2

The standard model: general features

The last section developed the general principles for writing down a rela-
tivistic quantum field theory. It showed what types of fields are possible,
and explained that spin-one fields can only appear in an interacting, renor-
malizable theory if they are coupled via the gauge principle.

In this section, we write down specifically what the field content of the
standard model is. The interactions will then follow as the most general set
of renormalizable interactions, compatible with that field content. We then
explore what the vacuum and the particle content are, and write down the
complete interaction Hamiltonian in the particle basis.

We will not attempt to motivate theoretically, why the particle content
of the standard model is what it is. We have no deep understanding of
why the gauge group is SU.(3) x SU,(2) x Uy(1), for instance. We just
take the field content as observed fact, and present it. The exception is
the Higgs boson, which has not been observed. This is the weakest part
of our understanding of the standard model. Note however that the field
content of the standard model is not completely arbitrary; once the gauge
group is known, the fermionic field content is somewhat constrained by the
requirement of anomaly cancellation, which we discuss at the end of the
chapter.

2.1 Particle content

The strong, weak and electromagnetic interactions are understood as arising
due to the exchange of various spin-one bosons amongst the spin-half par-
ticles that make up matter. The gauged symmetry group of the standard
model is SU.(3) x SU.(2) x Uy(1). The specific gauge bosons associated

53

54 The standard model: general features

with the generators of the algebra of the group are:

SU(3) x SUL(2) x Uy(1) (2.1)
1 ! !
Sij 3Wi B,
a=1,...,8 a=1,2,3

The eight spin-one particles, Gfj(z), associated with the factor SU.(3) are
called gluons and the associated subscript ‘c’ is meant to denote ‘color’.
Gluons are thought to be massless. Any particle that transforms with re-
spect to this factor of the gauge group, and so which couples to the gluons,
is said to be colored or to carry color. This interaction is also called the
“strong interaction,” and any particle which couples to the gluons is said to
be “strongly interacting.” Three spin-one particles, Wﬁ(m), are associated
with the factor SU.(2), and one, B, (z), with the factor Uy (1). The sub-
script ‘L’ is meant to indicate that only the left-handed fermions turn out to
carry this quantum number. The subscript ‘Y’ is meant to distinguish the
group associated with the quantum number (defined below) of weak hyper-
charge, denoted Y, from the group associated with ordinary electric charge,
denoted @. The electromagnetic group will be written as Ugp,(1). The four
spin-one bosons associated with the factors SU.(2) x Uy (1) are related to
the physical bosons that mediate the weak interactions: W+ and Z°, and
the familiar photon from QED, in a way we will explain in Section 2.3.

Apart from spin-one particles we are aware of a number of fundamental
spin-half particles. Our knowledge to date about the character of the in-
teractions of these fermions may be compactly summarized by giving their
transformation properties with respect to the gauge group SU.(3) x SU.(2) x
Uy (1). The fermions transform in a relatively complicated way with respect
to this symmetry group. There are three copies (or families) of particles,
each copy of which couples identically to all spin-one particles.

Leptons are, by definition, those spin-half particles which do not take part
in the strong interactions. Six leptons are known to date. They are denoted
by e, pi, T, Ve, v, and v, and collectively by £.

Hadrons, on the other hand, are defined as those particles that do take
part in the strong interactions. The spectrum of known hadrons is rich and
varied but, as we shall see, appears to be accounted for as the bound states
of six quarks u,d, s, c,b and ¢, denoted collectively as q.

Because of the relatively large number of spin-half fields involved, a few
words on notation may be appropriate. Spinors written in capital letters
L,E,D,U,Q or script letters £,U, D, and neutrinos v; are taken as Majorana
spinors. The left and right handed components of these spinors are denoted
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by subscripts L, R. Spinors written in lower case Roman letters [;, u;, d;,
e,u,c t,d,s,bor by pu, T are Dirac spinors, which we will introduce in turn.

For example, the electron field is represented in quantum electrodynamics
by the Dirac spinor, e(z). Denote the left- and right-handed components of
this spinor by e, and ey respectively:

e= (ZL) . (2.2)

In the standard model, however, the electron is represented by two Majorana
fields, £(x) and E(x), that are defined to contain the left- and right- handed
parts of e(z) respectively. That is,

&= (2) , E= (_“R), (2.3)
€er €r

where the 2 x 2 matrix ¢ is defined in Eq. (1.79). The Dirac spinor, e, is
therefore related to the Majorana fields, £ and F, by projecting onto the
left- or right-handed part:

e=BE&+KRE. (2.4)

The ‘left-handed’ electron field, &, itself appears within an SU(2)-doublet
with the field, v, whose left-handed part contains the left-handed electron-
neutrino. This doublet is denoted L(z):

L= <g> (2.5)

The notation here is somewhat confusing; the matrix structure shown for L
above does not show spinorial matrix structure, but shows matrix structure
under the group SU_(2); each component, v and &, is a 4-component Ma-
jorana spinor. Generally, when possible spinorial structure is suppressed in
what follows.

Members of successive generations are denoted by a generation index, m,
that runs from 1 to 3. The generations are numbered in increasing order
with respect to the mass of the corresponding charged lepton:

Vp, denotes vy = v, v2 =1y, v3=1;
em denotes e; =e, e =p, e3 =T
Uy, denotes uy =u, us =c¢, ugz ==

and d,, denotes d; = d, do = s and d3 = b. (2.6)

The transformation properties of the fermions are summarized by giving
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the representation of the gauge group in which they transform. A standard
way to label the representations of SU.(2) and SU.(3) is with their dimen-
sion. So the two-dimensional spinor representation of SU.(2) is written 2
(familiar from the physics of spin as the spin-half representation) and the
two three-dimensional representations of SU.(3) would be 3 or 3. The triv-
ial (invariant) representation is written as 1. The transformation properties
of the known fermions with respect to Uy (1) may be specified by giving the
corresponding eigenvalue of the generator, Y, called the weak hypercharge.
Y is normalized so that the action of Uy (1) on a field with eigenvalue y is
given by: ¥ — exp(iw(x)y).

With these conventions the particle content of the standard model may
be summarized as follows:

B vy

LCm

) transforms as

2.7)

| = Wi O~

(

(
BQm = (%Z) (3, 2,+

(

(

3

Here the first number represents the SU.(3)-representation, the second num-
ber is the SU.(2)-representation and the final number is the eigenvalue
of the weak hypercharge, Y. In the case of SU.(2) doublets, we have
named their upper and lower SU.(2)components, Ly, = (B,vym B.En)T
and Qn = (P.Unm P,Dp)". We could in principle do this for the three
separate colors of the @, U, and D fields; but it turns out to be useful to do
so for the SU,(2) content but not for the SU.(3) content.

Since the left- and right-handed pieces of a Majorana spinor are the com-
plex conjugates of one another, they must transform in complex-conjugate
representations. It follows then that:

5 1
P.L,, = (PR ?n) transforms as (17 2, +§>
REmM

P.Ey (11.41)
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E Uy, — 1
B = 3,2, —— 2.8
O (zmn) (3.2-1) 2.
— 2
PLUm 3717_5
_ 1

We note in passing that if the standard model were to be supplemented to
include a right-handed neutrino field, NV,,, this field would be a singlet,

B Np, transforms as:  (1,1,0), (2.9)

with respect to the gauge group SU.(3) x SUL(2) x Uy (1). We will discuss
such a singlet some more in Chapter 10, see also problem 2.3.

Apart from fermions, the Lagrangian must also involve the fields repre-
senting the spin-one gauge bosons. These fields and their transformation
rules are denoted as follows:

Gy, transforms as:  (8,1,0)
Wi (1,3,0)
B, (1,1,0). (2.10)

This representation content is merely a short form for the invariance of
the Lagrangian under the following symmetries:

5L, — K_%wl(x) + %wg(x)Ta) P+ (%wl(x) - %wé’(m)ﬂ‘) PR] Lm
6By, = liw(2)B, —iwi(2)P] Em
50, — Kéwl(x) + éw‘g‘(ﬂ:)fa + %w?(r)Aa) P+

+(—gerle) - jus(n: - Jus @) B @
Un = [(“Bor@-5ut @) B+ (Fer@res@ia) B Un
i0n = [(For@) ~ g @) B+ (~hen) + Jeg@na) 1] D

§GS = 9uwi(x) — [5, W (2) G
Wi = Ouwi(x) — e wh(x) W
0B, = Oywi(x). (2.11)

In these expressions the generators of SU,(2) have been explicitly written
as T, = %Ta where 7,,a = 1,2, 3 denotes the two-by-two Pauli matrices that
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act on the SU(2)-indices:

7'1_((1) (1]>’T2_<2 _é>,73_<(1) _?) (2.12)

(The same matrices appeared in discussing the spin structure of fermions in
Section 1.3. We use the notation 7; when they act on SU,(2) indices and o;
when they act on spinorial indices.) Similarly, the generators of SU.(3) are
given explicitly by T, = %)\a where \y, @ = 1,..., 8 denote the three-by-three
Gell-Mann matrices given in Eq. (1.186).

The electric charge @ of a field is defined in terms of the hypercharge Y
and the SU.(2) charge’s T3 component, according to @ = T5 + Y. Note
that the electromagnetic group is not directly the U, (1)component of the
standard model gauge group, and electric charge @ is not one of the basic
charges particles carry under SU.(3) x SUL(2) x Uy (1); rather it is a derived
quantity.

2.2 The Lagrangian

The most general renormalizable Lagrangian involving these fields is

L _ lGoc Gorv _ lwauuwa o EB BM _ g§@3 Gozul/Goz/\p
fg = 4 4 py g P 6472 €uvip
2 2
9502 ” 9701 . 1—
- 763179 ELrpWHY WA — Gim? €urp B BN — 5 LmPLn

1 1~ 1 1
— iEmIZDEm — §QmIDQm - gUmIDUm - §DmlDDm, (2.13)

in which the gauge field-strengths are given by

G%, = 0.G% —0,G% + g3f*5,GEGY, (2.14)
Wi, = 0,W—0,Wi+ gaean WIWE (2.15)
By, = 8,B,—0,B,. (2.16)

The gauge covariant derivatives are:

1 1
DuLm = auLm + |:§ngu - 592”1177—a:| B, Ly,

+ |:7§nglt+ 592W57—a:| PRLma (217)
DyE,, = 0uEn+igBu(PrEn) —igiBu(B Ep), (2.18)
D@ = 9@+ |~ 50GiAe — 502 Win — LiBy| BQn
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T [;%G“A* SWET S0 B, BiQn, (219)

DuUpn = 0,Un+ [ i _u S91B, }PRUm
n Eggaax* n ng } B.Upn,, (2.20)

DuDy = 0,Dp+ [*%ggGa)\aJr%ngﬂ} P Dy,
n [—I—ZggGa)\* ng }PLDm. (2.21)

It is worth emphasizing at this point why certain terms do not appear
in L4, particularly mass terms for the fermionic fields. The reason is that
only terms which are singlets under SU.(3) x SU,(2) x Uy (1) can appear
in the Lagrangian—otherwise it would not respect gauge invariance, that is,
it would change under a gauge transformation. The rules for telling if a
combination of fields is a singlet under SU.(3) or SU.(2) are summarized
in Appendix B; basically the rule is that all color and SU,(2) indices must
“tie off” against each other. The rule for Uy (1) is even easier; the charges
of the fields must add to zero.

Consider for instance the would-be mass term for the E field,
mmn

£, E,

£wou1d—be -

Write E,,E, = E,, B, E, + E,,P; E,,, and just consider the P, term. P, E
has hypercharge —1. The hypercharge of EP;, is also —1. To see this, note
that

EPR, = E'BR, = E'R,3 (2.22)

is actually the conjugate field of B, E/, and has the opposite charge as P, E.
Therefore, the combination E P, E is hypercharge -2 and is not a gauge sin-
glet. The combination EF, E is hypercharge 2 and is also not allowed. One
can quickly check that no combination of two spinor fields is hypercharge
neutral, so no such mass is permitted. The kinetic terms are invariant be-
cause P, y* = v* Py ; so the left handed component of a field couples to the
Hermitian conjugate of the left handed component and the gauge depen-
dence does cancel.

The spectrum of this theory may be analyzed by perturbing in the gauge
couplings, gi, i = 1,2,3. (We return to the accuracy of this approximation
in more detail later.) The unperturbed part of the Lagrangian becomes
in this case those terms that are quadratic in the fields. The spectrum of
this unperturbed theory is therefore that of a system of free spin-half and
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spin-one particles, as was described in the previous chapter. Following the
discussion leading up to Eq. (1.110)-Eq. (1.125), their masses may be read
off from the Lagrangian and are zero!

Since the perturbative semiclassical analysis should apply to at least the
electroweak part of the theory, the Lagrangian, Eq. (2.13), cannot be the
whole story. In fact, as is clear from the discussion of Subsection 1.6.2,
the vanishing of the masses is a consequence of the SU.(3) x SU.(2) x
Uy (1) invariance of the theory and can be evaded only if this symmetry
is spontaneously broken by the ground state. We must couple the known
particles to some hitherto undiscovered sector whose ground state is not
SUL(2) x Uy(1) invariant.

The simplest way to do so is to add a weakly coupled spin-zero particle
to the theory with a potential that is minimized at a non-zero field value.
The transformation properties of this scalar field are largely determined if
we require that no new spin-half fields are to be included. Since the scalar
field is supposed to produce a mass for the fermions after it develops a v.e.v.
it must have Yukawa couplings with the fermions. But all of the fermions
are either singlets or doublets under SUL(2) so the new scalar field must
itself be either a doublet or a triplet if it is to combine with two fermions
into a gauge-invariant Yukawa interaction. It turns out that a scalar triplet
cannot by itself couple in a way that can generate masses for all the known
massive fermions, but a scalar doublet can. The simplest choice is therefore
to add a single (complex) scalar doublet, called the Higgs field:

= (ﬁ;) , (2.23)

transforming as (1,2,1/2). Its complex conjugate,

- (0F3
b= <¢¢+*> = ep”, (2.24)

then transforms as (1,2, —1/2). It must be emphasized that apart from the
conditions that the appropriate masses be generated, there is precious little
known about this symmetry-breaking sector. Although the Higgs-doublet
model we are using is the simplest, its foundations are much less firm than
are those of the rest of the theory. This is explored further in the problem
section of this chapter.

The new terms that may then appear in L are

— (Duo) (D') — V(9') (2.25)
~(finLmPr End + hinnQumPr Dnd + GmnQumPe Und + hec. ),

[rHiggs =
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in which
f to— u2/o0
V(ele) = A[elo - u?/2)] (2.26)
= A¢'9)? = ®9' + ' /4.
Unitarity requires that the constants A and 2 be real and stability demands
that A be positive. In order to ensure that the ground state not be SU.(2) x

Uy (1)invariant we further require that u? be positive.
The gauge transformation rules for ¢ are explicitly

56 = Lwiad + 26, (227)
so its covariant derivative must be
Dy = 96 — %g2wgfa¢ - %mBM- (2.28)
The complete Standard Model Lagrangian then becomes
Lsy = Ly + Liiggs - (2.29)

The following general features of Lg,, bear special mention:

(i) Lgg, Lhiggs and Ly, are the most general Lagrangian consistent with
the given particle content and invariance under SU,(3) x SU.(2) x
Uy (1) . If the predictions made from such an £ are wrong, then either
the particle-content or renormalizability or the gauge group is wrong.

(ii) Because of SU.(3) x SUL(2) x Uy (1) invariance, all masses vanish in
the absence of Lyiggs.

(ili) There are six parameters in £ ¢4 of which only four enter into physical
predictions (since ©1 and O5 turn out to be removable by suitable
fermion phase redefinitions, which we will not discuss). Lpiggs, On
the other hand, contains no less than 15 parameters (as we shall see
these may be taken to be the 10 masses, the Higgs self-coupling and
the 4 Kobayashi Maskawa angles). In this sense Ljiggs parameterizes
most of our ignorance and is the part of the theory that is the least
understood. All of the couplings also turn out to be small (mod-
ulo some restrictions to which we return for gs), allowing the use of
perturbation theory to calculate the predictions of L .

2.3 The perturbative spectrum
The first step in analyzing the consequences of the standard model is to find
its spectrum. We do so semiclassically, following the procedure of Subsec-
tion 1.6.2. For these purposes it is convenient here, as it was there, to use
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the gauge freedom to transform to unitary gauge. In the present context
unitary gauge is defined by the following condition:

0
¢= ( 1 (v + H(x)) ) : (2:30)
where H(x) is a real field and v is a real constant that minimizes the scalar
potential. It may be shown that it is always possible to reach Eq. (2.30)
from an arbitrary initial field configuration via a gauge transformation. The
motivation for this gauge choice is that it ensures that no vector-scalar cross
terms survive in the quadratic terms once we expand about the ground
state. It is worth noting in passing that the gauge, Eq. (2.30), does not fix
those gauge invariances that leave the Higgs v.e.v. invariant. In the present
context, as is shown later in this section, this means that the electromagnetic
gauge invariance still remains to be fixed.
v is determined by minimizing the potential in Eq. (2.26) and satisfies

v? = /. (2.31)

In order to read off the particle masses we must identify the unperturbed
Lagrangian, L£o. This is equal to that part of Lg,, that is quadratic in
the fluctuations. The expansion of Ly, is trivial and just contributes the
spin-half and spin-one kinetic terms to £y. Everything else comes from the
expansion of Lyiggs. Using the following result,

D6 — 10 i gng’—i—ngH ggWﬁ—ngW;f 0
T VR\0H)  2v2 \ e WitigpWE —gWitgiB, ) \v+H )’
(2.32)
the expansion of the scalar-field kinetic term becomes:

1 1 , .

—(Duo)'(DFg) = —§8NH8“H—g(v—&—H)Zg%(Wﬁ—sz)(W“”—i—sz“)
1

*g(U+H)2(—92W3”+91B“)(—92W3u+913u)- (2.33)

The scalar potential term contributes

v o= 2w+ 2w/
= %(Q’UH—FHZ)Q

= MZH? £ WwH? + %H“ : (2.34)
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The Yukawa couplings may be expanded in an identical way:

LFiBud = — (”—m>TPR E( ’ )
V2 \&n v+ H
= —=Ww+H) &P E,, (2.35)
and similarly for @, d, and D, and
QuPaUnd = = (“’”)PR U (” " H)
= —W+H) UnPU,. (2.36)
Combining all of these results gives the expansion of Lyjges to be:
Lhiggs = — %apHaﬂH — MW?H? — \wH? — %H“

——g3(v+ H)Z\Wl} — ZW3|2

| = 0ol

v+ H)z(ngWS + ngH)Q

(v+ H) [frnEmPe En + h.c.]

(v + H) [gmnlhn Pr Up, + h.c.]

-5l

— —=+ H) [hyunDmPr Dy, + h.c]. (2.37)

S

2.3.1 Boson masses

Liggs contains all of the mass terms, although some of these are not diag-
onal. They are, in more detail:

2.3.1.1 Spin-zero particles

Comparing the H? term of Lyges with the standard form, — %m%H 2 gives
m2 = 2xw? =22 (2.38)

2.8.1.2 Spin-one particles

The relevant terms in this case are:

1 .
—?(— ggWs +q1B,)%. (2.39)

1
ffggvaWi - ZW3|2 ~3

8
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The fields Wl} and Wi only appear in the combination W{'Wy, + W§Wa,
and do not mix with any other fields. Their masses can therefore be read
by inspection. Comparing this term to

1 1
- iMijW“‘ - 5MSVV,%WZH, (2.40)
gives the masses:
1
M= M3 = Zgng. (2.41)

It is not an accident that these masses are equal. They are equal because
the particles W7 and W5 are related by a symmetry that is not spontaneously
broken, even when v # 0 . To see this, consider performing a constant gauge
transformation, d,w® = 0. The ground-state scalar field configuration then

transforms as
0 7 0 7 0

— 3 ([W% - iw%”) (2 42)
2 v )’ '

[w1 — wi]v

which vanishes provided that wj = w3 = 0 and w; = wj = w . This particular

combination of SU.(2) x Uy (1)-transformations is therefore a symmetry of
the ground state.
Under this symmetry the W fields transform according to Eq. (2.11):

1171 0 1 ‘171
a __ _ abc, byrrc w| n
Wi = —e"wyWy, or, 6( 3> w( 10 ) ( 2 (2.43)

This shows that VVI} and VV,% transform into one another under this sym-
metry. The condition w3 = w; implies that the generator of this unbroken
symmetry is T3+Y. Now we saw earlier that the electric charge, @, of a field
is related to the SU,(2) x Uy (1)-generators by @ = T3 +Y . It is precisely
the electromagnetic gauge invariance, U, (1), which is unbroken by the vac-
uum. Wl} and Wi must therefore correspond to the two degrees of freedom
associated with the distinct particle and antiparticle states required for an
electrically charged particle. It is convenient in these cases to deal with
fields that diagonalize the generator of electric charge. This corresponds, in
the present case, to writing W7 and W5 as the real and imaginary parts of
a complex, charged field:

wW* = L

P (W FiWy), (2.44)

Sl

2
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which satisfies (WVlLjE = iinlf under electromagnetic gauge transforma-
tions, Eq. (2.43).

The mass term appropriate to such a charged field is fMEVW: Wk,
Comparing with the Lagrangian, Eq. (1.121), therefore gives the W* mass
to be

1
MW = M1 = M2 = §g21). (245)

The remaining vector fields that appear in the mass term are Wi and B,,.
They also only appear in one particular combination, g1 B, — ggWS’. We
may normalize this combination (in order not to alter the standard form for
the kinetic terms) to define the mass eigenstate:

_ngu + 92W3

Vi + 93

= W} costy — Bysinby . (2.46)

Zy

This last equation defines the weak-mixing angle or Weinberg angle, 6y,
given by

g2
cosly, = ———
Vi +93
sinfy, = I . (2.47)

VIt + 93

In terms of this field the mass term, Eq. (1.122), is

1
—3v% (ot + 93) 22", (2.48)
from which the mass may be read off:
1
M = (g1 + g3)v*. (2.49)

The final mass eigenstate is the combination of Wi’ and B, that is or-
thogonal to Z,,

QIWE + gQB;L

Vi + 95

This is massless, as are the gluons, G} , that gauge SU(3) . The massless-

A, = Wj’ sin Oy, + By, cos by, = (2.50)

ness of A, corresponds to the fact that the linear combination Q = T3 +Y
is unbroken even when v # 0. A, is the corresponding massless gauge bo-
son required for this unbroken symmetry. Since @ is the electric charge, we
expect A, to have the couplings of the usual photon.
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To summarize the relations between field bases, writing ¢, = cos 8y, and
Sw = sin Oy,

W[Z’ = cwZy, +swA, Z, = (:WVV;3 —swBy
B, = —swZ,+cwA, A, = SWWI:;) +cw By,
V2WE = W — i V2WE = WiE+w,
_ 1 2 2 _ T —
V2 WJ = W, +iW, V2 Wi = zVV;r —iW,,
GBH9? W2 = @Z,+9A, \B+n?Z, = @Wi-gB,

VB+92 By = —g1Zu+ @A, \JB+n? A, = gW) +gB,.

(2.51)

2.3.2 The custodial SU(2)

Notice that there is a relation amongst the three quantities My,, M, and
O

M
wo_ 92 cos O . (2.52)

Mz g + g3

It is natural to ask how much this relation depends on the details of how
the symmetry SU.(2) x Uy (1) is broken, since any information that can
restrict the arbitrariness in the symmetry breaking sector is welcome. Con-
sider therefore the most general form for the spin-one mass matrix that is
consistent with the symmetry-breaking pattern SU.(2) x Uy (1)—=Uem(1):

M
M,
M2 om? | (2.53)
m? Mg

This form has a simple explanation. As we saw above, unbroken electromag-
netic gauge invariance dictates that the upper left two-by-two block of the
matrix be proportional to the unit matrix: M&V Ioxo. It similarly implies
that the upper-right and the lower-left blocks must vanish. The lower-right
two-by-two block is a-priori an arbitrary symmetric matrix, subject to the
one constraint that one of its eigenvalues must vanish. The vanishing of one
of the eigenvalues corresponds to the masslessness of the photon. It is a
general consequence of the fact that the electromagnetic gauge invariance is
unbroken.
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The requirement that one eigenvalue be zero is equivalent to the vanishing
of the determinant:

M2 m2
det < mg M2 ) = MIMZ —m*=0, (2.54)

implying the condition m? = |MyMs|. The corresponding zero eigenvector
plying p g g

— sin Oy
. 2.
< cos Oy, ) (2.55)
Eq. (2.55) defines the mixing angle, 6y, in the general case. We may now
eliminate Mg in favor of fy,. The required relation is
m2 Mo

tanfy, = —5 =
an 6y, M2 A

may be written as

. (2.56)

The nonzero eigenvalue, M, is then given in terms of M3 and 6y, by

M2 m?
M? = tr 3
: (m2 M3>
= M+ M3Z = MZ2(1 + tan®6y,) = M7 sec’Oy,. (2.57)

The mass relation implied by the symmetry breaking pattern SU,(2) x
Uy (1)=Uem (1) is therefore M3 = M, cosfy,. An alternative way of ex-
pressing the mass formula, Eq. (2.52), is therefore: My = My = M3 = My,.

The equality of M3 and My, within the standard model is a consequence of
using a scalar SU,(2)-doublet, ¢, to break SU,(2) x Uy (1). The connection
arises because of an accidental symmetry of the scalar self-couplings that
determine the symmetry-breaking pattern that in turn determines the gauge
boson mass matrix. The Higgs doublet, ¢, may be thought of as four real
scalar fields, corresponding to the real and imaginary parts of ¢° and ¢* in
Eq. (2.23). An alternative way to write these four real fields would be as a
column vector:

#1

_| ¢
o=| 2| (2.58)

¢4

As we saw in Subsection 1.3.1, the kinetic terms for four real scalar fields
can be written as 0,®"0"® and so is always invariant under the multi-
plication of ® by an arbitrary four-by-four orthogonal matrix, @ € O(4).
Now, in general the interaction terms of the Lagrangian break this symme-
try completely. However, for the standard model, the two requirements of
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gauge invariance and renormalizability imply that the only possible scalar
self-couplings are of form V = V(¢f¢) = V(®7®). Even though it was
not required to be so, this potential is therefore also invariant under these
general O(4) transformations. Any such global symmetry that appears as
a simple consequence of gauge invariance and renormalizability is known as
an accidental symmetry.

Once ® develops a v.e.v.,

(2.59)

—
&
=
I
cooe

this O(4)-invariance gets broken to the three-by-three orthogonal, O(3),
transformations that shuffle the lower three components amongst them-
selves. Since this O(3) is unbroken, it constrains the form that the mass
matrix may take. The ¢ gauge couplings that ultimately produce the gauge
boson mass matrix are also invariant under these O(3) transformations if
the Wy’s transform as a three-dimensional vector. Invariance of the mass
matrix under this three-by-three transformation therefore implies that the
upper-left three-by-three block of the spin-one mass matrix, Eq. (2.53), must
be proportional to the unit matrix, implying Ms = M; = My = My, as re-
quired.

Since the group O(3) is locally isomorphic to the group SU(2), it is said
that the symmetry-breaking sector has an accidental custodial SU(2) invari-
ance that is responsible for the mass formula, Eq. (2.52).

The utility of having such a symmetry understanding of this mass formula
is that it points to the circumstances under which it might be altered and
to how big the corrections might be. In fact, some of the interactions in
the standard model, like the ¢ — B, coupling and the Yukawa couplings, do
not respect this custodial symmetry. We may expect, then, that radiative
(quantum) corrections that involve these interactions can alter the mass
relation. This is discussed in Section 7.5. Experimental verification of this
relation is clearly of great importance since deviations point to detailed
effects within the standard model, and potentially to indications of new
physics.
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2.3.3 Fermion masses

The terms quadratic in the fermion fields come from the Yukawa couplings
after the shifting of the scalar field by v. The relevant terms are

V2

(It now becomes clear why it was convenient to label separately the different
SU_.(2) components of the fields L and Q; the fact that the v.e.v. of the Higgs
field breaks SU,(2) symmetry means that a Yukawa coupling introduces a
mass which picks out one or the other component.)

The mass terms induced by the Yukawa couplings of fermions to the Higgs

L= [fmngmB% En + gng/_{mPR Un + hmntl_)mB? Dn + hC] . (260)

v.e.v. are in general not diagonal in the generation indices, m and n. They
may be diagonalized following the procedure outlined in Subsection 1.3.2.
To this end, redefine the spin-half fields as follows:

B.En=USRE,,
PLZ/[m - U(U)RU;L>

mn

B, Dy =UWR,D,,

P Ey =V P EL,
B{ UnL - Vn(;;L)PR Uq{t )
Py Dy =V, P D, (2.61)

where the matrices U(e)7 U(”), U(d), V(e), V(”), V(@ act on the generation in-
dices (e.g. connect e to p to 7) and must be unitary in order to preserve the
canonical form for the kinetic terms.

As argued in Subsection 1.3.2, it is always possible to choose U®© =
v g — yx g = y(d* and then choose U® to ensure that the
new mass matrices are diagonal:

U@y @ = y©T v = diag (fo, fu, fr) (2.62)

with fe, fu, fr real and non-negative. The same may be done for y@? gV
and V@' pv(@ | The resulting mass terms then become (dropping the
primes on the new fields)

1 , _ _
L= -5 [Fm&mPr By + Guildon P Uy + B Dy Po Dy + hocl] . (2.63)

This has a simple expression in terms of the Dirac spinors, e, d,, and
U, defined as

em = B&n+ FBEn,

dm = B, Dm+ P Dn,
Up = BlUp+BUpy. (2.64)
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To see this, use

EmPoEm + hie. = EnFiEp +EnbP, Em
= EwPE, +E.B.En
= eémbPren +embem
= Enem - (2.65)

(The derivation of the identities used here was the subject of problem 1 of
chapter 1.)
In terms of these Dirac spinors, the final form for the mass terms is

1 _
L=——0(fmEmem + ImUmlm + hmdmdp) , (2.66)
V2
which, when compared to the standard mass term, —ma1), gives the fermion
masses as:

R R 0= S, (26)

V2 2" V2

Notice that there is a separate Yukawa parameter, f,, for every independent
mass, My, so there are no mass formulae along the lines of Eq. (2.52) for
the fermions. The numerical values of these fermion masses are presented
in Appendix A.

Note that no mass term for the neutrinos is generated. If only renor-
malizable interactions and the minimal field content of the standard model
are included, then this is exactly true, not just at the semiclassical level.
A neutrino mass could appear if we extended the theory to include right
handed neutrinos N,,, because this would allow another Yukawa matrix be-
tween L and N. However, nothing forbids a mass term 1, Ny, Ny, for such
right handed neutrinos. One interpretation of the recent evidence for neu-
trino masses is that such right handed neutrinos exist but their mass is very
heavy. This is discussed in more detail in Chapter 10 and in problem 2.3.

2.3.4 Hadrons

What we have just presented is the perturbative spectrum, that is, the spec-
trum assuming all interactions are weak. As we will discuss in Section 7.4,
this is a valid approximation except for the SU.(3) (“strong”) interactions,
which become strong at scales of order 500 MeV. The result is that quarks
and gluons do not appear as actual particles of the spectrum. Rather, the
particles we observe are bound states of quarks and gluons, in appropri-
ate combinations to be color singlets. Such bound states are called hadrons.



