
1 Useful Formulae, All in One Place

Fourier transformation in 3 dimensions:

φ(~x) =
∫

d3~p

(2π)3
e+i~p·~xφ(~p) , (1)

φ(~p) =
∫

d3~x e−i~p·~x φ(~x) . (2)

Performing integrals over space:
∫

d3~x ei(~p+~q)·~x = (2π)3δ3(~p+~q) , (3)

which forces ~q = −~p. Similarly,

∫

d3~p

(2π)3
e−i(~x+~y)·~p = δ3(~x+ ~y) , (4)

forcing ~x = −~y.
Fourier transformation in 4 dimensions: recall that

x · p ≡ ηµνx
µpν = −x0p0 + ~x · ~p , (5)

so

φ(x) =
∫

d4p

(2π)4
eip·x φ(p) , (6)

φ(p) =
∫

d4x e−ip·x φ(x) , (7)

which look just like the 3D expressions. (Don’t you like this metric?)

Lorentz invariant phase space for a particle of mass m:

∫

d4p

(2π)4
2π δ(p2+m2) θ(p0) =

∫

d3~p

(2π)3 2E~p

, E~p ≡
√

~p 2 +m2 . (8)

Here E~p is also written ω~p or p0.

Free field theory:

S =
∫

d4xL
[

φ(x), ∂µφ(x)
]

, (9)

LKlein−Gordon = −1

2
∂µφ∂

µφ− m2

2
φ2 , (10)

πµ ≡ −
δL

[

φ, ∂µφ
]

δ∂µφ
→K−G ∂µφ , (11)

Euler-Lagrange :
δL

[

φ, ∂µφ
]

δφ
= −∂µπµ →K−G ∂µ∂

µφ = m2φ . (12)
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The field can be expanded in creation an annihilation operators:

φ(x) =
∫

d3~p

(2π)3 2E~p

[

a~p e
+ip·x + a

†
~p e

−ip·x
]

, (13)

[

a~p , a
†
~q

]

= 2E~p (2π)
3δ3(~p−~q) . (14)

Note that x and the phases here are 4-vector and 4-vector product, with p0 ≡ E~p =
√
~p 2+m2.

The expansion ONLY works for free fields.

Two-point correlation functions:

G>(x− y) ≡ 〈0| φ(x)φ(y) |0〉 , (15)

G<(x− y) ≡ 〈0| φ(y)φ(x) |0〉 , (16)

GR(x− y) ≡ 〈0|
[

φ(x) , φ(y)
]

|0〉Θ(x0 − y0)

= (G>(x− y)−G<(x− y))Θ(x0 − y0) , (17)

GT (x− y) ≡ 〈0| φ(x)φ(y) |0〉Θ(x0 − y0) + 〈0| φ(y)φ(x) |0〉Θ(y0 − x0)

= G>(x− y)Θ(x0 − y0) +G<(x− y)Θ(y0 − x0)

= 〈0|T
(

φ(x)φ(y)
)

|0〉 = −i∆(x − y) . (18)

Free theory values:

G(x− y) =
∫

d4p

(2π)4
eip·xG(p) (19)

with

G>(p) = 2πδ(p2+m2)Θ(p0) (20)

G<(p) = 2πδ(p2+m2)Θ(−p0) (21)

GR(p) =
−i

p2 +m2 − iǫ sign(p0)
(22)

GT (p) =
−i

p2 +m2 − iǫ
or ∆(p) =

1

p2 +m2 − iǫ
. (23)

GT or ∆ are called the time ordered correlator or the Feynman propagator or just the

propagator.
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Dirac Lagrangian:

L = ψ̄(i/∂ −m)ψ (24)

Clifford algebra:

{

γµ , γν
}

= −2gµν γ5 = iγ0γ1γ2γ3 = − i

24
ǫµναβγ

µγνγαγβ (ǫ0123 = −ǫ0123 = 1) (25)

Dirac equation:

(−i/∂ +m)ψ = 0 , (/p+m)u(p) = 0 , (−/p+m)v(p) = 0 (26)

Lorentz transforms

D(ω) = 1 +
i

2
ωµνS

µν , Sµν =
i

4

[

γµ , γν
]

. (27)

Spin contractions

ūp,sup,s′ = 2mδss′ v̄p,svp,s′ = −2mδss′ , ūp,sγ
µup,s′ = 2pµδss′ v̄p,sγ

µvp,s′ = 2pµδss′ (28)

Spin sums
∑

s

us,pūs,p = −/p+m,
∑

s

vs,ps̄s,p = −/p−m. (29)

Fermionic propagator

S(p) =
∫

d4xe−ip·xi〈T(ψa(x)ψ̄(0))〉 =
1

/p+m
=

−/p +m

p2 +m2 − iǫ
(30)
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