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Ŵ (0B) + Ŵ (1B)

+Ŵ (2B) + Ŵ (3B)
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 NN interaction
• N3LO: Entem and Machleidt, 
ΛNN = 500 MeV

• N2LO optimized: Ekström et al.,
ΛNN = 500 MeV

 3N interaction
• N2LO: Navrátil

• Λ3N = 500 MeV, 3H fit

• Λ3N = 350 MeV, 3H & 4He fit

• Λ3N = 400 MeV, 3H & 4He fit
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Coupled-Cluster Method

11

G. Hagen, T. Papenbrock, M. Hjorth-Jensen, D.J. Dean --- arXiv:1312.7872 [nucl-th] (2013)

G. Hagen, T. Papenbrock, D.J. Dean, M. Hjorth-Jensen --- Phys. Rev. C 82, 034330 (2010)

G. Hagen, T. Papenbrock, D.J. Dean et al. --- Phys. Rev. C 76, 034302 (2007)
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0 = h�a
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⇤CCSD(T)

pe
rt

ur
ba

tio
n

th
eo

ry

CR� CC(2, 3)
m

ethod of

m
om

ents

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Coupled-Cluster Triples Corrections

14

•CCSDT,                              , too expensiveT̂ = T̂1 + T̂2 + T̂3

�E(T) =
1

(3!)2

X

abc
ijk

Lijk
abc

1

Dabc
ijk

Rabc
ijk

•Non-iterative triples corrections

•Coupled-Cluster energy functional

E = h�0|(1 + ⇤̂)Ĥ|�0iC
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Ĥ(CCSD)|�abc

ijki
⇣
Dabc

ijk

⌘�1

•CR-CC(2,3) shows excellent 
agreement with IT-NCSM 
diagonalizations

Tuesday 6 May 14



CCSD

IT-NCSM

CR-CC(2,3)

⇤CCSD(T)

NN+3N-full
Λ3N = 500 MeV

0.04 0.05 0.06 0.08
α [fm4]

-150

-145

-140

.

E
[M

eV
]

Sven Binder - TU Darmstadt - May 2014

CR-CC(2,3) vs. ΛCCSD(T) and IT-NCSM

17

16O

CR-CC(2,3)

Mabc
ijk = h�abc

ijk |Ĥ(CCSD)|�0i

Dabc
ijk = �

X

n

h�abc
ijk |Ĥ(CCSD)

n |�abc
ijki

�E(T) =
1

(3!)2

X

abc
ijk

lijkabc M
abc
ijk

lijkabc = h�0|
⇣
1̂+ ⇤̂(CCSD)

⌘
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Reduced-Cutoff
3N Interaction

18

R. Roth, S. Binder, K. Vobig, A. Calci, J. Langhammer, P. Navrátil --- PRL 109, 052501 (2012)

R. Roth, A. Calci, J. Langhammer, S. Binder --- arXiv:1311.3563
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Two-Body

Approximation

22

G. Hagen, T. Papenbrock, D.J. Dean et al. --- Phys. Rev. C 76, 034302 (2007)

R. Roth, S. Binder, K. Vobig et al. --- Phys. Rev. Lett. 109, 052501(R) (2012)

S. Binder, J. Langhammer, A. Calci et al. --- Phys. Rev. C 82, 021303 (2013)
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���� â†�â
†
�â�â�
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➡NO2B is efficient and accurate way to 
include 3N interaction
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hpqr|Ŵ |stui
according to

ep + eq + er
es + et + eu

�
 E

3max

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

27

HF
E3max = 14

|�i

NO2B
E3max = 14

many-body 
method

•heavy nuclei require large E3max

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

28

HF
E3max = 14

|�i

NO2B
E3max = 18

•heavy nuclei require large E3max

•simple protocol to avoid using full 
sets of large-E3max matrix elements

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

28

HF
E3max = 14

|�i

NO2B
E3max = 18HF

•heavy nuclei require large E3max

•simple protocol to avoid using full 
sets of large-E3max matrix elements

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

28

HF
E3max = 14

|�i

NO2B
E3max = 18HF

•heavy nuclei require large E3max

•simple protocol to avoid using full 
sets of large-E3max matrix elements

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

28

HF
E3max = 14

|�i

NO2B
E3max = 18HF

•heavy nuclei require large E3max

•simple protocol to avoid using full 
sets of large-E3max matrix elements

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

28

HF
E3max = 14

|�i

NO2B
E3max = 18HF

many-body 
method

•heavy nuclei require large E3max

•simple protocol to avoid using full 
sets of large-E3max matrix elements

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

28

HF
E3max = 14

|�i

NO2B
E3max = 18HF

many-body 
method

•heavy nuclei require large E3max

•simple protocol to avoid using full 
sets of large-E3max matrix elements

• large-E3max information enters via NO2B

NN+ 3N� full

CCSD-11

-10

-9

.

E
/A

[M
eV

]

48Ca 68Ni

10 12 14 16 18
E3max

-11

-10

-9

.
E
/A

[M
eV

]

100Sn

10 12 14 16 18
E3max

132Sn

NN+ 3N� full

Tuesday 6 May 14



NN+3N-full

0 1 2 3 exact
iteration

-130

-126

-122

.

E
[M

eV
]

16O

Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

29

•Example: normal ordering for E3max = 14

|�(E
3max

= 14)i
CCSD

Tuesday 6 May 14



NN+3N-full

0 1 2 3 exact
iteration

-130

-126

-122

.

E
[M

eV
]

16O

Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

29

•Example: normal ordering for E3max = 14

|�(E
3max

= 14)i|�(E
3max

= 8)i
CCSD

Tuesday 6 May 14



NN+3N-full

0 1 2 3 exact
iteration

-130

-126

-122

.

E
[M

eV
]

16O

Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

29

•Example: normal ordering for E3max = 14

|�(E
3max

= 14)i|�(E
3max

= 8)i
CCSD

Tuesday 6 May 14



NN+3N-full

0 1 2 3 exact
iteration

-130

-126

-122

.

E
[M

eV
]

16O

Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

29

•Example: normal ordering for E3max = 14

|�(E
3max

= 14)i|�(E
3max

= 8)i
CCSD

Tuesday 6 May 14



NN+3N-full

0 1 2 3 exact
iteration

-375

-365

-355

-345

.

E
[M

eV
]

40Ca

NN+3N-full

0 1 2 3 exact
iteration

-130

-126

-122

.

E
[M

eV
]

16O

Sven Binder - TU Darmstadt - May 2014

Normal-Ordering Procedure

29

•Example: normal ordering for E3max = 14

|�(E
3max

= 14)i|�(E
3max

= 8)i
CCSD

Tuesday 6 May 14



Heavy Nuclei
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S. Binder, J. Langhammer, A. Calci, R. Roth, arXiv:1312.5685
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•NN+3N-induced: strong SRG-induced 4N, ... interactions
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•NN+3N-induced: strong SRG-induced 4N, ... interactions

•NN+3N-full: cancellation of SRG-induced 4N, ... interactions
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•current chiral Hamiltonians capable of describing the 
experimental trend of binding energies
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•systematic overbinding ⇒ still deficiencies

•consistent 3N interaction at N3LO, and 4N interaction
•SRG-induced 4N, ... interactions

•current chiral Hamiltonians capable of describing the 
experimental trend of binding energies

Sven Binder - TU Darmstadt - May 2014 33

Heavy Nuclei from Chiral Interactions

•Hamiltonian fixed in A≤4 systems

16O
24O

36Ca
40Ca

48Ca
52Ca

54Ca
48Ni

56Ni
60Ni

62Ni
66Ni

68Ni
78Ni

88Sr
90Zr

100Sn
106Sn

108Sn
114Sn

116Sn
118Sn

120Sn
132Sn

-10

-9

-8

-7

.

E
/A

[M
eV

]

NN+3N-full

exp

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34

(User’s View)

Tuesday 6 May 14



Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34

•3N forces in HO basis can be applied up to the heavy regime

(User’s View)

Tuesday 6 May 14



NO2B approximation allows to go to large values of E3max

Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34

•3N forces in HO basis can be applied up to the heavy regime

(User’s View)

Tuesday 6 May 14



NO2B approximation allows to go to large values of E3max

Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34

•3N forces in HO basis can be applied up to the heavy regime

almost complete inclusion of 3N forces via CCSD

(User’s View)

Tuesday 6 May 14



NO2B approximation allows to go to large values of E3max

Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34

•3N forces in HO basis can be applied up to the heavy regime

almost complete inclusion of 3N forces via CCSD

! SRG-induced many-body (4N, ...) interactions ...

(User’s View)

Tuesday 6 May 14



NO2B approximation allows to go to large values of E3max

Sven Binder - TU Darmstadt - May 2014

3N Forces - Status and Needs 

34
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•3N forces in HO basis can be applied up to the heavy regime

almost complete inclusion of 3N forces via CCSD

! SRG-induced many-body (4N, ...) interactions ...

• ... can not be included for heavy nuclei

• ... require cutoff reduction for cancellation of 4N contributions

➡need alternative renormalization scheme with less 
induced many-body interactions beyond the 3N level
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