ft’2 (2.2.40)

The position andmomentumprobabilitieshavethe usualGaussianforms:

l(x I /i~)l2= (2ir((AI)2))~’2exp[—(x — xo)2/2((AI)2)] , (2.2.41a)

I u~)l2= (21T((A/3)2))112exp[—(p — po)2/2((Aj3)2)] . (2.2.41b)

2.3. Two-componentvectornotationfor single-modeGPS

This sectiondescribesa two-componentvectornotation that servesas the basis for an efficient and
powerful way of characterizingall single-modestates(pure or mixed) with Gaussiannoise statistics.
Subsection2.3.1 definesthe fundamentalvectorsandtwo-dimensionalmatrices.Subsection2.3.2writes
the unitary operatorsandtransformationsassociatedwith single-modeGPSin the vectornotation,and
usesthe vectornotationto derivemanyusefulpropertiesof thesingle-modedisplacement,rotation,and
squeezeoperators.Subsection2.3.3 discussesthe grouptheoreticalsignificancesof the transformation
matrices that arise from unitary transformationsby single-mode rotation and squeezeoperators.
Subsection2.3.4 defines two-dimensionalsecond-ordernoise matrices and discussessome of their
importantproperties.Subsection2.3.5 usesthe vectornotation to derive the unitary evolutionoperator
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associatedwith the most generalcombinationof interactionHamiltoniansthat can producea single-
mode GPS. This operatoris shown to be expressibleas the product of single-modedisplacement,
squeeze,androtationoperators.It is thusprovedrigorously that the mostgeneralsingle-modeGPSis a
single-modesqueezedstate.

2.3.1. Fundamentalvectorsand matrices
The previousdiscussionhasshown that the unitary operatorsthat relatesingle-modeGPS to the

vacuum state and to other single-mode GPS are rotation, displacement,and single-modesqueeze
operators.Since theseoperatorsinduce linear transformationson a andat (or I andj3), it is useful to
definethe two-componentoperatorcolumn vectors[29,16, 33,20]

Ia\ II\
a

5us~~ I5us(~)=Aa5, (2.3.la)
a p

A us 2112 (1. ~)= (A

t)1. (2.3.lb)

The expectationvalues of theseoperatorcolumn vectorsare column vectors whose componentsare
complexnumbers(for a

5),or real numbers(for l~):

.L~us(a~)=(~) ~us(j~)= (xe) = A~5. (2.3.2)

The adjointsof the operatorcolumn vectorsarethe row vectors

a~us(a
ta), l~us(I/3)=I~, (2.3.3)

wherea superscript“T” meanstranspose.The transposeof the adjoint of an operatorcolumn vector is

denotedby a superscript~
t

(a~)Tusa~=(~l), (i~)Tusi~= ~ (2.3.4)
a p

Similar definitions hold for column vectorsof complex numbers.Note that the productof a column
vector and a row vector, e.g., a

5a~,is a tensorproduct (i.e., a two-dimensionalmatrix), whereasthe
productof a row vectoranda columnvector,e.g.,aa5,is a scalarproduct(i.e., an operatoror number).

There arethreetwo-dimensionalmatrices,in addition to the identity matrix 1, that arisenaturally
with this vectornotation.They are the Pauli matricesO~,02, UI,

~1us(~ ~),U2us(. i) crsus( ~ (2.3.5a)

They satisfy

O~O~J Otjl+~EiIk~Tk, i,j,k= 1,2,3. (2.3.5b)
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It is useful to define rotatedversionsof cr1 andu2:

0 ~

us ~ cos2~— 02 sin 2~= (e_2i* 0 )~ (2.3.6a)

0 —ie
2’~

= u1 sin2~+ ~2 cos2~= (ie_2i~ 0 )~ (2.3.6b)

Note that [o~,cr~,...,,,
4]= [U1, cr2] = 2iu3.

The commutation relations for a, at and I, j3 are conveniently expressedby the Hermitian
commutatormatrices

[a5,a~]us a5a — (a~a~)
T= (73, (2.3.7a)

[Ii, i~]us l~i~—(jjT)T = Au
3A

t= ~ (2.3.713)

2.3.2. Unitary operatorsand transformations
The (single-mode)rotation,displacement,andsqueezeoperatorsareexpressedin vectornotationby

R(0)usexp[_i0ata] = exp(~i0)exp[—~i0aa
5], (2.3.8a)

D(a,/i)usexp[,ia
t_~*a]= exp[acr

3~5], (2.3.8b)

S1(r, p) usexp[~r(e
2’~a2— e2~at2)]= exp[—~ira~ug_,r,

4as]. (2.3.8c)

A unitary transformationby the displacementoperatoron the componentsof the column vectorsa5
or I~resultsin the addition of a constantcolumn vector:

D(a,~)a5Dt(a,~s)= a5 — ~ D(a, ~)l5Dt(a, js) = Is — (2.3.9)

[eq. (2.1.16)]. Unitary transformationsby rotation operatorsand squeezeoperatorsresult in matrix
transformationsof a5 and I~.An easy way to obtain thesetransformationmatrices is to note the
following generalrelation,for arbitrary two-dimensionalmatrix K, which follows from the commutator
matrix [a5,a~]= O~3.

[a~Ka5,a5] = K0a5, K0 us —o3(K+ u1K
Tui) = ~U3 Tr K + [K, ~ (2.3.lOa)

This implies that

exp(a~Ka
5)a5exp(—a~Ka5)= e”°a5. (2.3.lOb)

Thematrix transformationsinducedon the column vectorsa5 and1~by the rotationoperatorR(0) are
therefore
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R(0)a5R
t(0) (~~))= exp(iOU

3)a5usa(0) (2.3.lla)

R(0)I5R
t(0)= (~0)) = A exp(ioo’

3)A
t1

5= exp(—i0o-2)i5us 1(0); (2.3.llb)
p(

0)

e’° 0 cos0 —sin 0
exp(iOU

3) (0 e~°)’ exp(—i&r2) = (sin cos~) (2.3.llc)

[eqs.(2.1.10)].
The matrix transformationsinduced on the column vectors a3 and1~by the single-modesqueeze

operatorS1(r, sc’) are -

51(r, ~)a5S1
t(r,~)= (~‘~)= C~a

5us t~5(r,~), (2.3.12a)

sh r e
2’~sinh r

Cr us ( Co ) = coshrl + sinhrr~= exp(ro~,); (2.3.12b)
e ‘~‘sinh r cosh r

S
1(r,cc’)IsSi

t(r, c) = ACrc
1,AtIs, (2.3.13a)

icosh r + sinh r cos2~ sinh r sin2~
AC~Atus( .

\ sinh rsin2~ cosh r— sinh rcos2cc’

= exp[r(o-3 cos2~+ o-1 sin
2çc’)] (2.3.13b)

[eq. (2.3.113)].The Hermitianmatrix Cr,c hasthe following importantproperties:

Cr~, C...rq, Crg±,r,~2=U3Cr,gO~3; (2.3.14a)

icosh r sinhr’~~ / cosh r i sinh T\
Cro=exp(ro~

1)=( I; Cr,4exp(ru2)1 . . I; (2.3.1413)\sinh r coshrI \—i sinh r coshrI

C~= exp(iç’u3)Cr,,p~’exp(—ii’p’us); (2.3.14c)

Crc,Cr’s = Cr+r’,g (2.3.14d)

(seealsoappendixA of ref. [20]).
Many propertiesof the single-modesqueezeoperator51(r, cc’) that wouldotherwisebe difficult to see

can be found from propertiesof the transformationmatrix Cr.g. For example,one can factor S1(r, cc’)

into a productof exponentialsof the operators~a
2,~at2, and (aat)symsimply by factoring the matrix

C, ,~into exponentialsof matrices(linear combinationsof the Paulimatrices)that havea commutator
algebraidenticalto that of theseoperators(see,e.g., refs. [15,48] or [20]).Examplesof such matrices
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are—ff_, cr~,and O~3,where(1+ us ~(Ui ±io-2). Thesefactored forms are listed in appendixB [eq.(B.12)]

of ref. [20]; oneof the most usefulis
S1(r, cc’) = (coshr~

1’2exp(—~Fat2)exp[—ln(cosh r)ata] exp(~F*a2), F use2’~tanhr. (2.3.15)

It is useful, for example, in expressinga SMSS as a sum over numberstates(a techniqueuseful for
calculatingthe phasefactor exp(~iO~)in the wave function for a SMSS; see appendixB). Also, the
productof two different squeezeoperatorscan be foundfrom the productof two differentmatricesCr,
In thisway onefinds that any productof single-modesqueezeoperatorscan beexpressedas the product
of onesingle-modesqueezeoperatorandonerotation operator,by useof the following rule:

S
1

t(r’, cc”)S
1(r, ~‘p)= e

18R(0)S
1(P,~)= e~°S1(f,~ — 0)R(0). (2.3.16a)

Thereal numbers0, F and ~ are relatedto r’, ~‘, r, and cc’ by the matrix equality

e’°cosh F e~
2~°~sinh F

C~,
4exp(iOu3)= (i(2~O) sinh F e~°cosh ~ ) = Cr,eC_r’,e’ (2.3.16b)

[eq. (B14) of ref. [20]]. For the specialcase~ = ~‘ one finds the simple relation

S1(r, ~)S1(r’,~‘p)= S1(r+ r’, p) (2.3.16c)

[cf. eq. (2.3.14d)}.
The vector notation simplifies the task of orderingnoncommutingunitary operators.For example,

usingthe matrix transformationsgiven aboveonefinds that

R(0)D(a,~a)= exp[a~exp(—i0u3)U3Fi5]R(0)= D(a,e~°~)R(0), (2.3.17a)

R(0)S1(r,q) = exp[~ra~exp(—i0o-3)o~~,4exp(i0o-3)a5]R(0)

= exp[~rau~9,,~,4a5]R(0)= S1(r,~ — 0)R(0), (2.3.17b)

D(a,~)S1(r,~,) = S1(r,~)exp[a~C,.q,u3ps]

= S1(r, ~‘p)exp[ao3Cr*,Fis] us S1(r,ca)D(a,~),

us (1k.) us Crq,ILs (2.3.17c)

[cf. eqs. (2.1.17), (2.1.25), (2.1.26)].

2.3.3. Group theoreticalpropertiesoftransformationmatrices
The transformationmatrices (2.3.11)—(2.3.13)arise naturally, without specific referenceto the

single-moderotationand squeezeoperators,from the requirementthat aunitary transformationon a
(or I and j3) preservethe commutators (2.3.7). Consider,for example, the real, two-dimensional
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matricesM that describetransformationsinducedon the componentsof the real column vectorI~by a
unitary operator U: MI5 us UI3 Ut (this approachhas also been used by Milburn, ref. [33]). The
unitarity of U impliesthat thematricesM preservethe antisymmetriccommutatormatrix [Is, I~’]=
[eq.(2.3.7b)]:

MU2M
T= ~2 MU

2M. (2.3.18a)

The real matrices M that satisfy this condition have unity determinant.They comprisethe three-
parametersymplecticgroupSp(2,R) [41].Transformationsinducedby the sameunitary operatorU on
the componentsof the column vectora3 = At15aredescribedby complextwo-dimensionalmatricesM,

Ma5 us Ua5Ut. The matricesM areunitarily related to the real matricesM through the matrix A [eq.
(2.3.lb)]:

M = A
tMA. (2.3.18b)

The matricesM haveunity determinantand preservethe Hermitian commutatormatrix [a
5,a~]=

[eq. (2.3.7a)]:

MUIMt = U3 MtU3M. (2.3.18c)

They comprisethe three-parameter,noncompactLie groupSU(1,1) [41],isomorphicto Sp(2,R).
The linearity of thesematrix transformationsimplies thatthe unitary operatorU is an exponentialof

the threebilinear combinationsof aand at (or I andj3) — a
2, at2, and ata [or 12, /32 and(h/3)sym]. The

threereal parametersthat characterizethe transformationmatricesM and M are thusrelated to the
threeparametersof the unitary operator,i.e., to thecoefficientsof the threebilinearcombinations.The
mostgeneralsuchunitary operatorcan beexpressedas aproductof a single-modesqueezeandrotation
operator, U = S

1(r, co)R(0). Hence, from the precedingdiscussionof the single-modesqueezeand
rotation operators,the transformationmatricesM havethe generalform

e’°cosh r ~1(
2~~+O)sinh ,~

M = exp(i0o
3)C~5= C~~0exp(—iOcr3)= ( —i(2g+9)~~ r e

1°coshr )~ (2.3.18d)

where0, r, and ~c’arereal, continuousparameters[eqs.(2.3.11)—(2.3.13)].
It is instructiveto obtain the generalform (2.3.18d)for the matricesM in anotherway. Begin by

noting that any two-dimensionalmatrix M that describesa linear transformationon the componentsof
the column vectora

3 mustsatisfy

M* = U1MU1, (2.3.19a)

sincea3 = cr1a~.This implies that the matrix M hasthe generalform

M=(;~ *)‘ (2.3.19b)

wherea and/3 arecomplexnumbers.It also implies the following equality:
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MU3MtU3 = MU2M~r2. (2.3.19c)

Becausethematrix M describesa unitary transformationon thecomponentsof a5, it preservesboth the
Hermitian commutatormatrix [a5,astI= O~3 [eq. (2.3.18c)] and the antisymmetriccommutatormatrix
[a5,asTj = io2 i.e., both expressionsin eq. (2.3.19c)are equal to the identity matrix. But any two-
dimensionalmatrix satisfies

Mo-2M
To-

2= (detM)1. (2.3.19d)

Henceunitarity implies that detM = 1. The matricesM that describeunitary transformationson the
componentsof the column vectora5 thereforehavethe generalform (2.3.19b)with unity determinant—
i.e., theyhavethe generalform (2.3.18d).

2.3.4. Second-ordernoisematrices
The vectornotationis particularlyuseful for calculatingsecond-ordernoisemomentsof a, at, I, and

j3. The two-dimensionalmatrix that contains all second-ordernoise momentsof a and at is the
Hermitianmatrix

us (Aa5Aa)symus ~((Aa.Aa~)+ (Aa~Aa~)
T)

IA 2\ /j’ft~ \2\a / ~ a1/\
0~ (2320)

- ~((Aat)2) (lAaI2)) -

The two-dimensionalmatrix that containsall second-ordernoise moments of I and j3 is the real,
symmetriccovariancematrix

us (Al. Al~)symus ~((AI5AID + (Al3 AID
T)

= ( ((AI)~) (Al A/3)s~m)= AOSAt= = ~. (2.3.21)

(Ax Ap)sym ((Ap))

The relations(2.2.11)imply that for single-modeGPSthesematricessatisfy

OsU
3Os(13 = ~1, (2.3.22a)

= ~1. (2.3.22b)

Hence their determinantsare equalto ~. For a coherentstate,both are proportional to the identity

matrix:

0scoh~Sscoh21 (2.3.23)

[eqs.(2.1.33)].
The noisematricesØ~and,S for a stateI!!’) arerelatedto thoseof the rotatedstateR(0)lW) in the
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following ways:

(Rt(0)(Aa.Aa~)symR(0))= (Aas(—0)Aa(—0))sym= exp(—i0cr3)03exp(i0o-3)

A 2

218A 2

= (e2~((Aat)2) (lAal2) ) us O~(-0); (2.3.24a)

(Rt(0)(A1
3 AI~)symR(0))= (AI5( 0) AI~( 0))sym

= exp(i0u2),S~exp(_iocr2)usX5(—0). (2.3.24b)

They arerelatedto thoseof the transformedstateS1(r,~)I~P)by

(S1
t(r, cc’)(Aa

5 Aa)symSj(r,cc’)) = Cr,gOsC_r,g, (2.3.25a)

(S1
t(r, cc)(AI

3 AIDsymSi(r, cc’)) = AC_r,,pA
tSsAC_r,çcAt. (2.3.2513)

This immediatelytells one,for example,that the noisematricesfor a single-modesqueezedstate~

are

Os = ~C~r,g = ~C_
2r.,p= ~(13C2r,QU3, (2.3.26a)

.8’s = ~AC2r gAt = ~t72AC2r.gA
tU

2 (2.3.26b)

[eq.(2.3.23);cf. eqs.(2.1.34),(2.1.35)]. The squeezingeffect is clearlyvisible in the transformationof the
noisematrix 8. [eq. (2.3.25b)].When ~ = 0, this transformationsaysthat

(S1
t(r,0)(A1

5AID5yS1(T, 0)) = exp(—ro~3).S’3exp(—ro-3)

= (e
2r((AI)2) (Al A/3)sym”~ (2.3.27)

\(AI A/3)sym e2r((A/3)2) I

2.3.5. Evolutionoperatorforgeneralsingle-modeGPS
Finally, the vector notation enablesone to see with relative easehow the unitary operatorwhose

generatoris a linear combinationof the Hermitianforms HR~1~,H
1~°,andH2”~factorsinto theproduct

of a single-modesqueeze,rotationand displacementoperator(and an overall phasefactor). By giving
thesegeneratorsarbitrary time dependences,one can calculatethe evolutionoperatorassociatedwith
the most generalcombinationof Hamiltoniansthat can producesingle-modeGPS.This result is given
here briefly; details that are important for the calculation are presentedin appendixA. Equivalent
resultshavebeenobtainedby Yuen[16].

The single-moderotationHamiltonian HRU)(t) is expressedin vectornotation by

HR”~(t) w(t)ata = ~w(t)(aa. — 1), (2.3.28a)

where w(t) is an arbitrary real-valued function of time t [eqs. (1.3)]. The linear and quadratic
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HamiltoniansH1°~(t)andH2U)(t) areexpressedby

H1”~(t)= ia~cr3A5, A5 us (,~~); (2.3.28b)

H2”~(t)= ~K(t)au~,.~,r,4as, (2.3.28c)

whereA is a complex-valuedfunction of time,andK andp~arereal-valuedfunctionsof time [eqs.(1.4),
(2.3.6b)].

The evolution operatorU(t) is the solution to the equation

iö,U(t) = [IIR~

1~(t) + H
1~(t)+ H2~’~(t)]U(t) , U(0) = 1 . (2.3.29)

It can be written as a product (in any order) of a single-modesqueeze,rotation, and displacement
operator,andan overall phasefactor. For illustration, considerthe following two forms for U(t):

U(t) = e~D(a,js)S1(r, p)R(0)= e’~S1(r,çc’)R(0)D(a,jig) (2.3.30)

[cf.eq. (2.2.27)].Here8, r, ~,and 0 arereal-valuedfunctionsof time, andji andji~arecomplex-valued
functions of time. For notational convenience,explicit referenceto the time dependenceof these
functionsis omitted, e.g., r us r(t), etc. The stateU(t)I0) is an eigenstateof an operatorg us U(t)aU

t(t)
(with eigenvalue~ whoserelationto a is describedby the vectorrelation

g
5 us (~~)= S1(r,ço)R(0)a5R

t(0)S
1

t(rp) = exp(i0o
3)Crga. (2.3.31a)

[eqs. (2.3.11), (2.3.12)]. The complex eigenvalueji5 is thereforerelated to the complex amplitude
js us(a)by

us(~)us exp(i0u3)Cr,g~s. (2.3.31b)

The calculationsin appendixA showthat the functions r, ~,0, js~(or js), and 8 are relatedto the
Hamiltonian functionsK, ~, w, andA by the following matrix, vector,andscalarequalities:

T(1~/4~~1 + (~+ 0)C2r5= wl + KU5~4, (2.3.32a)

= exp(iOu3)Cr, us Ags, (2.3.321))

+ ~(0— w) = ~ii~4s~3iigs = Im(~~A5)= Im(ji *A) (2.3.32c)

(Dots denotederivativeswith respectto time.) The initial conditions,dictatedby U(0) = 1, are

8(0) = r(0) = 0(0) = ji~(0)= j40) = 0. (2.3.33)
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For illustration, considerthe case~ us — f~w(t) dt, ~ usconstant.Thenthe matrix equality (2.3.32a)
gives

r = K(t) dt, ~= ~, 0 = J tu(t) dt. (2.3.34)

If no driving is presentin this case [A = 0], then ~ = 8 = 0, and U(t) = S1(r, p~)R(0)= R(0)S1(r,cc’~).

Supposenowthat K is constant,andA us A0 exp[—i f~w(t) dt], A0 = constant[whenu.(t) us = constant,
this correspondsto driving the oscillatoron resonance].Then r = Kt, the angles~ and0 areagaingiven
by eq. (2.3.34), andthe number,ag is give by the vectorrelation

= J dt~ ~A05= K
1[C~,~— 1]U~Ao

5, A05 us (2.3.35)

The phaseangle 8 is

8 = (2iK)
1A~

3o~0U3[J(1 — Cs,,~~)]A05

= ic~(z’—K1 sinh 1(t) Im[exp(—2icc’~0)A~]. (2.3.36)

3. Two-mode Gaussian pure states

Proceednowto a discussionof two-modeGaussianpurestates— statesproducedfrom two harmonic
oscillators,eachin its groundstate,by physicalprocesseswhoseinteractionHamiltoniansarelinear or
quadraticin the annihilationand creationoperatorsfor the two oscillators.The discussionparallelsas
closely as possible in structurethe preceding discussionof single-mode GPS. Subsection3.1 is an
introduction.It concentrateson the definitions and propertiesof the fundamentalunitary operators
associatedwith two-mode GPS, and describesin detail some special kinds of two-mode GPS.
Subsection3.2considersthe mostgeneraltwo-modeGaussianwavefunction,andfrom it showsthat the
most generaltwo-modeGPScan be expressedas a productof two single-modesqueezeoperatorsand
one two-modesqueezeoperatoracting on a two-modecoherentstate.Subsection3.3 definesand usesa
four-componentvectornotation to developan efficient andpowerful descriptionof all two-modestates
(pureor mixed) that haveGaussiannoisestatistics.

3.1. Introduction

This section is composedof seven subsections.Subsection3.1.1 is concernedwith notation and
definitions. It is itself divided into threeparts: Part (a) discusseschoicesfor natural “position” and
“momentumvariables” for two oscillatorsof different frequencies.Part(b) introducesa two-component
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vector notation, used throughoutthis section, that simplifies the descriptionof two-modeGPS and
makesit resemblethat of single-modeGPS.Part (c) definestwo-dimensionalmatricesof second-order
noisemomentsfor two-mode states.Subsections3.1.2—3.1.6look closely at the unitary operatorsthat
relatetwo-modeGPSto the (two-mode)vacuumstate; theseincluderotation,mixing, anddisplacement
operators,two single-modesqueezeoperators,and a two-mode squeezeoperator. Subsection3.1.7
derivesthe second-ordernoisemomentsof the mostgeneraltwo-modeGPS,anddiscussesthreespecial
kinds of two-mode GPS: two-mode minimum-uncertaintystates(MUS), two-mode stateswith time-
stationary(TS) noise,and two-modestateswith “time-stationaryquadrature-phase”(TSQP) noise.

3.1.1. Notationand definitions

(a) Dimensionlesspositionand momentumvariables
Considernow two oscillators,with characteristicfrequenciesw÷and w~(w±� w_). Eachoscillator

can be describedby its own set of annihilation and creation operators—a+,a+t and a_, a_t_or,
equivalently, by the dimensionlesscoordinateand momentumoperators1+, /3+ and 1_, j3_. These
operatorsarerelatedto eachotherby

1±us2112(a±+ a*t), /3~us 2112(—ia++ ia.t), (3.1.la)

a±us 2h12(I+ + i
13±) (3.1.lb)

[eqs.(2.1.1)]. They obey the commutationrelations

[a±, a.t] = 1, [1±,j3±]= i; (3.1.2a)

[a+,a_] = [a±, a_ti = [1±, /3~]= [1+, I_] = [j3±,j
3] = 0. (3.1.2b)

While the operators1÷and I_ (j3÷and j3_) are both dimensionless,they do not havethe same
“units”, since the naturalunits of length (momentum)for the two oscillatorsdiffer. Dimensionless
positionandmomentumoperatorsthat havecompatibleunits for the two oscillatorscan be obtainedby
dividing the usual dimensionalposition and momentum operatorsby new units of length L

0 and
momentumP0. In general, L0 and P0 can be chosen quite arbitrarily, subject to the dimensional
restrictionL0P0= 1 (ush), but thereis a naturalchoicefor them.To see this, let the two oscillatorsbe
modeledas massesm+ on springs (the result will also hold, however, for the normal modesof a
quantizedfield). Their naturalunits of length and momentumare (m±w±)

112and (m±w±)112,respec-
tively. Now choosequantitiesm and 12, with dimensionsof massand (time)1, respectively,anddefine

us (mQ)112, P
0 us (mQ)

1~’2.The dimensionlessposition andmomentumoperators0±andP±for this
choiceare

0±usA±~1I±,P±usA±/3±, (3.1.3a)

us Po’(m±w±)~2= L
0(m±w±)

112= (m±/m)112(w±/12)~2. (3.1.3b)

Thus,for equalmasseswith m~= m_ us m,or for normalmodesof a quantizedfield, the naturalchoice
for A±is (w±/12)112For modesof theelectromagneticfield, theseconjugatevariables0±andP±are the
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Fourier componentsof the vector potentialand its conjugatemomentum,the electric field. The free
Hamiltonianfor the two modes,written in termsof 0±andP±,hasthe canonicalform

= ~fl[P+2+ (w+/fl)2Q±2 + P2 + (w/fl)2Q2]. (3.1.4)

In most of this discussionof two-modeGaussianpure statesI usethe variables1±andj3±,ratherthan
0±andP±,becausetheyprovidean easycomparisonwith thepreviousdiscussionof single-modestates.
The canonicalfield variables0±and P±or, equivalently, the quadrature-phaseamplitudesa

1 and a2
[eqs. (1.21) and (1.22)], are useful for describingthe special noise propertiesof two-mode squeezed
states.The variables0±andP±andthe quadrature-phaseamplitudesare relatedby

Re(a1)= (212)_1[(Q + r)Q÷+ (12— r)Q_],

Re(a2)= (211)
1(P±+

Im(a
1)= (212)

1(P+—

Im(a2)= _(212)_1[(Q + e)Q÷— (12— ~)Q_], (3.1.5a)

Re(a
1)us~(a1+ ajt), Im(a) us—i~(a1— ajt), 1= 1,2. (3.1.5b)

(b) Two-componentvectornotation
An obviousway to generalizeone’smathematicsfrom a single modeto two modesis to replacethe

single-modeannihilation and creation operatorsa and at by the two-componentoperatorcolumn
vectors[29,1]

aus~), a*us(~). (3.1.6)

The column vectorsfor the dimensionlessposition andmomentumvariables1±and/3±, 1 andft, are
relatedto a anda* by

us(~)us2
112(a+ a*), j us(:) us2112(—ia+ ia*); (3.1.7a)

a us 2_h/2(l + i/3) (3.1.7b)

[cf. eqs. (2.1.1)]. The adjointsand transposesof thesecolumn vectorsaredefinedin the usualway (see
subsection2.3). Similardefinitionsholdfor column vectorsof complexnumbers;e.g.,the column vector
for the complexamplitudes~ andji_ is

—1/2
us (a)us us2 (x

0 + ‘Po), (3.1.8a)
/~(~I

wherex0 andPo are the column vectorsfor the meanpositionsx0~andmomentumsPo±,respectively,
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x0 us (I) us (X~±)= 2_h/2(~+ ~ (3.1.8b)

pous(1)us (:) = 2h/
2(_i~z+i,z*) (3.1.8c)

[cf. eq. 2.1.3)]. This two-componentvectornotation is usedthroughoutthis section in order to present
the two-moderesultsin a simple form that resemblesas closelyas possiblethe single-moderesults.For
example,the commutationrelations(3.1.2) takeon the matrix form

[a, at] us aat— (a*aT)T = 1, [a, aT] us aaT_ (~T)T = [a+ a_] io-
2 = 0; (3.1.9a)

[I,jIT] us Ift
T— (ftIT)T = ii,

[I,IT]= [ft,ftT]=0. (3.1.9b)

(c) Second-ordernoisemoments
For a single mode there are only two relevant Hermitian operators,I and j3 (or onecomplex

operator,a), and henceonly threereal second-ordernoisemomentsto consider— ((Al)2), ((A
13)

2), and
(Al A13)sym, or, equivalently, ((Aa)2) and (lAal2). For two modes,there are four relevantHermitian
operators,1~and j3±,and henceten real second-ordernoise momentsto consider;six of theseare
associatedwith eachof the modesseparately,and four describecorrelationsbetweenthe modes.The
four correlatednoise momentsare (A1÷AI_), (A

13÷A/3_), and(AI±Aj3~),or, equivalently, the complex
noisemoments(Aa÷Aa_) and (Aa+ Aa_t). The two-modeanalogof the complexnumber((Aa)

2) is the
complex,symmetricmatrix T:

T us (Aa Aa~)= (((Aa+)2) (Aa+ Aa)) = TT. (3.1.lOa)
(Aa+ Aa_) ((Aa_))

Thetwo-modeanalogof thepositiverealnumber(mean-squareuncertainty)(lAaI2) is theHermitianmatrix
0:

o us(AaAat)sym us~(AaAat)+ ~(Aa*AaT)T

= ( (IAa+l2) (Aa+Aat)~= ~t (3.1.lOb)
\(Aa_Aa±t) (lAa_l2) “

[cf. eqs. (2.1.4)].
The two-modeanalogsof the threereal second-ordernoisemomentsof I andj3 are the threereal,

two-dimensionalcovariancematricesS~,Se,,andS~~:

us (Al AlT) = (I ((Al_)2)) = S,~T, (3.1.lla)

5~us(AftAf5= ()~ ~ = S~, (3.1.llb)
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us (Al APT)symus~(Al A3T) + ~(Aj AlT)T

—

1(AI+ A13+)sym (Al+ A/3) ~ (3 1 lic)

“ (AI_ A/3±) (AI_ AP_)sym’

1~

The matricesS~,and S,, arepositive semi-definite— i.e., their tracesanddeterminantsare nonnegative
[47]; theyare positive definite, if oneexcludeseigenstatesof 1±and 1_ or /3+ andj3. Suchstatesare
excludedhere,for althoughtheycan be viewedin a formal senseas limiting casesof GPS,theyarenot
normalizable,sincetheir wavefunctionsaredeltafunctions.Throughoutthispaper,therefore,S. andS,,
arepositive definite.

The noisematricesT and0 arerelatedto the covariancematricesS~,S~,andS~by

T = ~(S~— 5,,)+ ~i(S~,,T+~ (3.1.12a)

0 = ~(S~+ S,,)+ ~i(S~~T—S~~) (3.1.12b)

[eqs.(3.1.1);cf. eqs.(2.1.5)].Thesematrixequalitiesareacompactwayof writing thefollowingrelations
betweenthe second-ordernoisemoments:

= ~[((Al±)2)—((A/3±)2)+2i(A1±A/3±)sym], (3.1.13a)

(IAa±12)= ~[((Al±)2)+ ((4/3~)2)], (3.1.13b)

(Aa+ Aa_)= ~[(AI+Al_) — (A
13±A13_) + i((AI_ 4/3±)+ (AI÷4/3_))], (3.1.13c)

(Aa±Aa_
t) = ~[(A1±AL) + (A

13÷A/3_)+ i((AI_ 4/34—(AI±A13_))]. (3.1.13d)

Thetotal noiseof a two-modeGPSis the sum of the mean-squareuncertainties,

(IAa±1
2)+ (jAa_j2) = Tr 0 = ~Tr(S~+ Sr). (3.1.14)

The analog for two-mode statesof the inequalities(2.1.6) is a matrix relation betweenthe noise
matricesS~,S,~,,andS~,,or equivalently, between0 and T [49].This relationsaysthat the real matrix

S~S~—~1—S~,,2 (3.1.15a)

and the Hermitianmatrix

02_k1_ iT’
4’ (3.1.15b)

areboth positivesemi-definite(psd), andtheyvanishidentically if andonly if the stateis an eigenstate
of two independentkindsof linear combinationsof 1÷,1_, /3÷,and j_ (or a÷,a_, a+t, anda_t)~~i.e.,if
andonly if the stateis a two-modeGaussianpurestate(seesubsection3.2). Hencefor a two-modeGPS
only six of the ten real second-ordernoisemomentsareindependent;i.e., thereare six independentreal
parametersassociatedwith the second-ordernoise moments.Note that the diagonal elementsof the
matrices (3.1.15a) and (3.1.15b) are identical. A psd two-dimensionalHermitian matrix must have



360 B.L. Schumaker,Quantummechanicalpurestateswith Gaussianwavefunctions

nonnegativediagonalelements,and it is equalto the null matrix if andonly if both diagonalelements
vanish.This implies the following two equivalentpairs of inequalities:

(IAa±l2)2� ~ + J((Aa±)2)l2+ l(Aa+ Aa_)l2 — (Aa±Aa_t)l2, (3.1.16a)

((AI±)2)((A/3±)2)�~+(Al±Aj3±)~ym+ (AI+ A
13_)(AI_ A13±)—(AI÷AI_)(A/3±A13_). (3.1.16b)

Equations(3.1.16a)and (3.1.16b)eachrepresenta pair of inequalities(uncertaintyprinciples),one for
the upper(“+“) sign, andonefor the lower (“—“) sign; the two pairs(not themembersof each pair)are
equivalent.Equalitieshold in theseexpressionsif andonly if the matrices(3.1.15) vanish, i.e., if and
only if the state is a two-mode Gaussianpure state. If the two modes are uncorrelated,these
expressionsreduceto the single-modeuncertaintyprinciples (2.1.6) for eachmode.

3.1.2. Two-moderotation operators
Associatedwith eachof the two modesis a single-moderotationoperator,

R±(0)us exp(—ioa±
ta±), (3.1.17)

whosepropertieswere discussedin subsection2.1.2. It is useful to define anotherpair of commuting
unitary operators,R

5(0) and Ra(0),equivalentto R±(0)and R_(0), as follows:

R5(0)us R÷(0)R_(0)= exp(—i0a
ta); (3.1.18a)

Ra(0)us R±(0)R_t(0)= exp(—i0atu
3a). (3.1.18b)

In this paper the operatorsR5(0) and Ra(0) are referred to as the symmetric and antisymmetric
(two-mode)rotation operators,respectively.For notationalconvenience,denotethe generalproductof
two single-moderotationoperators(angles0±,0_) by the symbolR(O), and define angles0~and 0,, by

R(0)us R±(0±)R(0_)= Rs(0s)Ra(0a)= exp[—ia
tOa], (3.1.19a)

Ous01+O(13=(~ 0), (3.1.191))

0~us~(0±+04, 0aus~(0±_0). (3.1.19c)

For two oscillatorscharacterizedby frequencies12 ±C, Rs(fIt)Ra(Et) is the evolutionoperatorassociated
with the free HamiltonianH

0~
2~[50],

= flata + Eatu
3a, (3.1.20a)

exp[—iHo’
2~t]= Rs(Qt)Ra(Ct). (3.1.20b)
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TherotationoperatorsR5(0) andRa(O) actingon any (two-mode)numbereigenstateln÷,n_) multiply it
by the phasefactorsexp[—i(n÷+ n_)0] andexp[—i(n±— n_)0], respectively;in particular,they leavethe
vacuumstateunchanged:

R5(0)l0) = 0), Ra(0)lO) = 0). (3.1.21)

A unitary transformationgeneratedby the symmetricrotation operatorR~(0)producesa common
phasechangeof theannihilationoperators— i.e., it transformsa into e

10a,androtatesI and j3 into each
other:

Rs(O)aRst(0)= e~°a= (a÷(0)) (3.1.22a)
a_(0)

R
5(O)lR5t(0)= I cos0—p sin 0= (x±(0)) (3.1.22b)

x(O)

R,,(0)ftR5t(0) I sin o+p sino = ~÷(0)) ~3.1.22c)
p(0)

[eqs. (2.1.10)]. The notation here meansthat each componentof the column vector undergoesthe
(same)unitary transfonnation.A unitary transformationgeneratedby the antisymmetricrotation
operatorRa(0)producesan oppositephasechangeof the annihilationoperators:

Ra(0)aRa
t(0)= exp(iOU

3)a= ( a±(0)), (3.1.23a)
a_(—0)

Ra(0)lRat(0)= I cos0— ~ sin 0= ~x±(0)~ (3.1.23b)
x_(—0)

Ra(O)PRa
t(0)”u

3lsin 0+ftcos0 = (1)÷(0)). (3.1.23c)
p_(—

0)

The product of two single-moderotation operatorsthereforeunitarily transformsa in the following
way:

R(O)aRt(O)= (‘~‘4~)= exp(i0
5)exp(i0au3)a= exp(iO)aus a(O); (3.1.24a)

R(O)IR
t(0) = (I±(0±)) us1(0); (3.1.24b)

x_(0_)

R(0),,ôRt(0) = (~~÷(04)usp(O) (3.1.24c)

p_(e_)

[cf.eqs. (2.1.10)].



362 B.L. Schumaker,Quantum mechanical pure stateswith Gaussianwavefunctions

Both R5(0) and Ra(0) preservethe total number of photonsin eachmodeseparately,i.e., they

preserveboth the sumandthe differenceof the numberof photons:

(Rst(0)ataRs(0))= (ata), (Rat(0)ataRa(0))= (ata); (3.1.25a)

(R5t(0)ato.saR5(0))= (ato.sa), (Rat(0)attlsaRa(0))= (ato.3a). (3.1.25b)

They thereforealso preservethe total noiseof eachmodeseparately.This is seenby replacingata in

eq. (3.1.25a)by the operatorfor the sum of the total noises,
(Aat Aa)symus~(Aa

tAa + AaT Aa*) = lAa÷12+ lAa_l2, (3.1.26)

and replacingato~sain eq. (3.1.25b)by the operatorfor the differencein the total noisesof the two
modes,

Aato~
3Aa= Aa

TU
3Aa* = lAa+I

2— lAa_l2. (3.1.27)

[Recallthat the operatorsAa÷aredefinedonly with referenceto-a particularstate,which defines(a±);
seecommentaftereq. (2.1.12b).]The noisematricesT and0 for a state I ~P)arerelatedto thoseof the
rotatedstateR(0)l~P),T(—0) andQ(—0), respectively,as follows:

(Rt(0)Aa AaTR(0)) = (Aa(— 0)AaT(— 0)) = exp(—iO)Texp(—iO) us T(—0)

/ exp(—2i04((Aa42) exp(—2i0
5)(Aa÷A a_)\

= I . . ) (3.1.28a)
\exp(—2i05)(Aa÷A a_) exp(—2i0_)((Aa_)

2) I

(Rt(0)(Aa Aat)symR(0))= (Aa(—0) Aat(—0))sym= exp(—iO)Qexp(iO) us Q(—0)

( (IAa±12) exp(—2iO
5)(Aa±Aa_

t)”~ (3.1.28b)
\exp(2iOj(Aa_Aa±t) (IAa_12) I

[eq. (3.1.24a);cf. eqs. (2.1.12)].

3.1.3. Two-modedisplacementoperator
The two-modedisplacementoperator[10,11] is simply a productof two single-modedisplacement

operators,

D(a, ~z)us D(a±,ji4D(a_, ji_) = exp[at~— pta]

= exp[i(p
0

TI — xoT~)]= exp(—~ip
0

Txo)exp[ipoTl — ix
0

Tj3] (3.1.29)

[cf.eq. (2.1.14)]. It satisfiesthe following equalities:

D1(a, p) = Dt(a~p) = D(i —p) = D(—a it). (3.1.30)
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The propertiesof D(a, p) follow directly from thoseof the single-modedisplacementoperatorD(a,~s)
(subsection2.1.3). Most important is the way it unitarily transformsthe annihilationoperatorsfor the
two modes:

D(a,p)aDt(a,p) = a — p. (3.1.31)

This implies that when the displacementoperatoracts on a (two-mode)state,it preservesall noise
momentsof a+ anda±t.

Two other propertiesof the two-mode displacementoperator are useful here. They are the
two-modeanalogsof the properties(2.1.17)—(2.1.20).First, it is unitarily transformedby the productof
two single-moderotation operatorsin the following way:

R(0)D(a, p)R(0)t= D[a(0), p] = D[a, p(—0)] = D(a, exp(—iO)p)

= D[a÷,,a÷(—04]D[a_,js_(—0_)], (3.1.32a)

p(O)us exp~iO)pusexp(i0
5)exp(i0ao~3)p= (&+) us (iz÷(O÷)) ~3.1.32b)

[eqs. (3.1.24a), (3.1.29)]. This transformationshows that the form of the displacementoperatoris
invariant underunitary transformationsof a÷and a_ generatedby the rotationoperators:

D(a,p) = D[a(0), p(0)]. (3.1.33)

Second, the product of two two-mode displacementoperatorsis another two-mode displacement
operator,multiplied by a phasefactor:

D(a,p’)D(a, p) = exp[i Im(p’
tp)]D(a, p+ p’) (3.1.34)

[cf. eq. (2.1.19)]. These properties, like the transformations(3.1.24a) and (3.1.31), show that any
eigenstateof a~or a_ remainsan eigenstateof a~or a_ whendisplacedand/orallowedto evolve freely.
A two-modecoherentstate[eq. (1.15)], for example,changesin the following way as it evolvesfreely:

R(0)Ip)COh = Ip(—0))COhus Ie’°~u±,e~°/s_)~

0h , (3.1.35)

where0±us (12 ±E)t [cf.eq. (2.1.20)].

3.1.4. Mixing operator

Thetwo-modemixing operatorT(q, x) is definedby
T(q, ,~‘)us exp[q(e

2’-”ata+ — e2uJea±ta_)]= exp[—iqatu~_,~,
4a], (3.1.36a)

0~q�’jn, —~1T<,y�~1T (3.1.361))

[eqs.(1.10), (2.3.6b)]. It satisfiesthe following equalities:
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T1(q,x) = Tt(q,x) T(—q,x) = T(q,x + ~ir). (3.1.37)

It is called a mixing operatorbecauseit unitarily transformsthe annihilation operatorsfor the two

modesinto eachother:
T(q,x)aTt(q,~)=F~a, (3.1.38a)

/ cosq e2i~~~sin q~
Fq us ( 2 } = cosql + i sin qo-~,,

14= exp(iqu~_,,~4). (3.1.38b)
\—e xslnq cosq I

[Note that the matrix O~~~/4appearsin both T(q, x) and the transformationmatrix ~ becausethe
matrix of commutators[a, at] = 1 is the identitymatrix, i.e., because[a~Ka,a] = —Ka; cf. eqs. (2.3.10).]
The unitary matrix F~,,.has the following importantproperties:

= ~ = F_q,~= Fq,~+~f2= ~ (3.1.39a)

cosq sin q . cosq i sinq
Fq,o = exp(iqu2)= ( . ), Fq ~ = exp(iqu1)= (. . ), (3.1.39b)

—sin q cosq ‘ i sin q cosq

Fq,~= exp(i~U3)Fq,~_~~exp(—ix’o-3), (3.1.39c)

Fq,~Fq,~= Fq±q~,~. (3.1.39d)

The transformation(3.1.38a)ensuresthat statesunitarily relatedto eigenstatesof a÷and a_ by mixing
operatorsare themselveseigenstatesof a÷and a_. This shows,for example,that the mixing operator,
like the rotationoperators,leavesthe vacuumstateunchanged:

T(q, x)lO) = 0). (3.1.40)

This can alsobe seenfrom the factoredforms for T(q,x) given below [eq. (3.1.45)].
The unitarity of Fq~ensuresthat the mixing operatorpreservesthe total numberof photonsin the

two modes:

(Tt(q,~)ataT(q, x)) = (atFq,~Fq,a)= (ata). (3.1.41a)

It thereforealsopreservesthe total noiseof the two modes:

(Tt(q,X)(Aat Aa)symT(q,x)) = (Aat Aa)sym = (lAa+l
2)+ (lAa~l2). (3.1.41b)

The noise matricesT and0 for a state I uP) arerelatedto thoseof the transformedstateT(q,x)l up) in
the following ways:

(Tt(q,x)Aa AaTT(q,x)) = Fq,~tTFq,~*, (3.1,42a)

(Tt(q,~)(Aa Aat)
5y~T(q,x)) = Fq,~

tQFq,~ (3.1.42b)
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[eqs.(3.1.38)].For stateswhosenoisematrix 0 is proportionalto the identity matrix 1, the total noise
of eachmodeseparatelyis left unchangedwhen the stateis multiplied by rotation or mixing operators
[eqs. (3.1.28b),(3.1.42b)].Suchstatesincludeall eigenstatesof a±anda_, all two-modesqueezedstates,
and all productsof two single-modesqueezedstateswith identical squeezefactors. For the general
two-modeGPS (1.18), however,the total noise of eachmode is separatelypreservedonly when the
stateis multiplied by a symmetricrotation operatorsR5(0) or by a particular mixing operator,whose
parametersq andx satisfy

((lAa÷I
2)— (lAa_I2)) sin q — 2Re(e_21-’~(Aa±Aa_t))cosq = 0. (3.1.43)

The mixing operatorand the two rotationoperatorsrepresentall the unitary operatorsthat induce
matrix transformationson the column vector a. The transformationmatricesassociatedwith them
comprisethe groupU(2) of two-dimensional,unitary matricesM~that preservethe identity matrix, i.e.,
that preservethe commutatormatrix [a, at] = 1, M~1M~t= 1. The mostgeneralelementof thisgroup
hasthe form

= exp(i0
5)exp(i0ao~3)F~,x= exp(i05)F~,~+~exp(iO5o-3)

/ exp(i0a)cosa exp[i(2~+ 0a)] 5~flq’.,
= exp(i05) I . . . I (3.1.44a)

\—exp[—1(2X + Oa)] sin q exp(—i0a)cosq I

for real numbersO~,0a, q, andx. The matrix (3.1.44a)is the transformationmatrix that resultsfrom a
unitary transformationof a by a productof the two rotation operatorsanda mixing operator,i.e.,

Mua = T(q, x)R(0)aR
t(0)Tt(q,x). (3.1.44b)

The unitary transformationmatricesassociatedwith the mixing operatorT(q, x) andthe antisymmetric
rotation operatorRa(0) form the three-parametergroup SU(2), the elements of U(2) with unity
determinant.TheunderlyingLie algebrafor the groupSU(2)is that of the operatorsa_ta±,a÷ta_,and
(a_ta_— a±ta4,i.e., the generatorsof T(q,x) and Ra(0).

Propertiesof the mixing operatorcan be obtaineddirectly from propertiesof the matrix Fq~,just as
propertiesof the single-modesqueezeoperatorare obtainedfrom propertiesof the transformation
matrix C~(see subsection2.3). For example, the mixing operatorcan be factored into a productof
exponentialsof the operatorsa_ta±,a±ta_,and (a_ta_— a±ta4,simply by factoring the matrix F

41~
into exponentialsof matrices(linear combinationsof the Pauli matrices)that havethesamecommutator
algebraas theseoperators.Examplesof suchmatricesareU_, (1±, and~U3, where~± us ~(Ui ±io~2).The
mixing operatorT(q,x) is thusfoundto havethe following equivalentfactoredforms:

T(q, x) = exp(—AA
t)exp(A * e21A)~ = exp(A*A) exp(—Ae2tAt)e_~B

= exp(—AAt)e11’4 exp(A5A)= em exp(—A e2~~At)exp(A*A)

= e_IB exp(A * e21A)exp(—AAt)= exp(A *A)e-~exp(—AAt),
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A use2~’tanq, fusln(cosq),
Ausa_ta±, Busa_ta__a±ta±. (3.1.45)

The matrix equality

= ~ exp(i0ff
3) = exp(i0u3)F4,~_9 (3.1.46a)

implies that the productof two differentmixing operatorsis anothermixing operator,multiplied by a
rotation operator:

Tt(qI,x’)T(q, x) = Ra(0)T(~,,~)= T(t~,,~— 0)Ra(0); (3.1.46b)

herethe real numbersc~,,~,and0 arerelatedto q, q’, x~andx’ by

e’
9 cos4’ = cosq cosq’ + exp[2i(~— x’)] sin q sin q’, (3.1.46c)

exp[—i(0 — 2,~)]sin 4’ = e2~sin q cosq’ — e21x’ sin q’ cosq. (3.1.46d)

For the specialcasex = x’ this givesthe simple relation

T(q, x)T(q’, x) = T(q+ q’, x) (3.1.46e)

[eq. (3.1.39d)].
The property (3.1.39c)of the transformationmatrix F,~implies that the mixing operatorT(q,x) is

unitarily transformedby the rotationoperatorsin the following way:

R(0)T(q,,y)Rt(0) = T(q,X — Oa). (3.1.47)

Thus, T(q,x) commuteswith the symmetricrotation operatorR
5(0) but not with the antisymmetric

rotation operatorRa(0). This reveals why it preservesthe total numberof photons(hencethe total
noise),but not the differencein the numberof photonsin the two modes.Themixing operatorunitarily
transformsthe two-modedisplacementoperatorin the following way:

Tt(q,~)D(a, p)T(q,x) = D(F,~,xta,p) = D(a, I~p). (3.1.48a)

Theform of the (two-mode)displacementoperatoris thusinvariant underunitary transformationsof a
generatedby a mixing operator:

D(a, p) = D(Fq~a,F~p). (3.1.48b)

One can now verify the statementmade in the Introduction: a stateunitarily relatedto a two-mode
coherentstate by any product of rotation, displacement,and mixing operatorsis equal to another
coherentstate(multipliedby an unobservablephasefactor). For example,

R(0)T(q,~)D(a, p’)llz)COh = exp[i Im(pItp)]l~)COh,

us exp(—iO)Fq,~(p+ pI). (3.1.49)
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All two-modestatesthat are eigenstatesof both a~and a_ areunitarily relatedto the vacuumstate
by productsof rotation,displacement,andmixing operators.Conversely,all suchstatesareeigenstates
of a~and a_. Thesestatescomprisethe entire classof two-modestateswhose total noise is equalto
that of the vacuum state. The special propertiesof the rotation and mixing operators— that they
preservethe total number of photons, that they preserve the total noise, and that they preserve
coherentstates— area consequenceof oneessentialproperty: theseoperatorsgeneratethe mostgeneral
unitary matrix transformationof the annihilation operatorsand nothing more; i.e., they never mix
creationoperatorswith annihilationoperators.To find unitary operatorsthat do not conservethe total
noiseandthat generatenew statesfrom coherentstates(stateswith a total noisegreaterthanthat of the
vacuumstate), one must consideroperators— the single-modeand two-mode squeezeoperators— that
mix creationandannihilationoperators.

3.1.5. Squeezeoperatorsfor two modes

(a) Single-modesqueezeoperators
The single-modesqueezeoperators

S1+(r, p) usexp[~r(e
2~’a±2— e2~a±t2)] (3.1.50)

were discussedin subsection 2.1.4. Each single-modesqueezeoperator unitarily transforms the
annihilationoperatorfor its mode into a linear combinationof the annihilationand creationoperator
for that mode:

S
1±(r,~o)a±Si±t(r,p) = a±cosh r + a±te

21’~sinh r (3.1.51)

[eqs.(2.1.21)—(2.1.23)I.In vectornotation thesetransformationsare

S
1+(r÷,~÷)S1_(r,~~p_)aSit(r_,~_)S1÷~(r÷,~) = P1~a+ Pi~a*, (3.1.52a)

~coshr~ 0 ~ ~ sinh r~ 0 \
P1~us( Pjus( 2 (3.1.52b)

\ 0 coshr_i \ 0 e sinh r~i

Recall thatasingle-modesqueezeoperatorpreservesneitherthe total numberof photonsnor the total
noiseof a mode[eqs.(2.1.24)].

(b) Two-modesqueezeoperator
The two-modesqueezeoperatorS(r, cc’) is definedby

S(r, cc’) usexp[r(e
2~’~’a÷a_— e2~a÷ta_t)]

= exp[~r(e21~’aTo-
1a— e

2~atuia*)J, (3.1.53a)

0�r<o~, —<p~ir (3.1.53b)

[eq. (1.13)1; it is denotedsimply by S when lack of referenceto a particular r and ~ doesnot lead to
confusion.It satisfiesthe following equalities:
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Sl(r,~,)=St(r,ç~)=S(_r,co)=S(t~p+~ir). (3.1.54)

Propertiesof S(r, ~)arediscussedin refs. [191and [201.Most importantis that it unitarily transformsa~
into a linear combinationof a±anda~t:

S(r, ~)a±St(r, ~o) a±coshr+ a~te2~~sinhr~a±(r,~,) (3.1.55a)

[eq. (1.20)]. In vectornotation,thesetransformationstakethe form

S(r, ~)aSt(r, ~)= acoshr + uia* e2~~sinh r = (~‘~))us a(r, ~). (3.1.55b)a~(r,cc’)

A stateunitarily relatedto an eigenstateof a÷anda~by a two-modesqueezeoperatoris an eigenstate
of two “two-mode squeezedannihilationoperators”[18—20]a±(r,‘p) (denotedsimply by a~or by the
column vectora when lack of referenceto a particular r and ~ doesnot lead to confusion).Inverting
eq. (3.1.55b)gives the vectorexpressionfor a in termsof a anda*:

a = S~(r,p)a(r, ~‘p)S(r,çc’)= a cosh r— o~a*~ sinh r. (3.1.56)

The unitarity of S ensuresthat the commutatoralgebraof a~anda±tis identicalto that of a~anda±~:

[a, at] = [a, at] = 1, (3.1.57a)

[a, aT] = [a÷, a_]kr
2 = [a,a

TI = 0 (3.1.57b)

[eq. (3.1.9a)].
The transformations(3.1.55) show that the two-modesqueezeoperatorpreservesneither the total

numberof photonsnor the total noiseof a two-modestate:

(StataS)= sinh2 r + cosh2r(ata)—2 sinh 2r Re(e2~’(a±a_~), (3.1.58a)

(St(~at~a)symS~= cosh2r(IXat ~a)sym—2 sinh 2r Re(e2””(~a±z~a~) (3.1.58b)

[cf. eqs.(2.1.24)]. Equation (3.1.58b)showsexplicitly that any (two-mode)statewhoseunitary relation
to the vacuumstate(or to any eigenstateof a÷anda~)includesa two-modesqueezeoperatorhasa
total noise greaterthan that of the vacuum state. The two-mode squeezeoperatordoes, however,
preservethe differencein the numberof photons,andthereforealsothe differencein the total noises,
of the two modes:

(Stato.saS)=(atu
3a) (3.1.59a)

(S
t~ato.st~aS)= (t~a~o~

3ta). (3.1.59b)

The relationsbetweenthe noise matricesT and Q for a state ~I’~and for the stateS(r, ~ IF) follow
straightforwardly from the transformation(3.1.55b). The noise matrices T and Q for a two-mode
squeezedstatearegiven explicitly below (seesection3.1.7).
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A few other propertiesof the two-mode squeezeoperatorare useful here. First it is unitarily
transformedby the rotation operatorsin the following way:

R(O)S(r, p)Rt(O) = S(r, ~ — O~) (3.1.60)

[eqs.(2.1.24a)and(3.1.53)or (2.3.14c);cf. eqs. (2.1.25)or (2.3.19b)}.Thus, S(r, cc’) commuteswith Ra(O)

but not with R~(O).This revealswhy it preservesthe differencein the numberof photons(hencethe
differencein the total noises),but not thetotal numberof photonsin the two modes.[Contrastthiswith
the mixing operator,eq. (3.1.47).]

Second,thetwo-modesqueezeoperatorunitarily transformsthe two-modedisplacementoperatorin
the following way:

S~(r,~)D(a, p)S(r,~)= D(a, IAa), (3.1.61)

us j~cosh r + o~i~e2~~’sinh r (3.1.62)

[eqs.(3.1.29),(3.1.56); cf. eqs.(2.1.26), (2.1.27)].This showsthat the form of the displacementoperator
is invariant underunitary transformationsof ageneratedby the two-modesqueezeoperator:

D(a,~z)= D(a, ~ (3.1.63)

This equality implies that the TMSS ~ definedby eq. (1.19) as S(r, p) acting on the two-mode
coherentstate IPa)coh, can as well be defined as the displacementoperatorD(a,p) acting on the
(two-mode)squeezedvacuum:

II.ta)(r,~)usS(r, p)Ip~)C
0h= D(a, ji)S(r, ~)j0). (3.1.64)

The complexnumbers~u±,~a are the complexamplitudes(a±),(a_), i.e., /L us(a). They are relatedto
the eigenvalues~±, i~ by

IL = /.L~cosh r— O~1Pa*e
2~~sinh r (3.1.65)

[eq.(3.1.56); cf. eqs. (2.1.28)—(2.1.30)].With thesetransformations,andthe propertiesdescribedabove,
one can easilyverify the statementmadein the Introduction: anystateunitarily relatedto the TMSS

~ by a productof rotation anddisplacementoperatorsis equalto anotherTMSS (multiplied by
an unobservablephasefactor) with the samesqueezefactor r, but with different squeezeangle and
eigenvalues.For example,

R(O)D(a,P’)IILa)(r. ~ = exp[i Im(p’tjz)]D(a, ji)S(r, w — O~)J0)

= exp[i ~ ~

us ~z(—0)+ IL’(O) = e~°(IL+ IL’) (3.1.66)

[eqs.(3.1.32), (3.1.34), (3.1.60), (3.1.64)].
Finally, it is important to note the formal relation betweena productof two single-modesqueeze
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operatorsand a two-modesqueezeoperator.Theseunitary operatorsdescribevery different physical
processes.The product of two single-modesqueezeoperatorsis, roughly speaking, the evolution
operatorfor aprocessin which two harmonicoscillatorsareseparatelysqueezed[i.e.,eachsubjectedto
a degeneratetwo-photoninteractionHamiltonian (1.8)]. In contrast,a two-modesqueezeoperatoris
the evolutionoperatorfor a processin which two harmonicoscillatorsbecomecorrelatedthrough the
nondegeneratetwo-photon interactionHamiltonian (1.7). Although theseoperatorsdiffer profoundly
from eachotherin a physicalsense,theyareunitarily equivalent.The unitary operatorthat transforms
them into eachotheris a mixing operator.In otherwords, by defining certainlinear combinationsof a~
and a_, call them b÷andb_, onecan write the two-modesqueezeoperatorS(r, p) as a productof two
single-modesqueezeoperators,one for the “b±mode” and one for the “b~mode” [13,33, 19]. This
unitary equivalenceis describedby the following relation:

T(±~ir,(pa)Si±(r±,~+)S1_(r_,co_)Tt(±~iT,q’~)= S1±(r~,~±)S1(r~,~)S(±ra, ~

r~us~(r÷±r_),ç~us~(cc’+±co_). (3.1.67a)

For the specialcase r. us0 (r÷= —r_), this can be rewritten as

T(~i~,~‘a+~T)Si±(r, (p±)Si_(T,~_)T
t(~1T, cc’a+~ir) S(r, ~—~r). (3.1.67b)

Thus,one might say thereare two ways, mathematicallybut not physically equivalent,to producea
two-modesqueezedstatefrom two single-modecoherentstates.The naturalway is simply to turn on a
nondegeneratetwo-photoninteraction [eq. (3.1.64)].The secondway, revealedby the relations(3.1.67),
is first to turn on a mixing interaction(frequencyconverter),then separatelysqueezethe two modes(by
turningon two degeneratetwo-photoninteractions),andthen turn on anothermixing interaction.The
relations(3.1.67)thusremindonethat the processof separatelysqueezingtwo single modescannotby
itself (i.e., without additional frequency-convertingprocesses)producea statewith the reducednoise
propertiesof atwo-modesqueezedstate.Aswaspointedout in the Introduction(subsection1.8; seealso
subsection3.1.7), “squeezing” of an electric field—i.e., a reduction in the time-averagednoise in
oneof its quadraturephasesrelative to its value for a field composedof modesin coherentstates— is

possibleonly if the modesin the field arecorrelated.That is, squeezingis possibleonly if eachpair of
sidebands(modelswith frequencies11±e) is in astatewhoseunitaryrelationto atwo-modecoherentstate
includesa two-modesqueezeoperator.

(c) Two-componentvectornotationfor stateswith TSQPnoise
The two-modesqueezeoperator, S(r, ~),and the two rotation operators,R(O), representall the

unitary operatorsthat inducematrixtransformationson anothertwo-componentcolumn vector,

(3.1.68)

The transformationmatricesassociatedwith them comprisethe (noncompact,pseudounitary)group
U(1,1) of all two-dimensional,complexmatricesM that preservethe metric cr

3, i.e., that preservethe
commutatormatrix [a’,alt] = o~,MffsMt = ~ The elementsof this grouphavethegeneralform



B.L. Schumaker,Quantum mechanicalpure stateswith Gaussianwavefunctions 371

M = exp(iOa)exp(iO~u3)C~,,,.= exp(i Oa)Cr. ~ exp(—iOSo-3)

/ exp(iO~)cosh r exp[i(2cc’ + Os)] sinh r”,
= exp(iOa) I . . . I, (3.1.69a)

\exp[—i(2cc’ + O~)}sinh r exp(—iO~)cosh r I

for real numbersOa, O~, r, and~ [cf.eq. (2.3.18d)].The matrix (3.1.69a)is the transformationmatrix that
resultsfrom a unitary transformationof a’ by a productof the two rotationoperatorsand a two-mode
squeezeoperator,i.e.,

Ma’ = S(r, cc’)R(O)a’R
t(O)St(r, 4’) (3.1.69b)

[eqs.(3.1.24) and(3.1.55)].Thosetransformationmatricesassociatedwith unitary transformationson a’
by the two-mode squeezeoperator S(r, p) and the symmetric rotation operator R~(O~)form the
three-parametergroup SU(1,1), the elementsof U(1, 1) with unity determinant.These same trans-
formation matricesdescribeunitary transformationsof the single-modetwo-componentcolumn vector
a, (seesubsection2.3) by the single-moderotation and squeezeoperators.This similarity is a key to
understandingwhy two-modesqueezedstatesarethe naturalanalogsof single-modesqueezedstates.It
is a consequenceof the fact that the threeoperatorsa÷a~,aJa±t,and (a+a+t + a_at)sym,generators
for the two-modesqueezeoperatorS(r, cc’) and the symmetricrotation operatorR~(9),have the same
commutatoralgebraas the three operators~a2,~ and (aa~)sym,generatorsfor the single-mode
squeezeand rotation operators,S

1(r, ç) and R(O). Another consequenceof this fact is that the
mathematicalpropertiesof the two-modesqueezeoperatorand the symmetric rotation operatorare
identical in form to thoseof the single-modesqueezeandrotationoperators.For example,in addition
to the propertiesmentionedabove, one can write factored expressionsfor the two-mode squeeze
operatorby analogywith eq. (2.3.15),andthe productof two different two-modesqueezeoperatorsas
theproductof anothertwo-modesqueezeoperatoranda symmetricrotationoperator,by analogywith
eq. (2.3.16).

The two-componentcolumn vectora’ of eq. (3.1.68)providesa basisfor acompletedescriptionof all
states(pureor mixed) with TSQPnoise(seethe discussionof TSQPnoisein subsection1.8). Another
useful basis is the two-componentcolumn vectorA’ formed from the quadrature-phaseamplitudesa1
anda2:

A’us (~~)= AAa’, (3.1.70a)

21 1 A÷ 0A us 2h/ ( ) A us ( ~ A)’ A+ us ( ~) (3.1.70b)

[cf. eqs. (1.21)].The statisticsof the quadrature-phaseamplitudesprovidedirect information aboutthe
quadraturephasesof the electric field. A formalism for describingstateswith TSQPnoise, basedon
thesetwo-componentcolumn vectors,is developedin refs. [18—201.Note that, by contrast,a formalism
capable of describingall two-mode GPS would require a four-componentvector notation; such a
formalism is describedin subsection3.3 of this paper.

3.1.6. Productof threesqueezeoperators
Considernow the unitary operatorS that relatesthe mostgeneralnormalizedtwo-modeGPSto a

two-modecoherentstate:
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5 usS1+(r±,cc’±)Si_(r~,q,)S(r, ‘i’) (3.1.71)

[eq. (1.16)]. Note that the inverseof S is obtainedby changingthe signs of r÷,r_, and r andreversing
the orderof the squeezeoperators:

S~ = S

t = S(—r,4’)S
1(—r,4’4S1±(—r+,4’). (3.1.72)

The operatorS transformsthe operatorcolumn vectora into a linear combinationof a anda

SaSt= P~a+ P~ausgus~ (3.1.73a)

the complexmatricesP~andP~areequalto

P~ cosh rP1~+ e
2~sinh rulPl~*, (3.1.73b)

coshrP
1~+ ~ sinh ro~lPl~* (3.1.73c)

[eqs.(3.1.52)and (3.1.55b);seealsoeq. (3.2.35)below]. Statesunitarily relatedto eigenstatesof a~and
a_ by S areeigenstatesof the transformedannihilationoperatorsg+ andg_. The unitarity of S ensures
that the commutatoralgebraof g±andg~tis identical to that of a~anda±~:

[g,11 = [a,at] = 1, (3.1.74a)

[g,g
T] = [g÷,g_]io-

2 = [a,a
T] = 0 (3.1.74b)

[eq. (3.1.9a)].Becauseof the presenceof both single-modesqueezeoperators,S doesnot, in general,
preserveany of the noisemomentsof a~or ~ Thecomponentsof the noisematricesT and Q for the
generaltwo-modeGPS ~Lg)us S~ILg)coharegiven below [eqs.(3.1.85)].

Many propertiesof S follow trivially from the correspondingpropertiesof the three squeeze
operators(e.g., the way it is unitarily transformedby rotation operators);theseare left to the reader.
Two properties,however,deservespecial attention. First, S unitarily transformsthe two-mode dis-
placementoperatorin the following way:

StD(a jz)S= D(a, jig), (3.1.75)

I2guspcIA+PsIL* (3.1.76)

[eqs. (3.1.29), (3.1.73)].This relationreflectsthefact the form of thetwo-modedisplacementoperatoris
invariant underunitary transformationsof a that are linear in a and a* (and that do not add to a a
constantcolumn vector). Such unitary transformationsare generatedonly by (productsof) rotation,
mixing, and squeezeoperators.The invarianceunder transformationsgeneratedby rotation,mixing,
and two-mode squeezeoperatorshas already been noted [eqs. (3.1.33), (3.1.48), (3.1.63)]. The in-
varianceundertransformationsgeneratedby S saysthat

(3.1.77)
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This equality implies that the generaltwo-modeGPS jig), definedby eq. (1.18) asthe operatorS acting
on the two-mode coherentstate JILg)coh, can as well be defined as the product of the displacement
operatorD(a, ,u) andS acting on the vacuumstate:

jig) usSIjig)coh = D(a, ji)S~O). (3.1.78)

The complex numbers~c±,~ are the complexamplitudes(at), (a_), i.e., j~us (a). They are relatedto

the eigenvalues~g±~/.Lg by
/1 = Pc~/Lg— Ps

TlLg*. (3.1.79)

The secondimportant propertyto note is that the productof two different operatorsS andS’ can
always be expressedas anotheroperator S (i.e., anotherproduct of the three squeezeoperators),
multiplied by a mixing and a rotation operator (and an overall phasefactor). This property is a
consequenceof the generalfact (provedin subsection3.3 and appendixA) that any unitary operator
whose (Hermitian) generatoris composedof bilinear combinations of creation and annihilation
operatorsfor two modescan be expressedas a productof threesqueezeoperators(i.e., an operatorlike
S), a mixing anda rotation operator,andan overall phasefactor.

It is proved in the nextsection,by consideringthe most generaltwo-modeGaussianwave function,
that the HermitiangeneratorHgt2~of the unitary operatorUg~2~us exp(—iHg~2~t)that relatesa two-mode
GPSto the vacuumstate is a sum of linear andbilinear combinationsof a~,a~,a÷t,and a_t. In other
words, the most general two-modeGPS is producedwhen two harmonicoscillators in their ground
statesare exposed to the interaction Hamiltonians HR~2~(t),H

1~
2~(t),and H

2~
2~(t)describedin the

introduction [eqs. (1.3) and (1.4)]. The unitary operatorUg~2~factorsinto a productof displacement,
squeeze,mixing, androtationoperators(in any order), andan (unobservable)overall phasefactor (see
subsection3.3andappendixA). Thepropertiesdescribedin thisandtheprevioussectionsensurethat any
productof rotation,mixing, squeezeand displacementoperatorscan be expressedas the productof a
displacementoperatorandan operatorlike S (in eitherorder),multiplied on the right by a rotationand
a mixing operator(andan overall phasefactor). Sincethe rotation andmixing operatorshaveno effect
on the vacuumstate,this shows that the mostgeneral two-modeGPSis the state jig) definedby eqs.
(3.1.71)and (3.1.78).

3.1.7. Two-modeGPSand minimum-uncertaintystates(MUS)
The noisematricesT and0 (or S,.~,Si,, andS~~)for two-modestatesthat aretensorproductsof two

single-modestatesare diagonalmatrices.For a productof two single-modesqueezedstates,the most
generalof this typeof two-modeGPS,the noisematricesT and Q are

e2’~sinh 2r÷ 0
T= ~( ~ e2j~sinh2rJ’

(3.1.80)
1 ~cosh2r~ 0

Q~2t
\ 0 cosh2r_

[eqs.(2.1.34)].
For a two-mode squeezedstate, the noise matrices are not diagonal,but they, too, havesimple
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forms. They follow directly from the transformations(3.1.55)and the noise matrices for a coherent
state.For theTMSS ~ ~ [eq. (3.1.64)] they are

T = —~ e2t~sinh 2ro
1, 0 = ~cosh2r1; (3.1.81)

= ~ cosh2r — sinh2r cos24”~ (3.1.82a)\—sinh 2r cos24’ cosh2r I

/ cosh2r —sinh2rcos24’\
(3.1.82b)

\—slnh2rcos24’ cosh2r /

S~= —~ sinh2r sin 24’~ (3.1.82c)

The simple forms for thesenoise matricesare a consequenceof TSQPnoise,which requiresthat the
noise moments((i~a+)

2),((~a_)2),and (~a÷~a_t) vanish,or, equivalently, that the noise moments
((i~a

1)
2),((z~a

2)
2),and(~a

2~a2)of the quadrature-phaseamplitudesvanish[eqs.(1.21) or (3.1.70)].The
nonvanishingsecond-ordernoise moments of the quadrature-phaseamplitudes for a two-mode
squeezedstateare

(~aiI
2)= ~[cosh2r— (1— e2/u12)~2sinh 2r cos24’] , (3.1.83a)

(I~a
2I

2)= ~[cosh2r+ (1 — e21122)112sinh2r cos24’], (3.1.83b)

(i~a
1~a2t)sym = ~(1— r

2/122Y’2sinh2r sin24’ + ~i~/[l cosh2r, (3.1.83c)

[cf. eqs. (2.1.35)]. The squeezingeffect is obvious if one rewrites the mean-squareuncertainties[eqs.
(3.1.83a,b)],for e/Q~ 1 and ~ = 0, as

(4a~2) = ~[e~2r±~e2/Q2]1 e~2r. (3.1.83d)

By contrast,two separatelysqueezed(uncorrelated)singlemodesdo notexhibit thiskindof squeezing;the
mean-squareuncertaintiesboth in quadraturephasesaregreaterthanthe coherent-statevalueof ~:

(~a
12) = ~(1+ A~sinh

2r~+ A2 sinh2r_) , A±us (1 + e/Q)”2. (3.1.84)

The noise matricesfor the general two-mode GPS jig) [eq. (3.1.78)] can be obtained from the
transformation(3.1.73a)and the noisematricesfor a coherentstate,or from eqs. (3.2.34) and (3.2.35)
below.The componentsof T and 0, the noisemomentsof a±.anda±t,are

((~a±)2)= —~cosh2r e2~~sinh 2r.,

(~a±~a_)= —~ sinh 2r(e2’~’cosh r±cosh r_ + exp[2i(4’÷+ p — ~)]sinh r±sinh r_), (3.1.85)

(z~a±~a_t) = ~sinh2r(exp[2i(4’ — ~)] cosh r+ sinh r + exp[—2i(4’ — ~±)]cosh r_ sinh r÷),

(I~a±I2)= ~cosh2r cosh2r~.

The choicefor the order of the threesqueezeoperatorsin S [eq. (3.1.71)] was madeso that the noise
moments((~a±)2)and(I~a±~2)would havethesesimpleforms.

By analogy with single-modeMUS, the natural definition for two-mode “minimum-uncertainty
states”(MUS) is thosestatesfor which
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S~S~=~1 (3.1.86)

[eq. (3.1.15a);cf. eq. (2.1.36)].Theseare(two-mode)GPS that satisfy

Tm T’ Im 0= ~ =0 (3.1.87)

[eqs.(3.1.12);cf. eq. (2.1.37)]. The condition (3.1.86)implies that for a two-modeMUS thereareonly
threeindependentrealparametersassociatedwith the ten second-ordernoisemoments.The conditions
(3.1.87)are equivalentto the following four conditionson the second-ordernoise momentsof a±and

Im(~a+~a_t)= 0, (3.1.88a)

Im(~a÷i~a_)= 0, (3.1.88b)

= 0, (3.1.88c)

= 0. (3.1.88d)

Comparisonwith eqs. (3.1.85)showsthat the set of two-modeMUS consistsof all two-modeGPSfor
which ~÷ = = = 0 [eq. (3.1.78)]. It is shownbelow[seeeqs.(3.2.5) or (3.2.6)] that a two-modestate
is a MUS if and only if it is an eigenstateof both componentsof the vector linear combination
I + iM~j, whereM

1 is a real, symmetric,positive-definitematrix. A two-mode GPS with ç÷= =

= 0 satisfiesthis conditionwith the matrix M1 equalto

M — ~‘ exp(2r+)cosh2r exp(r++ r_) sinh 2r\ (3 1 89)— ‘~exp(r±+ r_) sinh2r exp(2r_)cosh2r )~

Milburn [33] hasproposeda more restrictive definition of two-modeMUS, which stipulatesthat the
real, symmetric, positive-definite matrix M1 also be diagonal; his definition therefore includes all
productsof single-modesqueezedstateswith cc’+ = 0, but it excludesall two-modestatesin which
the two modesarecorrelated— i.e., all two-modeGPSfor which r � 0. A two-modestateis a Gaussian
purestateif andonly if it is an eigenstateof both componentsof avectorlinear combinationI + iM~ft,
where M is a two-dimensionalcomplex, symmetric matrix, and Re(M) is positive definite (see
subsection3.2). All statesunitarily related to two-mode MUS by productsof rotation and mixing
operatorssatisfythis condition.Conversely,all statesthat satisfythis condition(i.e., all two-modeGPS)
arerelated to two-modeMUS by productsof rotation and mixing operators.Thus, by extendingthe
definition (3.1.86) of two-modeMUS to include all statesrelated to two-mode MUS by productsof
rotation and mixing operators,one obtainsall two-modeGPS.Anotherway to seethis is to note that
the four conditions(3.1.88)can alwaysbe met for someoperatorsdefinedas linear combinationsof a+
anda_ by a transformationlike (3.1.44b),with appropriatechoicesfor the four parametersq, x~0±,and
0_.

Another set of two-modestates, the two-mode analogsof single-modestateswith random-phase
noise, consistsof stateswhose noise momentsare invariant under all rotations,i.e., under unitary
transformationsgeneratedby the rotation operatorsR(O)= Rs(Os)Ra(Oa)[eqs. (3.1.19)]. Two-mode
stateswith random-phasenoisearesimply tensorproductsof two single-modestateswith randomphase



376 B.L. Schumaker,Quantum mechanicalpure states with Gaussian wavefunctions

noise[seeeqs.(3.1.24)aadsubsection 2.1.5]: all correlatednoisemomentsbetweenthe two modesmust
vanish, and all noise moments of a÷and a_ separatelyvanish [eq. (2.1.39a)].Fields composedof such
states have “time-stationary” (TS) noise; the adjective TS is often used, instead of “random phase”, to
describethe noise associatedwith thesestates.For two-mode states(pure or mixed) with Gaussian
noise statistics,the conditionsfor random-phasenoise are that the noisematrix T = 0, and the noise
matrix Q be diagonal[eqs.(3.1.28)].Note that the condition T = 0 is equivalent to the condition

S~(O)= S~(O)= S~(O’) for all 0~,o_, o’+, o’, (3.1.90a)

where

S~(O)us (~I(O) MT(O)) us (R(O) ~I ~ITRt(O)), (3.1.90b)

S~(O)us (L~4;(o)~T(~)) us (R(O)~i i~jTRt(O)) (3.1.90c)

[eqs.(3.1.12), (3.1.24b,c); cf. eq. (2.1.39b)]. This condition alone is not adequate to define random-phase
noise,sinceit doesnot ensureinvarianceof all second-ordernoisemomentsunderrotationsinducedby
the antisymmetricrotation operatorRa(0) that invariancerequiresthe additional condition that the
noise matrix 0 be diagonal[eqs.(3.1.28)]. The only nonvanishingsecond-ordernoisemomentsfor a
two-modestatewith random-phasenoise arethe total noisesfor eachmode, (I~a+J2)and(~a_I2).The
intersection between the two-mode Gaussian pure states and states with random-phase noise is the set
of two-modecoherentstates,which have

TCOh = (SXP)cO. = 0, (3.1.91a)

Qcoh = (Sx)coh= (SP)COh= (3.1.91b)

[cf. eqs. (2.1.33)].
Another important set of two-mode states consists of those with TSQP(time-stationaryquadrature-

phase) noise (see subsection 1.8). These are states whose noise moments are invariant underrotations
induced by the antisymmetricrotation operatorRa(0) [eq. (3.1.18b)1 [50].The noisemomentsof a±and
a±t for two-mode states with TSQPnoise satisfy the conditions

= 0 if r � s, (3.1.92a)

= 0 if r � s, (3.1.92b)

((~a±)r(~a_t)5)=0, (3.1.92c)

where r and s are nonnegative integers. For the quadrature-phase amplitudes, theseconditionsare

= 0, (3.1.93a)

((~am)T(~ant)5)sym = 0 if T� S, (3.1.93b)

where m, n = 1, 2. When theseconditions are satisfied, all time-dependentnoise momentsof the
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electric-field quadraturephasesE1 and E2 vanish— hencethe adjective TSQP. Comparisonof eqs.
(3.1.93) with eq. (2.1.39a) suggeststhat the adjective TSQP, which describesthe noise in a field
composed of these states, could be replaced by “random-quadrature-phase” when describing the noise
associated with these two-mode states. For states (pure or mixed) with Gaussian noise statistics, the
conditions (3.1.92) for TQSPnoisereduceto

(z~a±z~a_
t)= ((~a+)2)= ((~a_)2)= 0; (3.1.94a)

i.e., the noise matrix T has only off-diagonal components,and the noise matrix 0 is diagonal [eqs.
(3.1.28)]. For the quadrature-phaseamplitudes,the conditionsfor GaussianTSQPnoiseare

((1~ai)2)= ((~a2)2)= (~ai ~a) = 0. (3.1.94b)

The intersectionbetweentwo-modeGPS andstateswith TSQPnoise is the set of two-modesqueezed
states.

Note that TSQPnoise is lessrestrictivethanTS noise—i.e.,time-stationarynoisein the quadrature
phasesE

1 andE2 does not imply time-stationary noise in the total electric field E. Like TS noise,TSQP
noise requiresthat each modehaverandom-phasenoise [((~a±)

2)= 0; eq. (3.1.94a)]; but, unlike TS
noise,it does not require that the modesbe uncorrelated.It is precisely the nonvanishingcorrelated
noise moment (~a+z~a_)that makes possible the squeezing effect.

3.2. Two-modeGaussianwavefunctions

This sectionbeginswith the most generaltwo-modeGaussiancoordinate-spacewave function, with
all parametersarbitrary, subject to normalization. Subsection3.2.1 explores the relation of the
parametersin the wave function to the noise propertiesof a two-mode GPS, and derives general
relations between the different noise moments. The two-component vector notation defined in the
preceding section (subsection3.1.lb,c)allows theserelationsto bederivedandexpressedvery simply as
matrix relations between the different second-order noise matrices. Subsection 3.2.2 examines the pairs
of independent operators of which two-mode GPSare eigenstates, these being determined by the wave
function. It establishes thereby the logical connection between the wave function and the formal
definition of a two-mode GPSas a unitary operator actingon the (two-mode)vacuumstate.Subsection
3.2.3 derives the unitary operator that relates the most general two-mode GPSto the vacuum state, and
shows that it is equal to a product of two single-mode squeeze operators and one two-mode squeeze
operator. The parameters in the general two-mode Gaussian wave function are given explicitly in terms
of the six real parameters associatedwith thesesqueezeoperators. Subsection 3.2.4 considers the most
general two-mode Gaussian momentum-space wave function, and relates its parametersto thoseof the
coordinate-space wave function.

3.2.1. Thewavefunction
Considernow the coordinate-spacewave function for the most generaltwo-mode Gaussianpure

state,symbolizedhereby the statevector ji~) (or ~ j~g_)).The two-modeGPS jig) is an eigenstate
of a pair of operatorsg±and g_, whosegeneralforms arediscussedbelow,with complexeigenvalues
/.Lg±and~Ug~respectively.[It will be seenbelow that g+ andg_ havethe forms discussedin subsection
3.1.6.] The wavefunction is written in termsof thedimensionlesspositionvariablesx~,the eigenvalues
of the Hermitian operatorsI~.The most general(normalized) two-modeGaussiancoordinate-space
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wavefunction hasthe form

(x+x_I jig) = Ng exp(~iO~)exp[—~i(p0+x0÷+ p0_xo)]exp[i(p0+x±+ p0~x_)]

Xexp[—~M11(i~x÷)
2— ~M

22(i~x_)
2— ~(M

12+ M21) L~x+z~x_]

= Ng exp(~iO~)exp(—~ipo
Tx

0)exp(ipo
Tx)exp(—~L~xTM~x),

us(~:)~~ usx±— (1+) (3.2.1)

[cf. eq. (2.2.1)]. Here x
0 and Po are the column vectorsfor the meanposition and momentum[eqs.

(3.1.7)], with componentsdefinedby

x0±us (1±) = J dx+ J dx X±I(x+x~Ijig)I
2, (3.2.2a)

Po±us (~~) = —i J dx÷J dx(jig~x÷x~x*(x+xIjig), (3.2.2b)

M is a two-dimensional,complexmatrixwhosecomponentsMq are relatedto the second-ordernoise
momentsof 1±andj3±,O~is an unobservablephaseangle(separatedout for reasonsdiscussedbelow),
andN~is a (real)normalizationconstantdeterminedby the condition (jig jig) = 1. The subscript“x”
on the phaseangle 8~servesonly to distinguish O~from the phaseangle ô~,which appearsin the
momentum-spacewave function [eqs. (3.2.38)—(3.2.41)below]; O~has no dependenceon x~.The
antisymmetricpart of the matrix M is irrelevant,so I assumehenceforththatM is symmetric,Mus MT

(M
12 us M21). Normalizability dictatesthat the real part of M be positive definite— i.e., that

TrM1>0, detM1>0, MiusReM=~(M+M*), (3.2.3)

and the normalizationconstantNg is equalto

Ng = (1T
2/detM

1)~
4 (3.2.4)

[cf. eqs. (2.2.2)—(2.2.4)].
The most important parametersin the wave function (3.2.1) are the threecomplex numbersthat

make up the (symmetric)matrix M The form of the wave function tells one that the state jig) is a
simultaneouseigenstateof both componentsof thevector linear combinationI + ~ andhencethat
the matrix M is relatedto the noisematricesS~,5g’~and5,,,. by

M usM
1 + iM2 = —iS,,

1(S~~+ ~i1)= —iS~(S,,~— ~i1)~. (3.2.5a)

The real andimaginary partsof M arethereforeequalto
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MiusReM=~S~1, M
2usImM=—S~’S,,~, (3.2.5b)

andthe absolutesquareof its determinantis

detMI
2 = detS,,/detS~ (3.2.5c)

[cf. eqs. (2.2.5)]. Equation (3.2.5c)showsthat for normalizabletwo-modeGPSthe matrix M mustbe
nonsingular[if detM = 0, the wave function in the momentumrepresentationis a delta function; see
discussionbeloweqs. (3.1.11)]. Inverting theseexpressionsgives the covariancematrices5,,, S,,, and S,,,,
in termsof the matrix M:

S,, = (2M

1)~, S,, = [2 Re(M~)]~, S,,,, = —(2M1)

1M

2 (3.2.6)

[cf. eq. (2.2.6)]. The normalizationconstantNg can thusberewritten as

Ng = (ir
2/detM

1)”
4 = (4ir2 detS~)~’4 (3.2.7)

[cf.eq. (2.2.7)].
Thatthe state jig) is an eigenstateof the componentsof I + iM~j3meansthat it is alsoan eigenstate

of the componentsof a+ (M + 1)~(M— 1)a*. The noisematricesT and0 arethereforemorenaturally
expressedin termsof the symmetriccomplexmatrix

1= F~ (M+ 1)~(M—1) = —(Q+~1)~T=_(Q_~1)T*_l (3.2.8)

[cf.eq. (2.2.8)]. Inverting theseexpressionsgives the noisematricesT and0 in termsof the matricesr
andM:

T= —F(1— F*F)~= —(1— Fr*)~I~

= _(M* + 1)(4M
1)

1(M—1), (3.2.9a)

0= ~(l+rF*)(1_rr*)_l = (M+ 1)_l(1+MM*)(4M
1)_l(M+ 1) (3.2.9b)

[cf.eqs. (2.2.9)]. Note also that

1—FF~= (M+ 1)~4M1(M*+1)_i; (3.2.10)

hencenorinalizability requiresthat the (Hermitian) matrix (1— F~*)be positive definite. The above
expressionsshow,thoughnot in a transparentway, that only six of the ten realpiecesof informationin
the second-ordernoisemomentsfor a two-modeGPS areindependent,since

cc ~ 2 ~

~x~p4lm~xp , I~3.L.I1a

0211+ TT* (3.2.llb)
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[cf. eqs. (3.1.15)and (2.2.11)].They alsoshow that the following matrix productsaresymmetric:

= (55)T ~ = (S,,S,,,,)~, QT = (QT) = TQ*. (3.2.llc)

Theserelationsaremademoreobviousbelow [eqs.(3.2.30)—(3.2.34)].
The remainingparameterin the wave function (3.2.1) is the phaseangIe 8,,; in generalit can be any

realnumber.The phaseangle8~is unobservable,but for a statedefinedas a particularunitary operator
actingon the (two-mode)vacuumstateit hasa well-definedvalue,providedoneassignsa phaseangleto
the vacuum-statewave functions.The propertiesof the displacementoperatorrevealwhy the phase
factor exp(~i8~)separatesnaturally from the overall phasefactor in the wave function (x~jig).The
definition (3.1.29) of the two-mode displacementoperator implies that the wave function for a
“displaced” two-modestateD(a, ~)l IF) is relatedto the wave function of the original state I IF) in the
following way:

(xID(a, ji)IIF) = exp(—~ip0
Tx

0)exp(ip0
Tx)(x— xoIIF) (3.2.12)

[cf. eq. (2.2.12)]. A natural way, therefore, to obtain an arbitrary two-mode pure state IF,~)with
complexamplitudesj.c+ and ~ is to operatewith the two-modedisplacementoperatorD(a, ji) on a
state I i]t) us U

0j0) thathas the desirednoisepropertiesbut haszerocomplexamplitudes((OIUotaUoIO)=
0):

us D(a, ,i)UoI0). (3.2.13)

The property (3.1.31) of the displacementoperatorthen ensuresthat IF,~)hascomplexamplitudes~+

and,a,

(IF~IaIIF~)=ji. (3.2.14)

Any normalizedtwo-mode pure statewith complexamplitudes,a~and ,a can be defined by an
expressionlike (3.2.13).The advantageof this definition is that the state’smeanvaluesx0±andPo±(or
complexamplitudesj~+) are determinedsolely by the displacementoperatorD(a, ji), and its noise
momentsof a±anda±taredeterminedsolely by the unitary operatorU0. The (normalized)two-mode
GPS jig) with complexamplitudes~t±, p~can thereforebe formally definedby

jig) us D(a, jL)UgJO). (3.2.15)

Note the following three propertiesof Ug: First, it is uniquely defined only up to (right-hand)
multiplication by rotation operatorsR±(0±),a mixing operatorT(q,x)~and an overall phasefactor.
Second,since it definesthe noise momentsof a~and a±t(or 1±and j3±)for the GPS jig), it has
associatedwith it no morethan six independentrealparameters(over andabovethoseof the rotation
andmixing operatorsandphasefactor).Third, sincethe state jig) hascomplexamplitudes~±, ~c_, the
expectationvalue(O~UgtaUg~0)mustvanish.

The phasefactorexp(~i8~)in the wave function (xl ~ is given, from eqs. (3.2.1)and(3.2.12), by

exp(~i0,,)= (x+ = = OjUgIO)Ii(X+ = = 0IUgi0)~ (3.2.16)
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[cf. eq. (2.2.16)1. The phaseangle 8~hasno dependenceon the complexamplitudes~u±,providedUg
does not; any dependenceof Ug on ~c±is artificial, since it does not affect the state’s complex
amplitudes(a±).Consider,for illustration, the two-modecoherentstate ji)coh us D(a, jz)lO) [eq. (1.15)],
for which the operatorUg is the identity operator.Equation (3.2.12) saysthat the wave function for
Iji)~~his relatedto the vacuum-statewave function (x 10) by

(xi IL)COh = exp(—~ip0
Tx

0)exp(ip0
Tx)(x— x

0 0), (3.2.17)

so the phaseangle8,, for a two-modecoherent-statewave function is equalto the phaseangleassigned

to the two-modevacuum-statewave function.

3.2.2. Operatorsof which two-modeGPSare eigenstates
The form of its wave function showsthat a two-modeGPS jig) is a simultaneouseigenstateof two

linearly independentoperatorsg+ andg_ thatarelinear combinationsof thecomponentsof the vector
linear combinationsI + iM

1~or a+ Fa*. The label jig for the GPS jig) is chosento be the vector
whosecomponentsare the eigenvaluesof g+ andg_. Thus,onecan write the following relations:

g~jig)= /.LgPjig), (3.2.18a)

g = K(I + iM’~)= K(a + f’a*), (3.2.18b)

lAg = K(xo+iM~po)=K(
1u ±Fp*), (3.2.18c)

whereKandK aretwo-dimensionalnonsingularmatrices.It is instructiveto considerthegeneralform for

all independentoperatorsg+, g of which the two-modeGPS jig) is an eigenstate:
fg+\ * *gus~ )=P~a+P~ausP~(a+J’a)

= P,,I + iP,j3 usP~(I+ iM’j~). (3.2.19a)

HereP,,, F,,, Pt,, andP. aretwo-dimensionalcomplexmatrices,relatedto eachotherby

P =2”
2(P,,±P,,), P =2~’2(P~±P~). (3.2.19b)

The eigenvalues~g+, /hg are relatedto the complexamplitudes~÷, ~u_and the meanpositionsand
momentumsx

0~,Po±by similar relations,

jig = P,,x0+ iP,,p0= Pp + P~ji~’. (3.2.20)

Inverting eqs. (3.2.19)and(3.2.20) leadsto the following expressionsfor a andji in termsof g and jig:

a = P~Y
1g— P~(Y~)_lg*, (3.2.21a)
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ji~(a)=~ (3.2.21b)

where Yg us [g,gt] is the Hermitian commutatormatrix

us [g,gt] us ggt— (g*gT)T = ([g+, g~t] [g+,gt]) (3.2.21c)
[g—,g+] [g_,g_]

[cf.eqs. (2.2.21)]. Theserelationsimply the importantequality

D(a, ji) = D(g, Y;1jig) (3.2.22)

[cf.eq. (2.2.22)].
The equality (3.2.22) enablesone to see explicitly how the form of the unitary operatorUg, which

definesa two-modeGPSthrougheq. (3.2.15),is determinedby the forms of the operatorsg±andg_. To
see this, beginwith an alternativedefinition for the GPS jig). First, assumethat jig) is relatedto the
vacuumstateby someunitary operatorU:

jig) = UlO). (3.2.23a)

It is thenconvenientto defineanotherunitary operatorUg by

Uus UgD(a, jig), (3.2.23b)

so that the state jig) is equalto the operatorUg actingon the two-modecoherentstate ljig)coh,

jig) = UgD(a, jig)10) = Ugljig)coh. (3.2.24)

[The equality (3.2.22)will beseento ensurethat the operatorUg definedhereis the sameas that in eq.
(3.2.15).] It is then consistentwith the eigenvalueequations(3.2.18a)that the operatorsg+ and g_ be
unitarily relatedto the annihilationoperatorsa~anda_, respectively,throughthe operatorUg:

g = UgaUgt. (3.2.25)

The form of Ug is thusdeterminedby the forms of the operatorsg+ and g_. Note that thisrelationsays
that both a+ and a_ are transformedby the sameunitary operator,Ug. The fact that a÷and a_ are
transformedby the same,unitary operatorensuresthat [g,gt] = [a,at] = 1. This, togetherwith the
forms (3.2.19a)of g±andg_, impliesthe equality

D(a,ji)D(g,jig) (3.2.26)

[eq. (3.2.22)],whichin turn provesthe equivalenceof the definitions (3.2.15)and (3.2.24)for jig). Thus,

any two-modeGPS jig) hasthe following two equivalentdefinitions:
jig) = UD(a, jig)10) = UI/ig)coh = D(tz, ji)UjO) (3.2.27)

[cf. eq. (2.2.27)].
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Return now to the general forms (3.2.19a) for the operators g+ and g_ of which two-mode GPSare
eigenstates.Six of the sixteenreal parametersin the expressions(3.2.19a)for g aredeterminedby the
wavefunction (x I jig), which specifiesthe (symmetric)matrix products

PX
1PPusM, P~1P~usF. (3.2.28)

(It will be seenthat theseparametersspecifythe squeezefactorsr, r~andthe squeezeangles4’, cc’±.)Six
more realparametersarepartially determinedby the requirementthat g±and g_ havea complete(or
overcomplete)set of simultaneous,normalizableeigenstates,i.e., (i) that the commutator[g±,g_] = 0
(or, equivalently, that the antisymmetriccommutatormatrix [g,gT] vanish), and (ii) that the Hermitian
commutatormatrix [g, gt] be positive definite (for furtherdiscussionof this requirementsee appendix
C). These parametersare determinedcompletely if one specifies that the operatorsg±and g_ be
unitarily relatedto a÷anda, respectively,by the sameunitary operator[eq. (3.2.25)],which implies
that

[g,gT] = [a,a1] = 0, (3.2.29a)

[g gt] = [a,at] = 1. (3.2.29b)

Theantisymmetriccommutatormatrix [g,gT] is relatedto the matricesin the expression(3.2.24a)for g
in the following way:

[g,gT] us ggT— (ggT)T = [g±,g_]iu
2

= PXPp — PPPX = P~[M~ —

= P,P~

T—PSPCT = P~(f’T— F)PCT. (3.2.30)

Thus, the condition (3.2.29a)—i.e.,that the operatorsg÷and g_ commute—simplytells one that the
matrix M mustbe symmetric.The Hermitiancommutatormatrix [g,gt] can be written in the following
differentways:

[g,gt] = P~P+ PJ,PXt = 2P,,M

1P,,t =

= 2P~Re(M~)P,,t = PPSP!PPt

= PCPC~— P~P~= P~(1— IT*)P~t= PC(Q+ ~

= P~[(r*fl_l — 1]pt = P(Q* —

= P~F~(1— ff*)pt = —P~T~P~ (3.2.31)

[eqs.(3.2.5) and (3.2.8); cf. eq. (2.2.30)]. Thus,the condition that g±and g_ be unitarily relatedto a~
anda_ throughthe sameunitary operator[eq. (3.2.29b)] implies that

+ p,,P,,~= P,,P~— ~ = 1. (3.2.32)
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The expressions(3.2.30)and (3.2.31)show that theoperatorsg+ andg havesimultaneousnormalizable
eigenstates— i.e., [g±,g] = 0 andtheHermitiancommutatormatrix [g,gt] is positive-definite— if andonly
if the realmatricesM1 and1 — FF~aresymmetricandpositive-definite;this is equivalentto thecondition
thatthewavefunction (x I jig) benormalizable[eqs.(3.2.3)and(3.2.10)].Thisconditionalsorequiresthat
thematricesP~,P~,andP~benonsingular.Two otherpropertiesof thematricesP~,~ P~andP~canbe
found from theexpression(3.2.21a)for ain termsof g andg*, by setting[a, at] = 1. For the matricesP,,
andP~thesepropertiesare

Im(P~
tY1P~)= Im(P,,tY;1P,,)= 0, (3.2.33a)

Re(P,,tY~P~)= ~1. (3.2.33b)

For the matricesP~,andP. they are

PCt YgPS = (P~tY~P~)T, (3.2.33c)

P~tY;1P~_P~T(Y;1)*P~*= 1. (3.2.33d)

Fromnowon I restrictattentionto operatorsg÷,g that areunitarily relatedto a~and a_ by the same
unitary transformation[eq.(3.2.25)], sothat [g,gt] = 1. This entails no loss of generality,sinceby taking
appropriatelinear combinationsof otheroperatorsg+’, g_’ for which [g’,glt] is positivedefinite but not
proportionalto the identity matrix, onecan alwaysdefineoperatorsg±,g that satisfy [g,gt] = 1.

The four remaining real parametersin g±and g_ describethe invarianceof the commutation
relations (3.2.29) under transformationsthat take g÷and g_ into certain independentlinear com-
binations of each other, i.e., under multiplication of the vector g by an arbitrary unitary matrix.
Multiplying g by anarbitrary unitary matrix is equivalentto (right-hand)multiplying the operatorUg of
eq. (3.2.25) by a mixing operator T(q, x) and two rotation operatorsR±(0±)[eqs. (3.1.44)]. The
definition (3.2.27)of jig) showsthat this freedomin the definitions of g+ andg_ reflectsthe fact noted
in subsection3.1.4 that a (two-mode)coherentstate remainsa coherentstatewhen multiplied by
rotation andmixing operators[eq. (3.1.49)].

The expressions (3.2.31) for the commutator matrix [g,gt], togetherwith the matrix properties
described above [eqs.(3.2.32) and (3.2.33)], reveal the following simple relations between the noise matrices
for a two-modeGPSandthe complexmatricesP~,P~,Pt,, andP~that define operators g+, g~unitarily
relatedto a~,a by the sameunitary operator:

S,,P,,tP,,, SpPp~Pp, Sxp~Im(PxtPp); (3.2.34a)

T = —P~tP~, (3.2.34b)

Q= ~(PC~PC+ p~TP~*)= ~ — = P~TP~’+ ~i (3.2.34c)

[cf.eqs.(3.2.6),(3.2.9)and(2.2.32)].Theseexpressions,togetherwitheqs.(3.2.30)—(3.2.33),makemore
apparentthe equalities(3.2.11)satisfiedby the noisematrices.

3.2.3. Unitary relation of two-modeGPSto the vacuumstate
The form of the unitaryoperatorUg in thedefinition (3.2.27)of the two-modeGPS ji~)is dictatedby

the transformation (3.2.25) and the forms of g±and g_ [eqs.(3.2.19),(3.2.32)and(3.2.33)].Thelinearityand
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absenceof anyadditiveconstantsin the transformationimply that Ug = exp(—iHg~2~t),whereHg~2~is a
(Hermitian)linear combinationof the ten bilinearproductsof a+ anda±t(a±ta±,a÷a~,a~2,a±a_t,and
their adjoints).That is, the generatorHgt2~Of Ug hasthe generalform H

0~
2~+ HR~2~+ H

2~
2~definedin the

Introduction[eqs.(1.1)—(1.4)1.It is shownin subsection3.3andappendixA thattheoperatorUg canalways
bewritten asaproductof two single-modesqueezeoperators,atwo-modesqueezeoperator,two rotation
operators,andamixingoperator(andan unobservableoverallphasefactor).Therotationoperatorscanbe
placedin any positionrelativeto thesqueezeandmixing operators,withoutchangingthe form of Ug [eqs.
(2.1.25),(3.1.47), (3.1.60)]. Whenplacedto the right of the squeezeoperators,theyact like the identity
operatoron the vacuumstateandhenceareinconsequential.It is not a trivial exerciseto commutethe
mixing operatorthrough the squeezeoperators,but it is easyto see that doing so producesa unitary
operatorwhosegeneratorhastheform H

0~
2~+ HR~2~+ H

2
t2~,multiplied on theright by amixing operator.

Thisoperator,in turn,canbeexpressedasaproductof thethreesqueezeoperators— i.e.,anoperatorlike S
of eq. (3.1.71)—multipliedon the right by arotationandmixing operator.The mixing operator,like the
rotationoperators,actslike theidentity operatoron thevacuumstateandhenceis inconsequential.Hence
theunitaryoperatorthat relatesthemostgeneraltwo-modeGPSto atwo-modecoherentstatecanalways
be expressedas an operatorlike 5, i.e., a productof the threesqueezeoperators.The most general
two-modeGPSis that definedby eq.(3.2.27)with Ug equalto 5, i.e., it is thestatedescribedin eq. (1.18)of
the Introduction.A two-modeGPSis thuscompletelydefinedby its complexamplitudes,a÷and,u andthe
valuesof its six real parametersr, r+, ~, and ~±.

The mostgeneraltwo-modeGPS [eq.(1.18)] is an eigenstateof operatorsg÷and g_ definedby the
vectorrelations(3.2.19).The matricesP~, andP,, aregiven by eqs. (3.1.73b,c):

— ~‘ cosh r coshr~ e21~’~sinh r sinh r_”~
— ~e21~_~ sinh r sinh r~ cosh r cosh r_

— (e2’~cosh r sinh r+ e21~sinh r cosh r (3.2.35)
— ~ ~ sinh r cosh r÷ e2’~cosh r sinh

The matricesPt,, andP~follow from theseby the relations(3.2.19b).The complex,symmetricmatrices
M andr arerelatedto the matricesPt,, P~,P,,, andP,~ by eq. (3.2.28). The complexamplitudes~+, p~
andeigenvalues/~Lg±,/~g arerelatedto eachotherthrough thevectorexpressions

p us(a)=P~jig — ~ jig = PCII + P~,L* (3.2.36)

[eqs.(3.2.20)and (3.2.21b)]. The noise matricesS,,, S,~,,S~,T and0 for the two-modeGPS ji~)are
obtainedby inserting the expressionsfor P~,P

5, P~,andP,, into eqs. (3.2.34). The componentsof the
noisematrices T and 0 were given explicitly in the precedingsection [eqs.(3.1.85)].

The phaseangle 5,, in the coordinate-spacewave function (xl jig) for the two-mode GPS jig) us

UgI/Lg)coh can beobtainedfrom eq. (3.2.16).The calculation is describedin appendixB. The result is

exp(~i8,,)= (detp,,*)l/
2/!det P,,1L12 (3.2.37)

[cf.eq. (2.2.37)].

3.2.4. Two-modemomentum-spaceGaussianwavefunction
To concludethis discussionof two-modeGaussianwave functions,considerbriefly the momentum-
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spacewave function for a two-modeGaussianpurestate,(p I jig) (or (p+, p_ I jig)), obtainedby Fourier
transforming(x jig) [eq. (3.2.1)]. Here the dimensionlessmomentumvariablesp±andp~,components
of the column vectorp, arethe eigenvaluesof the Hermitianoperatorsj3±.The momentum-spacewave
function hasthe following form:

(~1jig) = (2ir)1 J dx+ dx exp(-ij3TI)(x~jig)

= ~Wgexp(—~i5~)exp(~ip
0

Tx
0)exp(—ix0

Tp)exp(—~~pTM1 isp), (3.2.38a)

wherethe (real)normalizationconstant,W~is

N = (4~.2detS~)”4 (3.2.38b)

[cf.eqs. (3.2.1), (3.2.7),and(2.2.38)]. Thephaseangle8, is relatedto the coordinate-spacephaseangle
5~by

detM . det(S~~+~i1)
exp(i5~)= exp(—i5~)det MI = —exp(—i5~)ldet(S,,~+ 1i1)I~ (3.2.39)

For the two-modeGPS jig) = SIjig)coh the phasefactorexp(—~i5~)is therefore

exp(—~i5~)= (detP *)lI2Ildet P,,~1”2 (3.2.40)

[cf. eq. (2.2.40)].
The positionandmomentumprobabilitieshavethe usual Gaussianforms:

Rx I jtg)12= (4ir2 detS~)~2exp(—~L~xTS;’~x), (3.2.41a)

l(~I jig)12 = (4~.2det5~)_1/2 exp(—~i~pTS;1E~p) (3.2.41b)

[cf. eqs. (2.2.41)].

3.3. Four-componentvectornotationfor two-modeGPS

This sectiondescribesa four-componentvectornotationthat servesas the basisfor an efficient and
powerful way of characterizingall two-mode states(pure or mixed) with Gaussiannoise statistics.
Subsection3.3.1 definesthe fundamentalvectorsandfour-dimensionalmatrices.Subsection3.3.2 writes
the unitary operatorsand transformationsassociatedwith two-mode GPS in the vector notation.
Subsection3.3.3 discussesthe grouptheoreticalsignificancesof the transformationmatricesthat arise
from unitary transformationsby the rotation,mixing, and squeezeoperators.Subsection3.3.4 defines
four-dimensionalsecond-ordernoise matricesand discussessomeof their importantproperties.Sub-
section3.3.5usesthe vectornotationto derivethe unitary evolution operatorassociatedwith the most
generalcombinationof interactionHamiltoniansthat can producea two-modeGPS.This operatoris
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shown to be expressibleas the product of two single-mode rotation, displacement,and squeeze
operators,a mixing operator,and a two-modesqueezeoperator.It is thusprovedrigorously that the
most general two-mode GPS is unitarily related to a two-modecoherentstate by a productof two
single-modesqueezeoperatorsandonetwo-modesqueezeoperator.

3.3.1. Fundamentalvectorsand matrices
The previousdiscussionhasshown that the unitary operatorsthat relate two-mode GPS to the

vacuumstateandto othertwo-mode GPSare rotation,mixing, displacement,andsqueezeoperators.
Sincetheseoperatorsinduce linear transformationson a,. anda±t(or 1+ and~+), it is useful to define
the four-componentoperatorcolumn vectors[33]

aus(a*), ~= (X)=~, (3.3.la)

A us2_h/2 ( 1) = (At)~ (3.3.lb)

[cf. eqs. (2.3.1)]. Here and throughout this section the componentsof four-componentvectors are
grouped into two two-componentvectors, and the componentsof four-dimensionalmatrices are
grouped into four two-dimensionalmatrices. The symbol 1 is used to denoteboth the two- and
four-dimensionalidentity matrices.The expectationvaluesof theseoperatorcolumn vectorsare column
vectors of complexnumbers(for a) or real numbers(for ~):

~us(~)= (~°)=A1~. (3.3.2)

The adjointsof the operatorcolumn vectorsarethe row vectors

atus (ataT), ~t = (I~ft~)= ~T (3.3.3)

whereasuperscript“T” meanstranspose.The transposeof the adjoint of an operatorcolumn vectoris
denotedby a superscript~

(a
t)Tusa*= (a*), (It)Tus**= (~)=~. (3.3.4)

a p

Similar definitions hold for column vectors of complexnumbers.Note that the product of a column
vector and a row vector, e.g., aat, is a tensorproduct (i.e., a four-dimensionalmatrix), whereasthe
productof a row vectoranda column vector,e.g.,ata,is a scalarproduct(i.e., an operatoror number).

Therearesix Hermitianfour-dimensionalmatrices,in additiontotheidentitymatrix,thatarisenaturally
with this vectornotation.Theyare

~ ~), £2=(~ il) .13=( ~ (3.3.5a)
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Fius(U1 0), F
2us(~2 0 ~, F3us(~’3 0 (3.3.5b)

0 °~ 0 02 0 c~3

Different, but equivalent,matriceshave beenusedby Milburn [33] to discussa subsetof two-mode
GPS.Eachof thesetwo setsof matricessatisfiespropertiesanalogousto thoseof the two-dimensional
Pauli matrices.For example,

= Sql+ iE~/k2~k, Iii’) = S~jl+ lEqkFk, i, j, k = 1,2, 3. (3.3.5c)

It is useful to definerotatedversionsof ~, -~2andF1, F2:

0 e
2~’1

us cos24’ — ~2 sin24’ = (e2jdl 0 )~ (3.3.6a)

0 —ie2”~’1
= sin24’ + -~2cos24’ = (ie_21~1 0 ); (3.3.6b)

us~ cos24’ — F
2 sin24’ = (~‘ °~)‘ (3.3.6c)

Fg~4usFisin24’+F2cos24’=(~_~4 ~0 ) (3.3.6d)
0 O~,./4

[cf. eqs.(2.3.6)]. Note that [I~, ~ = [Ii, ~Z2]= 2iZ3, and[Fg,Fg_,r/4] = [F1, F2] = 2iF3. Thefollowing
projectionmatricesarealsouseful:

~(1+ ~3F3) usP+, ~(1— ~3F3) P_. (3.3.6e)

Some of the most usefulpropertiesof thesematricesfollow:

[P±,~�.] = [F,, ~ = 0; ~ = —F~, ~FX~ = I~ (3.3.7a)

~ =exp[2i(4’ — 4”).~]; exp(214”2~3)~— ~ (3.3.7b)

= exp[2i(~—x’)F3]; exp(2i~’Fs)F~= I+,~ ; (3.3.7c)

exp(2ixF3)~= P+~±~+ P1~ (3.3.7d)

~ (3.3.7e)

The commutationrelations for a+, a±tand L, j3±are containedin the Hermitian commutator
matrices
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[a,at] usaat— (a*aT)T = ~ (3.3.8a)

[~~T] us ~T — (~T)T= AI3A
t = 12 (3.3.8b)

[eqs.(3.1.9);cf. eqs. (2.3.7)].

3.3.2. Unitary operatorsand transformations
The rotation,mixing, displacement,andsqueezeoperatorsfor two modesareexpressedin thisvector

notation in the following ways:

R(O)= exp[—iatOa] = exp(i0~)exp[—~iatN
0a],

(3.3.9a)
N9us0÷P±+OP_=0sl+0a~3F3’O1

[eqs.(3.1.19); cf. eq. (2.3.8a)];

D(a, ji) = exp[a
t~E

3~.t] (3.3.9b)

[eq. (3.1.29);cf. eq. (2.3.8b)];

T(q, x) = exp[—~iqa
tF~_,~,

4a] (3.3.9c)

[eqs.(3.1.36)];

S1+(r±,cc’±)S1~(r_,~ = exp[—~ia
tN

1a]

N1 ~ + r_P~,,,4 (3.3.9d)

[eq. (3.1.50);cf. eq. (2.3.8c)];

S(r, cc’) = exp[~~~iatN2a],

0
N2us r.~,~,.14F1= (ir e

2~~o-
1 0 ) (3.3.9e)

[eqs.(3.1.53)].
A unitary transformationby the two-mode displacementoperatoron the componentsof a or i

resultsin the addition of a constantcolumn vector:

D(a, ji)aDt(a, jt) = a — p, D(a, ji)~Dt(a,ji) = * — (3.3.10)

[eq. (3.1.31);cf. eq. (3.3.9)1. Unitary transformationsby rotation,mixing, andsqueezeoperatorsresult
in matrix transformationsof aand *. One way to obtainthesetransformationmatricesis to note the
following generalrelation, whichfollows from the commutatormatrix [a,at] = ~ Let K bean arbitrary
four-dimensional,symmetricmatrix,
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K Kb

Kus(K: K)’ (3.3.lla)
whereKa, Kb, K~,andKd are arbitrary two-dimensionalmatrices.Then

[atKa, a] = K0a,

I(~us —13(K+ £1K
T~

1)= ((Ka + Kd
T) —(Kb + KbT)\

1 (3.3.llb)
\ (K~,+ K~

T) (KaT+ Kd)[

This implies that

exp(atKa)aexp(_atKa)= e’~°a. (3.3.llc)

Note that if K,,, Kb, K~,and K,, are all symmetric,

K
0 = (Ka + K,,)~3+ [K, £3] (3.3.lld)

[cf. eqs.(2.3.10)]. For the matricesK in eqs. (3.3.9),Kb andK~are symmetricand Kd = KaT; hence

I(~= —213K. (3.3.lle)

The matrix transformationsinducedon the column vectorsa and * by the rotationoperatorR(O) are
therefore

R(O)aR
t(O) = (‘~‘*~)) = exp(iN

9X3)aus a(O). (3.3.12a)

R(O)*R
t(O) = (~0))= A exp(iN~

3)A
t*= exp(—iN~

2)*us *(O); (3.3.12b)
p(e)

exp(iN~3)= P+ exp(i0+~3)+ P~exp(i0~I3)= (~°e~°)’ (3.3.12c)

exp(—iN~2)= P+(cos0+1 — i sin 0±~2)+ P_(cos0_l — i Sin 0Z~)

= (C —S~ Gus ~ 0÷ 0 Sus(sin 0± 0 (3.3.12d)

\S C I \ 0 cos0_I \ 0 sin 0_I

[eqs.(3.1.24);cf. eqs. (2.3.11)].
The matrixtransformationinducedon the column vectora by the mixing operatorT(q, x) is

T(q, ~)aTt(q,x) = exp(iq~3F~~,~,4)a (3.3.13)

[eqs.(3.1.38)]. A product of two single-mode squeeze operators induces the matrix transformation

S1±(r±,4’+)S1_(r_, 4’_)aSi_t(r_,4’_)Si÷t(r÷,~+)= P1a,

P1 us exp(i~3N1)= P±exp(r+~)+ P~exp(r~~)= (~ ::) = p1t (3.3.14)
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[eqs.(3.1.52); cf. eqs. (2.3.12)].Finally, the matrix transformationinducedon a by a two-modesqueeze
operatoris

S(r, 4’)aSt(r, ~)= P
2a, P2 = exp(i~3N2)= exp(r~F1)= ( cosh r 1 e

2’~sinh r~i) (3315)e ‘~ sinh ro-
1 cosh r 1

[eq. (3.1.55b)]. The simple form of the transformationmatrix P2 associatedwith the two-modesqueeze
operatorS(r, ~)or, equivalently, the simple form of the matrix N2 that defines S(r, ~) [eq. (3.3.9e)],
makesit possible to describeall the propertiesof two-modesqueezedstateswith a two-component
vectornotation.That two-componentvectornotation is onewhich naturally groupsa~with a_t anda_
with a+t [see the discussion in subsection3.1.5c, eqs. (3.1.68)—(3.1.70), and ref. [20]]. The trans-
formation matrix that resultsfrom unitarily transforminga with the product S1÷S1_SusS of three
squeezeoperatorsis equal to the product of the transformationmatrices(3.3.14) and (3.3.15), and is
denotedby the symbol P:

P~ P
SaSt=Pa, PusP2P1=(~ PC) (3.3.16)

[eqs. (3.1.73)].Transformationmatricesfor the column vector* are unitarily relatedto thosefor a by
the unitary matrix A [eq. (3.3.lb)].

3.3.3. Group theoreticalpropertiesof transformationmatrices
The transformationmatrices (3.3.12)—(3.3.16)arise naturally, without specific referenceto the

rotation,mixing, or squeezeoperators,from the requirementthat a unitary transformationon a÷and
a_ (or I~,I_, j3÷,and j3_) preserve the commutators (3.3.8). Consider, for example, the real,
four-dimensionalmatrices M that describetransformationsinducedon the componentsof the real
column vector* by a unitary operatorU: M* us U* Ut. The unitarity of U implies that the matricesM
preservethe antisymmetriccommutatormatrix [*,*T] = —Z2 [eq.(3.3.8b)]:

MI2M = £2 = M~2M (3.3.17a)

[cf.eq. (2.3.18a)].The realmatricesM thatsatisfythis conditionhaveunity determinant.They comprise
the ten-parametersymplecticgroup Sp(4,R) [41]. Milburn [33] hasused the propertiesof Sp(4,R) to
pick out specialtwo-modeGPS that comprisea subsetof the set of two-mode minimum-uncertainty
statesdefined in this paper (see discussionin subsection3.1.7). Transformationsinduced on the
componentsof the column vectora= At* by the sameunitary operatorU aredescribedby complex,
four-dimensionalmatricesAl, Maus UaUt. ThematricesMareunitarily relatedto the realmatricesM
through the matrix A [eq. (3.3.lb)]:

Al = A

tMA. (3.3.17b)

The matricesM haveunity determinantandpreservethe Hermitiancommutatormatrix [a,at] = £3 [eq.

(3.3.8a)]:
M~T

3Mt= £3 = Mt~3M. (3.3.17c)
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They comprisea ten-parametersubgroupof the 15-parameter,noncompactLie group SU(2,2) [41],
isomorphicto Sp(4,R).

The linearity of thesematrix transformationsimplies that the unitary operatorU is an exponentialof
the tenbilinearcombinationsof the annihilationandcreationoperatorsfor the two modes.The ten real
parametersthat characterizethe transformationmatrices M and M are thus related to the ten
parametersof the unitary operator, i.e., to the coefficientsof the ten bilinear combinations.The most
generalsuch unitary operatorcan be expressedas a productof a rotation and mixing operator,two
single-modesqueezeoperators,andonetwo-modesqueezeoperator,

U = ST(q,~)R(O) (3.3.17d)

(proof in appendixA). Hence, from the preceding discussionof the rotation, mixing, and squeeze

operators,the transformationmatricesM havethe generalform

M = exp(iN~1
3)exp(iq~3F~_,~,4)P, (3.3.17e)

wherer±,r, ~±, ~, q, x~and 0. arereal, continuousparameters[eqs.(3.3.12)—(3.3.16)].
It is instructive to obtain the generalform (3.3.17e)for the matricesAl in anotherway. Begin by

notingthat anyfour-dimensionalmatrix Al that describesa linear transformationon the componentsof
the column vectoranThst satisfy

M* = £1M~1, (3.3.18a)

sincea= £ia*. This impliesthat the matrix M hasthe generalform

M=(M~ Mb’\ (3.3.18b)
\Mb* Ma*I’

whereMa and Mb aretwo-dimensionalcomplexmatrices.It also implies the following equality:

M13M
t~

3= M22M

T~

2 (3.3.18c)

[cf. eqs. (2.3.19)].Becausethe matrix M describesa unitary transformationon the componentsof a, it
preservesboth the Hermitian commutatormatrix [a,at] = £3 [eq. (3.3.17c)] and the antisymmetric
commutatormatrix [a,a1] = i~2i.e., bothexpressionsin eq. (3.3.18c)areequalto the identity matrix.
Unitarity thus determinessix of the sixteen real parametersassociatedwith the matrix M of eq.
(3.3.18b),by imposingthe following equivalentsetsof conditionson the two-dimensionalmatricesMa

andMb:

MaMa

t — M,,Mbt = 1, MaMbT — (MaMbT)T= 0 (3.3.18d)

[imposedby M1~
3Mt~3= M12M

T~

2 = 1], or

Mat Ma — Mb
TMb* = 1, MatMb — (MatMb)T = 0 (3.3.18e)
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[imposedby Mt~X
3M~3= MT~2MI2= 1]. Note that theseconditionsalso ensurethat detM = 1. The

matricesAl that describeunitary transformationson the componentsof the column vectora therefore
have the general form (3.3.18b), subject to the conditions (3.3.18d)or (3.3.18e)—i.e., they havethe
generalform (3.3.17e).

3.3.4. Second-ordernoisematrices
The four-componentvectornotationis very usefulfor calculatingsecond-ordernoisemomentsof a~,

a±t,1±,andp~— i.e., the noisematrices0, T, S~,Si,, and5,,,,. Thefour-dimensionalmatrix that contains
all second-ordernoisemomentsof a±and a,.tis the Hermitian matrix

~ z~a
T)T)=(~, ~) = øt (3.3.19a)

[cf.eq.(2.3.20)].The four-dimensionalmatrix thatcontainsall second-ordernoisemomentsof ~± andj3+ is
the real, symmetriccovariancematrix

Xus(~*L~*T)sym us~((A*L~*T)+ (M ~*T)T)

= (~T S;) = AØAt = = ST (3.3.19b)

[cf. eq. (2.3.21)]. The relations(3.2.11)imply that for two-mode GPSthesematricessatisfy

013 = ~1, (3.3.20a)

512512= ~l (3.3.20b)

[cf. eqs. (2.3.22)]. Hencetheir determinantsareboth equalto ~. For a two-modecoherentstate,both
areproportionalto the identity matrix:

Ocoh = XCoh = ~1 (3.3.21)

[eqs. (3.1.91)].
The noisematrix 0 for a two-modestate I IF) is relatedto that of therotatedstateR(O)! IF) in the

following way:

(Rt(O)(z~a~at)symR(O))= (z~a(—0) i~at(—0))sym

= exp(—iN
013)Oexp(iN913)us 0(—0) (3.3.22)

[eqs.(3.1.28)]. It is relatedto that of the transformedstateT(q, x)I IF) by

(Tt(q,x)(z~a~~at)~y~T(q,x)) = exp(—iq13F~_,,.,,4)Oexp(iq13F~_,~,4). (3.3.23)

The noise matrix 0 for a two-modestate I IF) is relatedto that of the transformedstateSI IF) by

(St(~a~at)symS)= p_1Øp_1)t~ (3.3.24)
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This immediatelytells one, for example,that the noise matrix 0 for the mostgeneraltwo-mode GPS

~jig)us SI/Lg)coh [eq.(3.2.27)] is

0 = ~(PtP)1= ~1
3P

tP1
3 (3.3.25)

[eq. (3.3.21); cf. eqs. (3.1.85), (3.2.34b,c)].

3.3.5. Evolutionoperatorfor generaltwo-modeGPS
Finally, the four-componentvectornotation is helpful for seeinghow the unitary operatorwhose

generatoris an arbitrary combinationof the Hermitian forms HR~
2~,H

1~
2~,and H

2~
2~factors into a

product of three squeezeoperators,a mixing operator, a (two-mode) rotation operator, and a
(two-mode)displacementoperator(and an overall phasefactor). By giving thesegeneratorsarbitrary
time dependences,one can calculate the evolution operatorassociatedwith the most generalcom-
bination of Hamiltoniansthat can producetwo-modeGPS. This result is given here,with supporting
detailspresentedin appendixA.

Thephotonnumber-conservingHamiltoniansassociatedwith two-modeGPSareexpressedin vector
notationby

HR+”~(t)+H~_”~(t)= ~ + ~ N,., us &÷P++ w_P = (Os! + Wa1
3F3,

w+usws±wa, w~us~(w±w_); (3.3.26a)

HR÷_(t)= ~pa
tF~~_,.,

4a, (3.3.26b)

wherew±(or w~,we), p, andx~arereal-valuedfunctionsof time t [eqs.(1.5), (2.6), (3.3.9a,c)].The linear
Hamiltonian associatedwith two-modeGPShasthe form

H1~
2~(t)= iatl

3k, X us (A) A us (~:)~ (3.3.26c)

where A÷and A_ are complex-valuedfunctions of time t [eqs. (1.4a), (3.3.9b)]. The quadratic,
non-photon-number-conservingHamiltoniansassociatedwith two-modeGPSare

H2+”~(t)+H2_~(t)= ~at(K±P+1~,_,./4+ KP_lg_,.14)a, (3.3.26d)

whereK,. and4’K+ arereal-valuedfunctionsof t [eqs.(1.8), (3.3.9d)], and

H2±_(t)= ~Kat1~,,._,.,4Fla, (3.3.26e)

whereK and ~ arereal-valuedfunctionsof time t [eqs.(1.7), (3.3.9e)].

The evolutionoperatorU(t) is the solutionto the equation
i3~U(t)= Hg~

2~(t)U(t), U(0)= 1 ,

Hg~2~us [HR+~1~+ HR_~’~+ HR+_+ H
1~

2~+ H
2÷~

1~+ H
2_°~+ H2±_]. (3.3.27)
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It can be written as a product (in anyorder)of the threesqueezeoperators,a mixing, rotation,anda
(two-mode)displacementoperator,andan overall phasefactor. For illustration, considerthe following
two forms for U(t):

U(t)= e’~D(a,p)S1÷(r÷,4’+)S1(r~,ço~)S(r,4’)T(q,~)R(O) (3.3.28a)

= e’~S1+(r±,cc’+)Si~(r~,4’~)S(r,4’)T(q,~)R(0)D(a, jig) (3.3.28b)

[cf. eq. (3.2.27)].Here 5, r~,r, ~±, ~, q, x~and 0,. arereal-valuedfunctionsof time, and~± and/.Lg±are
complex-valuedfunctionsof time.For notationalconvenience,throughoutthe remainderof this section
the productof the threesqueezeoperatorsis denotedby S [eq. (3.1.71)], and the parametersof the
otherunitary operatorsareomitted, i.e., T us T(q,x) andR usR(O).The stateU(t)I0) is an eigenstateof
operatorsg±= U(t)a±Ut(t) (with eigenvalues~g±), whose relationsto a±aredescribedby the vector
relation

gus (~~)= STRaRtTtSt= exp(iN913)exp(iq13F~_,,.,4)Pa (3.3.29a)

[eqs.(3.3.12)—(3.3.16)].The complexeigenvalues,ag±are thereforerelatedto the complexamplitudes
us (a,.) by

us (~)= exp(iN913)exp(iq13F~_,.,4)P~i. (3.3.29b)

It is shownin appendixA that the relationsof thefunctions r, r~,~, ~±, 0±(or O~,Oa), /-
5g±(or ,a+), andS

to the HamiltonianfunctionsK, K±,4’,,, ~±, w±(or tug, ma), andA±takethe form of matrix, vector, and
scalarequalities.The vectorandscalarequalitiesare

= exp(iN
013)exp(iql3F,,_,,14PAusAg, (3.3.30a)

+ OS — = ~iJ413~Lg = Im(~u±*A++ ji_*A_) = Im(j4Ag) = Im(jitA) (3.3.30b)

[eq. (3.3.17c);cf. eqs. (2.3.32b,c)].(Dots denotederivativeswith respectto time.)The matrix equality is

given in its full generalityin eqs. (A.15)—(A.17)].The initial conditions,dictatedby U(0) = 1, are

5(0) = r(0) = r±(0)= q(0) = 0±(0)= ,ag~,(O)= /.L±(0)= 0. (3.3.31)

For illustration, considerthe casewhere(i)

= 4’,, ±Xp’ (3.3.32a)

and (ii) the time dependencesof theseparametersare
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cc’,,±us4’~+o—Jw±dt, (3.3.32b)

where~ areconstants.Thematrix equality then implies that

4’±4’,,+, 4’4’,,, XXp, o±=Jw±dt; (3.3.33a)

p = q cosh2rcosh2ra— r sinh 2ra,

K = T cosh2Ta — q cosh2r sinh2ra, K+ = ~,. ±4 sinh2r, (3.3.33b)

where r+ us r5 ±Ta. If themixing interactionis absent(p = 0), eqs.(3.3.33b)reduceto thefollowing coupled
equationsfor r, r~(or r5, ra), and q:

r sech2Ta = K, ~ ±K sinh 2ra tanh2r= K±, 4 cosh2r/ sinh2Ta = K. (3.3.34a)

If K~= K_ us K’, thesecoupledequationshavethe simplesolutions

r~= r~= K’ dt, r = J K dt, q = 0. (3.3.34b)

The phaseangleS andcomplexamplitudesit,. (or eigenvalueslAg,.) areobtainedby usingthe solutions
for r, r+, q, ~, p,., andx (from the matrix equality) to solvethe vectorandscalarequalities(3.3.30a,b).

4. Concluding remarks

Natureaboundswith phenomenawhose classicalor quantummechanicaldescriptioninvolves fields
or statesthat areGaussianin nature.The reasoning,formalism,andresultspresentedhereform a basis
for asimplebut completedescriptionof all such statesandfields. This paperhasfocusedon purestates,
defined as specific unitary operatorsacting on the vacuum state. Its goal has been to provide a
descriptionof two-modeGaussianpure statesthat is as completeanduseful as the existingdescription
of single-modeGaussianpurestates.Themotivation hascomeprimarily from the desire for a realistic
descriptionof “two-photon” devices,such as parametricamplifiers, which are capableof producing
stateswith exceptionallow-noise properties,comparedwith the coherentstatesproducedby con-
ventional one-photondevices such as lasers. Two-photon devices operate by producing pairs of
correlatedphotons.In the specialcaseof a degeneratedevice, thesephotonsoccupya single mode; in
general, however the photons occupy different modes, and they may differ from each other in
frequency.The (pure)statesproducedby ideal degenerateand nondegeneratetwo-photondevicesare
single-modeandtwo-modesqueezedstates,respectively.The propertiesandimportanceof two-mode
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squeezed states were discussed only briefly here, since they are the subject of. detaileddiscussions
elsewhere[18—20].Here, their origin and properties were compared with those of other two-mode
Gaussian pure states, e.g., products of two single-modesqueezedstates,producedby two degenerate
two-photondevices.

Although this paperhasfocusedon purestates,the resultsandformalism describedin it serveas a
basis for a generaldescriptionof all statesthat aremixturesof Gaussianpurestates(Gaussianmixed
states). The analog for mixed states of a wave function is a quasi-probabilitydistribution [52] (QPD),
defined as a 2N-dimensional Fourier transform of a characteristic function [32]. The characteristic
function of anN-modestatedescribedby adensityoperatorp is definedas thetraceof the productof p
and an (appropriatelyordered)N-mode displacementoperator. Thus, an N-mode Gaussianmixed
state,a mixture of N single-modeGaussianpurestates,is a mixed statewhoseQPD (or characteristic
function) is Gaussian(i.e., an exponentialof complex-valuedlinear and quadraticforms in “position”
and “momentum” variables). Characteristicfunctions and QPDs have been used successfully in
quantumoptics, for example, to provide realistic descriptions (including lossesand other nonideal
effects)of devicesthat producesingle-modeGPS and mixtures thereof—e.g.,“one-photon” devices
such as the laser[10,11,29] and degeneratetwo-photondevices[53,54].More recently,the author has
definedspecial “two-mode” characteristicfunctionsand QPDs(basedon the electric-field quadrature-
phaseamplitudes)that arespecificallysuited to describingrealisticnondegeneratetwo-photondevices
[18,55]. More generaltwo-modecharacteristicfunctionsandQPDs,basedon the formalism describedin
thispaper,arethekeysto arealisticdescriptionof all devicesthatproduce(mixturesof) stateswhosenoise
statisticsare Gaussianin the sensedefinedhere.
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Appendix A: Evolution operators for GPS

In this appendix certain propertiesof the unitary operatorsassociatedwith single-modeand
two-modeGPS arederivedthat are usefulfor calculatingthe generalevolutionoperatorsdescribedin
subsections2.3 and 3.3 [eqs.(2.3.28)—(2.3.36),eqs. (3.3.26)—(3.3.34)].

Al. Single-modeGPS

Oneway to find the single-modeevolutionoperator U(t) defined by eqs. (2.3.28)—(2.3.30)is to take
the derivativewith respectto time of either of the factoredexpressions(2.3.30) for U(t), and match
terms with the Hamiltonian. This is the approachdescribedhere. An alternativeapproach,which
permitscalculation of everythingexceptthe phasefactore~in the expressions(2.3.30) for U(t), is to
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solve in the Heisenbergpicture the matrix equationa5(t) = M(t)a5(0)+ ji5(t), and identify the unitary
operator Ug that generatesAl; then a5(t)= Dt(a, lA)L~tas(0)D(a,,LL)Ug [29]. The evolution operator
U(t) is equal, up to an overall phasefactor, to the product of Ug and the displacement operator
D(a, lA).

The first (and hardest)task involved with computing the time derivativeof the expressions(2.3.30)
for U(t) is to computethe (first-order)derivativesof eachof the unitary operatorsS1(r, ~), R(0), and
D(a, lA); the secondtask is to commutetheseoperatorsthrougheachother.The time derivativeof the
second expression for U(t) in eq. (2.3.30) is

(lU_i = i6 + S1S1~+ S1(RR t)s1t+ S1R(DgDgt)R tS1t (A.1)

whereDg D(a, ~ anda superposeddot denotesa single derivativewith respectto time. Thesetime

derivativescan befoundusing the generalrule

[it)] e~~=~ ~ us/+~[f/]+![f [f’~] ~ (A.2)

2! 3!

(derived in subsectionA3 of this appendix).The time derivativeof S1(r, ~) can be calculatedwith the
helpof the following facts:

= ~ O~_,./4= 2~o~; (A.3a)

~ aso~gas]= 4ia~a,, (A.3b)

[a~o~,_,714a,,aia,] = 4ia~o~a,. (A.3c)

The resultis

= —~ia~[—çil+ ~ + ~ (A.4)

The time derivativesof R(0) andD(a, ~) are

RR
t = —~iO(a~a~— 1), (A.5)

DgD~= (a~— ~ji~,)ff
3/.igs. (A.6)

Note that /g us a,(l-Lg) � (/i)g.

Commutingthe operatorsthrougheachotherto find the last two termsin eq. (A.1) is accomplished
usingthe transformationsin eqs. (2.3.11)and (2.3.12). EquatingiUU

t to the sum of the Hamiltonians
on the right-handside of eq. (2.3.29) thenresultsin the relations(2.3.32), whichdefinethe functions r,

0, p~(or lA)~andS uniquely in termsof the HamiltonianfunctionsK, 4’,,, (1, andA.

A2. Two-modeGPS

As in the single-modecase,the first taskis to calculatethe (first-order)time derivativesof thevarious
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unitary operators,andthe secondis to commutethe operatorsthrough eachother.The time derivative
of the expression(3.3.28b)for U(t) is

([Ut = i6 + SS~+ 5(TTt)St+ ST(RRt)TtSt+ STR(DgDgt)RtTtSt, (A.7)

whereDg us D(a, jig), 5us S
1÷S1_S,anda superposeddot denotesa single derivative with respectto

time. The time derivativesof theseoperatorsare foundusing the formula (A.2). For the rotation and
displacementoperatorsthe calculation is straightforward,giving

= iO~— ~iatNoa, N~us O+p±+ O_P_ = Osl + OaI3F3 (A.8)

bgDg
t= (at— ~,4)13,:Lg. (A.9)

Fortheremainingoperatorsit is usefulto havetheanalogsof eqs.(A.3). For themixingoperatortheseare

t~y 2,~Fx_,ri
4, Tx_,r,4=2,~’Fx; (A.lOa)

[atFx_,r,4a,atFxa] = _4iatl3F3a, (A.lOb)

[atFx_,,~,4a,atI3Fsa]= 4ia~F~a. (A.lOc)

Theseleadeasilyto the result

TTt = _~iatMTa, MT us —,~13F3+ ~‘13F3exp(2iq13F~_,~,4)+ 4F~_,,.,4. (A.11)

For the threesqueezeoperatorsthe relevantfactsare

.~=2çb1~_,r,4, _,.I4

2~c’1g (A.12a)

[at1,~_,.,
4a,at1~a]= 4iata, (A.12b)

[at1,,,_,,~4a,ata] = 4iatlga. (A.12c)

Theselead to the results

= _~iatMia,

Al1 us —cb÷P÷— ~b_P_+ cb+P+exp(2r+lg+)+ cb_P_exp(2r_1,~)+ t+P+1 ,,,‘+~irI4+ t_P_1~_,.,4 (A.13)

= —~ia~M2a, Al2 us —~l+ ~‘ exp(2rIgFi)+ ~ (A.14)

Commuting the operatorsthrough each other to find the last three terms in eq. (A.7) can be
accomplishedwith the helpof the transformationsdescribedin eqs. (3.3.12)—(3.3.16).Equatingi ([Ut to
the sum of the Hamiltonians on the right-hand side of eq. (3.3.27) then results in matrix, vector, and
scalarequalities,which definethefunctions r, r~,~, w±~q, x~0±,,-~± (or 1a,.), andS uniquely in termsof
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the HamiltonianfunctionsK, K,., 4’,,, ~,,±, p, x~’0±,andA±.The vector andscalarequalitiesweregiven
in eqs. (3.3.30).The matrix equality is

M1 + P1M2P1+ ptMTP + pt exp(—iq13F~_,r,4)Noexp(iq13F~_,,~4)P

= N,,, + pF~~_,.,4+ K÷P+1,~,,_,,14+ K_P_2T~_,./4 + K1rp,_,,~j4Fi (A.15)

[eqs. (3.3.12)—(3.3.16)and (A.8)—(A.14)]. The matrix transformationsrequired in order to put the
left-hand side of eq. (A.15) into a form that is easily compared with the right-hand side (the
Hamiltonian)can be accomplishedfairly easilyby makinguseof thepropertiesof the matrices1~andF,
notedin eqs. (3.3.5)—(3.3.7).The terms that comprisethe left-handsideof eq. (A.15) are listed below,
with the four-dimensionalmatrix that multiplies it listed at the left of each term. The following
shorthandnotationsareused:

çc’,._çc’±Xus/3_+, 4’+
0

5usy5, X+Oausya. (A.16)

The termsare as follows:

P÷: —~‘± + cosh2r±[$++ ~ cosh2r + )‘a cos2q]

+sinh2r sinh2r±[)‘a sin2q cos2/3+— 4 sin 2/3+], (A. 17a)

P_: —~ + cosh2r_[/i_ + ~ cosh2r — )~acos2q]+sinh2rsinh 2r_[~,.5jfl 2q cos2/3_ + 4 sin2,e_],
(A. 17b)

Fx_,r,4: q cosh2r coshr±coshr_,

F~~_,9±,,_,.,4:4 cosh2rsinh r~sinh r_,

F,,+÷~_,.,4:—tsinh r+ cosh r_

F,,_,~_,r,4: t sinh r_ cosh r~ (A.17c)

P÷1~~_~,4:t+ ,

P+lg~÷$~_,.,4: —4 sinh 2r sinh
2r±,

P±1~~_~÷_,.,
4:4 sinh 2r cosh

2r÷; (A.17d)

P_I~_~,4: t_ ,

P_I ~±,3__,r,4: q sinh2r sinh2 r_ ,

PXg~~~~
4:—4 sinh2rcosh

2r~, (A.17e)
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£g_,r,4Fi: tcoshr÷coshr_,

lg+,s+±,,__ir,4F1: —t sinh r~sinh r_

Ig+,,+_,r,4: —4cosh2r sinh r÷coshr_,

1g±~_±,4:4 cosh2r sinh r_ coshr÷; (A.17f)

IgFi: ~. sinh 2r coshr÷coshr_,

~ sinh2r sinh r÷sinh r_

1~÷~~F1:~ sin2q cosh2r sinhr÷coshr_,

1g+~Fi: ~)~asin 2q cosh2rsinh r_ cosh r+ ; (A.17g)

F~: ~‘a sin2q cosh2r coshr÷cosh r_,

F~+,÷~_,~:~‘asin 2q cosh2rsinh r±sinhr_,

F,,+~÷:~. sinh 2r sinh r~coshr_,

F~_~:~.sinh2r sinh r_ coshr~ (A.17h)

P±1~÷: sinh 2r÷[/3÷+ ~ cosh2r + ~a cos2q],

P±lço+÷~+: )‘a sin2q sinh2r sinh
2r÷

P±1ç,,÷_~+:)‘a sin 2q sinh2r cosh2r÷; (A.17i)

P_1~: sinh 2r_[ 13_ + ~ cosh2r — Ya cos2q],

P1~÷~:)‘a 5~fl2q sinh 2r sinh2 r_,

P_I~_~:~ sin2q sinh 2r cosh2T_. (A.17j)

The obvioussimplifying caseis that consideredin subsection3.3 [eqs.(3.3.32)], for which

f3±/3- )‘s Ya’~°• (A.18)

A3. Derivationof eq. (A.2)

The formula (A.2) for 3, e”~’~can be found as follows: First, use the standarddefinition for
derivatives,andkeeponly termsof lowestorder in ~t:
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e’~’~”~— e’~’~ e~t)+~1~~t)—

0e1~’~lim ( ~= urn ( ~. (A.19)
~t—s0 \ t~t / ,~t—s0 \ 1~t /

Next, use the definition of ex to write

r ~ I f n—j--1 -,

exp(f+ ~t~) = lim + ~ (i + !_~)(_2~~)(i + + O(~t)2]. (A.20)
j=0 “ fl~ ‘~ fl / ~ iii

As n —* ~, let 1/n—~ dx, wherethevariable x (=j/n) runsfrom 0 to 1. Then

= ~t J dx ~ et + O(~t)2. (A.21)

The relation(A.2) is thenprovedby noting that

e~/e~= ~~{r~us/+ x[f,f] +~[f, ~ +.... (A.22)

Appendix B: Phasefactorsfor wave functions

The phase factors exp(~iS~)and exp(~i5~)in the single-modeand two-mode coordinate- and
momentum-spacewave functions can be found using eqs. (2.2.16) and (3.2.16), respectively.Two
methodsaredescribedherefor single-modeGPS (i.e.,single-modesqueezedstates):oneusesa factored
form for the single-modesqueezeoperator[eq. (2.3.15)]; the otherusesa differentialequation.For the
mostgeneraltwo-modeGPSthe calculation is morechallenging.Factoredforms for the productof the
threesqueezeoperatorsare not as convenientfor this calculationas their single-modecounterparts,
becausetheyinvolve morethanoneoperatorthat doesnot actlike the identity operatoron the vacuum
state; furthermore,their derivation is nontrivial. The differential equationapproach,while possibly
morepromising,still involves a painful processof commutingoperatorsthrough eachother. Although
no rigorousderivationis given here,the phasefactor for a generaltwo-modeGPScan beguessedwith
reasonablecertainty. Of course,for two-modesqueezedstatesthe calculationis no moredifficult than
for a single-modesqueezedstate,sincethe two-modesqueezeoperatorfactorsjust as easily. Similarly,
for statesthatare aproductof two single-modesqueezedstatesthephasefactoris just theproductof the
single-modephasefactors.

The coordinate-spacephasefactor exp(~i5,,)for a single-modesqueezedstate is found, from eq.
(2.2.16), by calculating

(x=OIS
1(r,co)IO). (B.1)

The factored form (2.3.15)for S1(r, ~) implies that

~ ~ h \n

S1(r, 4’)I0) = (coshr)~”
2~ ~

2e an r1 V~2n)!I2n). (B.2)
n=0
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The wavefunction for a numberstateIn) us [(n)!]_~~2(at)nI0)is [17]

(x I n) = (2~n!)114H,,(x)(x0), (B.3a)

where

(xIO) = iT_1’4 exp(~~x2), (B.3b)

and H,,(x) is a Hermitepolynomial with the propertythat

H
2,,(0)= (—1)~2~(2n— 1)!! . (B.3c)

Theserelationsthenimply that

(x = OIS1(r, 4’)~0)=ir~~
4(coshr)~”2j (2n~1)!!(~e21~tanhr)~

= ir~”4(coshr — e2’~sinh r)~~’2. (B.4)

Hencethe phasefactorexp(~i5,,)in the coordinate-spacewave function of a single-modesqueezedstate
I lAa)(r,e)

~. (coshr— e~21~sinh r)’~’2 (p~*)l/2 B 5

exp(~iS~)= Icosh r— e~21~sinh rft’2 = Ip~I”2 ( . )

as given in eq. (2.2.37).
The phasefactorexp(~iS~)for asingle-modesqueezedstatecan alsobe calculatedusingadifferential

equation.Oneconsidersthe wavefunction (x = OIS
1(r, cc’)I0) usf0(r) asa function of the squeezefactor r.

Differentiating it, and replacingthe operatorsa and at with the appropriatelinear combinationsof ~
and j3, leadsto a simple first-order differentialequationin r, whose solution is

f0(r) usNg exp(~iS,,)us ir~”
4Icosh r — e2~~sinhr~~”2exp(~iS,,)

= n~114(coshr — e2’~sinh r)~112 (B.6)

[eqs.(2.1.35a), ((2.2.7)].
The phasefactorsin thewave functionsof two-modesqueezedstatescan be calculatedin thesesame

ways;the first methodis somewhatsimpler,sincethe requiredfactoredform for the two-modesqueeze
operator is already known from the single-moderesult (see discussion in subsection3.1.5c). The
calculationparallels that given in eqs. (B.2)—(B.5)above.The result is the following expressionfor the
phasefactorexp(~iS,,)in the wavefunction of a two-modesqueezedstate Iji,,)(~,~):

exp(~iS~)= (cosh2r — e_41* sinh2r)”2/Icosh2 r — e~4~sinh2rft’2. (B.7)

The phasefactor in the wave function of a product of two single-modesqueezedstatesis just the
product of the phase factorsfor two single-modesqueezestates[eq. (B.5)]. These results suggest
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strongly that the phasefactor for the coordinate-spacewave function for the generaltwo-mode GPS

jig)us Sl÷S,_SI,u)COhis given by the following expression:

exp(~iS,,)=(detPx*)h/2/IdetP,,I~2 (B.8)

[eq. (3.2.37)].

Appendix C: Simultaneous eigenstatesof complex operators

The complex (non-Hermitian)operatorsof which Gaussianstatesare eigenstatesare linear com-
binationsof creationandannihilationoperators.The discussionsin subsections2.2 and3.2 showedthat
a single operatorg of this typehasa complete(or overcomplete)set of normalizableeigenstatesif and
only if the commutator[g, gt] is a positiverealnumber,sincethis is equivalentto the conditionthat the
wave function be normalizable(recall that [g,gt] = 0 correspondsto a delta-functionwave function).

Two-modeGaussianpure statesare eigenstatesof two linearly independentcomplex operatorsg±
and g_, eachof which is a linear combination of the creationand annihilationoperatorsfor the two
modes.The discussionin subsection3.2 showedthat two such operatorshavea common,complete(or
overcomplete)set of normalizableeigenstatesif andonly if (i) thecommutator[g+,g_] = 0, and(ii) the
Hermitiancommutatormatrix Yg is positivedefinite, where

= [g, gt] = ([g±, g÷t] [g+,g~t])= g us (g±) (C.1)
[g_,g±] [g_,g_] g_

These conditionsare equivalent to the requirementthat the two-mode Gaussianwave function be
normalizable.That g±andg_ mustcommutewith eachotherin order for them to havea completeset
of simultaneouseigenstatesis obvious.The further requirementthat Yg be positive definite—butnot
necessarilydiagonal— is not soobvious. Onemight haveexpected,incorrectly, that the two operators
must commutecompletely, i.e., that the commutator[g±,g_t] must also vanish.Following is a simple
argumentthat showswhy Yg mustbe positivedefinite, but not necessarilydiagonal.

Let g±and g_ be two complex operators(with c-numbercommutators)that commutewith each
othercompletely,

[g+ g] = [g,gt] = 0. (C.2)

Suppose also that each has a complete (or overcomplete)set of normalizable eigenstates,i.e.,
[g±,g,.t] > 0. Clearly thereexistnormalizablestatesthat areeigenstatesof both g+ andg_, and hence
also of all linear combinationsof g±andg_. Considertwo such(independent)linear combinations,g÷’
and g_’, definedby

g’us(~)=Kg, (C.3)

whereK is any two-dimensionalnonsingularmatrix (detK ~ 0). The operatorsg+’ andg_’ will certainly
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commutewith eachother, [g÷’,g_’] = 0, but the commutator[g÷’, g_Pt] will not, in general,bezero.The
commutator[g÷’,g_~t]will vanish if, for example,the operatorsg÷’and g_’ are obtainedby unitarily
transforming g+ and g_ by the same unitary operator U, g±’ Ug±Ut, since in that case all
commutatorsare preserved.If, however,the operatorsg~andg_’ are obtainedby unitarily transform-
ing g±and g_ with differentunitary operators,

g±’usU±g±U±t, (C.4)

thenonly the commutators[g±,g~t]mustbe preserved,andthe commutator[g÷’,g~]neednot vanish.

The Hermitian commutatormatrix Y~for the operatorsg±’and g_’ is relatedto that of g±andg_ by
us [g’,git] = KYgKt. (C.5)

In general,all elementsof Yg~ can differ from thoseof Yg. The propertyof the commutatormatrix that is
preservedin thetransformation(C.5)is positivedefiniteness.A Hermitianmatrix is positivedefiniteif and
only if its eigenvaluesare positive; i.e., if p is a vector of complex numberswith components,u

1,
i = 1, 2, . . . , N andM is an N-dimensionalmatrix with componentsM4,~,thenM is positivedefinite if and
only if

jitMji = MiI/J,I* /.Lj >0 (C.6)

for all vectorsp. This showsclearly that Yg is positivedefinite if andonly if Yg is positivedefinite, since

p
t Ygji = (Kji)tYg(Kji)�0. (C.7)

Appendix D: Squeezingin general two-mode GPS

This appendix presentssome supporting mathematicaldetails for the discussionof squeezingin
subsection1.8 of the Introduction.

Considertheelectric-fieldoperatorfor acollectionof modeswith frequenciesbetween(1 — E and11 + e,
all travelling in the x-direction with identicalpolarizations.It hastheform

E(x, t) = ff dww~2[a(w)e’~+ a~(w)e~”]

= fJ dE {e’~[(Q + e)’~a±(s)e~+ ((1— E)ht2a_t(g) e1~U]+ h.c.} (D.la)

E,(x, t) cosflu + E
2(x, t) sin flu, (D.lb)

whereu us ~— ~, a±(e)usa~l±E) areannihilationoperatorsfor the modes,f is a spatially dependent
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proportionality factor, and “h.c.” means“Hermitian conjugate”.The quadraturephasesE1 and E2
describemodulationof thecarrierwavescosflu andsin flu. TheirFouriercomponentsatfrequenciesE are
proportionalto the quadrature-phaseamplitudesdefinedin eqs. (1.21):

~(x, t) = f(2fl)~

2 J d~[~(E) e~+ at(E) e’~] (D.2a)

= 2ffl112 J dE [aj,(E)C05 EU + ~
2(~)sin Eu], j = 1,2, (D.2b)

wherea11(E) and a12(r)are (21/2 times) the real andimaginary partsof a3, respectively:

us 2
112[a

11(r) + i ap(~)]. (D.3)

The varianceof E1(x, t) is

((~)2) J J dE dE’ [(~aj(s) ~a~(E’)) exp[ - i(E + E’)u] + h.c.

+ 2(i~a1(E)i~aj

t(E’))sym exp[ — i(E — E’)U]]. (D.4)

Restrict attention now to (i) Gaussianfields, for which the momentsof E andL~,obey a Gaussian
distributionandhencearecharacterizedby second-ordermoments,and(ii) fieldsforwhichthemodulations
at differentfrequenciesE areindependentof eachother,so that eachof the noisemomentsin the above
expressionvanisheswhen E � s’. Such fields can be viewed quantummechanicallyas a collection of
independenttwo-modeGPS,all of whichhavetheform of eq. (1.18). Oneneedthereforeconsideronly one
of thesetwo-modestates,i.e.,asinglemodulationfrequencyE. Thefilteredoutputof aheterodynedetector
(the frequencyE componentof Ei,) representsjust sucha state.When this output is mixed with a wave
cos~u, the resultingdc signal is proportionalto (a

11(E)), [eqs.(D.2) and(D.3)]. Thenoisein thissignal is
proportionalto the varianceof a11. For the generaltwo-modeGPS jig) [eq. (1.18)], the mean-square
uncertaintiesin a1 and a2 and the second-ordernoise moments((i~a,)

2)and((iXa
2)

2) are

(I~aiI2)= ~{cosh2r(1 + A÷2sinh2r÷+ A_2 sinh2 r_)2 ~ A±A_sinh2r[(cosh ~± cosh r_ ~ 24’ + sinh r~sinh r_ c~2(4’ — — (D.5a)

((~ai)2) = ~[A±A_ sinh 2r(exp[2i(4’ — ~4]coshr~sinh r_ + exp[—2i(cc’ — ~±)]coshr_sinhr÷)

~cosh2r(A±2exp(2iQ±)sinh2r±+ A_2exp(— 2i
4’_) sinh2r_)], (D.5b)

A,. us (1±E/fl)”
2 (D.5c)

[eq. (3.1.85)].The variancesof a
11 anda~2arerelatedto theseby
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((~aji)2) = (I~ajI2)±Re(((~a1)
2)). (D.6)

It is clear from eq. (D.5a) that the mean-squareuncertaintyin a
1, which constitutesthetime-independent

contributionto thevarianceof E1, canbesmallerthanthecoherent-statevalueof ~only if r � 0, asstatedin
the Introduction.For a two-modesqueezedstate(r+ = r_ = 0), thenoisemoments((i~a1)

2)vanish(TSQP
noise),which implies thatthevariancesof a

11 anda12 areequal;themodulationsignalat theoutputof the
heterodynedetectorhasrandom-phasenoise.Considernow statesthat do not exhibit TSQPnoise,i.e.,
statesfor whichthemodulationsignalhasphase-sensitivenoise.In particular,let uslook for statesin which
the varianceof a,1,say,can be smallerthanit is in eithera coherentstateor a two-modesqueezedstate.
Clearly suchastatemusthave ~÷ = = = 0; i.e., it isa two-modeMUS, asdefinedin subsection3.1.7.
For two-modeMUS, the variancesof a11 anda12 are

((L~au)2) = ~ cosh2r (A÷
2e±2T*+ A_2e~2~)~A÷A_sinh 2rexp(~ 2r~)], (D.7a)

((~a~ )2) = ~ cosh2r (A+2 e~2r*+ A_2e±2r) ~ A+A_ sinh2r exp(±2r
5)], (D.7b)

rs us.~(r+±r) (D.7c)

Thevariance((~a,1)
2)is minimized,for a given r andr÷(or r_), when

2rausr+_r=1n(A+IA)=(EIfl)[1+~(eIfl)2+~(EIfl)4+...]. (D.8)

When this condition is satisfied,the varianceof a
11 is

((zXai1)
2) = ~A+A_ exp(—2r

5)exp(—2r), (D.9)

which can be arbitrarily small.
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