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+ easy access to heavy nuclei - limited to light nuclei

+ soft computational scaling with A - factorial growth of model space

+ computationally very efficient - computationally demanding

+ decoupling in A-body space - difficult to obtain model-space
convergence

- not exact method + exact method

- only for ground state + easy access to excited states

- spectroscopy not straight forward + spectroscopy for free

- currently limited to even nuclei + no limitation to even nuclei
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Why should we merge IM-SRG and NCSM?

IM-NCSM
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+ computationally very efficient
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Overview

= No-Core Shell Model (NCSM)
= |[n-Medium Similarity Renormalization Group (IM-SRG)
= Novel Approach: IM-NCSM

= Results

o Evolution of Ground-State Energy
o Evolution of Excitation Energies
o Spectra

= Summary and Outlook
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No-Core Shell Model

Basics
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Barrett, Vary, Navratil, ...

= construct matrix representation of Hamiltonian using basis of HO/HF
Slater determinants truncated w.r.t. excitation quanta N__,

= solve large-scale eigenvalue problem for a few smallest eigenvalues
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Barrett, Vary, Navratil, ...

= construct matrix representation of Hamiltonian using basis of HO/HF
Slater determinants truncated w.r.t. excitation quanta N__,

= solve large-scale eigenvalue problem for a few smallest eigenvalues
= range of applicability limited by factorial growth of basis with N__, & A

= adaptive importance-truncation extends the range of NCSM by

reducing the model space to physically relevant states
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Basics
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Tsukiyama, Bogner, Schwenk, Hergert,..

flow equation for Hamiltonian: _
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Tsukiyama, Bogner, Schwenk, Hergert,..

generator designed to decouple
the reference state |®,f)

flow parameter

flow equation for Hamiltonian:

H in multi-reference normal-ordered form w.r.t. |®,ef) [Kutzelnigg,Mukherjee]

H(0) = E(0)+ > £9(0)a3 + 1) 199(0)a33
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Tsukiyama, Bogner, Schwenk, Hergert,..

generator designed to decouple
the reference state |®,f)

flow parameter

flow equation for Hamiltonian:

H in multi-reference normal-ordered form w.r.t. |®,ef) [Kutzelnigg,Mukherjee]
H(0) = E(0) + > £9(0)a3 + 1 D 153(0)453

H(s) = E(s) + Z fO(s)d + Z F99(s)d°9++ Z WS90 (5)5990 + .
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Tsukiyama, Bogner, Schwenk, Hergert,..

generator designed to decouple

flow parameter
p the reference state |®,f)

flow equation for Hamiltonian:

H in multi-reference normal-ordered form w.r.t. |®,ef) [Kutzelnigg,Mukherjee]
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Basics
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Tsukiyama, Bogner, Schwenk, Hergert,..

generator designed to decouple

flow parameter
P the reference state |®,f)

flow equation for Hamiltonian:

H in multi-reference normal-ordered form w.r.t. |®,ef) [Kutzelnigg,Mukherjee]

H(0) = E(0)+ > £9(0)a3 + 1) 199(0)a33

H(s) = E(s) + Z t9(s)ag + Z re2(s aog-l—M

(Cbref' H(S)M)ref) — E(S)
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Novel Approach: IM-NCSM

How should we merge...
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define
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evolve
operators

extract
observables
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Novel Approach: IM-NCSM

Hamiltonian Matrix in A-Body Basis: 2C
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for sufficiently large flow parameter
eigenvaluesin N, =0, 2 and 4 equal
<
E IM-SRG decouples
< reference state from
. N .,=2 and 4 spaces
Nmax=O NmaX=2 Nmax=4
eigenstates Slater determinants = Why do E(s) and N, =0 eigenvalue differ?
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<«—— first basis state = reference state

= N,.=0 states couple to
reference state |P,f)
" E(s)and N, =0 eigenvalue

cannot be identical

diagonalization of
evolved Hamiltonian
necessary
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= Results

o Evolution of Ground-State Energy
o Evolution of Excitation Energies
o Spectra
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Evolution of Ground-State Energy
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= drastically enhanced model-space convergence for IM-NCSM
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= drastically enhanced model-space convergence for IM-NCSM

= NO2B approximation + induced many-body contribution = 4.0 MeV (= 5 %)
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= NO2B approximation + induced many-body contribution = 4.0 MeV (= 5 %)

= for s > 0.3 MeV-tinduced many-body contribution becomes significant

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 10



]
Results

\ TECHNISCHE

o UNIVERSITAT
Evolution of Ground-State Energy DARMSTADT
—60} 1/ chiral NN4+3Nnoog
@ — |
/\3|\| = 400 MeV
0. 7 1 a=o008fm*
—70F h€2 = 20 MeV
A A
> Imag. Time
L _7Ht i
= e ¢ Nyt =0
Y g0l & N ]
Nmax
=851 > ] o0 &6
ool NCSM with explicit 3N po"2 e
ﬁ‘m A 4 10
1 | L L | L > 12
107° 107* 1073 1072 107! 10°

= drastically enhanced model-space convergence for IM-NCSM
= NO2B approximation + induced many-body contribution = 4.0 MeV (= 5 %)

= for s > 0.3 MeV-linduced many-body contribution becomes significant

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 10



]
Results

) TECHNISCHE
o \(6‘,\ UNIVERSITAT
Evolution of Ground-State Energy "7 DARMSTADT
_115} 1/ chiral NN+3Nyoog
~120} 200 | Asw = 400 Mev
] a = 0.08 fm*
—125¢ 1 70 =20Mev
% —130} ] Imag. Time
= 350 * ] Nist, =0
W = i
_140 :_ ] Nmax
—145F ] e ( ® 06
||
—150 - ] A 4
_155 [ ] ] | | | ] ]
107° 107* 107° 1077 107! 10°
s [MeV™]

= £(s) more robust than in 12C case

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 11



]
Results

Evolution of Ground-State Energy

TECHNISCHE
UNIVERSITAT
DARMSTADT

|/ chiral NN+3Nnozs
1 Asy = 400 MeV

7 a = 0.08 fm*

1 70 =20Mev

Imag. Time

N =0

max

NCSM with epr|C|t 3N

10— 10— 1073 1072 1071 10°

= £(s) more robust than in 12C case

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 11



]
Results

Evolution of Ground-State Energy

\ TECHNISCHE
UNIVERSITAT
DARMSTADT

|/ chiral NN+3Nnozs
1 Asy = 400 MeV
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= £(s) more robust than in 12C case

= NO2B approximation + induced many-body contribution = 2.3 MeV (< 2 %)
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= NO2B approximation + induced many-body contribution = 2.3 MeV (< 2 %)
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= F* of 2% increases abruptly at the end due to kink in ground-state energy
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= F* of 2% increases abruptly at the end due to kink in ground-state energy

= £* converges monotonically from above w.r.t. N, for evolved Hamiltonian
—> variational principle valid for E* since ground-state energy converged
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16_ T B chiral NN+3Nno2s
14 } /\3|\| = 400 I\/IeV
I . 4
19| a = 0.08fm
! hQ) = 20 MeV
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% i Imag. Time
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_ Emax = 12
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= F* of 2% increases abruptly at the end due to kink in ground-state energy

= £* converges monotonically from above w.r.t. N, for evolved Hamiltonian
—> variational principle valid for E* since ground-state energy converged

= first excited O* very sensitive to flow parameter - Hoyle state?
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= uncertainty band due to flow-parameter variation betweens,_ /2 ands,
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y M- NCSM NCSM chiral NN-+3Nyozs
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= uncertainty band due to flow-parameter variation betweens,_ /2 ands,

= 2*and 1*in IM-NCSM and NCSM in good agreement
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y IM-NCSM NCSM chiral NN+3Nno2g
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= uncertainty band due to flow-parameter variation betweens,_ /2 ands,

= 2*and 1*in IM-NCSM and NCSM in good agreement

= second 0*in IM-NCSM closer to experiment (Hoyle?)
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= first 2* and 4* robust and well converged in IM-NCSM
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= first 2* and 4* robust and well converged in IM-NCSM

= higher-lying states show small flow-parameter dependence
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IM-NCSM NCSM chiral NN+3Nyo2e
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= first 2* and 4* robust and well converged in IM-NCSM
= higher-lying states show small flow-parameter dependence

= 1*not yet observed experimentally = theoretical prediction
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= first 2* and 4* robust and well converged in IM-NCSM

higher-lying states show small flow-parameter dependence

= 1*not yet observed experimentally = theoretical prediction
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Outlook

o variation of several parameters: generator, N'*'  hQ, ...
o consistent evolution radius, electromagnetic, ... operators
o detailed analysis of the Hoyle state in *2C
o extend applicability of IM-NCSM to odd nuclei
using particle-attached particle-removed formalism

o include three-body operators in IM-SRG
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Appendix
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Dependence on Single-Particle Basis DARMSTADT
—60} 1/ chiral NN4+3Nnoog
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= = NCSM with 3N
" For small flow parameter N__, convergence slow in HF basis
" induced many-body in HF 4 MeV and in HO < 1 MeV
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" For small flow parameter N__, convergence slow in HF basis

" induced many-body in HF 4 MeV and in HO < 1 MeV

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 21



Results TECHNISCHE
UNIVERSITAT
Dependence on Nrrr?;cx DARMSTADT
—60} 1/ chiral NN4+3Nnoog
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= quite insensitive on N

Mmax

= £(s) equal to eigenvalue obtained in N, = N

max

for small flow parameter s
since the reference state is an eigenstate obtained in N'¢_ model space

max
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___IM-NCSM | NCSM | chiral NN+3Nno2s
i S = 0.4MeV1 chiral NN+3N 1 Asn = 400 MeV
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= excellent agreement between IM-NCSM and NCSM
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Spectra DARMSTADT
; IM-NCSM NCSM chiral NN+3Nnoss
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— 47
4r - 3(:) - — Imag. Time
- — N =0
(0*
m 1
I me m C
— 2+ Emax = 12
Egs [MeV]
0 [ -106.3 -106.5 -106.6 -110.8 . -99.0 -93.2 -83.4
[ ] ] | ] 0 | 1 |
2 4 6 Exp. 0 4 2
Nmax Nmax

= 4*simply not calculated in NCSM

= first excited 0* shows same behaviour as in 12C
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— (5 ——— ——————r ——— — e chiral NN+3Nno2g
—80p m " O - N L 1860 o = 0.08 fm*
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= eigenvalues for small flow parameter independent on parent nucleus
= eigenvalues for large flow paremter show dependence on parent nucleus

= deviation at the level of 4 MeV (< 4%)
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IM-NCSM: Particle-Attached Particle-Removed Form.
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= deviation at the level of 5 MeV (< 5%)
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Results

IM-NCSM: Particle-Attached Particle-Removed Form.
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= deviation at the level of 5 MeV (< 5%)
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Evolution of Excitation Energies — On Absolute Scale DARMSTADT
—40 -~ --e--______ 777 ] 77 {chiral NN+3Nno2s
—50} . *- . 1 Asn =400 MeV
_55'5 ----- R ——— — R i a=008fm’
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n o4

= 2*perfectly converged on absolute scale

* induced many-body contribution different for each state
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Novel Approach: IM-NCSM
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Hamilton Matrix in A-Body Basis: 1°0 DARMSTADT
E(s) s = 0.00 — E(s) . N =0
< é
| 16*5 10|*4 10|*3 1o|*2 1o|*l 160
x S [MeV_l]
=
E(s) converges monotonically
against N__ =2 eigenvalue
IM-SRG decouples
reference state
N, =0 N nax=2 from N__, =2 space
Slater det. Slater determinants
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Novel Approach: IM-NCSM
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Novel Approach: IM-NCSM

TECHNISCHE
. e e - UNIVERSITAT
Hamilton Matrix in A-Body Basis: 1°0 DARMSTADT
E(s) s =0.10
: _f
< E
| 16*5 10|*4 10|*3 1o|*2 107t 10°
x S [MeV_l]
=
E(s) converges monotonically
against N__ =2 eigenvalue
IM-SRG decouples
reference state
N, =0 N nax=2 from N__, =2 space
Slater det. Slater determinants

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 30



Novel Approach: IM-NCSM
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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s = 0.00

0 N__ =2
Slater determinants Slater determinants

N

max_—
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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Novel Approach: IM-NCSM TECHNISCHE
Hamilton Matrix in A-Body Basis: **C DARMSTADT

s = 0.00 — E(s)

0 N_.=2
eigenstates Slater determinants

N
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Novel Approach: IM-NCSM TECHNISCHE
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Novel Approach: IM-NCSM TECHNISCHE
Hamilton Matrix in A-Body Basis: 12C DARMSTADT
E(s) s = 0.00 () e Ny =0 m Ny =2
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eigenstates Slater determinants
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Novel Approach: IM-NCSM
Hamilton Matrix in A-Body Basis: 12C

E(s) s = 0.01

0 N_.=2
eigenstates Slater determinants

N

max_—
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 0.07

0 N_.=2
eigenstates Slater determinants
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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E(s) s =0.10
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 0.20
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 0.50

N
eigenstates Slater determinants

max=0 Nmax= 2
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 0.70

N
eigenstates Slater determinants

max=0 Nmax= 2
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Novel Approach: IM-NCSM

Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 1.00
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eigenstates Slater determinants
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Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 31



e
Seg7s  TECHNISCHE

Novel Approach: IM-NCSM @,
. « . G UNIVERSITAT
Hamilton Matrix in A-Body Basis: 12C 5 DARMSTADT

E(s) s = 1.00
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s [MeV]

for sufficient large flow parameter
eigenvaluesin N__=0and N__ =2 equal

Nmax=0 NmaX=2
eigenstates Slater determinants
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Novel Approach: IM-NCSM
Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 1.00
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for sufficient large flow parameter
eigenvaluesin N__=0and N__ =2 equal

IM-SRG decouples
reference state (not only)
from N__, =2 space

N_..=0 N_.=2
eigenstates Slater determinants
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Novel Approach: IM-NCSM
Hamilton Matrix in A-Body Basis: 12C
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E(s) s = 1.00

107> 107* 10°® 1072 107t 10°
s [MeV]

for sufficient large flow parameter
eigenvaluesin N__=0and N__ =2 equal

IM-SRG decouples
reference state (not only)
from N__, =2 space

2

Nmax=0 N
eigenstates Slater determinants -> why do E(s) and N ,,=0 eigenvalue differ?

max_—

Eskendr Gebrerufael - TU Darmstadt - Oct. 2016 31



IM-NCSM TECHNISCHE
UNIVERSITAT
Procedure DARMSTADT
W) — v/ > (T=0)y7
>
(Vs]
O
Z
H > Ha > HIO\C|O2B A' HQOZB(S) E’J
free-space normal IM-SRG NCSM
SRG ordering
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free-space normal IM-SRG NCSM
SRG ordering
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SRG ordering
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IM-NCSM
Current Implementation of Imaginary Time
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H=E+) f0a3+

n = sgn(Ad) (WIHAW) —[1 ¢ 2]

g

n r_TQ f21+...

(WIHaG W) —[(12) <> (34)]

~~
n1n253ﬁ4réﬁ+...

M35 = sgn(A3;

AQ:(\IJ| SHE WY — (W|HIW) = mofs + ... — E

Ai = (V]a;

Hazi V) — (VIHIW) = nimafsfal 35 + ..

Q0 500 1 000 5000
E :roo 450 + 36 E :Wooo d500

natural orbitals:
n, occupation number

.. missing terms contain

irreducible density matrix

— E
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