
Physics 610 Homework 7

Due Monday 12 November

1 Spinors

In class we found explicit expressions for the spinors up,s and vp,s for the special case that

pµ = (E, 0, 0, pz) (E
2 = p2z +m2 as usual) and s = ±1

2
along the z axis.

Verify that these explicit expressions obey the relations

ūp,sup,s′ = 2mδss′ , (1)

v̄p,svp,s′ = −2mδss′ , (2)

ūp,svp,s′ = v̄p,sup,s′ = 0 , (3)

u†p,sup,s′ = 2Eδss′ , (4)

ūp,sγ
µup,s′ = 2pµδss′ , (5)

∑

s

up,sūp,s = −/p +m, (6)

∑

s

vp,sv̄p,s = −/p−m. (7)

2 Time ordered correlation function

In class we found that, for the free theory of Dirac spinors,

S>
ab(x− y) ≡ +i〈0|ψa(x)ψ̄b(y) |0〉 =

∫

d4p

(2π)4
eip·(x−y)

(

− /pab +mδab
)

× i(2π)δ(p2 +m2)Θ(p0) .

(8)

Find the similar expression for (note signs!)

S<
ab(x− y) ≡ −i〈0| ψ̄b(y)ψa(x) |0〉 .

Then use the definition of the time-ordered correlation function,

S(x) ≡ S>(x)Θ(x0) + S<(x)Θ(−x0) (9)

and the integral representation of Θ(x0), to derive the expression

S(x) =
∫

d4p

(2π)4
eip·x

−/p+m

p2 +m2 − iǫ
. (10)

Hint: the derivation is similar to the one we encountered in studying the scalar propagator

∆0(x). At some point you may want to change variables in one term from p to −p.
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3 Conserved charge

Verify that, if a Dirac field has charge +1 under a U(1) symmetry as in the last homework,

so the Nöther current is jµ = Ψ̄γµΨ, that the charge operator is given by

Q =
∑

p,s

1

2Ep

(

b†p,sbp,s − d†p,sdp,s
)

(11)

up to an irrelevant constant.

4 Practice with Grassmann numbers

Let Θi (i = 1, 2, 3, . . .) be Grassmann numbers; Roman letters a, b, c refer to ordinary (com-

plex) numbers. Simplify each of the following expressions. Your final expression should be

a polynomial, where each term has the Θi appear in order, that is, Θ1Θ2Θ3 not Θ3Θ1Θ2.

(a + bΘ1 + cΘ1Θ2)(rΘ3 + sΘ2Θ3 + tΘ2Θ4) = (12)

exp
(

1 + Θ1 +Θ2 − cΘ1Θ3

)

= (13)

∂

∂Θ1

(

c1 + c2Θ1 + c2Θ2 + c3Θ1Θ2Θ3

)

+
∂

∂Θ3

(

d1Θ2 + d2Θ1Θ2Θ3 + d3Θ2Θ3Θ4

)

= (14)
∫

dΘ2

(

a+ bΘ1 + cΘ2 + dΘ1Θ2 + eΘ2Θ3Θ4

)

= (15)
∫

dΘ1dΘ2 exp
(

r + c1Θ1 + c2Θ2 + c3Θ1Θ2

)

= (16)
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