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Figure 3.2 – Upper panels: Matrix plots of the absolute values of the SRG transformed
interaction matrix elements 〈E′12

′J12T12| Ĥα − T̂int |E12J12T12〉 for the triton channel

(JπT = 1
2

+ 1
2 ) up to energy quantum number E12 = 32 for the NN+3N-full Hamilto-

nian for increasing SRG flow parameter α. Lower panels: Convergence of the triton
ground-state energy as function of the NCSM model space for the flow parameter
corresponding to the upper matrix plot, respectively. (published in [44])
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evolved NN+3N interaction with improved 
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in many-body calculations
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Variety of Developments and Applications

Transformation of 3N matrix elements into suitable basis
Implementation of efficient matrix-element storage scheme
(JT-coupled scheme)
Derivation of reliable, systematically improvable and accurate 
approximative schemes (Normal-ordering approximation)

Ab-initio nuclear structure with 3N interactions throughout the p-shell
First ab-initio study of ground states of even oxygen isotopes
Sensitivity analysis w.r.t. the parameters and cutoff of chiral 3N 
interactions
First ab-initio calculations for binding energies of closed-shell nuclei up 
to heavy tin isotopes

Inclusion of 3N interactions into the NCSM/RGM approach
First ab-initio scatterings with chiral 3N interaction involving more than 
four nucleons
Inclusion of 3N interactions into the No-Core Shell Model with 
Continuum approach
Investigation of 3N force and continuum effects on 9Be energy levels
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How to include 3N interactions 
into a unified ab-initio framework for 

nuclear structure and reactions?
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What we are aiming for...

Bound states 
and spectroscopy

A

Realistic ab-initio description of nuclei

Using NN+3N forces that are rooted in QCD
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What we are aiming for...

(IT-)NCSM
Ab-initio description of 

nuclear clusters

Resonating Group 
Method (RGM)

Describing relative
motion of clusters

Successfully applied with NN interactions
Here: Inclusion of 3N Forces

(IT-)NCSM/RGM
or NCSMC approach

A-a a

Realistic ab-initio description of nuclei
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Nucleon-4He Scattering
with Chiral 3N Interactions

G. Hupin, J. Langhammer et al. ----- Phys. Rev C 88 054622 (2013)
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Figure 13.9 – Comparison of the n-4He (left-hand panel) and p-4He (right-hand panel)
scattering phase shifts for partial wave 2S1/2, 2P1/2, 2P3/2 and 2D3/2 obtained with
the NN+3N-induced ( ) and NN+3N-full ( ) Hamiltonians to experimental phase
shifts (+) obtained from R-matrix analysis [?]. The calculations include seven eigen-
states of 4He and use Nmax = 13. Remaining parameters are E3max = 14 and
ℏΩ = 20MeV. (published in [?])

cally identical for all three Hamiltonians. For the 2S1/2 phase shift we find small

changes if the SRG-induced 3N components are included, and additional slightly

smaller changes of opposite sign once the chiral 3N interaction is included. These

findings are consistent with the Green’s function Monte Carlo results presented

in Ref. [?] obtained for the AV18 [?] NN interaction along with the UIX or IL2 3N

interaction models [?]. We find stronger effects of 3N interactions in the P wave

phase shifts. As can be seen by comparison to the NN+3N-induced results, both

are overestimated by the NN-only Hamiltonian for energies around their respec-

tive resonance position and also beyond. Therefore, the inclusion of SRG-induced

3N interactions is crucial to reveal and eliminate the artificial enhancement of the

NN-only phase shifts. While the effect of the SRG-induced 3N interactions is quite

similar for both P wave phase shifts, they are pushed apart by the chiral 3N in-
teraction. The 2P1/2 resonance is slightly broadened and overall its phase shift is

further reduced by the chiral 3N interaction. In contrast, the 2P3/2 phase shift is

increased and ends up almost on top of the NN-only result, which is accidental.

Again our results are similar to those obtained in Ref. [?] with the GFMC. In sum-

mary, we have found the inclusion of 3N interactions important on the one hand

to avoid artificial results caused by discarded SRG-induced 3N contributions and

on the other hand to include the additional operators structures of the chiral 3N

interaction. Both contributions yield sizable effects in the P wave phase shifts

and in particular the splitting between the P wave resonances.
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Figure 13.11 – Differential cross section for proton-4He elastic scattering at different
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compared to experimental data of Ref. [?]. Note that the 2% uncertainty of the data is
hidden by the plot markers. The remaining parameters are identical to Figure 13.10.
(published in [?])

particular including the first seven states of 4He.

We begin with the investigation of the differential cross section at incident

neutron energy of 17.6MeV shown in Figure 13.10 for the NN-only (green-dotted

line), the NN+3N-induced (blue-dashed line), and the NN+3N-full Hamiltonian

(solid-red line) in comparison to the experimental data of Drosg et al. [?] (crosses).

At all angles we find good agreement with experiment. Between 45 and 135 de-

grees all three Hamiltonians yield practically the identical results. Strikingly, in

particular the inclusion of the 3N interaction does not affect the differential cross

section for these angles, which might be expected due to the limited effects

also in the phase shifts at the corresponding center-of-mass frame energy of

14.08MeV. However, at smaller angles the inclusion of both, the SRG-induced 3N

and the initial 3N interaction slightly reduces the differential cross section, lead-

ing to a marginal underestimation of the data point at 30 degrees. Also at large

angles the inclusion of both 3N interactions leads to a minor decrease of the dif-

ferential cross section. In addition, we show in Figure 13.11 the p-4He differential
cross section the incident proton energies of 5.95, 7.89, 9.89, and 11.99MeV
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particular including the first seven states of 4He.

We begin with the investigation of the differential cross section at incident

neutron energy of 17.6MeV shown in Figure 13.10 for the NN-only (green-dotted

line), the NN+3N-induced (blue-dashed line), and the NN+3N-full Hamiltonian

(solid-red line) in comparison to the experimental data of Drosg et al. [?] (crosses).

At all angles we find good agreement with experiment. Between 45 and 135 de-

grees all three Hamiltonians yield practically the identical results. Strikingly, in

particular the inclusion of the 3N interaction does not affect the differential cross

section for these angles, which might be expected due to the limited effects

also in the phase shifts at the corresponding center-of-mass frame energy of

14.08MeV. However, at smaller angles the inclusion of both, the SRG-induced 3N

and the initial 3N interaction slightly reduces the differential cross section, lead-

ing to a marginal underestimation of the data point at 30 degrees. Also at large

angles the inclusion of both 3N interactions leads to a minor decrease of the dif-

ferential cross section. In addition, we show in Figure 13.11 the p-4He differential
cross section the incident proton energies of 5.95, 7.89, 9.89, and 11.99MeV
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14 No-Core Shell Model with Continuum

or even scattering states, because they are expanded in a finite HO basis. However, the

weakly-bound or scattering states are well-described by the cluster states adopted from

the NCSM/RGM approach. In this way one obtains a symbiotic basis, where the advan-

tages of both parts remedy the drawbacks of each other. In combination with the R-matrix

theory the NCSMC treats bound- and scattering states on equal footing suitable for the

ab-initio predictions of structural and scattering observables within a unified framework.

So far, the NCSMC has been successfully applied to the unbound 7He nucleus with

NN-only Hamiltonians [50, 49]. In this section, we aim at the application of the NCSMC

formalism including explicit 3N interactions. As demonstrated in the next subsection, the

extension of the NCSM/RGM kernels to include 3N interactions discussed in Section 11

constitutes a major step towards the extension of the NCSMC formalism to 3N interac-

tions. In the next subsection we outline the general formalism of the NCSMC. Afterwards,

we present first results for NCSMC with explicit 3N interactions for the neutron-8Be sys-

tem. The results presented in the following are achieved in collaboration with Petr Navrátil

(TRIMUF).

14.1 Formalism

We start with a brief overview of the NCSMC approach following Ref. [49], where further

details about the formalism for NN interactions can be found. In particular, we highlight

which quantities are affected by the extension of the formalism to 3N interactions.

The ansatz for the eigenstates of the A-body system in the NCSMC formalism reads

|ΨJπT 〉=
∑

λ

cλ |ΨA Eλ J πT 〉+
∑

ν

ˆ

dr r 2χν (r )

r
|ξJπT
νr 〉 , (14.1)

where the first term is a superposition of NCSM eigenstates of the A-body system (cf. Sec-

tion 4.1), and the second term represents the expansion in binary-cluster channel states

analogous to Eq. (11.4). We have dropped the projection quantum numbers M and MT

and the superscript JπT at the relative motion wave function χν (r ) for brevity. Note that

we wrote the expansion in terms of the orthogonalized NCSM/RGM channel states (11.15),

which are related to the non-orthogonalized channel states by

|ξJπT
νr 〉=

∑

ν ′

ˆ

dr ′r ′2#
− 1

2
ν ′ν (r

′,r )%̂ν ′ |Φ JπT
ν ′r ′ 〉 , (14.2)

with the inverse of the square root of the norm kernel as given in Eq. (11.19), and the un-

knowns of this expansion are the coefficients cλ and the relative wave functions χν (r ).

It is evident, that the basis states (14.1) are well-suited to describe bound and scattering

states. The appropriate treatment of correlations of the A-body system, which are prob-

lematic in the NCSM/RGM cluster basis, is accomplished by the NCSM eigenstates. Thus,

if the existence of nucleon sub-clusters is relevant for the description of the A-nucleon sys-

tem this ansatz improves the model-space convergence compared to both, the NCSM and

NCSM/RGM approach.

198

Representing                             using the basis expansionH |� J�T i = E |� J�T i

Identically equal to
 NCSM/RGM expansion

Expansion in A-body
 (IT-)NCSM eigenstates 

r



Joachim Langhammer - Doctoral Thesis Presentation - 23. April 2014

The No-Core Shell Model with Contiuum

14 No-Core Shell Model with Continuum

or even scattering states, because they are expanded in a finite HO basis. However, the

weakly-bound or scattering states are well-described by the cluster states adopted from

the NCSM/RGM approach. In this way one obtains a symbiotic basis, where the advan-

tages of both parts remedy the drawbacks of each other. In combination with the R-matrix

theory the NCSMC treats bound- and scattering states on equal footing suitable for the

ab-initio predictions of structural and scattering observables within a unified framework.

So far, the NCSMC has been successfully applied to the unbound 7He nucleus with

NN-only Hamiltonians [50, 49]. In this section, we aim at the application of the NCSMC

formalism including explicit 3N interactions. As demonstrated in the next subsection, the

extension of the NCSM/RGM kernels to include 3N interactions discussed in Section 11

constitutes a major step towards the extension of the NCSMC formalism to 3N interac-

tions. In the next subsection we outline the general formalism of the NCSMC. Afterwards,

we present first results for NCSMC with explicit 3N interactions for the neutron-8Be sys-

tem. The results presented in the following are achieved in collaboration with Petr Navrátil

(TRIMUF).

14.1 Formalism

We start with a brief overview of the NCSMC approach following Ref. [49], where further

details about the formalism for NN interactions can be found. In particular, we highlight

which quantities are affected by the extension of the formalism to 3N interactions.

The ansatz for the eigenstates of the A-body system in the NCSMC formalism reads

|ΨJπT 〉=
∑

λ

cλ |ΨA Eλ J πT 〉+
∑

ν

ˆ

dr r 2χν (r )

r
|ξJπT
νr 〉 , (14.1)

where the first term is a superposition of NCSM eigenstates of the A-body system (cf. Sec-

tion 4.1), and the second term represents the expansion in binary-cluster channel states

analogous to Eq. (11.4). We have dropped the projection quantum numbers M and MT

and the superscript JπT at the relative motion wave function χν (r ) for brevity. Note that

we wrote the expansion in terms of the orthogonalized NCSM/RGM channel states (11.15),

which are related to the non-orthogonalized channel states by

|ξJπT
νr 〉=

∑

ν ′

ˆ

dr ′r ′2#
− 1

2
ν ′ν (r

′,r )%̂ν ′ |Φ JπT
ν ′r ′ 〉 , (14.2)

with the inverse of the square root of the norm kernel as given in Eq. (11.19), and the un-

knowns of this expansion are the coefficients cλ and the relative wave functions χν (r ).

It is evident, that the basis states (14.1) are well-suited to describe bound and scattering

states. The appropriate treatment of correlations of the A-body system, which are prob-

lematic in the NCSM/RGM cluster basis, is accomplished by the NCSM eigenstates. Thus,

if the existence of nucleon sub-clusters is relevant for the description of the A-nucleon sys-

tem this ansatz improves the model-space convergence compared to both, the NCSM and

NCSM/RGM approach.

198

Representing                             using the basis expansionH |� J�T i = E |� J�T i

Identically equal to
 NCSM/RGM expansion

Expansion in A-body
 (IT-)NCSM eigenstates 

14.1 Formalism

To derive the conditional equations for the coefficients cλ and the relative wave func-

tionsχν (r )we insert ansatz (14.1) in the time-independent Schrödinger equation Ĥ |ΨJ πT 〉=
E |ΨJ πT 〉. In addition, multiplication from the left by another NCSM eigenstate 〈ΨA Eλ′ J πT |
leads to

∑

λ

(HNCSM)λ′λ cλ+
∑

ν

ˆ

dr r 2hλ′ν (r )
χν (r )

r
= E

∑

λ

δλ′λ cλ+
∑

ν

ˆ

dr r 2gλ′ν (r )
χν (r )

r
(14.3)

with the definitions

(HNCSM)λ′λ = 〈ΨA Eλ′ J
πT |Ĥ |ΨA Eλ J πT 〉= Eλδλ′,λ , (14.4)

hλ′ν (r ) = 〈ΨA Eλ′ J
πT |Ĥ |ξJπT

νr 〉 (14.5)

=
∑

ν ′

ˆ

dr ′r ′2〈ΨA Eλ′ J
πT |Ĥ$̂ν ′ |Φ JπT

ν ′r ′ 〉 %
− 1

2
ν ′ν (r

′,r ) , (14.6)

gλ′ν (r ) = 〈ΨA Eλ′ J
πT |ξJπT

νr 〉 (14.7)

=
∑

ν ′

ˆ

dr ′r ′2〈ΨA Eλ′ J
πT |$̂ν ′ |Φ JπT

ν ′r ′ 〉%
− 1

2
ν ′ν (r

′,r ) . (14.8)

In Eqs. (14.6) and (14.8) we have inserted Eq. (14.2) to express the functions hλ′ν (r ) and

gλ′ν (r ) in terms of the non-orthogonalized channel states, because this is more convenient

regarding the implementation. Multiplication from the left by an orthogonalized channel

state 〈ξJπT
ν ′r ′ | leads to

∑

λ

hλν ′ cλ+
∑

ν

ˆ

dr r 2' (r ′,r )
χν (r )

r
= E

∑

λ

gλν ′ (r )cλ+
∑

ν

ˆ

dr r 2δ(r
′ − r )δν ′,ν

r ′r

χν (r )

r
, (14.9)

with

' (r ′,r ) = 〈ξJπT
ν ′r ′ |Ĥ |ξ

JπT
νr 〉

=
∑

γγ′

ˆ

dy y 2
ˆ

dy ′y ′2%
− 1

2
γν ′ (y ,r ′)〈Φ JπT

γy |$̂γĤ$̂γ′ |Φ JπT
γ′y ′ 〉%

− 1
2

y ′ν (y
′,r ) , (14.10)

which is exactly the NCSM/RGM Hamiltonian kernel with respect to the orthogonalized

basis (11.12). The latter contains with 〈Φ JπT
γy |$̂γĤ$̂γ′ |Φ JπT

γ′y ′ 〉 the Hamiltonian kernel for

which we have derived the explicit formulas for the inclusion of 3N interactions and dis-

cussed implementation strategies in Section 11. The remaining quantity that needs to be

generalized to 3N interactions is the coupling form factor hλ′ν (r ) of Eq. (14.6), which has

been completed by Petr Navrátil. With help of above definitions we can cast the NCSMC

Eqs. (14.3) and (14.9) in a more compact form by means of matrix notation

"

HNCSM h

h '

#"

c

χ(r )/r

#

= E

"

1 g

g 1

#"

c

χ(r )/r

#

. (14.11)
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Figure 14.5 – n-8Be NCSMC (eigen)phase shifts for the NN+3N-induced ( ) vs. the
NN+3N-full ( ) Hamiltonians at α = 0.0625 fm4 and Nmax = 12 using IT-NCSM vec-
tors. The remaining parameters are ℏΩ = 20MeV and E3max = 14.

NN+3N-induced and NN+3N-full Hamiltonians in the left- and right-hand panels

of Figure 14.5 for positive- and negative-parity partial waves, respectively. For

all partial waves we find some sensitivity to the inclusion of the initial chiral 3N

interactions, except for the narrow 2F5/2 resonance which is practically identi-

cal for both Hamiltonians. In general, we observe larger effects of the chiral 3N

interactions for the negative-parity than for the positive-parity partial waves, par-

ticularly near resonance energies. We note that the initial chiral 3N interaction

always moves the resonance energy of all eigenphase shifts to larger energies

relative to the n-8Be threshold. The non-resonant 5
2

−
or 3

2

+
eigenphase shifts

are basically unaffected. This is also true for all remaining non-resonant phase

shifts that we do not show here. For negative parity, the largest effect caused by

the initial chiral 3N interaction is found in the rather broad 5
2

−
resonance around

6MeV. All other negative-parity partial-wave phase shifts encounter roughly the

same shift of their resonance position due to the initial 3N interaction. In addi-

tion, the chiral 3N interaction yields almost identical resonance positions for the
1
2

−
and 5

2

−
eigenphase shifts. The largest effect on its resonance energy for pos-

itive parity emerges for the 3
2

+
phase shift. The resonant 5

2

+
eigenphase shift is

affected beyond its resonance energy, mainly regarding the position of its kink.
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Figure 14.3 – NCSMC n-8Be (eigen)phase shifts for positive (negative) parity for Nmax = 6(7) ( ), 8
(9) ( ), 10 (11) ( ), 12 (13) ( ) using IT-NCSM vectors for Nmax > 7. The left- and right-hand
columns show the results for the NN+3N-induced and NN+3N-full Hamiltonian, respectively.
Remaining parameters are ħhΩ= 20MeV, α= 0.0625fm4, and E3max = 14. Same colors correspond
to identical angular momenta.
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Figure 14.3 – NCSMC n-8Be (eigen)phase shifts for positive (negative) parity for Nmax = 6(7) ( ), 8
(9) ( ), 10 (11) ( ), 12 (13) ( ) using IT-NCSM vectors for Nmax > 7. The left- and right-hand
columns show the results for the NN+3N-induced and NN+3N-full Hamiltonian, respectively.
Remaining parameters are ħhΩ= 20MeV, α= 0.0625fm4, and E3max = 14. Same colors correspond
to identical angular momenta.
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Figure 14.5 – n-8Be NCSMC (eigen)phase shifts for the NN+3N-induced ( ) vs. the
NN+3N-full ( ) Hamiltonians at α = 0.0625 fm4 and Nmax = 12 using IT-NCSM vec-
tors. The remaining parameters are ℏΩ = 20MeV and E3max = 14.
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all partial waves we find some sensitivity to the inclusion of the initial chiral 3N

interactions, except for the narrow 2F5/2 resonance which is practically identi-

cal for both Hamiltonians. In general, we observe larger effects of the chiral 3N

interactions for the negative-parity than for the positive-parity partial waves, par-

ticularly near resonance energies. We note that the initial chiral 3N interaction

always moves the resonance energy of all eigenphase shifts to larger energies

relative to the n-8Be threshold. The non-resonant 5
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are basically unaffected. This is also true for all remaining non-resonant phase

shifts that we do not show here. For negative parity, the largest effect caused by

the initial chiral 3N interaction is found in the rather broad 5
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6MeV. All other negative-parity partial-wave phase shifts encounter roughly the

same shift of their resonance position due to the initial 3N interaction. In addi-

tion, the chiral 3N interaction yields almost identical resonance positions for the
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and 5
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Figure 14.3 – NCSMC n-8Be (eigen)phase shifts for positive (negative) parity for Nmax = 6(7) ( ), 8
(9) ( ), 10 (11) ( ), 12 (13) ( ) using IT-NCSM vectors for Nmax > 7. The left- and right-hand
columns show the results for the NN+3N-induced and NN+3N-full Hamiltonian, respectively.
Remaining parameters are ħhΩ= 20MeV, α= 0.0625fm4, and E3max = 14. Same colors correspond
to identical angular momenta.
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predictions with chiral 3N interactions

‣ Computational scheme allows study of p- & sd-shell targets

‣ Chiral NN+3N forces yield promising results for ground- and 
excited-state energies 

‣ Future studies will include additional observables, e.g., radii

‣ Application of NCSMC to halo nuclei

Nuclear structure and reactions 
accessible within a unified ab-initio 

framework including full 3N interactions
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Thank you for your 
kind attention!


