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1 Introduction

Nuclear structure theory plays an important role in the understanding of the atomic nu-
cleus, e.g., by predicting the relevant experimental observables based on the fundamen-
tal theory of the strong interaction. These calculations can be of huge impact especially
for the nuclear astrophysics, because a lot of nuclear data, e.g., for neutron-rich nuclei,
are not reachable by experiments at the moment. Therefore, one has to use theoretical
predictions to get this data for the astrophysical simulations.

For the theoretical description of an atomic nucleus one has to deal with two demanding
problems. The first one is the construction of the proper nuclear interaction. The second
one is the solution of the many-body eigenvalue problem H|i,) = E,|t,), where the
Hamiltonian A contains the nuclear interaction. There is a wide range of nuclear inter-
actions from phenomenological approaches over interactions based on meson exchange
theory (like the CD Bonn interaction), to interactions derived in a QCD motivated effec-
tive field theory. We will focus on the latter.

Due to the non-perturbative character of QCD in the low-energy regime it becomes very
complicated to use the quarks and gluons as the underlying degrees of freedom for the
nucleons, which would be the correct choice from a fundamental point of view. There-
fore, the nucleons are used as effective degrees of freedom. This assumption is justified
for excitation energies below the delta resonance A(1232) of about 300 MeV. For higher
energies the nucleons have inner excitations and cannot be described as inert particles
anymore.

As a consequence, the effects of the quark- and gluon-substructure of the nucleon must
be subsumed in the interaction between the nucleons. To achieve this with some funda-
mental justification one operates in the framework of chiral effective field theory (YEFT).
The chiral symmetry, a symmetry of QCD in the limit of vanishing quark masses, is spon-
taneously broken. The consequence is the existence of the pion as a so-called pseudo-
Goldstone boson. These pions are added to the nucleons in the yEFT as fundamental
degrees of freedom.

Generally, nucleon-nucleon (NN) interactions are not sufficient to describe even the
low-energy states in light nuclei, although the two-body phase shifts can be reproduced
exactly. Because of this one has to consider higher-order interactions, like three-body
(NNN) interactions and possibly also four-body interactions. According to Weinberg, the
importance of the many-nucleon force decreases with the number m of involved nucle-
ons [1, 2]. Due to this and to the fact that the computational cost rises dramatically with
increasing m, we use NN+NNN interactions obtained from chiral effective field theory,
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which provides the Hamiltonian H X vny- The NN+NNN interaction is constructed
by using chiral perturbation theory, where one expands the nuclear potential in powers
of the pion mass or momentum. In this expansion the three-body interaction appears
naturally at next-to-next-to leading order (N°LO). Therefore, the YEFT determines the
NN and NNN interaction in a consistent manner, which is a crucial advantage of this
theory. For the construction of the Hamiltonian, a two-body interaction from the N3LO
was used, while the three-body interaction was extracted from the N2LO.

To solve the many-body eigenvalue problem we will choose a basis space which usually
consists of an infinite number of many-body basis states. Since the numerical solution
in such an infinite Hilbert space is impossible, one has to restrict the model space to a
finite number of basis states generally by discarding high-lying basis states. Because of
this truncation, effects involving basis states with high energy or momentum, like short-
range correlations, are not described adequately. An improvement of the description of
these effects will be achieved by the similarity renormalization group (SRG) transforma-
tion of the Hamiltonian.

The untransformed Hamiltonian including NN+NNN interactions from yEFT is provided
through two- and three-body matrix elements in the harmonic oscillator basis, depend-
ing on Jacobi coordinates. For nuclear many-body calculations we need the Hamilton
matrix elements in a Slater determinant basis composed of harmonic oscillator states de-
pending on Cartesian coordinates. This basis is called the m-scheme basis. The first step
will be to perform a basis transformation of the matrix elements using the techniques
discussed in [3]. The implementation of this transformation is not trivial, because of the
computational complexity careful optimization is necessary.

Two applications of this interaction will be discussed in this thesis. The first applica-
tion of the SRG-transformed NN+NNN interaction from YEFT is in the framework of
the importance truncated no-core shell model (IT-NCSM). This exact ab initio method
provides an extension of the classical NCSM and expands the coverage of the NCSM
into the sd-shell. The IT-NCSM method will be applied for *He and °Li to investigate the
properties of the NN+NNN interaction from YEFT and of the SRG transformation. The
second application of the SRG-transformed interaction will take place at the Hartree-
Fock level. We will present the results of Hartree-Fock calculations for the ground-state
energies and charge radii for a sequence of closed-shell nuclei.

This work is organized as follows. In Chapter 2 the necessity of a three-body inter-

action is motivated, in Chapter 3 the yEFT is discussed and the interaction we use in



this thesis is introduced. Theoretical aspects and practical implementation of the basis
transformation leading to m-scheme matrix elements of the interaction are reviewed in
Chapter 4. In Chapter 5 we focus on the SRG transformation and their application in
three-body space. In Chapter 6 the many-body methods are introduced and in Chapter
7 the results for the SRG-transformed NN+NNN interaction from yEFT are presented.
Finally, in Chapter 8 a summary and an outlook is provided.






2 The Significance of three-body interactions

We start with a brief motivation of the three-body (NNN) interaction, explaining its
relevance and the problems occurring with its determination and application. High
precision two-body interactions, e.g., the Argonne V3 or the charge-dependent Bonn
(CD-Bonn) potential, are able to describe the scattering process of two nucleons as well
as the bound-state properties of the deuteron with high precision. However, in nuclear
structure physics one deals with many-particle systems, which can be much larger than
a two-particle system. Thus, in principle all m-body interactions with 2 < m < A might
be relevant for the description of the whole of nuclear physics of an A-particle system.
Fortunately, the strong interaction among nucleons is very short ranged, therefore, the
contribution of m-body interactions are expected to decrease with m. This expectation
is also confirmed by yEFT [1, 2]. We are restricted to m-body interactions with small m
and have to neglect the remaining interaction contributions, because the complexity of
the physical problem increases dramatically with m.

Generally, this circumstance does not inhibit an adequate prediction of nuclear structure
properties based on two-body (NN) interactions in a phenomenological or approxima-
tive scheme. In the past 15 years the tremendous improvement of exact ab initio meth-
ods for solving the nuclear many-body problem, such as the Green’s function Monte
Carlo (GFMC) and the no-core shell model (NCSM) approaches, enable to verify the
quality of a certain interaction. Figure 1 illustrates such an ab initio calculation with
the GFMC approach. Obviously, even the low-energy states of light nuclei cannot be
described in an adequate way with the NN interaction. The energy spectra show a siz-
able underbinding and the order of the states is not always reproduced correctly. The
ground state of °B is predicted as an 17 -state instead of a 3" -state. With the inclusion
of the Illinois-2 three-body interaction the results improve significantly. The energies are
reproduced quiet well and also the order of the states conform with experiment. There
are several cases of few-body scattering and nuclear structure observables that clearly
require three-nucleon forces for their microscopic explanation. Famous examples are the
A, puzzle of N — d scattering [4] and the ground state of '°B [5]. The results presented
in Fig. 1 indicate the need of a NNN interaction.

But there are two problems arising with this approach. First, it is crucial to find a con-
sistent way to obtain the NNN interaction with the same fundamental justification as for
the NN interaction, instead of using an interaction which has no direct relation to the
NN interaction and must be fitted to nuclear data. In yEF'T the interaction contribu-
tions for larger particle number m appear naturally from the power expansion (see Sec.
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3), therefore, this theory provides the possibility to construct the NNN interaction in a
consistent way to the NN interaction. The second problem occurring from the consid-
eration of the NNN interaction is that the complexity of the matrix-element treatment
increases. In this thesis we provide a solution of these two problems by using an interac-

tion of YEFT and presenting the techniques to handle the NNN interaction contributions.
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Figure 1: Energy calculation with two- and three-body forces [6]: The figure shows
the low-energy states for light nuclei obtained with the two-body (blue) and two- plus
three-body (yellow) Green’s function Monte Carlo (GFMC) calculations. The experimental
energies are indicated by the green bars. The two-body interaction is the Argonne Vig
potential and the three-body part is the Illinois-2 interaction.
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3 Basics of chiral effective field theory (yEFT)

In the 1950s there were many attempts to derive the nuclear interaction within the pion-
exchange theories, but these attempts failed because the chiral symmetry was not taken
into account [7]. The yYEFT uses the pions and nucleons as internal degree of freedom
and no heavy mesons and nucleon resonances. Besides, it considers chiral symmetry
and establishes a connection to QCD, providing an interaction with a comparable ex-
planatory power as phenomenological high-precision potentials like Argonne V18 and
CD-Bonn. First, we discuss chiral symmetry. Second, we briefly describe the idea of the
chiral perturbation theory and finally, we describe the procedure to obtain the matrix
elements from yEFT having a closer look at the power counting and parameter depen-
dency.

3.1 Chiral symmetry

We start by investigating symmetries in general. One big advantage of the Lagrangian
formulation is that symmetries lead to conserved quantities, so called currents. For
example let us consider a transformation ® — ® + §® which conserves the Lagrangian

L(D+50) = L(D) )
oL oL
0= L@ +09) — £(8) = 0L = G230 + 55 (0,00) ®)
Using the equation of motion 2% = 8u8(g—5§) one obtains

oL
0= (555°)

so that the current J* = 8(2—5‘})5 ® is conserved. If the symmetry is explicitly broken in the
Lagrangian, we can divide it into two parts £ = L, + £, where L, is the symmetric part
of the Lagrangian with respect to the symmetry transformation and £; is the symmetry
breaking part. Performing the above calculation again one gets

5L = 0Ly = d,J" £ 0. (3)

This means the current J* is not conserved anymore. After these general remarks we

now concentrate on the idea of chiral symmetry [8] in QCD.
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First of all, we consider the Lagrangian of free massless fermions
J

where the index j refers to the different flavors, in our case of the up- and the down-
quark. Therefore, we can reformulate our Lagrangian

Ya
Let us have a look at the transformations of the chiral symmetry, also called SU(2)y x

SU(2) 4 symmetry:

In the last step we switched to an isospinor notation for the fermions, with ¢ = (’“)

e The vector transformation A, (6)

b - e 129y (1 - igé) "
= — $ei® g (1 - zgé) , (6)

where the absolute value of the rotation angles © is infinitesimally small and 7
refers to the Pauli isospin matrices. Under this transformation the Lagrangian (5)
is invariant and one obtains the vector-current

_ 7@
V: = ?/)%?@D»
which is a conserved Noether current.

e The axial transformation A ,(6)

b - ey~ (1 —i%%é) Y

P o e (1 _ mgé) | @

The Lagrangian (5) is also invariant under the axial transformation A4 and one
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obtains the conserved axial current

a

Al = P55 ®)
Now we introduce a mass term £, = —m(i7)) in the Lagrangian (5), i.e.
L = iy + aiba = WP — m(yo)) . ©)

L, is invariant under vector transformations Ay, but not under axial transformations A 4.
Therefore, A4 is not a good symmetry if the fermions (quarks) have a finite mass. But
one can regard A4 as an approximate symmetry, because the quark masses (5 — 10 MeV)
are small in comparison to the relevant energy scale of QCD (Agcp ~ 200 MeV). This is
the basis of the so-called partially conserved axial current hypothesis (PCAC).

An interesting point is the application of the upper transformation to meson states

pion-like states: © = it)Tys1),  o-like states: o = 1),

p-like states: g;, = 7y,  ap-like states: @, = 7,50, (10)

where the meson states are given as quark fields, which carry the quantum numbers of
the corresponding meson. The vectors again indicate the iso-vector nature of the meson
states, this means the states transform like vectors under isospin rotations. The index u
indicates that the states transform like vectors under Lorentz transformation.
Performing the vector transformations for the pion-like state in (11), e.g., one can iden-
tify Ay with the isospin rotation

M 2 B xR. (11)

The axial transformation rotates the pion and c—meson into each other

— AA — =

T — 7+ 00,
Aa =2

c —— o+ Or.

Similarly A 4 mixes p-meson and a;-meson states

— AA — = —
0, — 0y + © X dy,.
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If A is considered as approximate symmetry of the QCD Hamiltonian, states which
are rotated into each other by this transformation must have approximately the same
eigenvalue, i.e. the same mass. However, for the p-meson m, = 770 MeV and the a;-
meson m,, = 1260 MeV this is obviously not the case. Therefore, it seems as if chiral
symmetry is not a symmetry of QCD. On the other hand one can show that the weak pion
decay is approximately consistent with a (partially) conserved axial-vector current in the
case of small pion mass compared to the nucleon mass. Furthermore, chiral symmetry
predicts the pion-nucleon coupling constant, deduced from the so called Goldberger-
Treiman relation, in good agreement with the experimental coupling constant from pion-
nucleon scattering.

The solution to these contradictions is the spontaneous breaking of the axial symmetry.
One speaks of a spontaneous symmetry breaking if the Hamiltonian exhibits a symmetry,
which is not realized by the ground state. A consequence of this spontaneous symmetry
breaking is the existence of so-called massless Goldstone bosons, which are represented
by the pion in the two flavor sector. The pions are not exactly massless as it would be
the case for massless up- and down-quarks, but they are light in comparison to other
hadrons. Due to this the pions are sometimes called pseudo-Goldstone bosons. Low-
energy or -temperature hadronic processes' are dominated by pions. This property is
exploited in chiral perturbation theory (xPT) [1].

3.2 Principle of chiral perturbation theory (\PT)

QCD is the established theory of the strong nuclear interaction, providing precise pre-
dictions for the high-energy regime. This is due to the asymptotic freedom of QCD,
allowing the application of perturbation theory for this regime. But in the low-energy
domain the growing of the coupling constant and the corresponding confinement of
quarks and gluons destroy the convergence of the perturbation series. Therefore, a new
concept is needed to describe low-energy nuclear interactions.

The main idea of chiral perturbation theory (xPT) (see also [9]) is that at low energies
the dynamics is controlled by the lightest particles, the pions, and the chiral symmetry of
the QCD. S-matrix elements, i.e. scattering amplitudes, are expanded in Taylor-series of
pion-momenta or masses, which is consistent with chiral symmetry. Such an expansion

LAt high temperature or densities, one expects a chiral restored phase, that means chiral symmetry is
not spontaneously broken anymore and the pion looses its identity as a Goldstone boson, i.e. the pion
will become massive if it exists [8]. One of the major goals of the ultra-relativistic heavy ion program is
to create and identify such a phase in the laboratory.

14



is valid until one encounters a resonance, like the one of the p-meson. In yPT one takes
the Lagrangian containing the terms which exhibit chiral symmetry and constructs an
effective Lagrangian from chiral perturbation theory by expanding in a Taylor-series of
pion-momenta or masses up to a certain order. The details of the QCD dynamics, which
are not fixed by the symmetry are defined by low-energy constants (LECs) contained in
the expansion coefficients. At some future time these LECs will need to be determined
from Lattice Gauge calculations, but for now they must be obtained by fitting to experi-
mental data. To the considered order the resulting effective Lagrangian should be equiv-
alent to the full QCD Lagrangian. But xPT is not a perturbation theory in usual sense,
because it does not perform an expansion in powers of the QCD-coupling constant. To
generate a pion, infinite orders of QCD-coupling constants are needed. Therefore, it is a

non-perturbative method. yPT represents a power expansion of scattering amplitudes.

3.3 LECs, power counting and matrix element production

Weinberg showed in the chiral perturbation scheme [1], that one can expand the nu-
clear potential in terms of (%) V, where () denotes the momentum or mass of the pion,
A, =~ 1GeV is the chiral symmetry breaking scale and v is the order. The number of
contributing terms for a given order is finite and calculable. The terms with v = 0 are
called the leading order (LO), the terms with v = 1 vanish, the terms with v = 2 the
next-to-leading order (NLO), v = 3 are the next-to-next-to-leading order (N*LO) and so
on. In Fig. 2 the terms up to (N°LO) are listed. One can see that with increasing order
v, also the particle number of the interaction increases. Due to the fact that the terms
with higher v become less important, one can reason that also the importance of the
interaction decreases we the increased irreducible particle number.

Before we discuss the three-body (NNN) interaction matrix elements from yEFT we first
have a look at the two-body (NN) interaction. As shown in [7] the NLO or N?LO two-
body interaction is not sufficient to describe the nucleon-nucleon scattering data below
290 MeV. Therefore, we will use the N3LO potential for the two-body interaction from
[7] with 29 LECs fitted to np data. With this potential one obtains a high precision
description of the np data with an accuracy comparable to the Argonne V18 potential.
Since there are expressions in the terms of the yEFT interaction, which are only mean-
ingful for momenta below a certain scale, the expressions have to be regularized. There

15
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Figure 2: Hierarchy of nuclear forces in YEFT [11]: The interaction potential terms
up to the N3LO are dedicated to the particle number of the interaction. The dashed lines
represent pions and the solid lines nucleons. The small dots, large solid dots, solid squares
and solid diamond denote different vertices.
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Figure 3: N2LO terms of the NNN interaction potential[11]: The term on the left
corresponds to the two-pion exchange depending on the LECs ¢y, c3, ¢4 also contained in the
NN interaction. In the middle we see the one-pion plus two-nucleon contact term depending
on cp and on the right the three-nucleon contact term depending on cg.

are different choices for this regulator function and in our case we use
2n
Flq*; A] = exp (——) (12)

depending on the momentum transfer ¢ and the cutoff A. For the N3LO two-body inter-
action one has to chose n = 3 and for the N2LO three-body interaction n = 2. One of the
major advantages of YEFT is that one can construct the NNN interaction in a consistent
way. One has to use the same LECs of the NN potential which also appear in the NNN
potential and also the regulator function has to be chosen consistently. Up to now the
NNN interaction matrix elements are only available from the N?LO, leaving an inconsis-
tency in the many-body calculation when combined with the NN force at N>LO. Except
for two LECs, ¢p and cg, this NNN interaction is completely defined by the parameters
of the NN interaction at N3LO.

In the following, we concentrate on the N>LO NNN interaction. To produce matrix el-
ements from yEFT one has to overcome two challenges. First, one has to calculate the
operator expressions [10] of the diagrams in Fig. 3. One ends up with three operators
depending on a number of LECs. The first term with the two-pion exchange depends
on the LECs ¢, ¢, and c; already fitted by the N3LO NN interaction. But the parameters
cp of the one-pion exchange plus two-nucleon contact term and ¢z of the three-nucleon
contact term are not contained in the NN interaction. The procedure for the second
task, the calculation of the matrix elements [12] from the operators, is the following.
One inserts a regulator function to regularize the momentum integrals. As mentioned
above, there are different regulator choices, where we used a regulator depending on
the momentum transfer with the cutoff A = 500 MeV. After some non-trivial calculation

17
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Figure 4: Fit of the LECs cp and cg [13]: Shown are the fits for cp and cg to the binding
energies of 3H (red curve) and >He (blue curve), as well as the average of both fits (black
curve). The dotted lines show the regions of the error bars related to the fit of both LECs to
the half-life of Triton.

one obtains an expression for the matrix elements depending on ¢p and cg. For the
calculations in the second task, the Jacobi states emerge as an appropriate basis. This is
why we will deal with matrix elements in Jacobi representation in Sec. 4. What is left is
to fit the two LECs to A > 3 nuclei observables. In our case we adopt the LECs proposed
in Ref. [13]. They performed a fit to the binding energies of the A = 3 nuclei (*He, 3H)
and the Triton half-life. The fit to the binding energies leads to a curve in the ¢p — cp
plane, plotted in Fig. 4. Next they searched the values of the LECs on this trajectory for
which the half-life of Triton is reproduced in the best way. From this fit they obtained
cp = —0.2 and ¢ = —0.205.

Note that there are other choices for the regulator and for the ¢p and ¢, fit leading to
different interactions, for example the one used in [14], which differs to some extent to
our interaction (used in [15, 16]) in the description of the mid-p-shell nuclei [12].

18



Moreover, let us assume that the NN interaction from N®LO is sufficient as indicated by
the high-precision description of nucleon-nucleon scattering. We still have an incom-
plete interaction, because only the N?LO is considered for the NNN part and in addition,
there are also interaction contributions involving more than three particles. This incom-
pleteness can be absorbed by a phenomenological fit of the parameters c¢p and cg. But
it is also possible that one has to choose different parameter sets for different mass re-
gions. Owing to this, one has to explore different choices of the NNN interaction. This
is why we plan to investigate the ¢y and c¢r dependence in the future.
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4 Transformation: Jacobi coordinates to m-scheme

The interaction from yEFT (Chapter 3) is provided by a code [17] of Petr Navratil in
form of matrix elements in an antisymmetrized basis of three-body Jacobi coordinates.
For the many-body calculation we will use matrix elements in the m-scheme, therefore,
we have to perform a non-trivial basis transformation to get these matrix elements. In
the following, we will discuss this transformation and some prerequisites. We start by
introducing the two involved basis sets and some mathematical techniques to perform
the transformation before we discuss the formal transformation and the implementation
in C/C++.

4.1 Jacobi coordinates

The Jacobi coordinates 5_; provide an alternative to the single-nucleon coordinates ;.
Both coordinates can be converted into each other by an orthogonal transformation. We
work in the isospin formalism and consider nucleons with the same mass m. There is
no unique set of Jacobi coordinates, but a number of different sets. For this thesis the
following choice will be used [18]

. 1. .
& = Z[r1+7"2+...+7’A], (13

- /' n 1,, ~ S
gn = n+1[5(7’1—|—7"2—|—...+7’n)—Tn+1], (14)

with n = 1,2,..., A — 1 and where A is the number of nucleons of the many-body state

one wants to describe.

We are only interested in two- and three-particle states, therefore, we only need the
Jacobi coordinates 5_{), El for two particles and also 52 for three particles. For a three-
particle state one obtains the Jacobi coordinates

§o = 5[771+772+7?3]> (15)
& = 5l -, (16)
- 21

§ = 5[5(7714-772)—773], 17)

which are illustrated in Fig. 5. In the chosen set of Jacobi-coordinates EO (see Eq. 13)
depends on the number of particles, because it is related to the center of mass of the
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Figure 5: Jacobi coordinates for three particles: Top left the Cartesian coordinates are
shown. The other three pictures show the construction of the Jacobi coordinates EO (top
right), {1 (bottom left) and 52 (bottom right) out of the Cartesian coordinates. The Jacobi
coordinates are constructed by linear combinations of the Cartesian coordinates, indicated
by the dotted vectors, which have to be multiplied by certain factors, according to Eq. (15),
(16) and (17).

whole system, i.e., it is parallel to the center-of-mass vector. The Jacobi coordinate
¢, is related to the relative coordinate of the first two particles and & to the relative
coordinate of the third particle with the center of mass of the first two particles.

Now, after having introduced the Jacobi coordinates we consider the meaning of these
coordinates for our quantum mechanical state. Our many-body basis consists of single-
particle harmonic oscillator states. We use a single-particle state of the form |nim) ®|s =
$ms) ® |t = £ my), where the orbital angular momentum and the spin can be coupled
with each other. The choice of the coordinates only has an influence on the spatial
part. It is characterized by the radial quantum number n, the quantum number [ of
the orbital angular momentum and the quantum number m corresponding to the z-axis
projection of the orbital angular momentum. All these quantum numbers depend on the
choice of the coordinate system. For instance, an orbital angular momentum in classical
analogy [=Fxp depends on the underlying coordinate system and this holds true for
the corresponding quantum numbers as well.
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The matrix elements of the yEFT interaction are given in the basis {|n.nlem )| EiJT) }M,
which will be introduced in Sec. 4.5. However, the state {|nenlem)|EiJT)} M can be
expanded in the following three-body basis depending on Jacobi coordinates

{|ncmlcm> |a>}JM - {|ncmlcm> | [(n12l127 Sab)lea (n3l37 Sc)j?)] J> [(tatb)taba tc]TMT>}jM7 (18)

where n.,, (., are the quantum numbers corresponding to the Jacobi coordinate 5}3, nialia
to & and nsls to &. A more detailed description of these states will be given in Sec. 4.5.
The advantage of the so-called Jacobi basis (18) is that the intrinsic part |a) decouples
from the center-of-mass part |n.,l.), which is not relevant for the interaction. Besides,
the basis dimension up to a given energy becomes small compared to the m-scheme and
the angular momentum is a good quantum number. For the antisymmetrized Jacobi
basis {|nemlem)| EiJT)}7M [14] the basis dimension up to a given energy becomes even
smaller. But these bases are not very useful in many-body calculations (Chap. 6).

4.2 The m-scheme

The m-scheme basis is an antisymmetrized many-body basis consisting of harmonic-
oscillator single-particle states, with quantum numbers defined with respect to single-
particle coordinates. In this basis the orbital angular momentum /; and the spin s; of
each particle are coupled to the angular momentum j;

|(n1ly, s1)j1m, timy, s (nala, S2)jam,tomu,; s (nala, $4)jamytame,)a

=V A'A |(n1l1, Sl)jlmjltlmt1> & |(7’L2l2, Sg)jgmhtgmw) ® ... |(nAlA, SA)jAmjAtAmtA) s
(19)

where A is the antisymmetrizer.

In this basis the quantum numbers M; = m;, + m;, + ... + m;, and My = my, +my, +
... + my, are the only good quantum numbers of the many-body basis state. Although
the angular momentum is not a good quantum number in this basis, this basis is more
convenient for the many-body calculations. Therefore, we will further perform many-
body calculations in the m-scheme.
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4.3 Coupling and coordinate-transformation formulas

One of the main challenges we will deal with is the transformation of matrix elements
from the Jacobi basis (18) to the m-scheme (19). Therefore, several technical formulas
will be used which are introduced in this section.

4.3.1 6-j symbols

The Wigner 6-j symbols are related to the coefficients of transformations between differ-
ent coupling schemes of three angular momenta. Let us consider the state
|[(4172) 712, js]jm), where j; and j, couple to j;» and j;, couples with js to j. If one wants
to transform this state into another coupling scheme like |[j1, (jojs)j23]j'm’), one has to
insert the identity operator in the basis of the new coupling scheme which yields the co-
efficients ([(j172)712, jsJdm|[j1, (j2js)j2s)i’m’) which can be calculated from 6-j symbols.
The 6-j symbols are defined by the relations [19]

.. . . . .. . . 1 ; ; A jl ,j2 j12
([(J12) 712, gslgmlJ1, (J2js)jas)im') = 05 0mme (= 1)1 727957 415 4 { P } , (20)
3 23

([(Jrg2)grz, Jsliml[(jda) s, Joli'm’)

:6jj'5mm’(_1)j2+j3+j12+j13312313 ],2 ]1 ],12 , (21)
J3 ) J13

([1s (zgs)dasliml[(jis)drs, Joli'm’) = 5jj'5mm’(—1)j1+j+j23313523{ n e } , (22)
J2 7 J23
with j = /27 + 1.
It is important to note that the total angular momenta quantum numbers j, j* and the
corresponding projections m, m’ must be equal. The 6-j symbols can be chosen to be
real, therefore, one can swap the bra and the ket and obtains the same result. For
further symmetry relations see [19].
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4.3.2 9-j symbols

The Wigner 9-j symbols (also called Fano coefficients) are related to the transformation
coefficients of different coupling schemes of four angular momenta.
They are defined by the relations [19]

([(J172)7125 (J3ja)gzalim|[(Jrgs)d1s, (J2ga)joali'm’)

jl j2 j12 (23)
= 5jj’5mm’j12j13j24j34 j3 j4 j34 ;
j13 j24 ]

([(J172)712 (J3ja)gzalim|[(Fra) Jra, (J2gs)as]i'm’)

jl j2 .j12 (24)
= 0Oy (— 1) 10 51403034 Ju Gz Jaa ¢
Jua Joz

([(Jrd3) 13, (Jaja)joalml[(J1da) 1, (J2Js)jas]s'm’)

A jl j3 j13 (25)

1371472423 Ja J2 Joa s
Jua Joz  J

= 6jj’6mm’ ( -1 )ja —J4 —j23+j24j

with j = 27 + L.

Because the 9-j symbols can be chosen to be real, one can swap the bra and the ket
without changing the result. The angular momenta in a row and column of the 9-j
symbol fulfill the triangular condition, where the right angular momentum in a row and
the lower angular momentum in a column are the coupled angular momenta. The 9-j
symbols are invariant under even permutations of columns or rows as well as under
transposition. Odd permutations of rows or columns produce a phase factor (—1)%,
where R is the sum of all angular momenta in the symbol. For further symmetry relations
see [19].

There are different ways to calculate the 9-j symbols. One is to express them by 6-j
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symbols

a b c
B Cove a b c d e f g h j
d e fop=)( 2)(2x+1){fjx}{bxh}{xad}'(26)

g h j ‘

This is how we will implement the 9-j symbols.

4.3.3 Harmonic-oscillator brackets (HOBs)

If one wants to transform between harmonic-oscillator states with quantum numbers
defined with respect to different coordinate systems, one can use the harmonic-oscillator
brackets or also called Talmi-Moshinsky coefficients. We will call such a transformation,
therefore, Talmi-transformation. The HOBs are the scalar product of the spatial part of
two two-body states with quantum numbers defined with respect to different coordinate
systems. The angular orbital momenta of each state have to be coupled.

In this thesis we will use the HOBs defined by Kammuntavicius [20]

[n1l1 (7)), nala(7)]AN) = Z ((NL,nl|nyly, nala; A))g [[NL(R), nl(7)]AN) (27)

NLnl

with the HOB ((NL,nl|nyli,nsla; A))g . The orbital angular momenta [y, [ and L, [
couple to A with projection \. Note Eq. (27) is not written in coordinate representation,
the coordinate vectors 7, 7>, R, and 7 indicate that the radial and the orbital angular
momentum quantum numbers nq, [y, ny, I3, N, L and n, [ are defined with respect to
this coordinate.

The corresponding coordinate-transformation matrix reads

— d o
R _ |/ T m 28)
7 /1 _ ) d 7o)

1+d 1+d
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The parameter d defines the type of coordinate transformation.

There are three useful symmetry relations and the fact that the HOBs are real, yielding

<<7’L1l1, n2l2|NL, nl, A>>d

= ((NL,nl|nily,nala; A))a, (29)
= (=1)2"((naly, naly|nl, NL; A))4, (30)
= (=) A {(nalo, b [N L, nl; A)) 1, (31)
= (=) ((nly, nala|nl, NL; A)) s (32)

For further symmetry relations see [21].

All symmetry relations can be obtained by analogous derivations. Hence, we will only
perform the derivation for one of these relations. First, we insert an identity operator in
coordinate representation

((NL(R), nl(7)|n 11 (1), nala(7); A)) g
S [l 0o oo},

with a shorthand notation for the coupled wave functions

{¢n111 (Fl) ® ¢nzl2 (F2)} = Z c ( h hoA > ¢n111m1 (F1)¢n2lzm2 (F2)7

AX mi1 Mo A
mima2

where ¢,,,,(7) are the orthonormalized harmonic-oscillator functions [20]. The factor
ﬁ results from the fact that the HOBs are independent of the projection quantum
number \.

In addition, we recognize that the same transformation matrix combines the coordinates

in the following way

. d 1 .
T T+d Ttd T (34)
R 1 )d -7 )
1+d 1+d
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Ny W B S i
where also R = /5 A T T and 7" = /7 ikl Tl hold true. Furthermore, it

is essential that

{ban (D) @ 0un (@)} = (D06 () © e ()} (35)

AN

{oeBeoamf —= D) MNou-P@onB) . (36)

Using these relations we can rewrite Eq. (33) as

—

(1l (71), mala(72) [N L(R), nl(7); A))a
1 3 3
:2A+1;//d”d "2

{¢n2l2(F2) ® %uﬂ—ﬁ)}lk{qﬁnz(—ﬁ ® oy *)}M(_l)zzu

= (= 1)+ ((ngly (), s (—71) |l (—7), NL(R); A))q
= (=1)""((naly, mly [nINL; A))g .

(37)

So we obtained the symmetry relation (30). In analogy the other symmetry relations
can be derived.

4.4 Two-body Jacobi basis to m-scheme transformation

In this section we will perform the matrix-element transformation from the Jacobi basis
to the m-scheme in two-body space. This transformation will be used to produce the
two-body m-scheme matrix elements. Moreover, it is a good exercise in view of the
transformation in the three-body space.

We aim at the transformation of the following antisymmetrized matrix element of the
two-body interaction VNN to obtain the formula [22]

o{[(naly, $1)51, (nala, 52) o] JT M| Van | [(n15, $1)31, (nblh, 5) 3] JT Mr)a

=i Y SON LPECRS (1 (1)

LSNAvAj v'N L'

L I, L ol r
A X L AN L (38)
X S1 S S S1 S22 S . .
o y S J j S J
JoJe J JioJe

X ((NA, vA|ngly, nolo; LYY ((NA, VN |nf ], nyly; L))
X <(I/)\, S)jTMT|VNN‘( /V/,S)jTMT> .
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In Eq. (38) a coupled antisymmetric m-scheme basis
{|[(n1l1, $1)J1, (nala, s9)jo] JMJTMT)G} is used on the left-hand side. Note that the used

interaction Vyy is independent of the projection quantum numbers of the angular mo-
menta. To obtain an expression depending on the matrix element represented in the
non-antisymmetrized Jacobi basis |[NAmj, (vA, S) jm;TMr) one has to perform the an-
tisymmetrization to get antisymmetric states on the left-hand side

o{[(naly, 1)1, (nala, 82) o) JM T M|V | (041, 81) 51, (nhlh, $5) 5] T M T My),

= o{[(n1l1, 51) 71, (nala, s2)Jo] JM ;T M| (39)
x View V2VA| (0413, 857, (nhlh, s5)j5) J M ;T M)

=q ([(n1ly, 51) 71, (nala, 52)j2]JMJTMT|A (40)
x View V2! (41}, 81)41, (nly, sb) 6] T MyT Mr)

= o{[(n1l1, 51) 71, (nala, s2)J2] JM ;T M| 4D
X VNN \/5| [(nlll/b 5/1)]17 (néléa Sé)]é]JMJTMT>

= [([(nlll, $1) 71, (nala, 82)52] IM ;T M| — ([(naly, $1)j1, (nalz, 82) o) JM T Mr|Tio

V2!

X

= [([(nllla 51)71, (nela, s2)jo] JM ;T M|
— (=172 (=) Y ([(naly, 52) g2, (naly, Sl)jl]JMJTMT\]

x Vn| (04, 81)51, (nbly, s5) 5] T My T M) . (43)

To obtain (40) we used the commutator relation [VN N fl] = 0 and in (41) the projection
property A - A = A of the antisymmetrizer. To get (42) we insert the antisymmetrizer

| poa
A= (1P,
P
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where P is the signature of the permutation operator P. Finally we apply T}, the
transposition of particle 1 and 2, obtaining a phase factor [23].
So we have to calculate the following two terms

([(naly, 81) 51, (nala, 82) o) IMT My |V |[(04 05, 81)51, (nhlh, )3l IMyTMy) ,  (44)

(=172 ()TN [(nala, 82) o, (aly, 51) 1] T My T Mep|Vien
X |[(nl}, 51) 71, (nyly, s5)75) JM T M) . (45)

Due to the length of the formulas we will only transform the bra states of these two
terms. The transformation will be performed stepwise by inserting an identity operator
in an appropriate basis. The changes will be marked red.

Let us concentrate now one the bra of the first term (44):

<1| = <[(n111, 31)j17 (n2127 52)j2]JMJTMT|

= Z<[(7’L1l1, Sl)jl, (nglg, SQ)jg]JMJTMT| [(nlll, Tlglg)L, (S]SQ)S} JA\[JTJ[T> (46)

LS

X ([(n1l1, nala) L, (s182)S|IM ;T Mr| .

In the next step we can replace the overlap in Eq. (46) by a 9-j symbol via the following
relation

([(n1ly, s1) 1, (nala, s2)jo) J M yTmy|[(n1ly, nale) L, (s182)S]J M ;T Mr)

i 1o L
= LSjljz 51 82 S
Ji g2 J

where j = /2] + 1, leading to

L Iy L
(1 =Y "LSjij2g s1 52 S p{(naly,naly)L, (s152)S]TM;T M) . (47)
LS : :
g J
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Now we expand the bra state in the Jacobi basis ([(NA, vA) L, (s152) S] J M|, where
N, A are radial and orbital angular momentum quantum numbers corresponding to the
center-of-mass coordinate and v, A the ones corresponding to the relative coordinate.

Moreover, we omit the isospin for brevity

lh Iy L
<1| = Z ZZﬁS}ljg S1 Sg S <[(n1l1,n2l2)L, (SlSZ)S]JMJ|
NAvA LS L'S’ jl j2 J
(48)
X |[(NA,vA)L, (s182)S]I M) {([(NA,vA)L, (s152)S]J M| .
Next, we introduce the harmonic-oscillator brackets
<[(7’L1l1, nQZQ)L, (8152)5] JMJ| [(NA, I/)\)L, (8152)5] JMJ>
= <<7’L1l1,7’L2l2|NA, I/)\, L>>d (49)
= <<NA, I/)\|7L1l1,’n,212;L>>d. (50)

As mentioned in Sec. 4.3.3 the scalar product (49) describes a transformation of the
single-particle coordinates 7; and 7 to the center-of-mass and relative coordinates 7.,

and 7, by the linear relation

r 1+d 1+d T
(_}1>: 1J1rd 1+§ <fm>, ford = 1.
" Vi T\ T el
We omit the index d = 1 at the harmonic-oscillator brackets for brevity

li Iy L

<1|: Z ZZZ£§5152 s1 sy S (51)

N'NvN NAvA LS /S’ L
v v g1 g2 J

X ((NA,vA|nyly, nolo; L)) ([((NA, V)L, (s152)S]JMy| .
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Now we expand the bra in the basis ([NA, (vA, S)j]J M,

li Iy L

(1] = Z Z ZZZﬁS’jljz s1 sy S p ((NA,vA|nqly, noly; L))

J N'AVN LS NAvA L'S’ Qg J
(52)
X {[(NA,vA)L, (s182)S]JM;|[NA, (v), S)jlJM;)([NA, (v), S)j]JM;|.

We can introduce the 6-j symbol using

(IINA, vA)L, (s152)S]JMy|[NA, (v, 8)j]IM,) = (—1) A5+ i}{ g ; L } , (53)
J

leading to

L b L

<1| = ZZZ Z Zﬁgjljg S1 S9 S ((NA,V)\|71151,”252§L>>

" NUAA LS N'U/AN LS L
oA v g1 g2 J
(54)

| AN L
X (_I)A+/\+5+JL.7'{ S g } }([NAv (V)‘us)j]JMJ|

Now we expand the states in the basis (NAmj, (v, S)jm;| for a complete decoupling
of the center-of-mass from the relative part of the states

<1| _ Z Z Z ZZPS}L}Z} (_1>A+>\+S+J

mam; j NvAX LS

L 1 L
b {A)\L

X 51 83 S . ((NA, vA|nily, naly; L)) (55)
S J g

g2 J
X ([NA, (vA, S)jlJMsINAmy, (vA, S)gm;) (NAmy, (vA, S)jm;] .

After introducing the Clebsch-Gordan coefficients

([NA,(V)\,S)j]JMJ|NAmA,(V)\,S)jmj):c< Agod )

my m; My
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we obtain

2oA% A A A+A+S+J A j J
Z Z Z ZL Si27 (=1) ‘ < ma m; My )

mam; j NvAX LS

(56)

A NP
X S1 So S { g J } <<NA I/)\|nlll,n2127L>><NAmA,(V)\, S)jm3| .
. J
g2 J
One can perform the analogous steps for the primed quantum numbers of the ket, yield-

ing the term (44)

([(naly, 1)1, (nala, $2) o) JMy |Vien| (0413, 1) 51, (Rhlh, 85)55) T M y)

B 22A% N S NAFARSHT A J J
_ZZZZLSﬁsz( 1 C(mA m; MJ)

mamg; j NvAX LS

i Iy L
A XN L
X ST 89 S . (57)
o S J
g2 J

X ((NA, vA|nyly, naly; LYY (NAmy, (X, S)jm;| Vi

280 Nexsser (AN
XZZZZLS]]] 1) C(m’A ! MJ>

m m j' NWANXN LS

Y

y v oo AN N L
°1 22 ST 7-/
g1 Ja '

x ((N'A', V' N1y, nols; L)) IN'A'miy, (VN S7)5'm))
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We make use of the properties of the NN interaction and remark that only matrix el-
ements between states with equal S, j, m;, N, A, m, in the bra and ket are nonzero.
Because of that we can eliminate sums over ', j', m}, N', A" and m/, using the follow-

ing condition
(NAmy, (v, S)jmj\VNN|N’A’mj\, (V' N, 8)j'm)

= 55’5’5NN’5AA’5mAm}\5jj’5mjm} <NA7TLA, (I/)\, S)jmj\VNN|NAmA, (V/)\,S>jmj> .
(58)

In addition, we can use that the interaction is independent of the projection quantum
numbers M; and m;. Now we can apply the orthogonality relation of the Clebsch-
Gordan coefficients

Ao Ao
=09770 =1. 59
) C<mA m;, M, ) C<mA m; MJ> JI0M M, (59)

mam;

Inserting both conditions and performing some reordering yields

([(naly, 81) 51, (nala, $2) o) T Vi [[( 1, 81)d1, (1l sb) 3] T)

= Z Z Z Z Z L2L/ 5*23 jﬁz}ﬁé( )A+)\+S+J (_1)A+>\’+S+J

j NvAX LS v'X L/

lih I L o r
A XN L A XN L/
X S1  So S 8,1 5/2 S . . (60)
o 0 S J J S J g
g2 J J1J2

X ((NA, vA|nyly, nalo; LYY ((NA VNl nyly; L))

x (NAma, (vX, S)j|Vn |NAma, (V' XN, S)j) .

S and J are integer due to s; = s9 = 5] = s, = l and A is integer due to being an orbital
angular momentum. Thus, (—1)?* = (-1)2% = ( 1)’ = +1 and with the consideration
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of the isospin, we obtain the final expression for the first term

([(naly, 1)1, (nala, $2)jol JT M |Viyn |[(04 1, 51) 71, (nlh, $2) 53] JT M)

=3 ST NS S T RRS Rag  (— 1)

Jj NvAX LS v'X L/

L la L nolr
AN XN L AN L
X< s 55 S s) sy S , , (61)
o o S J S J
g2 J JiJ2

X ((NA, vA|ngly, nolo; LYY (NA, VN |njly, nylhy; L'Y)

x (NAmy, (vA, S)JT My |V |NAma, (VN S)jTMyz) .
Now we aim at the bra state of the second term (45):
<2| = (—1)j1+j2_J(—1)T_1([(n2l2, Sg)jg, (nlll, Sl)jl]JMJ, (tgtl)TMT| (62)

We can swap the isospin t; < t, with no additional factors due to t; = t, = % Note that
we do not change a coupling order, but only rename ¢; and ¢, because they are equal.
The isospin part of (1| and (2| are equal and we again omit it for brevity. The bra (2| is
exactly the same as (1| except the factor (—1)7%277(—1)T~! and except that the spatial
and spin quantum numbers of particle 1 and 2 are swapped. So we can perform the
analogous steps as above also for the bra (2| of the second term (45) obtaining

(2 = (~1)PERTE RN NN

mam; j NvAX LS
FUNDUA A ' J
% 1285527 (_1)A+A+S+Jc ( J )
my m; My

(63)

L, I, L
> {A)\L

X sy 81 S S .}<(NA,1/)\|n2l2,n1l1;L)><NAmA,(V)\,S)jmj|,
J

Joon J
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where have the additional factor and swapped indices in the 9-j symbol and the HOB,
compared to (56). Note that in the state (NAmy,, (v, S)jm;| the coupling order of the
spin s; = 3 = s, to S does not make a difference, because of the same argument as for
the isospin part. In the next step we swap the first two columns of the 9-j symbol using
the symmetry relation explained in Subsec. 4.3.2

b b L Iy Il L
So 51 S p=L s S5 S p-(=1)htstitldstitlisy)
B2 JiJa J

and transform the HOB with the symmetry relation 31

<<NA,V)\‘H2[2,H1Z1;L>> = <<n2l2,nlll|NA,V>\;L)>
= (=) M ((nily, noly| NA, vA; L))
= (—].)L_A<<NA, I/)\|n1l1, 7’L2l2; L>> 5

yielding

<2| — (_1)j1+j2—J+T—1 Z Z Z Z(71)11+S1+j1+l2+52+j2+[z+5+=7(71>L*A

mam; j NvAX LS

ho an A A A ' J
(_1)A+)\+S+JL25]'1]'2]'C < J )
my m; My

L o1 L
b {A)\L

X s1 S9 S NA, vA|nily, nals; L
51 S2 SJj}<< ) \11,22, >>

Jiog2 J
(NAmy, (vA, S)jm,| .

Now it is time to look also on the right-hand side of the matrix element. It is exactly the
same as derived above (57), so we can use again the properties of the interaction and
the orthogonality relation of the Clebsch-Gordan coefficients (59) obtaining the matrix
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element

(=122 Y [(naly, s2) o, (nals s0) )T Vi (30, 51)1, (1, 52)55))

S S S RS

Jj NvAX LS v'X L/

% (_1)j1+j2—J+T—1(_1)l1+s1+j1+l2+52+j2+L+S+J(_1)L—A (_1>>\+>\'

(64)
Lol L o

!/ L/

2 A XL AN L

X S1 So S S1 S92 S . .
o S S J g S J
g2 J g J

X ((NA, vA|ngly, nolo; LYY (NA, VN |1y, nylhy; L'Y)

x (NAma, (WX, S)j|Van |[NAma, (V' X, S)j) .

The last thing to do is to simplify the phase factor, which is the only difference between

the result for the first term (61) derived above and our result for the second term (64).
Thus we write down the phase factor again

(_ 1)jl+j2—J+T—1+ll+81+j1+l2+82+j2+L+S+J+L—A+)\+X

(_1>2j1+2j2 (_1)sl+32—1(_1)2L+2S+2J+A—A+J—J(_1)>\+>\’ (_1>l1+l2—A(_1)T+S ) (65)

For the individual phase factors we can use the following properties:

e (—1)¥1+272: Since j, and j, are half-integral numbers, 2j; are odd numbers and so
271 + 275 is even and the factor is equal to one.

o (—1)nteTl g =5, = % and s; + sy — 1 = 0 and the factor is equal to one.

o (—1)2L+25+2J+A=A+J=J. [ =G and J are integer and so this factor is also equal to
one.

° (—1))‘“‘/:

It is a property of the interaction, that \' = \ £ 2 and so the factor is
equal to one. This can also be used in (61).
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e (—1)l*~A: Here we can make use of the energy-conserving condition 2n; + I; +
2ny + 1y = 2N + A + 2v + X and the fact that ny, no, IV, v are integers. Using this we
find that the factor is just (—1)*.

So the overall phase factor is (—1)**5*T and the result of both terms together, consider-
ing the isospin, reads

o{[(naly, 51)71, (naly, $2)42) JT My |Vin | (011, 51) 7%, (nblh, $2) 78] JT M)

= J1j2J1 3% Z Z Zﬁ2ﬁ/252§2(1 — (=)

LSNAvAj v'X L/

I, Iy L nolor
AN L AN L (66)
X S1 S S S1 S22 S . .
o B S J g S J
g2 J Joga J

X ((NA, vA|ngly, nolo; LYY ((NA, VN |1}, nbly; L'))

x (v, S)jT My |Vin|(NV/, S)jT My)

as we have anticipated from Eq. (38).

4.5 Three-body Jacobi basis to m-scheme transformation

In this section we will derive the transformation of three-body matrix elements from the
Jacobi basis to m-scheme [14]

<EJMJTMT’i‘VNNN‘E/JMJTMTi/> —a <abC|VNNN‘CL/b/C/>a . (67)

Due to the complexity of this transformation, we divide the derivation into several sub-
sections to provide a clear view.

4.5.1 Simplifying the matrix element

We start with the antisymmetrized m-scheme states |abc), and transform them stepwise
by inserting appropriate identity operators until we have expressed them in the antisym-
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metrized Jacobi states |E.JM ;T Mri). The state |abc), is given by
|abc>a = @JZH (nalau Sa)jamatamta> & |(nblb7 Sb)jbmbtbmtb> & |(nclca Sc)jcmctcmtc> ) (68)

including the center-of-mass part.
It is very important to handle the antisymmetric and non-antisymmetric spaces with
great care. First, we consider the non-antisymmetric state

|CLbC> = |(nala7 Sa)jamatamta> & |(nblb7 Sb)jbmbtbmtb> & |(nclc> Sc)jcmctcmtc> P (69)

which we later will project on the antisymmetric space. The first step is to couple the
angular momenta to a total angular momentum quantum number 7

labe) — Z ZC Jo b Ja . Javy  Je T
Mg My Mab Mab me MJ

Jabj\/[ab jMJ

(70)
X |{[(nala7 Sa)jaa (nblba Sb)jb]Jaba (nclca Sc)jc}ija tamtatbmtbtcmtc>
In the second step we use the following identity operator
i= 3" {Inemlem) ® [a)}77 {(nemlem| @ (0] 1717, 71)
ncmlcma
where |o) = |[(n12li2, Sap)J12, (Nals, Sc)js)J, [(tats)tas, te]T Mr) is the relative part of the
Jacobi state (see Eq. (18)) and the sum ) denotes the sum over
{nlz, 112, Sab, J125 13, 537 J3 J7 tap, T, MT} . (72)

The state |«) is antisymmetric under the exchange of particle 1 and 2, see Appendix A.1.
In the following, quantum numbers with characters as index correspond to Cartesian
coordinates, while quantum numbers with integers as index correspond to Jacobi coor-
dinates. Of course, this notation is not always strictly obeyed for intermediate quantum
numbers, if angular momenta of both coordinate spaces can couple to them.

Because the states we are dealing with are coupled to J, M ; as good quantum num-
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bers, the sums over 7, M 7 vanish. Inserting (71) into (70) yields

abe) = 3 3 3 S ( | Aji%(ﬂ?,, 7}7@ /\i)

JavMap jMJ Nemlem @ Ma My
(73)
a b C Jab J j
X T | nem leom mi2 liz ng I3 {|ncmlcm) ®‘04>}ij=
Sap J12 Jz3 ta T Mrp
with the T-coefficient
a b & Jab J j
T nem lem m2 lLia ng I3
Sep Ji2 Jz3 ta T Mrp
= {<ncmlc7n| ® <a|}ij (74)

X |{[(nala7 8a>,ja7 (nblln Sb)jb] Jab7 (nclca Sc)jc}jMJ; tamtatbmtatcmtc>

= {{nemlem| @ (@} |{{la) @ [5)} 7 @ [¢)} 747 .

The arrangement of the quantum numbers in the argument of the T-coefficient has no
physical meaning. We will come back to the calculation of this 7T-coefficient later. Next
we make use of the projection operator Pmsym, which is equivalent to the antisymmetrizer

~

A

pa"tisym - Z Z Z Z Z{|n0ml0m>®|EiJTMT>}jMJ{<ncml07n|®<EiJTMT|}JMJ-

nemlem BEJ TMp JMyg i

(75)

The auxiliary index ¢ labels the state within the set of antisymmetrized states for total

energy quantum number £, angular momentum .J and isospin 7" of the relative part.
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We have to consider the overlap

{<ﬁcml~cm| ® <EijTMT|}jMJ{|ncmlcm> ® |a>}jM“7

= 5.7.75M3Mj 5ncmﬁcm 5lcml~cm 6Jj6TT6MT]\Z[T 6E,2n12+112+2n3+l3

(76)
X {(Nemlem| @ (ELJT M|} {[nemlom) @ |a) }TM

= 5Jj5Mij 5ncm7~7fcm 5lcmicm 6Jj6TT6MTMT 6E72n12+112+2n3+l3 Ca;i

with the coefficients of fractional parentage (CFPs)
Casi = {(Memlem| ® (BiJTMp|} M {|nemlem) @ |a) M7

If we plug (75) into (73) and use (76), we antisymmetrize the states on the left and
right hand side

Alabe) :%|abc>a

V3!
'a .b Jab Jab .c \7
:Z%: Z ch(j ’ Mab>c<Mab 73% MJ)

- m, m
Jab Nemlem @ ? a b

a b ¢ Jyp J T
Nem lcm ni2 ll2 ns3 l3 Ca7i{|n0ml0m>®|EiJTMT>}jMJ’

Sap J12 Jz3 ta T Mrp

xT

(77)

with the energy quantum number F = 2n5 + l15 + 2n3 + I3 from the Kronecker delta
and My, = m, + mp, M; = M5 + m. from properties of the Clebsch-Gordan coeffi-

cients. As the last step we decouple the center-of-mass part and the relative part of
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{|nemlem)| EiJT M7)}7M7 and obtain for the antisymmetric m-scheme state

e = LY Y YN Y

Jab T nemlem « i MemMy

ja ,jb Jab Jab jc j lcm J j
X ¢ c c (78)
mg My Mab Mab me M] Mem MJ M J
a b C Jab J j

T Nem lcm N19 l12 ns lg ca7i\ncmlcmmcm>®\EiJMJTMﬂ.
Sep J12 J3 tw T My

Now we can write down the interaction matrix element

a abc VNNN a/b/c/ a
(

S DIDIDHIDIDH IS ID YD

ab J nemlem « 1 mcmM] J/ J’ n’cml’cm % 4 m J\/[,

% ja jb Jab c Jab jc \7 c lcm J j
Mg My Mab Mab me MJ Mem MJ MJ

-/ j/ / / j/ j/ I J’ j/ (79)
N a b ab c ab c c cm
mg my, My, Mg, mg My Mey, M; My

a b ¢ Jy J T d v Jd J, J T
X T Nem lcm ni2 l12 ns l3 T n::m l::m n,12 l,12 n/3 l/3
Sab Ji2 Js ta T My Swy J12 Jz tw T Mr

X Coi Corit (MemlemMem| Nl I mly WEGJM ;T Mp|Vyyn|E'dJ MYT M,

cm-cm

where we used the fact that the interaction does not affect the center-of-mass part of the

state. For further simplification we make use of

(80)

roq N
<ncmlcmmc7n|ncmlcm M) = 5ncmn2m5lcm12m5mcmm’cm>
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and of properties of the interaction which imply

(EiJ M ;T My|Vyny|E'd J M,T M)
(81)
= (BiJM;TMr|Viynn| E'{' IM ;T Mr)d 3 631,01, 07770011 17 -

Using this we eliminate sums in (79) corresponding to the Kronecker deltas

a(abC|VNNN|a'b'c'>a

R IPIDHBP P B I

Jap T nemlem @ i Mmem My J’ J o

% ja jb Jab c Jab jc j c lcm J j
me My My, My me Mg Mem My My

N ]c/z ]l/) Jc/ub c JZzb ](/; j/ c lcm J j/
m. m, M, M, m, M Mem My M

a b ¢ Ju J T d v Jd J, J T

/ / / /
Nem  lem M2 Lz m3 I3 T ey lem niy 1y ny I

(82)

x T
Sep J1i2 Js tw T Mrp S Ji2 J3 tw T Mrp

X Coi Corit (BiJ MyTMyp|Vynn|E'{ JM;TMr)

where Z again denotes a sum over {n1s, l12, Sap, J12, M3, I3, Js, J, tap, I’} and Z denotes a
a’

sum over

{ng, lig, Shps 719: 15, 15, 45, ., }. Furthermore, the Jacobi matrix elements are independent

of M; and we can use the orthogonality relation of the Clebsch-Gordan coefficients

lcm J \7 lcm J j/
Z ¢ ¢ ;| =057 0Mmanm, (83)
Mem MJ MJ Mem MJ Mj

Mem M J
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and the interaction matrix element finally reads

a(abC|VNNN|a/b/c/>a

o IDID N IS

Jav T nemlem o i lezb a’ 4

(84)

a b ¢ Jy J T d v J J, J T
x T Nem lcm ni2 l12 ns l3 T Nem lcm n,12 l,12 n/3 l/3
Sab Jiz J3 tan T My Swy iz Jy tw T Mr

X CoiCar it (EiJT Myp|Vyny|E'{' JT My) .
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Or, with all quantum numbers shown explicitly,

a(abC|VNNN|a/b/c/>a

=022, 0.0 220,02 2.2 2.2

abJ

! ! 5!
T nemlem niand, lially nanf I3lh sqps), 12519 7375 tavtl, it

ja jb Jab Jab jc j
X C c

me my Mg, My me. Mg

./ ./ / / -/

a a. a. C j

a a a C (85)
a b ¢ Ju» J T d v J J, J T
Nem lcm ni2 l12 ns l3 T Nem lcm n,12 l,12 n/3 l/3
Sab Ji2 J3 tan T My Swy Ji2 J3 tw T Mr
nig lLig n3 I3 nhy ly m3 o I3

Sab J1z J3  J | Cai | Sy Jlo Jz J

tab T MT 7 t;b T MT iV

X <EZJTMT|VNNN|E/Z/JTMT> ’

where in addition the quantum-number dependence of the CFPs, indicated by the a- and

i-index, are illustrated in the squared brackets. Moreover, there are the relations

My Mo + M (86)
M, my, + my, (87)
M Mg + My + me (88)
my,, my, + My, (89)
My my,, +my, (90)

E 2n99 + lig +n3 + 13 91
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4.5.2 Calculating the T-coefficient

To calculate the T-coefficient

a b ¢ Jyp J T
Tl nem lem miz liz ng I3
Sab J12 J3 tan T My
= {(nemlem| @ ([} [{]a) @ )} @ |¢) M7 (92)

we express the states |{{|a)®|b) } 7= @|c) }7M7 in terms of the states {|nemlem) ®|a) 7M.
Starting with

[{{la) ©[b)}7 @ |e)}7 M7
= H[(nalm Sa).jm (nblbv Sb)jb]']abv (nclcu Sc)jc}ij7 tamtatbmtbtcmtc> 5 (93)

we couple the isospins t,, t;, t. to T, M7 using two Clebsch-Gordan coefficients

{{la) ® [b)} " @ |e)}7 7

ta tb tab tab tC T
= > D c
my, mtb mtab ™y myg, MT

tabmtab TMr ab

(94)
X ‘ {[(nalm Sa),jcm (nblb, Sb)jb]']abu (nclca Sc)jc}ij7 [(tatb)tab7 tc]TMT> .

In the next steps the isospin part will not be changed anymore, so we omit it for brevity.
In the following we have to carry out a number of unitary transformations by inserting
appropriate identity operators. We do this stepwise and collect the resulting factors at
the end in (117). To keep track of the transformations we show the involved quantum
numbers before each transformation step.

[(Nalas Sa)Tas (Mblby Sb)Ib)Jab — [(Malas Muls) Labs (SaSb) Sab)Jab

We aim at the separation of the center-of-mass part of the state, so we have to do Talmi-
transformations. The first Talmi-transformation will introduce the coordinate of the
center-of-mass of the first two particles and the corresponding relative coordinate. Be-

fore doing this we have to change the jj-coupling of particles 1 and 2 into LS-coupling.
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This can be achieved by inserting a suitable identity operator in (94)

H[(nala? Sa)jav (nblba Sb)jb]Jaba (nclca Sc)jc}ij>

= Z |{[(nala7 nblb)Laba (Sasb)sab] Jaba (nclca Sc)jc}j-/\/lj>

Lapsan
(95)
X <{[(nala7 nblb>Lab7 (Sasb>5ab] Jab7 (nclca Sc)jc}ij|
X |{[(7’Lala, Sa)jm (nblb7 Sb)jb] Jaba (nclca Sc)jc}ij> y
and the overlap can be replaced by
<{[(nalaa nblb)Laba (Sasb)sab]Jaba (nclca Sc)jc}jM]|
X |{[(nala> Sa)jaa (nblba Sb)jb] Jaba (nclca Sc)jc}jMJ>
la lb Lab
= Sa Sb Sab jaijabgab ’
Ja Jo Jab
yielding
H[(nala? Sa)ja, (nblba Sb)jb]Jaba (nclca Sc)jc}ij>
la lb Lab
=Y se s Sw JajbLabSa (96)

La a . .
ab \Ja Ty Jab

X |{[(nalaa nblb)Laba (Sasb)sab]Jaba (nclca Sc)jc}ij> .

(nala,a nblb) Loy — (N12£12 (Cﬁlab) , N12l12 (é))Lab

Now we carry out a Talmi-transformation which transforms the single-particle coordi-

nates 7, and 7, into the coordinate of the center-of-mass cm,,;, of the first two particles,
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and their relative Jacobi coordinate &;. The corresponding transformation matrix reads

(Cﬁf“b>: Vi (i) 97)
& 1 /3 T

which corresponds to HOBs with parameter d = 1. The result of this transformation is
given by

N[

|{[(nala7 nblb)Laba (Sasb)sab] Jaba (nclw Sc)jc}j-/\/lj>

= Z Z<<N12£127n12l12|nala7nblb;Lab>>1 (98)

Ni2L12 nialio

X [{[(M2Lra(Cigy ), 712019(€1)) Lapy (5055)Sab) Jabs (MeleSe)je} T M) .

The coordinates again indicate which basis the quantum numbers correspond to and
will be omitted in the following.

[(Labsab)']ab’ (lcsc)jc]j — [(Lablc)ﬁa (Sabsc)S]J

We change the coupling scheme from jj-coupling to LS-coupling to prepare the next
Talmi-transformation

|{[(N12£127 n12ll2)Lab7 (SaSb)Sab] Jabs (ncl07 Sc)jc}ij>

= Z H{{(N12L12, ni2li2) Lap, nelc] £, [(SaSp)Saps S| ST M 7)
LS

(99)
X <{[(NI2£127n12l12)Lab7nclc]£7 [(8asb)3ab730]5}ij|

X |{[(N12£12> n12l12)Lab> (Sasb)sab]Jaba (nclcv Sc)jc}ij> .
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Again, the overlap can be replaced by a 9-j symbol

<{[(N12£127 n12ll2>Laba nclc]£7 [(Sa5b>sal)7 SC]S}jMJ‘

X [{[(N12L12, n12l12) Lab, (SaSb) Sab) Jabs (Neley Se)je} T M 7) (100)
Ly . L
= Sab Se S ﬁgjabjc )
Jab jc j
yielding

‘{[(/\[125127 n12l12>Lab7 (SaSb)Sab] Jab, (nclca Sc)jc}ij>

Lo l. L
=>4 sw se S pLSTawje (101)
£s Jab jc j

X {[(NM2Li2, n12l12) Lap, el L, [(SaSp)Sabs 5] SFT M 7).

[(N12£123 n12l12)Laba nclc]L: — [(N12£12, nclc)A7 n12l12]£

Before we can carry out the second Talmi-transformation, which will lead us to the
complete set of Jacobi coordinates, we have to couple £, with [,

|{[(N12£127 n12l12)Lab> nclc]£7 [(Sasb)saba Sc]S}jM.7>

= Z |{[(N12£127 nclc>A7 n12112]£, [(Sasb)saba SC]S}ij>
A

(102)
X ({[(N12Li2, nele) A, naolio) £, [(SaSb)Saby Se)STTM 7]

X [{[(M12L12, n12l12) Lap, nele) £, [(SaSb)Sab, Se)STT M) .
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Because we have a reordering of three angular momenta this time, we can replace the

overlap introducing a 6-j symbol

<{[(N12£127 nclc)Aa n12112]£, [(Sa5b>5absc]5}ij‘

X |{[(N12£127 n12l12)Lab7 nclc]ﬁy [(Sasb)saba SC]S}jMJ>

— (—1)lthztA+La R f l. Lz A
Ly L Lg |’

yielding

H{[(WN12L12, na2liz) Lap, ncle) £, [(Sasb)Sab, 5c) ST M z)

:Z(_l)lc+ll2+A+LabAzab{ le L2 A }
A L Ly

l12

X |{[(N12£127nclc)A7n12112]£7 [(Sa5b>sal)7 SC]S}ij> .

(N12£12(CFna,b)’ nclc(Fc))A — (ncmlcm(é))’ ’I’L3l3(€2))A

(103)

(104)

Now we carry out the second Talmi-transformation that transforms the coordinates ci,,

and 7., into the center-of-mass coordinate &, of the three particles and the Jacobi coordi-

nate é Here the transformation matrix reads

Wi

and corresponds to HOBs with parameter d = 2. The result is given by

H{[(WN12Lg, nele) A, nialin] £, [(Sasp)SavsSe] ST M)

= Z Z<<ncmlcm7 n3l3| N2 Lia, nele; A) )2

Nemlem n3ls

X H[(ncmlcm(&))» n3l3(é))A> n12l12]£> [(Sasb)sabv SC]S}jM.7> .
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[(ncmlcm(é;))? ’I’L3l3(€2))A, n12l12]£’ E— [ncmlcma (n3l37 n12l12)L]£’

Recoupling of the orbital angular momenta yields

‘{[(ncmlcma n3l3>A7 n12ll2]£7 [(Sasb)sabu SC]S}ij>

= Z H{[(Memlem, (n3ls, nialia) LIL, [(SaSs)Sabs Se]STT Mg)

X ({[(nemlems (n3ls, nialia) LIL, [(SaSb)Sab, Se]STT Mg

X |{[(ncmlcm7 n3l3)A7 n12l12]£7 [(8a5b)3ab7 SC]S}ij> .
Here the overlap can be substituted by

{[(nemlem, (nals, n12li2) LIL, [(5a5s)Sap, 5c]STT M|

X {{(Remlem, nals) A, nialia] £, [(5a5b)Sab, Se]STT M)

= (—1)lemtlatha+L ] lem 13 A |
lip, £ L

yielding

|{[(ncmlcma n3l3)Aa n12l12]£7 [(sasb)saba SC]S}jM\7>

:Z(_l)lcm+ls+l12+zAE lem 13 A
L L L

l12

X |{[ncmlcm> (n3l37 n12l12)L]£7 [(sasb)saba SC]S}\?MJ> :
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[(nlecm7 L)‘C'a S]J — [ncmlcm7 (L7 S)J]J

Inserting the corresponding identity operator leads to

|{[(ncmlcm7 (n3l37 n12ll2)L3]£7 [(Sasb)sabu SC]S}ij>

= Hnemlem, [(n3ls, n1ali2) L, [(Sa5b)Sab; 5] S]T}T M)
J

(110)
X <{ncmlcm7 [(n3l37 n12l12)L7 [(sasb)saba SC]S] J}jM]|
X ‘{[(ncmlcrrm (n3l37 n12l12)L]£7 [(8asb)3ab7 SC]S}ij>
and the overlap can be replaced by
<{ncmlcm7 [(n3l37 n12l12)L7 [(Sasb)sabu SC]S]']}ij|
X ‘{[(ncmlcmu (n3l37 n12ll2)L]£7 [(8a5b>5a67 SC]S}ij> (111)
— (_l)lcm"l‘L‘f‘S‘f‘jﬁj lcm L E
s g J|’
yielding
‘{[(ncmlcmu (n3l37 n12l12)L3]£7 [(Sa5b>5ab7 SC]S}jMJ>
N L
= (—1)lemFEESHTLT £ (112)
- S J J

X |{ncmlcm7 [(n3l37 n12l12)L7 [(Sasb)sabu SC]S]']}ij> .
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[(n3l3, n12l12)L7 [Sabsc]S]J — [(n3l3, sc)j37 (n12l12a Sab)jlz]-]

The final transformation leads to the coupling structure of the state |a)

‘{ncmlcrrm [(n3l37 n12l12)L7 [(Sa5b>5ab7 SC]S] J}ij>

- Z |{ncmlcma [(n3l37 Sc)ji’n (n12l127 Sab)le]J}jM\7>

J12J3
(113)
X ({nemlems [(nsls, s¢) 73, (Na2li2, Sab)j12]Jd T M 7|

X |{ncmlcma [(n3l37 n12l12)L7 [(Sasb)saba SC]S]J}jM.7> .

We can replace the overlap by a 9-j symbol

<{ncmlcmv [(n3l37 Sc)ji’n (n12l127 Sab)j12]J}jM.7|
X |{ncmlcm7 [(n3l37 n12l12)L7 [(Sasb)sabu SC]S] J}ij>

= (—1)T5e 5525195 s, Say S (114)
Js Jiz J )

i 13 L)
:(_1)5ab+sc—SL535125« Sap Se S (_1)l12+13+L+5ab+5c+s+j12+j3+J. (115)

Jiz s )

In the previous equation a symmetry relation of the 9-j symbol was used. Additionally,
we change the coupling order from (j3712) into (j1273) and collect a phase (—1)%F12=7,
Then we can simplify the phase factors, because some combinations of quantum num-
bers are even, and we obtain the phase (—1)%*12+L  Altogether the result of this trans-
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formation reads

|{ncmlcm> [(n?)l?n n12l12)L7 [(sasb)sab> SC]S] J}jM\7>

lig I3 L
= (1B Lj5n9 0 sy s S (116)
Ji2J3 Jiz Js J

X |{ncmlcm7 [(n12ll27 3ab)j127 <n3l37 Sc)j3] J}ij> :

The complete result of the transformation {{|a) ® [b)}’** ® )} — {|nemlem) @ |a)}7
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is given by

{{la) @ [0)}"* & )}

i IDIDMDUDIDH IS IS I

tabme,, TMr Lapsay N12L12 ni2liz LS A nemlem nals L J  j1253

X 52N12 +Li2+2n12+12,2na +Hla+2np -+ 52ncm +lem+2n3 +l372N12 +Li24+2nc+ce

% (_ 1)lc+l12+A+Lab (_ 1)lcm+13+l12+£(_1)lcm+L+S+J(_ 1)13+l12+L

X Jagble Ly 8ap T ap L2SP A2 L2 T 11575

ta tb tab tab tc T
X ¢ c (117)
My, My, My, me,, My, Mr
la lb Lab Lab lc L l12 l3 L
X Sa Sb Sab Sab  Sc S Sab  Sc S
Ja Jb Jab Jab Je T Jiz gz J

" l. Lia A lem I3 A lemm L L
lis L Ly liy, £ L S J J
X <<N12£12, n12l12|nala> nplp; Lab>>l<<ncmlcm> n3l3|N12£12, Nele; A>>2

X {|Nemlem) ® |O‘>}J

Multiplying (117) with {(n,,,l.,.| ® (¢/|}’ generates Kronecker deltas

Ot e Ot Lem Oy 00112 00 500 0 2 Ot Oy 1301433 0.7 1O, 1y Oy, O/ T Oz 0ty (118)
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which eliminate the corresponding summations, leading to

{{nemlem| ® (al}{{la) ® [0)} "= @ |c)}

YYYYYYY

Loy Ni2 L12 L

% (_ 1)lc+ll2+A+Lab (_ 1)lcm+l3+l12+£(_1)lcm+L+S+J(_ 1)l3+112+L

X 62N12+£12+2n12+l1272na+la+2nb+lb52nc7n+lcm+2n3+l372N12+£12+2nc+lc
AAA o 3 A282R272 75 4
X JabJeLigy8abJapL™S™ AL J j12]3

ta tb tab tab tc T
X C C
my, My, MMy, My, My, MT

(119)

la lb Lab Lab lc L l12 l3 L
X Sa Sb Sab Sab  Se 53 Sab  Sc S
Ja b Jab Ja Je T iz Jz J

" l. Lia A lem I3 A e, L L
lis L Ly liy, £ L S J J

X <<N12£12, ni2lia |nala> nplp; Lab>>1 <<ncmlcm7 n3l3|/\/12£12, Nele; A>>2 .

Here we dropped the primes and used the additional constraints m;, = m, + my,,
My = my,, + m,, from the Clebsch-Gordan coefficients. Moreover, we can eliminate the
sum over N5, with help of the first Kronecker delta don,+2,0+2n10+112), 200 +1a+2np+1,- THED
the second Kronecker delta reads

62”@ +la +2nb+lb_2n12 —li2+2nc+le 72ncm +lem +2n3 +13 (1 20)
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and our final result for the T-coefficient is

a b C Jab J j
T Nem lcm ni2 112 ns l3

Sep J12 J3 ta T Mrp
= {{nemlem] © (o[} {{]a) @ [b)}* @ |c)}7

— Z Z Z ; ; ; (—1)leHAtLat LS thatd

Lap Li2 L

X 52na+la+2nb+lb—2n12—l12+2nc+lc,2ncm+lcm+2n3+l3

A A A

X jajbjcf/?zbgabjabﬁzg2j\2f/2 jjl2j3

ta tb tab tab tc T
X C C
My, My, My, my,, My, Mr

(121)

la lb Lab Lab lc »C l12 l3 L
X Sa Sb Sab Sab  Se S Sab  Sc S
Ja Jb Jab Jab Je T Jiz gz J

" l. L2 A lem I3 A lem L L
lis L Ly liy, £ L S J J

X <<N12£12, ni2lia |nala> nplp; Lab>>1 <<ncmlcm> n3l3|/\/12£12, Nele; A>>2 )

where we also simplified the phase factor. This is also the result of reference [14].

4.6 Implementation of the three-body basis transformation

In this section we discuss the implementation of the three-body Jacobi to m-scheme
transformation, considering the problems and limits of the transformation. The whole
implementation is too complicated to describe it in this thesis, for a more detailed dis-
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cussion of some implementation issues see the appendix. Our aim is to use the NNN
Jacobi interaction matrix elements from YEFT and the CFPs up to a certain three-body
energy limit F,,,, and produce a file containing the m-scheme matrix elements up to
that energy limit. This file serves as input for many-body calculations, like those dis-
cussed at the end of this thesis.

First of all, we consider Eq. (84), which we have to implement. Most important for
the implementation of our formulas is that we try to arrange the sums in order to avoid
multiple calculation of the same term. Besides, one should put the computationally
intensive terms as far out as possible in the hierarchy of summations to minimize the
number of evaluations. If we arrange (84) considering these circumstances, we obtain

a(abC|VNNN|a'b'c'>a

=62 ).

T nemlem

/'a ] Ja Ja /'(’
y Z Z o I I b, b Je T
ol meg My My My me Mg

a b ¢ Ju J T
X T Nem Z em 112 Z 12 N3 l 3
Sab J1iz Jz3 ta T Mr (122)

3

jol}

X Z Coz,i Z CO/J'/ <EZJTMT|VNNN|E/Z/JTMT> ,

)
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where the T'-coefficients, the computationally most demanding terms, are outside and
the sum are arranged in an efficient manner. In order to accelerate the evaluation
further, we precompute the T'-coefficients and save them combined with the Clebsch-
Gordans in a new quantity called T-coefficient

~ .(l ] Ja Ja .C
T(a,b, ¢, T, lom, ) = ZC Ja Jb b b J J
Mg ™y My May me Mg

Jab
(123)

a b C Jab J j
x T Nem lcm N19 l12 N3 l3 )

Sep Ji2 Jz3 ta T Mrp

which is kept in memory.

Remember a, b, c are collective indices for the quantum numbers of the single-particle
states and « is a collective index for the Jacobi quantum numbers ns, l12, S, j12, 13, I3,
Js, J, tay, T. The M7 dependence of a can be neglected because M7 is already determined
by the m-scheme basis. Besides, also the n.,, dependence of the 7- and T-coefficient
vanishes owing to the Kronecker delta (120).

The new expression for the m-scheme matrix-element as it is used in the computation
reads

a(abC|VNNN|a'b'c'>a

_ 62 Z Zf(a,b, ¢, j;lcnua)z

J nemlem « o

(124)

X Z Caﬂ' Z Ca’,i’ <E’LJTMT‘VNNN‘E/Z/JTMT> .

7

After precomputing of the T-coefficients we end up with the CFPs, the Jacobi matrix
elements and the T-coefficients, saved to memory. To determine the m-scheme matrix
elements we just have to loop over a couple of indices and read out the right values from
memory. The massive memory consumption of the T-coefficients is the major limitation
of formula (124). In Fig. 6 we illustrate that already for a three-body energy larger
than ., = 8 the memory required for the T-coefficients becomes larger than 16 GB.
Similarly, the set of m-scheme matrix elements, that needs to be kept in RAM for the
many-body calculations, exceeds 16 GB for F3,,,, > 8 as shown in Fig. 7. Due to the
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Figure 6: Memory requirements for the T-coefficient: The figure shows the memory
requirements of the nonzero T(a, b, ¢, J,lem, @) up to the three-body energy limit E3,,4,. T0
find the right T-coefficient we used a memory scheme where apart from T also J, loy,, o are
saved. Note that it is a logarithmic plot.
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Figure 7: Memory requirements for the m-scheme matrix elements: The figure shows
the memory requirements of the nonzero m-scheme interaction matrix elements up to the
three-body energy limit Es,,.,. The matrix elements are saved in double precision. Note
that it is a logarithmic plot.
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exponential growth of the required memory with increasing energy FEs,,.., we have to

apply a new concept, discussed in the next subsection.

4.6.1 Implementation of the J-coupling

A remedy for the limitations discussed in the previous subsection is a simple trick. We
save the matrix elements in a J-coupled representation and decouple them on the fly
during the many-body calculation. Because the coupled basis has a smaller dimension,
we have a smaller number of matrix elements.

We adopt a very simple coupling scheme:

First, we jj-couple the particles 1 and 2 of the m-scheme state as well as their isospin.
Next, we couple the resulting .J,;, with j. and ¢, with ¢, yielding

a<{[(nalaa Sa)ja;jb]Jaba (nclw Sc)jc}jMJ ; [(tatb)tab7 tc]TMT|

2 : z : ja jb Jab ta tb tab
— C C
m, my My my, My, My,

MaMpMe Mt Mty Mt

Jab jc j tab tc T
X C C
Mab me Mj mtab mtc MT

X a((nalaa Sa)jamatamta (nblba Sb)jbmbtbmtb (nclca Sc)chnctcTntC

(125)

Y
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with My, = mg, + my, Mg = My, + me, my,, = my, +my, and My = my,, + my,.
For the matrix elements in the J-coupled basis we obtain

o{[(ab) Jup, ) T M 75 [(tats)tap, te] M|V n

x |[(a't) o, 1T Mg 3 [(tats) o, te] TMr)q

DD D VIS

/ / ! / ! !
TMaTMbMe Mg My Mite Mg My My, My Mg, My

Jo b Ja ta & taw
X C c
m, my My my, My, My, (126)

Ja  Je T tay  te T Jo Jv Jab
X C c c / / /
My me Mg my,, My, Mr mg  my, Mg,

X a(abC|VNNN|a'b'c')a ,

where one has to insert (124) for the m-scheme matrix elements. Now one can apply
the orthogonality relation of the Clebsch-Gordan coefficients

v J2 Ji J1 J2 Ji2
Z ‘ < ) ‘ < ) - 51123125m12m12 ) (127)

mima my Mg M2 my My M2

to the Clebsch-Gordans obtained from the J-coupling and those contained in the 7-
coefficients of the m-scheme matrix element. In the expression for the J-coupled matrix
elements this leads to a vanishing of all Clebsch Gordans and sums over m-quantum
numbers as well as of the sums over jio, ji,, ta and t/,.

In the following, interaction matrix elements will be expressed in the J-coupled basis

a([(ab)Jabtaba C]jT| = a<{[(nalaa Sa)jaa ]b] Jaba (nclca Sc)jc}j| <[(tatb)tab> tc]T| )
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where M ; and My are omitted, because the initial Jacobi matrix elements are indepen-
dent of those quantum numbers. Note that the M independence of the Jacobi matrix
elements of the NNN interaction is only an approximation. After dropping the M7 quan-
tum number and applying the orthogonality relation of the Clebsch-Gordan coefficients,

we obtain the following expression for the J-coupled matrix elements

o{[(ab) Japt ap, C]jT|VNNN| [(a/b/)Jc/th;bv Cl]jT>a

RPN IPIP D) B>

Nemlem nianty liglly nanf 13l sqps!, j12475 J374
12 12 3 ab 12 J3J3

a b ¢ Ju J T a vod g, JJ
XTr | Nem lem mi2 Lo n3 Iy | Tr | nem lem n’12 l,12 né lé
. . , ., y (128)
Sab  J12  J3 Sab  J12 I3
nig Lo ng I3 nyy Uiy my I

. . / -/ -/
X Coi | Sab J12 Js J | Cairt | S Ji2 J3 J

X (EiJT|Vyny|E'TJT),
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with the T;-coefficient

1y

a b ¢ Ju J T
Nem lcm ni2 l12 ns l3

Sab J12 J3

= {(nemlem| ® <O“}J|[(ab)Jabtaba c|JT)

— Z Z Z Z Z Z (_1)lc+A+Lab+ﬁ+S+l12+]
S A L

Loy L12 L

X 52na +la +2nb+lb +2nc+l072ncm+lcm+2n12 +l12+2n3+l13

X 5a3bjcj/(2lb =§ab jabﬁ2 g2A2f/2 jjlgjg

la lb Lab Lab lc ‘C l12 ZS
X4 Sa Sp Sab Sqp Se S Sab  Sc
Jo Jb Jab Jay Je T Ji2 J3

" le Lo A lem 13 A lem L
lis L Ly lis £ L S J

X <<N12£127 ni2li2 |nala7 nply; Lab>>1 <<ncmlcm7 n3l3|/\f12£12, nele; A>>2 .

(129)

Note that due to the vanished Clebsch-Gordans there is no direct ¢,, and 7' dependence

of the T);-coefficient, even the quantum numbers appear in the scalar product

{Nemlem| @ {a|}7|[(ab) Japtap, | TT). Again, the n.,, dependence vanishes owing to the
Kronecker delta in (129). In Eq. (128) and (129) the single particle indices a, 13, ¢ NOW
only correspond to the quantum numbers n,l,j4, 7l Js, Nelcj.- The single-particle m

quantum numbers have disappeared, which decreases the basis dimension. The im-

provements resulting from the J-coupling regarding the memory needed to store the

T;-coefficients and the J-coupled matrix elements are illustrated in Fig. 8 and 9, respec-

tively. After the J-coupling the memory needed for storing both quantities for E3,,,, = 8

is now in the range of some MB, far away from the initial 16 GB of the m-scheme version.
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The limit of 16 GB is now reached at Es,,,,, = 12.

4.6.2 Problems and limits of the implementation

Even if we use the J-coupled matrix elements, the required memory shows a polynomial
increase with Fs,,.., which is illustrated in Fig. 8 and 9. So with the new improvements
we still have the same type of limitation, but now at a higher energy, what is very impor-
tant for the convergence of the many-body calculations, as we will see in Sec. 6. Besides
this limitation, there are also other problems occurring with increasing energy.

For instance, to accelerate the transformation code we precompute not only the 7';-
coefficients, but also the occurring 6-j and 9-j symbols as well as the Clebsch-Gordan
coefficients and the harmonic oscillator brackets. All these precomputed quantities have
to fit into the memory and their size also increases polynomially with E35,,,.. In a word,
there are also many other quantities used for the implementation of the transformation
which increase with the energy, due to this one has to be very careful with the memory
management.

At the moment we are able to perform the transformation code for Fj,,,, = 12, this
basis space is already larger than any other space used for the three-body interaction. In
addition, we plan to expand our transformation code to a basis space corresponding to
Esmaz = 16 for nodes with 16 GB RAM. In order to achieve this we will split our trans-
formation to several nodes so that just a part of the T';-coefficients have to be imported
to the RAM of one node. At this energy also the limit of the many-body calculation code
is reached. For Ej,,,, > 14 the number of m-scheme matrix elements becomes so large,
that the eigenvalue problem cannot be solved anymore (depending on the many-body
method and on the observed nuclei).
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Figure 8: Memory requirements for the 7';-coefficient: The figure shows the memory
requirements of the nonzero T;(a,b,c, J,l.m, @) up to the three-body energy limit E3,,,;.
To find the right T-coefficient we used a memory scheme where besides T'; also the indices
J, l.m, a are saved. Note that it is a logarithmic plot.
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Figure 9: Memory requirements for the J-coupled m-scheme matrix elements: The
figure shows the memory requirements of the J-coupled m-scheme interaction matrix ele-
ments up to the three-body energy limit E3,,,,. The matrix elements are saved in double
precision. Note that it is a logarithmic plot.
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5 Similarity renormalization group (SRG)

The topic of this section is the similarity renormalization group (SRG) transformation,
which is used to make the yEFT interaction softer to accelerate the convergence of
the many-body calculations. In the first subsection we describe the basic concepts of
the SRG, in the second we describe the application of the SRG transformation to the
three-body interaction, in the third section we explain the implementation of the SRG
evolution and finally in the fourth section we show the impact of the SRG transformation
to the form of the Hamilton matrix.

5.1 Basic concepts

Besides the unitary correlation operator method (UCOM) [24] the SRG method provides
an alternative way to handle short-range correlations by pre-diagonalization of the in-
teraction in momentum space [25], leading to a phase-shift equivalent potential. As in
the UCOM, the basic idea of SRG is to transform an initial Hamiltonian H, by an unitary
transformation

~

H,=UlH,U,, (130)

with the a-dependent unitary operator U,. Unitary transformations do not change the
spectrum of the Hamiltonian.

In order to obtain a diagonalization of the Hamiltonian H, in a particular basis rep-
resentation, a renormalization group flow equation [26] is formulated that induces a
continuous flow of H, to a diagonal form with increasing flow parameter «. How such
a transformation must be structured is shown in the following and also in [27]. The

derivative of the Hamiltonian is given by

dH d oo - aut . U
@ _ t — «a «a
7o = 2o WUaHoUa) = = HoUs + UgHo— =, (131)
with
o R d /o n d - . dU,,
. = — (7 — Bl 54 SRR b o Beheod du )
U, =1 = da( aUa) 0 = —0f = -0f—=01,
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leading to

AHy _ 5y dUa sy gy - - dU,

do “da ¢

(132)

where we replaced %U 1 in the first term and inserted an identity operator in the second
term. Introducing the anti-Hermitian generator 7, = —U} o — —7n! one obtains the

o do

following initial-value problem

dH,
do

= [, H,], with  Hy= Ho—y. (133)

Generally, one can transform an arbitrary operator O by the SRG flow equation

N

dO,

= [p,. O 1
Ta [Mevs Oal (134)

where the generator has the general form 7, = [é , H,]. We have to keep in mind that the
generator 7, depends on the Hamiltonian H,. Because of this dependence one always
has to evolve the Hamiltonian to transform an arbitrary operator. There are various
choices for the generator #,, i.e., for the operator ¢ entering the generator.

Let us concentrate again on the evolution of the Hamiltonian. The choice of 7, deter-
mines the basis in which the Hamiltonian is pre-diagonalized [28]. In general, for a
many-body basis {|i) }, the generator

— [diag(H,), H,], with diag(H, Z| i| H i) ( (135)

is an evident choice for the diagonalization of the Hamiltonian with respect to the basis

{l2) }-
In the following we use the generator 7, = (2M)Z[Tint,ﬁa] with the intrinsic kinetic
energy operator

~

1 -
= —?, (137)
2p

with the total kinetic energy operator 7" and the center-of-mass kinetic energy operator

Tom. In Eq. (137) we assume equal proton and neutron masses and thus a reduced
nucleon mass 4 = . In an A-body space the kinetic energy operator for equal proton
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and neutron masses is given by
T = 1 Z 7> (138)
wnt AM : : 1]
1<)
Pi—pj

2
The flow equation with this generator is given by

with the relative momentum operator cfw = for the particles 7 and j .

dH,
do

= ['f]ou I:Ia] = (2M)2 <[jjint7 ﬁa]f{a - ﬁa[ﬂnty ﬁa]) 5 (139)

= (2#)2 <ﬂntﬁaﬁa -2 [A{aﬂntﬁa + [A{aﬁaﬂnt) . (140)

The occurrence of the intrinsic kinetic energy T, in the flow equation leads to a de-
coupling of the high- and low-momentum parts of the Hamiltonian H,,, which causes a
softer and more convergent potential [29]. For instance, in two-body space the gener-
ator leads to a diagonalization of the Hamiltonian in a LS-coupled relative-momentum
basis {|q(LS)J M JTMT)}. Since we do not plan to use basis states in momentum space,
but in harmonic-oscillator space, our generator does not lead to an exact diagonal Hamil-
tonian, but to a pre-diagonalization through the SRG evolution (see Sec. 5.4). More
important is that a SRG transformation slides the effects of the interaction to lower ener-
getic basis spaces. So that we can describe also high-energetic effects in a low-energetic
basis space and thus accelerate the convergence behavior with the energy.

5.2 Application to the NN+NNN interaction and subtraction proce-
dure

We apply the SRG transformation to the NN+NNN interaction and discuss the occur-

ring problems. Because we will only deal with operators in this section, we omit the

hat notation. First, we consider the initial Hamiltonian H, with two- and three-body
interactions, which we obtained from chiral effective field theory

We have to deal with different one- , two- and three-body interaction operators, which
also can be SRG transformed, as well as induced interaction contributions. To keep track

of the various interaction operators and matrix elements of this section we will introduce
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the following notation:

e The index below indicates the kind of interaction and the upper index in squared
brackets indicates the “irreducible” n-body contributions of the operator, where
n corresponds to the smallest particle number of a basis, which is necessary to
represent the operator completely. For instance, the untransformed NN interaction
operator V]@V has an irreducible two-body part. To denote that the operator is SRG
transformed we will use a tilde. In addition we will also deal with matrix elements
of an operator, this means an operator in a certain basis representation. To indicate
a matrix element we will use angle brackets with an upper index in round brackets
denoting the particle number of the representing basis. For instance <‘~/]§;\,)(4) are
the matrix elements of the irreducible three-body part of the SRG-transformed NN
interaction represented in a four-body basis.

Equation (141) in the upper notation reads
2 2 3
HE = 1V + Vi a42)

One of the challenging features of the SRG is that a transformation of an irreducible
n-body interaction V" leads to an interaction VInnt1l-Al — Yl 4 yintll 1 " which
contains also irreducible m-body interactions, with n < m < A [30]. If we apply the
SRG transformation to the irreducible two-body part of the interaction we do not just
obtain an irreducible two-body part in the SRG-transformed interaction, but also an
induced irreducible three-body part. This makes the transformation more complicated,
because it is necessary to distinguish between the irreducible two- and three-body parts
of our untransformed Hamiltonian (see Appendix A.3).

First of all, we list some basic properties of the SRG transformation, which are necessary
to understand our SRG approach:

e As already mentioned a SRG-transformed irreducible n-body interaction contains
also irreducible m-body contributions with n < m < A. Note that the irreducible
one-body contributions of an operator are invariant under the SRG transformation,
but induces irreducible m-body contributions with 2 < m < A [24]. For instance,
the SRG transformation of the kinetic energy operator 7!, which is an irreducible
one-body operator, yields 7124 = 71 4 T 4 7B 4 where the irreducible
one-body contribution 7! stay unchanged.
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e Let us have a look at the SRG-transformed intrinsic kinetic energy operator

TR = gl B gy

int int int

= T (T T) ¢ T T

2]

nt

with £ >
2, are the irreducible k-body parts of the SRG-transformed intrinsic kinetic energy.

is the untransformed intrinsic kinetic energy operator and T

int?

where T

We point out that Tlﬂ contains the induced part as well as the SRG-transformed
genuine irreducible two-body contributions. For brevity we will absorb the induced
terms 7", with & > 3 as well as the term (T[Z] — T.m) in the NN terms of the

int? int int

nucleon interactions.

e To solve the initial-value problem of the flow equation, one has to represent the
interaction operators in an appropriate basis and perform the SRG evolution for
the individual matrix elements

7d<’i|§§v|i’> — (2p)? <Z<¢|T,-m|j><j|Ha|j’><j'|Ha|z">
— 2 S ) G\ Tl ) G )

33"

+ Z<i|Ha|j><J'|Ha\j'><j'\fl}m|i’)> : (143)

5J'

where |i) are the n-body basis states.
If one uses a n-body basis, with n < A, for this evolution one discards all higher-
order interaction than the n-body order.

e By the phrase “SRG evolution in a n-body basis” we mean that during the SRG
evolution the operators are represented in a special basis by inserting several iden-
tity operators, see Eq. (143). These identity operators should be constructed in
an A-body Hilbert space for an A particle system, to consider all induced inter-
action parts up to the irreducible A-body contribution. The problem is that we
cannot insert the complete n-body identity operator 1 = 3" |i)(i|, because it con-
sists of an infinite number of basis states |i). Therefore, we have to restrict the
basis space. For example in the three-body space we use the Jacobi basis states
{Inemlem) ® |EiJT)}7M7 (see Chapter 4) up to a certain energy quantum num-
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ber Eéiﬁf) > 2Ny + lem + E and for a two-body space we use the Jacobi basis
states up to the energy quantum number EASECG

2mazx

). This limited basis states span
the model space. The energy quantum-number limit and the corresponding model
space must be large enough, so that the effect of the neglected basis states approx-
imately vanishes. Due to this we have to investigate the convergence of the many-
body calculations for interactions SRG transformed in different model spaces. The
model space of an A-body basis would be to large to achieve such a convergence,
moreover we will only use irreducible two- and three-body interaction contribu-
tions for the many-body calculation, therefore, we restrict the SRG evolution to a
two- and three-body space.

e To solve the initial-value problem (133) one evolves « (see Sec. 5.3), with a
sufficient small step size. In our implementation we use a Runge-Kutta method
with an adaptive step size. During every evolution step higher-order interactions
are induced and with rising a-parameter these higher-order induced contributions

increase [30].

e For a certain energy limit the model space in Jacobi basis is smaller than the model
space in the m-scheme basis, therefore, we will perform the SRG transformation
in the two- and three-body Jacobi basis.

To construct the SRG-transformed Hamiltonian in a form, where the irreducible two-

and three-body contributions are separated
AP = T3+ Vi + (Van + Vaww) (144)

one can use the intrinsic kinetic energy operator Tl[s]t of the initial Hamiltonian, because

) will be absorbed in ‘7]@\, and
23]

the corresponding induced terms T?jfl as well as (T?Zl —Tl[ﬂ
VJE?]]V, respectively, to abbreviate the expression for the transformed Hamiltonian A
The irreducible two-body part V]f,zj)v results from a SRG transformation of the genuine
NN interaction in the two-body space, this means one inserts identity operators in a
two-body Hilbert space (see Subsec. 5.3.1), which is equivalent to a projection to the
two-body space, so that the induced irreducible three-body part is discarded.

The irreducible three-body contributions are more complicated, because they consist of
V]@V the induced irreducible three-body contribution from the NN interaction, as well
as of the genuine three-body interaction, which is SRG transformed in three-body space

V2, y. First, one considers the initial matrix elements <Vz[v21’\i;’]+NNN>(3) = (V2G4
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<VJ§;VN>(3) given in a three-body Jacobi basis and perform a SRG transformation in
three-body space (see Subsec. 5.3.2), obtaining the matrix elements <~]£,2]’3LNNN)(3) =
(WVEN® 1+ (VE® 4 (7B y®) At this point we got the SRG-transformed matrix el-
ements (Vi van)® and (V74)@ in Jacobi basis representation. In the next step we
transform these matrix elements to the m-scheme (or J-coupled scheme see Chapter
4) and convert the two-body m-scheme matrix elements (V,7)® to (V2,)® in the
three-body m-scheme basis (see Appendix A.2). Next we perform a subtraction of
the NN interaction matrix elements from the NN+NNN interaction matrix elements in
the three-body m-scheme to obtain the m-scheme matrix elements <‘~/z[v31}v )@ =

(3 (3
(VE® 4 (VL )®

~[3 ~[2,3 ~[2
(Vi@ = (VL )@ — (V0 ®

= (VP® (V30 (145)

Note that the operator Vﬂv 4y does not contain an irreducible two-body contribution,
but only an irreducible three-body contribution.
Due to the fact that the NN+NNN interaction matrix elements (Vix, yyy)® of the
isospin projection M, which is an approximation, also the <X7]£,2]]V>(2) matrix elements has
to be My independent to perform the subtraction consistently. Thus, the <‘~/]£,2;V>(2) ma-
trix elements for the SRG subtraction and for the many-body calculation will not be the
same, because we want to include the isospin projection dependence of the NN inter-
action (like the Coulomb interaction and the isospin breaking of the strong interaction)
in the many-body calculation. In other words we consider the M7 dependence of the
irreducible two-body contribution f/]?}v, but not of the irreducible three-body contribu-
tions V]@V and ‘7]@\, ~- The consistency is an important issue one has to take account of
for the subtraction procedure. For the subtraction the o parameter and the model space
for the SRG evolution has to be the same for all involved interactions. Thus, the limits
Eéfnlzf) and Eéfnﬁ;f), for the two- and three-body basis states, have to be equal, and we
ESSESD) in the following. Note that the SRG model

(SRG) ._ p(SRG)
T 3max
spaces for the subtraction have to be the same, but the SRG model space, for irreducible

will call this limit E,,.. Sma

two-body interactions used in the many-body calculation, can be chosen much larger.

As outlook we want to mention that the subtraction could also be performed in the
Jacobi basis. This also enable to perform a consistent subtraction, if one uses a more
flexible model space spanned by basis states with a limited energy quantum number
EﬁfaiG)(J ), where the limit depends on the angular momentum J of the intrinsic Jacobi

state. Because the effect of a SRG model space part to a certain target state does not
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only depend on the energy of the model space part, but also depends on the angular
momentum. For instance one would expect that effect of the SRG model space part to
the ground state of a light nuclei is basically determined by the basis states with a small
angular momentum. Therefore, it is adequate to use a SRG model space with large en-
ergy quantum-number limits E}faﬁG)(J ) for basis states with small angular momentum
and decline the limit with increasing angular momentum. These SRG transformations

are a budding subject we want to investigate in the future.

5.3 Implementation of the SRG evolution

Now that we have discussed the basic procedure to obtain the SRG matrix elements, we
will have a closer look at the implementation of the SRG evolution. As we know from
Section 5.2 we have to perform separate calculations, a transformation of VJL? z]v with My
dependence to obtain (VJE,QM@), a SRG transformation of VJ[VQJ}V without M, dependence
for the subtraction and a SRG run with VJE,ZJ?]JF ~yn- In the following we do not differ-
entiate between the first two runs. Remember that the irreducible two- and three-body
contributions from the intrinsic kinetic energy, caused by the SRG transformation, are
included in the NN interaction terms.

5.3.1 SRG transformation of V]@V

We perform the SRG evolution in the two-body Jacobi basis, therefore, the NNN inter-
action part will not be considered and we use the Hamiltonian H = 7,7 + VOEZJ}V ~- The
flow equation for s given by

dHE )
T = [ HE) = T, HE) HE),
0%
= () (THHPHY - 2P T HY + HPHPTS) (146)

where we skipped the tilde notation and indicate the oo dependence directly by the lower
index.

A representation of (146) in the model space of the two-body Jacobi basis (see Eq.
(143)) leads to some matrix multiplications and additions on the right-hand side. The
two-body Jacobi matrix elements of the kinetic energy (Ti[f;}t)(?) and the Hamiltonian

<H§]>(2) are stored to memory so the evaluation of (146) is easy to perform, providing
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2)

2] .
dH, . As mentioned before, we use a Runge-

da
Kutta method, but for simplification we will show the procedure with an Euler algorithm

the matrix elements of the derivative

to point out the principle. Let us start with the matrix element <Hc[y2}>(2) of a Hamilto-
nian evolved to the parameter «. In the Euler algorithm we multiply the matrix element

%g]y ) with the step size of « to obtain the change A(H, 2])(2 of the Hamilton ma-
trix element during one evolution step, this change we can add to the initial Hamilton
matrix element (H, [2]> and get the Hamilton matrix element (H, L aa)? evolved to the

parameter o« + A«
)
()™ = (HEY® + AHP® = (HE) + (42) " Aa. (47

This can be iterated until the desired « value is reached. It is crucial to realize that, for
the SRG evolution of a single Hamilton matrix element (H, [2}> all other Hamilton ma-
trix elements are needed. Therefore, one has to transform all Hamilton matrix elements
simultaneously.

Finally we subtract the kinetic energy matrix element <Tl[m> from the SRG-transformed
Hamilton matrix element <H§])(2) yielding the matrix element <VOE?N )@ of the SRG-
transformed NN interaction.

5.3.2 SRG transformation of V]£,2 ]\:,)’]Jr .

The SRG evolution of VN ~vi+nny has to be performed in three-body space to take the
three-body interaction into account. The corresponding flow equation reads

dH”

a (2, HED) = 2u)?(10, HES), HE),
(67

int’

int int

— (2u)’ <T2]H 123 _ o3y s +H§v3JH§v3}Tiﬁﬂ), (148)

with HY = Tz[nt + vo[zz]\:?]N—i-NNN T[zt + Va2]]VN + VO?NN + VCE?)NNN

We can perform the a-evolution in the same way as above, using a model space of a
three-body Jacobi basis instead of a two-body Jacobi basis. But the model space size
becomes very large in the three-body basis and we cannot perform the SRG evolution of
the complete Hamilton matrix due to the limited available memory. This is one of the
reasons we perform the SRG transformation for every 7'J P-block separately (Fig. 10).
Owing to the properties of the nuclear interaction, only matrix elements between states
with the same total isospin 7', angular momentum .J and parity P are nonzero, thus the
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Hamilton matrix exhibits a block structure in the three-body Jacobi basis representation.
A separated SRG evolution of all these 7'.J P-blocks is equivalent to the SRG evolution
of the complete Hamilton matrix. After the SRG evolution and the kinetic energy sub-
traction we obtain the matrix elements (VOEZJ\:;’}N v containing the genuine two- and
three-body interactions, as well as the induced irreducible two- and three-body contribu-
tions of the intrinsic kinetic energy and the induced irreducible three-body contribution
from the two-body interaction.

TJP

T'J' P

(EiJT|H|EiJT) =
T/l JIIPII

Figure 10: Representation of the Hamiltonian in antisymmetrized Jacobi basis: The
Hamiltonian only connects Jacobi states with same total isospin T, angular momentum J
and parity P. Thence, the matrix of the Hamiltonian in antisymmetric Jacobi representa-
tion exhibits a T'.J P-block structure.

5.4 Diagonalization of the interaction matrix

We will investigate the diagonalization properties of the implemented SRG transforma-
tion. Therefore, we examine the antisymmetrized three-body Jacobi matrix elements
<VOE72]’3]N+NNN>(3) = (EiJT|VOE72]’$’]N+NNN|E’i’JT) of the SRG transformed NN+NNN inter-
action. As mentioned in Subsec. 5.3.2 we can divide the Hamilton matrix into 7'.J P-
blocks and perform the SRG transformation separately. The subtraction of the intrinsic
kinetic energy matrix from the Hamilton matrix yields the interaction matrix. In Fig. 11
this interaction matrix for the 7' P-block, with 7' = 1, J = 1 and P = +1 is illustrated
for different SRG evolution parameters «. The states with different energy quantum
number £ and E’ of the bra and ket become decoupled with increasing o parameter.
This means that the corresponding absolute value of the matrix elements decreases. The
strength of the decoupling grows with the difference between E and E’. This leads to
a more diagonal form of the 7'JP-block. Note that there is no unique choice of the
CFPs (see Appendix A.1), thus, there is no unique choice for the antisymmetrized Ja-
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a = 0.00 fm* a = 0.02 fm* a = 0.04 fm?
E E E

00...182022 24 26 28 00...182022 24 26 28 00...182022 24 26 28
18 18 18
20 20 20
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24 24 24
26 26 26
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o= O.Qg fm? o= O.%g fm? o= 0.3% fm?

OO...182022 24 26 28 OO...182022 24 26 28 00...182022 24 26 28
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20 20 20
quz quz 5122
24 24 24
26 26 26
28 28 28

a = 0.621 fm* a = 1.253 fm* a = 2.5}9 fm*

OO...182022 24 26 28 OO...182022 24 26 28 00...182022 24 26 28
18 18 18
20 20 20
l>.7322 l>.7322 \m22
24 24 24
26 26 26
28 28 28

Figure 11: TJP-block structure through the SRG transformation: The figure shows
the absolute value of the matrix elements (V. ity yn)® = (BiJ TV 0 xonwn | B IT) of
the NN+NNN interaction in Jacobi basis. The illustrated matrices correspond to the TJ P-
block with T = 1, J = L and P = +1, for the SRG parameter o = 0.00fm", o = 0.02fm",
o = 0.04fm*, @ = 0.08fm", o = 0.16fm", o = 0.32fm", o = 0.64fm", o = 1.28fm" and
o = 2.56fm*. For the SRG transformation a model space corresponding to ESEG) — o8
is used. The grid lines denote the areas for a given energy quantum number E and E’ of
the bra and ket Jacobi state, respectively. The more the blue color of a matrix element is
saturated the larger is the corresponding absolute value.
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Figure 12: TJP-block structure through the SRG transformation: The figure
shows the same T'JP- block as in Fig. 11 the absolute value of the matrix elements
(VCE?]’?]NJFNNM( — (EiJT|V] NN+NNN E'i'JT) is now averaged for the E-E'-region. The
illustrated matrices correspond to the SRG parameter a = 0.00fm", o = 0.02fm",
o = 0.04fm", a = 0.08fm", @ = 0.16fm"*, o = 0.32fm", o = 0.64fm*, o = 1.28fm"
and a = 2.56 fm". The more the blue color of an E-FE'-region is saturated the larger is the
corresponding averaged absolute value.
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cobi basis. Owing to this the matrix elements of an E-FE’-region of the 7'J P-block can
show also completely different behavior, depending on the choice of the CFPs. The
E-FE’-regions correspond to the parts of the 7'J P-block, where the bra has the energy
quantum number E and the ket has the energy quantum number £E’. These areas are
indicated by the grid lines in Fig. 11. The general properties of the SRG transformation
can be observed more adequately, treating the F-FE’-regions as a whole. Figure 12 shows
the averaged absolute value of the £-E’-areas. As already observed also the averaged
absolute values of the F-E’-regions transform to a more diagonal form with increasing
a-parameter. In addition we can find that the averaged absolute values for the diagonal
E-F'-regions decrease with increasing F. Besides, it seems as if the transformation to a
diagonal form slows down after a certain « parameter value. For the finite o parameters
we will use in the following the SRG transformation does not provide a complete diago-
nalization of the interaction matrix elements in the antisymmetrized Jacobi basis, but a

pre-diagonalization.
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6 Many-body methods

The aim of the different many-body methods employed in this thesis is to solve the
eigenvalue problem

ﬁ‘wn> = En|¢n> ) (149)

derived from the stationary Schrodinger equation, with the many-body Hamilton op-
erator H, the n-th eigenstate |t,) and the corresponding energy eigenvalue E,. The
Hamiltonian contains contains the SRG-transformed NN plus NNN interactions from
YEFT. Before we come to the results (see Chapter 7), we will discuss the basic ideas of
the many-body methods used, we point out their range of application, as well as their
advantages and disadvantages. The first many-body method is the importance trun-
cated no-core shell model (IT-NCSM), which is an extension of the no-core shell model
(NCSM). Both are exact ab initio approaches and will be discussed in Sec. 6.1. The
second method we use is the Hartree-Fock method, which is an approximate approach
and will be discussed in Sec. 6.2.

6.1 Exact ab initio approaches

Exact ab initio approaches are very important for modern nuclear structure theory. They
are necessary to investigate the properties of new interactions and they provide a con-
nection between QCD-based interactions and nuclear structure observables. Moreover,
they establish a reference point for approximative methods.

Two methods are particularly successful in describing nuclei up to the mid-p-shell re-
gion, the Green’s functions Monte Carlo approach (GFMC) [31, 32] and the no-core
shell model (NCSM) [17, 33, 34]. First, we want to concentrate on the NCSM to estab-
lish a basis for the explanation of the IT-NCSM.

6.1.1 No-core shell model (NCSM)

The NCSM is a special case of a configuration interaction (CI) approach. A conven-
tional CI calculation would use a model space spanned by all Slater determinants build
from a finite set of single-particle states. For instance one can use the single-particle
states of the harmonic-oscillator up to a maximum energy quantum number e,,,,,, where
e = 2n + [, with the radial quantum number n and the orbital angular momentum / of
a harmonic-oscillator single-particle state. In the limit ¢,,,, — oo one approaches the
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exact solution of the eigenvalue problem (149).

In the NCSM the model space is defined in a different way. Also in the NCSM the model
space is spanned by Slater determinants |¢,) consisting of harmonic-oscillator single-
particle states, but not every Slater determinant, which can be constructed from a finite
set of single-particle states, is used. Instead the NCSM model space is spanned by the
Slater determinants up to a certain many-body excitation energy N,,..h$) with respect
to the unperturbed Slater determinant |¢,). Here, 2 is the frequency associated with the
harmonic oscillator basis. The unperturbed Slater determinant consists of the single-
particle configurations with the lowest possible energy allowed by the Pauli principle.
For illustration of the NCSM model space, we depict an exemplary configuration for a
Slater determinant of '°0O in Fig. 13. From the unperturbed configuration one proton
is excited by 142 from the p-shell (e = 1) into the sd-shell (e = 2) and one neutron is
excited from the s-shell (e = 0) by 3A€2, so the whole Slater determinant is excited by
4h(2 and is included in every NCSM model space with N,,,, > 4. The exact solution of
the eigenvalue problem (149) is systematically approached for N,,,, — oc.

The NCSM has many advantages that we will discuss now. Due to the special many-
body basis truncation and the use of the harmonic-oscillator basis for the single-particle
states, the center-of-mass motion separates from the intrinsic motion, which is neces-
sary to obtain translationally invariant intrinsic many-body eigenstates. Furthermore,
the variational principle holds. Thus the energy eigenvalues of a NCSM calculation
provide an upper bound for the exact solution of (149) for a given Hamiltonian. More-
over, the energy eigenvalues decrease with increasing size of the model space defined
by N,.... Because the contribution of a many-body configuration to a low-energy state
typically decreases with increasing unperturbed excitation energy, the energy eigenval-
ues converge with N,,,,. The NCSM is applicable for closed as well as open-shell nuclei
and treats ground and excited eigenstates at the same footing. Moreover, the NCSM
calculation does not only provide the energy eigenvalues £, but the eigenstates |¢,,) as

well. The eigenstates are expressed as a superposition of the many-body basis states |¢,)
() =D Crlen) (150)

where the coefficients C, determined by the solution of the eigenvalue problem, define
the eigenvector. Therefore, in principle every nuclear structure observable of the low-
energy states can be extracted.

A disadvantage of the NCSM is the fast growth of the model space size with N,,,, and
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@ protons

O heutrons

Figure 13: NCSM model space: The figure shows an exemplary 4hS) excited configuration
for the protons (disks) and neutrons (circles) of O arranged in an harmonic-oscillator
potential. The illustrated orbits correspond to an energy quantum number e = 2n + .

with the nucleon number A. Nowadays one can handle model space dimensions up to
the order of 10° or even 10'° with massive parallelization. For a NCSM calculation of
160 in a N,,., = 8 model space the dimension is in the order of 10°, but a 842 model
space is not sufficient to obtain energy convergence, therefore, the NCSM is limited to
mid-p-shell nuclei.

6.1.2 Importance truncated no-core shell model (IT-NCSM)

The importance truncated no-core shell model (IT-NCSM) [35, 36, 37] is based on bases
the NCSM and extends the range of applicability to larger model spaces. The NCSM
and the full CI method use a global truncation of the many-body basis, which do not
account for the specific properties of the Hamiltonian and of the investigated states. As
a result the model spaces contain a substantial number of basis states that are irrelevant
for the description of the investigated states. The importance truncation scheme uses
an additional truncation in order to neglect these irrelevant basis states from the model
space, by considering to properties of the Hamiltonian and the target states. Generally
the idea of importance selection, pioneered in quantum chemistry in the 1970s, can be
applied to any CI method. In nuclear structure theory the application to the NCSM is at
the moment the most successful approach.

Let us consider the basic concept of the IT-NCSM. We start with an approximation of the
target state, called reference state |¢,.r), carrying the correct quantum numbers of the
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target state

ey = Y CIDlgy). (151)

VEM ey

The reference state is a superposition of the basis states |¢,) spanning the reference space
M..s, which is a subspace of the N,,,, /{2 model space M, .. of the NCSM. For instance
one can obtain the reference state |¢,.;) from a NCSM calculation in a 2} reference
space. The next element is a priori measure for the relevance of the individual basis
states |¢,) in My,,.. , which are not contained in M,.;. Based on the reference state,
multi-configuration perturbation theory provides a natural framework for assessing the
importance of these basis states. From the amplitudes of first order perturbation to the

reference state, one obtains the dimensionless measure of the importance

K, = _<¢V|H|¢Tef>’ (152)
Ev — Eref
- -y e (0ol H8)
a Ev — Eref 7
/J'GMTef

where ¢, can be obtained in the simplest case at the level of the independent particle pic-
ture (Mgller-Pleset-type formulation). In this formulation we set ¢, := ¢,.s+ A¢,, where
Aeg,, corresponds to the excitation energy of (¢,| to the unperturbed ground state. Alter-
natively, in an Epstein-Nesbet partitioning, the energy ¢, is defined by the expectation
value of the Hamiltonian

Although definition (153) appears to be the more natural choice we use the simpler
Mpgller-Pleset-type formulation to obtain the energy ¢, because the formulation choice
has no significant influence on the importance-truncated model space and for our appli-
cation computational efficiency is the prime concern. Due to implementation reasons we
use the SRG-transformed Hamiltonian A" = Tj,ﬂ + Vf}v  for the importance measure
in (152), without irreducible three-body contributions. We will discuss this point at the
end of the subsection.

Only those basis states with an absolute value of the importance measure |k, | larger than
a certain threshold k,,;, > 0 are included in the importance-truncated model space. Due

to the importance measure we do not have to solve the eigenvalue problem in the My, ..
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model space to determine the relevance of the individual basis states, but we are able to
estimate the relevance a priori. In the importance-truncated model space we solve the
eigenvalue problem. The resulting eigenstate provides a better approximation for the
target state and is used as new reference state. With the new reference state one can
iterate the previous steps, obtaining again an importance truncated model space and
after the eigenvalue solution a better approximation for the target state. This procedure
can be iterated until the reference state and energy converge.

In the following we use a sequential construction of the model space, which we will
discuss now. Again we start with the first reference state |¢ﬁ>f) obtained from a NCSM
calculation in a 2A£) model space as reference space ./\/lfq?f, where the upper index in
angle brackets indicate the number of iterations. Next we extend the model space M f«?f
by 2hf) excitations and obtain a 44¢2 model space, where we perform an a priori impor-
tance selection of the basis states. Note that we use an Hamiltonian with irreducible
two- but without three-body contributions, therefore, only basis states |¢,) which can be
produced by 1plh- and 2p2h-excitations of the basis states in the reference space, have
an importance measure x, # 0 and can be included to the importance truncated model
space /\/lf?f In /\/lf?f one can solve the eigenvalue problem obtaining |¢g}> Again we
extend the reference model space M f?f by 2h() excitations, obtaining a 6:£) model space
and perform the importance measure with respect to |¢fi>f) yielding the new importance
truncated model space Mi?;éc and so on. These steps can be sequentially iterated until
the NV, 7€) space is reached for which the eigenenergy converges.

The importance threshold k,,;, has an essential role. For the limit x,,;, — 0 the impor-
tance truncated model space corresponds to the NCSM model space. The aim of the
IT-NCSM is to reproduce the results of the full NCSM calculation, therefore, we calcu-
late the eigenenergies or other nuclear structure observables for different importance
thresholds «,,;, and extrapolate the x,,;,, — 0 limit through a polynomial fit of the order
2 — 4. This procedure we will call threshold extrapolation.

In order to perform the IT-NCSM calculation for more than one eigenstate simultane-
ously, one uses the same steps as explained above with several reference states |¢£?f)
simultaneously, where i = 0,...,m and m is the number of target states. In this case
one has to include a basis state |¢,) to the importance truncated model space, as soon
as \f-z,(f )| > Komin holds true for at least one reference state. Thus, the dimension of the
importance truncated model space increases with the number of simultaneous target
states.

In order to reduce the uncertainties of the extrapolation we will use very small impor-
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tance thresholds, with a minimal threshold of «,,;,, = 107°. Therefore, even if we use
the importance truncation, we still deal with very large model spaces, for example for
160 and N,,., = 8 the dimension of the order 10° for NCSM model space decreases to
the order of 107 for the IT-NCSM model space. Since the resulting eigenvalue problems
are still sparse, we will use the Lanczos algorithm to solve them.

Remember that we use a Hamiltonian without irreducible three-body contributions for
the importance measure (152), but for the eigenvalue problem (149) we include them.
This approximation is reasonable, because the irreducible one- and two-body contri-
butions have a much larger influence to the importance measure than the irreducible
three-body contribution of the Hamiltonian. Besides, one can compare the NCSM re-
sults with the one of the ITTNCSM to check the used basis truncation.

In conclusion the IT-NCSM facilitates ab initio nuclear structure calculations beyond the
domain of the full NCSM, providing the same results [35, 36] where ever the NCSM is
applicable. The IT-TNCSM extends the range of application to the sd-shell, keeping all the
advantages of the NCSM. For instance, there is only a negligible center-of-mass contami-
nation, the calculations provide the eigenstates for a given importance threshold, so one
can ascertain other nuclear structure observables by using the threshold-extrapolation

technique, and the variational principle holds.

6.2 Hartree-Fock method

In the Hartree-Fock scheme, the many-body state is approximated by a single Slater
determinant [23, 38, 39]. In second quantization this Slater determinant for an A-
particle system reads

|®) = alad..al,|0), (154)

where |0) is the vacuum state and &2 are the creation operators of the single-particle
states

o) = @} ]0). (155)

The Hartree-Fock single-particle states |« ) are used as variational degrees of freedom in
the minimization of the energy expectation value £|[|®)| of the many-body Hamiltonian.
In the following we briefly discuss the Hartree-Fock approximation for a Hamiltonian
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A23) = 7 4 v 4 VBl with irreducible one-, two- and three-body contributions, in
a general basis representation. For a detailed derivation we refer to [40]. The Hartree-
Fock single particle states |«y) are represented in an auxiliary basis {\ Xl>}: with the

creation operators clT, e.g., the harmonic oscillator basis,

) => Dby oral =3 DMé, (156)
l l

where the expansion coefficients Dl(k) are used as variational parameters. The idea
is to transform the linear many-body eigenvalue problem into a non-linear one-body
eigenvalue problem. This is one of the reasons one uses the one-body density matrix
operator 9!l of the Hartree-Fock Slater determinant, with the matrix elements

o = (aldhe) = (@lehal@) =S DY DI (®la],an| @) . (157)
kK’

Due to the fact that the one-body density matrix operator ¢! is diagonal in the |ay)-
basis representation with the eigenvalue 1 for an occupied state and 0 for an unoccupied

state, we obtain
Qu' = ZD Dz(fk/ ) (158)

where we only sum over the k of the occupied states |a;). The Hamiltonian will be

expressed in the auxiliary basis in second quantization

0 = S il

aa’ ~a

+ ZZ ba’b’c Cbcb’ca (159)

aa’ b

+ E :E :E : abca’b’c chc CC'Cb'Ca7

aa’ bb cc

with the matrix elements

= (el TWxer) (160)
Vi = s VP e xw . (161)
‘/a[li]:,a’b’c’ = a(XaXbXC|V[3]|Xa’Xb’Xc’>a' (162)
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For the energy expectation value one obtains

E[®)] = (2|H|®)

= Ztaa Qaa + ZZ‘/aba’b’ aba’b’

aa’ bbb

D) B DAG W s (163)

aa’ bb cc

with the two- and three-body density matrix elements g[b} +p and Qabc abel

Owing to the properties of the density operators of a Slater determinant [23, 38, 39, 40],
one can reduce the two- and three-body density matrix elements to one-body density
matrix elements. From the variational principle one can derive the non-linear one-
body eigenvalue problem, using the fact that the one-body density operator of a Slater
determinant is Hermitian and idempotent. This non-linear one-body eigenvalue problem
is also well known as the Hartree-Fock equation

hlo™]|ax) = exlan) (164)

where ﬁ[gm] is the density-dependent one-body Hamilton operator given by the matrix
elements

1 2 3]
haw [Qm] = t([w],’ + Z Va[b,}a’b’ %yt 5 Z Z Va[bc a'blc ’Qb v Qc o (165)

bb/ bb cc

Representing (164) in the auxiliary basis {|Xz>}, yields
Z haw [0 DY = £, D®) (166)

The one-body density matrix elements depend on the Hartree-Fock single-particle states,
therefore, we have a non-linear eigenvalue problem for the Hartree-Fock single-particle
energies ¢, and the expansion coefficients D).

Equation (166) is solved in an iterative procedure until full self-consistency is obtained.
In practice one starts with a certain guess for the coefficients D). This coefficients are
used to determine the one-body density matrix elements in the one-body Hamiltonian
Raa[0Y)]. With a determined one-body Hamiltonian, the Eq. (166) transforms to a linear
eigenvalue problem, which can be solved, providing a new set of coefficients D). This

new set of coefficients is used to determine the one-body Hamiltonian again and the
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steps described above can be repeated. This procedure will be iterated until the conver-
gence of the coefficients is reached. The coefficients D) determine the Hartree-Fock
single-particle states |«y). The approximation for the ground state |®) = |HF') is given
by a Slater determinant of the A single-particle states |ay), with the lowest energy. Note
that the ground state energy E|[|H F')| is not the same as the sum of the single particle
energies [23, 38, 39, 40].

Let us summarize the advantages and limitations of the Hartree-Fock approximation.
First of all, in the Hartree-Fock scheme the many-body eigenstate is approximated by a
single Slater determinant, which is not sufficient to describe the short-range and tensor
correlations. Therefore, one has to use an effective interaction, otherwise one obtains
unbound ground states for nuclei through the whole nuclear chart [22]. In our case we
use the SRG-transformed Hamiltonian ¥ = T2 + Vf]}v N+ (VCE?’]]V N+ VOE?’]]VN N) , see
Chapter 5.

Although we use a Galilei-invariant Hamiltonian, there is the possibility of a center-of-
mass excitation, whose contribution to the ground state is expected to be small. How-
ever, for the purpose of this thesis, the effect of the center-of-mass contamination on the
ground state is irrelevant. A stringent but computationally expensive approach requires
an explicit center-of-mass projection, which will not be performed in this thesis.

With the Hartree-Fock scheme we are not limited to light nuclei like for the exact ab
initio methods, and are able to investigate ground states of nuclei through the whole
nuclear chart (especially closed-shell nuclei). Even if the Hartree-Fock approach does
not provide such accurate ground-state energies as the ab initio methods, it is able to
illustrate the general systematics, e.g. of the binding energies as function of the mass
number. Furthermore, the Hartree-Fock approach provides a variational upper bound for
the exact ground-state energy. Finally, the Hartree-Fock solution can serve as a starting
point for improved approximations that take the missing correlations into account.
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7 Many-body calculation results

In this chapter we present and discuss the results of the many-body calculations with
the NSCM and IT-NCSM as well as with the Hartree-Fock approach (see Chapter 6), us-
ing the SRG-transformed two- and three-body interaction from yEFT. To disentangle the
effects of the irreducible three-body contributions, we investigate the results of nuclear
many-body calculations for irreducible three-body contribution induced during the SRG
transformation of the two-body interaction VCE?)]]V n with and without genuine three-body
interaction VCE?)]]V vy as well as for the pure irreducible two-body interaction Vap]]\,N We

will use the following notation to identify the various calculations:

e NN-only No genuine NNN interaction and no SRG-induced irreducible
three-body contribution (A = TAZ% + Va[z;v N)-

e NN+NNN-induced No genuine NNN interaction, but SRG-induced irreducible
three-body contribution (H = Tl[ﬂ + Vf]]\, Nt Vf’]]v N)-

e NN+NNN-complete Include the genuine NNN interaction as well as the SRG-
induced irreducible three-body contribution

(I:Io[?’g} = Tl[s}t + Vf]}v]\/ + Va[?z}\m + VoE,g;VNN)'

7.1 (IT-)NCSM calculations for ‘He

We use the NCSM and the ITTNCSM approaches to investigate the interactions defined
above, for the “He nucleus. This nucleus is an ideal candidate for our investigations, be-
cause due to the small nucleon number the model spaces are sufficiently small to obtain
an energy convergence for the ground-state even with the NCSM, provided that we use
a SRG-transformed interaction. For instance, this is relevant to check if the IT-TNCSM
calculations produce the same results as the NCSM calculations. The following investi-
gations of the *He ground state will be used to study the sensitivity of of the many-body
results as a function of the unfixed parameters of the interaction and the many-body
calculation. These parameters are the harmonic oscillator frequency, SRG model space
as well as the range of the SRG parameter «. The conclusion of this investigations will
be used to determine the parameters in the Hartree-Fock calculations (Sec. 7.3).
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Figure 14: Frequency dependence of the NN+NNN calculation: The figure shows
the *He ground-state energies obtained in NCSM calculations, with the bare NN+NNN
interaction, as function of the harmonic oscillator frequency, for different model spaces
corresponding to N, = 2 (@), Nyaz = 4 (#), Nppaz = 6 (&), Ny = 8 (W) and N, = 10
(+).
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First of all, we discuss the behavior of the *He ground-state energy for the bare NN+NNN
interaction, i.e., without a SRG transformation, as function of the harmonic oscillator
frequency, defined by £f). In Fig. 14 the corresponding results are shown. With growing
NCSM model space, defined by N,,.., the ground-state energy decreases as expected
from the variational principle. Moreover, the energy depends on A{). For an exact so-
lution of the eigenvalue problem in an infinite model space the result should be inde-
pendent of the harmonic oscillator frequency. Generally for the NCSM and IT-NCSM
calculations in a finite V,,,, model space there is a minimum in the energy for a certain
hS). This is seen in Fig. 14, even if the frequency range is sometimes too small. More-
over, the results show that the frequency for the minimal ground-state energy increases
with model space and that the frequency dependence flattens out with larger N,,,.. The
decrease of the curve for N,,,, = 10 shows that the calculations are not yet converged.
Therefore, we either have to use a much larger model space or we have to SRG trans-
form the interaction to accelerate the convergence. Because we are limited to three-body
matrix elements up to an energy quantum number FEj,,.. = 12 at the moment (see Sec.
4.6), we can maximally use an *He many-body model space up to N,,., = 12. This is
why we must use SRG-transformed interactions in the following.

Next we analyze whether the model space we use for the SRG transformation is large
enough to ensure the convergence of this transformation. As mentioned in Sec. 5.2 we
have to check whether the many-body results are invariant for increasing SRG model
space. Figure 15 shows a NN+NNN-complete IT-NCSM calculation for the ground-state
energy of “He for two SRG model spaces, which are defined by E'ori®). In the figures
an interaction with o = 0.08 fm” is used. The error bars of the IT-NSCM calculations are
caused by the threshold extrapolation (see Sec. 6.1.2). For a harmonic oscillator basis
with A2 = 16 MeV (top left) and A2 = 20 MeV (top right) there are still significant con-
tributions to the SRG-transformed Hamiltonian from states beyond ESED — 98, These
contributions affect the result and lead to a reduction of the ground-state energy. With
increasing hf) the effect of these high energetic contributions becomes smaller and for
h$) = 28 MeV it approximately vanishes. Moreover, for ESED — 32 and hQ = 16 MeV the
curve converges to an energy several 100 MeV higher than the converged ground-state
energies of the other frequencies. This indicates that even an ESES — 32 SRG model
space is not sufficient for 22 = 16 MeV and that larger model spaces are needed to lower
the ground-state energy to the same value as for the other frequencies. What we learn
from the calculations of Fig. 15 is that the required model space for the SRG transforma-

tion depends on the harmonic oscillator frequency and that for small A€} larger model
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Figure 15: Ground-state energies for different SRG-model spaces: The plots show the
‘He ground-state energies obtained by the IENCSM calculation as function of N,,q., for

a NN+NNN-complete interaction, SRG transformed in an ESED — 28 model space (®)
and in an Eﬁfa{%@ = 32 model space (®). For the calculations we used a SRG parameter

o = 0.08fm” and the harmonic oscillator frequencies h§) = 16 MeV (top left), hQ) = 20 MeV
(top right), h$) = 24 MeV (bottom left) and h§2 = 28 MeV (bottom right).
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spaces are necessary. We want to point out that for very large h{) we expect that the
required model space for the SRG transformation increases again, but this topic has to
be investigated in the future. Furthermore, there is no guarantee that the influence of
h$) on the required E,(,falch) is always the same. The relation of these two quantities can
depend on the nucleus (see Sec. 7.2) and even on the investigated state or the observ-
able. Therefore, one has to check whether the SRG model space is large enough.

Figure 16 shows the *He ground-state energy for the NN+NNN-complete IT-NCSM cal-
culation for various a-parameters. The curve for « = 0.00fm" corresponds to the bare
interaction. The energy curves converge in a N,,,, = 12 model space for o > 0.02 fm?,
the converged energy of the o < 0.08 fm” curves is indicated by the gray dotted line. So
even if the ground state energy does not exhibit the fastest convergence for i) = 28 MeV
with a bare interaction (see Fig. 14), we obtain convergence for the SRG-transformed
interaction. The lower plot of Fig. 16 shows the same curves with a closer range about
the converged energy. For o = 0.16fm" and o = 0.32fm" the converged energies dif-
fer from the common converged energy of the other curves (gray dotted line) by about
100 keV. This is due to induced irreducible four-body contributions. With increasing «
these obviously repulsive contributions become larger. Note that repulsive contributions
lead to a decrease and attractive contributions to an increase of the binding energy. This
is a very important observation, because we want to choose « as large as possible to
enhance the convergence, as long as the irreducible four-body contribution are negligi-
ble. For the ground-state of “He o = 0.08 fm* is an adequate choice. The calculations
of Fig. 16 offer another interesting information, the experimental ground-state energy
(black dashed line) is approximately 100 keV higher (less bound) than the converged en-
ergy (gray dotted line). This indicates a deficiency in the initial interaction from yEFT.
There are various possible reasons for this deviation. For instance we neglect the isospin
dependence for the irreducible three-body contributions, but we would not expect that
this causes a deviation of 100 keV. What is most likely that the deviation is caused by
the missing genuine four-body interaction. Due to the results of the above calculations,
we can determine the mentioned parameters for the following calculations. We will use
an harmonic oscillator basis with {2 = 28 MeV, a SRG model space corresponding with
ESED — 98 and o parameters up to 0.08 fm".

After we have investigated the NN+NNN-complete interaction properties in dependence
of the harmonic oscillator frequency, the o parameter as well as the NCSM and SRG
model space sizes, we will now examine the influence of the irreducible three-body
contributions. Therefore, we first compare the results of the NN-only and NN+NNN-
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Figure 16: NN+NNN-complete calculation: The upper plot shows the *He ground-state
energies obtained by NN+NNN-complete IT'TNCSM calculations as function of N,,.., for the
SRG parameter o = 0.00fm" (®), o = 0.01fm"* (), o = 0.02fm* (»), @ = 0.04fm"* (),
a = 0.08fm4 +), a = 0.16fm4 (®) and o = O.32fm4 (*). The dashed black line indicates
the experimental value [41] and the gray dotted line corresponds to the converged energy
of the curves up to o = 0.08 fm". In the plot below we see the same curves for a closer range
about the converged energy. The interaction is SRG transformed in an ESED — 98 model
space and an harmonic oscillator basis with hS{) = 28 MeV is used.
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Figure 17: Comparison of the NN-only with the NN+NNN-induced calculation:
The figure shows the *He ground-state energies obtained by NN-only (open symbols) and
NN+NNN-induced IT-NCSM calculations (solid symbols) as function of N,,.., for the SRG
parameter o = 0.01fm* (8,0), a = 0.02fm* (¢,0), a = 0.04fm* (a,2) and a = 0.08fm*
(m,0)). The interactions are SRG transformed in an ESED — 28 model space and an har-
monic oscillator basis with k) = 28 MeV is used.
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Figure 18: Comparison of the NN+NNN-complete with the NN+NNN-induced cal-
culation: The figure shows the “He ground-state energies obtained by NN+NNN-complete
(solid symbols) and NN+NNN-induced (open symbols) IT-NCSM calculations as function of
Ninas, for the SRG parameter o = 0.01fm" (8,0), a = 0.02fm” (¢,0), o = 0.04fm" (a,2)
and o = 0.08fm" (m,0). The interactions are SRG transformed in an ESED — 28 model
space and an harmonic oscillator basis with h{) = 28 MeV is used. The dashed black line
indicates the experimental ground state energy [41].

induced IT-NCSM calculations for the He ground-state energy, shown in Fig. 17. The
NN-only results (open symbols) for the different o parameters do not converge to the
same energy. The larger o the lower are the converged energies. This is due to the
missing induced contributions, which increase with the o parameter. If one includes
the induced three-body interaction (solid symbols) the curves converge to the same
energy, which is higher than all the converged energies of the NN-only calculations.
The a-independence shows that, it is sufficient to consider only the induced irreducible
three-body contribution of the two-body interaction. Note that the induced three-body
interaction leads to a shift of the energy curves, but the convergence is not much effected
by it. Moreover, the induced three-body contributions are repulsive and with increasing
« the repulsiveness enlarges.

Let us consider the role of the genuine three-body interaction. Figure 18 illustrates the
NN+NNN-complete (solid symbols) and NN+NNN-induced (open symbols) IT-NCSM
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calculation for the He ground-state energy. As we already have seen in Figs. 16 and 17
the curves up to o = 0.08 fm" converge to the same energy for the NN+NNN-complete
and NN+NNN-induced calculations, respectively. But the converged energy for the
NN+NNN-complete interaction is several MeV lower than the one for the NN+NNN-
induced interaction. This indicates that the genuine three-body contribution is attrac-
tive. Moreover, it seems that the genuine three-body interaction just causes a constant
shift of the ground-state energies, without changing the convergence notably.

Finally we compare the results of the NN+NNN-complete and NN-only calculations, il-
lustrated in Fig. 19. The upper plot shows the “*He ground-state energies for the both
interactions. Due to the induced and genuine three-body contributions, the curves of
the NN-only interaction (open symbols) get shifted. This is shown in the lower plot of
Fig. 19, where the NN-only curves (open symbols) are displaced by a constant shift in
the way that the NN+NNN-complete and NN-only curves with the same « intersect at
Nyaz = 12. The two curves with the same « show almost equal convergence behavior.
As a consequence the convergence behavior is determined by the irreducible two-body
interaction. This is a very interesting property, if this holds true even for other nuclei
and states or observables, one could perform the NN-only calculation in a model space
with large N,,.. to determine the convergence behavior and ascertain the energy shift,
due to the three-body contributions, for a smaller N,,,,, manageable for the irreducible
three-body interaction.

7.2 TT-NCSM calculations for °Li

To investigate the influence of the size of the SRG model space with varying harmonic
oscillator frequencies, we perform a ITNCSM calculation with a NN+NNN-complete in-
teraction for the ground-state energy of °Li, in analogy to the Helium calculations shown
in Fig. 15. We again compare the °Li ground-state energies of the NN+NNN-complete
interaction, SRG transformed in an ESED — 98 and ESED = 32 model space. The
results? are summarized in Fig. 20. As in the *He case the two energy curves differ for
h$) = 16 MeV (top left) and also for 42 = 20 MeV (top right), which indicates that for
these frequencies the effects of the (S7G) > 28 states are not negligible. The two curves

corresponding to Eﬁfﬁ(;) = 28 (@) and Er(,falfcc) = 32 () for Q) = 24 MeV (bottom left)

2The actually available three-body matrix elements are limited to an energy quantum number E3,,,,, =
12 (see Sec. 4.6). Because the unperturbed configuration of °Li contains two nucleons in the p-shell, the
Niae = 10 model space is the largest NCSM model space we can completely cover, using those matrix
elements.
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Figure 19: Comparison of the NN+NNN-complete with the NN-only calculation:
The upper figure shows the *He ground-state energies obtained by NN+NNN-complete
(solid symbols) and NN-only (open symbols) IT-NCSM calculations as function of N,,qz,
for the SRG parameter o = 0.01fm" (8,0), a = 0.02fm" (¢,0), & = 0.04fm* (a,2) and
o = 0.08fm"* (m,0). In the figure below the NN-only curves (open symbols) are displaced by
a constant shift in the way that the NN+NNN-complete and NN-only curves with the same
« intersect at N,,,, = 12. This illustration serves to investigate the contribution of the irre-
ducible three-body part to the convergence behavior. The interactions are SRG transformed

in an ESEY) = 28 model space and an harmonic oscillator basis with h{) = 28 MeV is used.
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Figure 20: Ground-state energies for different SRG-model spaces: The figures show
the °Li ground-state energies obtained by the ITNCSM calculation as function of N4z, for

a NN+NNN-complete interaction, SRG transformed in an ESED — 28 model space (®)

and in an Eﬁfa{%@ = 32 model space (#). For the calculations we used the SRG parameter
o = 0.08fm” and the harmonic oscillator frequencies h§) = 16 MeV (top left), hQ) = 20 MeV

(top right), h$) = 24 MeV (bottom left), and h§2 = 28 MeV (bottom right).
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and A2 = 28 MeV (bottom right) do agree with each other, respectively. This indicates
that the Eb) = 28 model space is sufficient for the SRG transformation. On closer
examination one observes that the curves for /() = 24 MeV and for /A2 = 28 MeV show a
different convergence behavior. This frequency dependence of the convergence behav-
ior was also illustrated for “He (Fig. 14). The convergence behavior of the A2 = 24 MeV
curves is improved in comparison to the i) = 28 MeV curves and the i) = 20 MeV
curves converge even faster. It seems as if the frequency, with the fastest convergence,
decreases with increasing mass number. Furthermore, it seems that the effect of the
high-energy states in the SRG model space is not influenced by the mass number. Of
course the available data sets are not sufficient to prove these observations. Therefore,
further investigations are required.

7.3 Closed-shell nuclei with the Hartree-Fock method

We will apply the Hartree-Fock method to closed-shell nuclei beyond the p-shell, to in-
vestigate the ground-state energies and charge radii. The aim is not to provide precise
predictions those observable, but to assess the systematic behavior of our interactions
with increasing mass number.

The upper plots in Fig. 21 show the differences of the calculated ground-state energy to
the experimental value per nucleon, obtained at the Hartree-Fock level for the NN-only
, NN+NNN-induced and NN+NNN-complete Hamiltonians for different o parameters.
As mentioned in Sec. 6.2 a calculation with a bare NN and NN+NNN interaction would
yield unbound ground states, and the SRG transformation is essential to obtain physical
meaningful results. The ground-state energies obtained with SRG-transformed interac-
tions correspond to bound states for all nuclei, indicating that the dominant correlations
are indeed introduced very efficiently by the SRG transformation. Let us first concen-
trate on the ground-state energies for the NN-only calculation (e). For light nuclei the
interaction underestimates the binding energies in comparison to experiment. With in-
creasing mass number the ground-state energies drop relative to the experimental values
[41]. In contrast the results for the NN+NNN-induced calculation (e) reproduce the sys-
tematics of the ground-state energies very well. The reason is the induced three-body
contribution, which is produced during the SRG transformation. As observed in the IT-
NCSM calculations (Fig. 17) these induced contributions are repulsive and lead to a
decrease of the binding energies. Apparently the importance of the induced three-body
contributions for the description of the ground states increases with mass number, this
is why the binding energies for the NN-only interaction increase with the mass number
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Figure 21: Investigation of closed-shell nuclei: Illustrated are the differences of the
calculated ground-state energy to the experimental value per nucleon (upper row) and the
charge radii (lower row) for a sequence of closed-shell nuclei, obtained by the Hartree-
Fock approach. The data sets correspond to the NN-only (e), NN+NNN-induced (¢) and
NN+NNN-complete (a) interactions, which are SRG transformed in an ESED — 98 model
space, for o = 0.02fm* (left column), o = 0.04fm" (middle column), and oo = 0.08 fm*
(right column). We use a harmonic oscillator basis with h§) = 28 MeV. For the Hartree-Fock
calculation the single-particle states are truncated to an energy quantum number €,,,, = 14
and the three-particle states are limited to an energy quantum number Es,,., = 12. The
black bars indicate the experimental values [41, 42].
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relative to the experimental values. If we increase the SRG parameter « also the induced
three-body contributions grow (see Sec. 5.2), therefore, we observe an accelerated drop
of the energy differences per nucleon, for increasing « parameter. In conclusion, the
information contained in the bare NN interaction is sufficient to describe the general
systematics of the ground-state energies, through the nuclear chart. But the Slater de-
terminant used in the Hartree-Fock approach is not able to describe any correlations.
That is why we have to apply a SRG transformation to the interaction. To consider the
induced irreducible three-body contribution is necessary to describe the general system-
atics of the ground-state energies. The small o dependence indicates that the induced
irreducible m-body contributions with 4 < m < A are insignificant.

We will now include the genuine three-body contributions. The curves for the NN+NNN-
complete calculation (a) show a similar trend as the curves of the NN-only calculation
but drop less for the light nuclei. With increasing mass number and especially increas-
ing o parameter the drop of the NN+NNN-complete curves is faster than the drop of the
NN-only curves. The o dependence indicates that analog to the NN-only calculations the
neglected induced irreducible m-body contributions with 4 < m < A are necessary. In
addition to this we observe a notable drop in energy from “8Ca to °Zr for o = 0.08 fm".
Unfortunately, the datasets are not sufficient to make a reasonable conclusion, but it
seems that the induced higher-order contributions of the genuine NNN interaction be-
come more and more important for increasing mass number and « parameter. Because
of analog reasons we would expect that a consideration of the induced four-body con-
tributions of the genuine NNN interaction would again lead to a stabilization of the
ground-state energy systematics. The inclusion of four-body contributions would pose
an enormous challenge.

An important aspect are the missing correlations in the Hartree-Fock Slater determinant,
leading to an underestimated binding energy. The larger the o parameter the less corre-
lations are generated by the interaction. This can also be observed in the upper plots of
Fig. 21 by the drop of the ground-state energies with increasing o parameter.

In the three lower plots of Fig. 21 the charge radii of the NN-only , NN+NNN-induced
and NN+NNN-complete calculations are shown for different o parameters. The black
bars correspond to the experimental charge radii [42]. The charge radii are underesti-
mated for all nuclei but “He. Already the NN-only interaction (@) is able to reproduce
the pattern of the charge radii and the inclusion of the induced irreducible three-body
contribution (¢) even enhances the result by increasing the values. With increasing « the

charge radii for the NN-only interaction drop, owing to the missing induced three-body
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contributions, which become larger with increasing a. For the NN+NNN-induced inter-
action, in contrast, the charge radii increase with o, what improves the result. Because
of the small o dependence of the NN+NNN-induced calculations the consideration of
the induced three-body contribution of the two-body interaction is sufficient and the
induced m-body contributions with m < 4 < A can be neglected for the description of
the charge-radii at the Hartree-Fock level.

However, the genuine three-body interaction, added in the NN+NNN-complete calcula-
tion () reduces the charge radii. For a = 0.02fm" the effect of the genuine three-body
interaction is small and the charge radii approximately correspond to the one of the
NN+NNN-induced calculation. But with increasing o the NN+NNN-complete curve
drops below the NN+NNN-induced curve. For o = 0.08 fm* the even the pattern cannot
be reproduced, due to the massive reduction of the charge radii for the heavy nuclei.
Note that for heavy nuclei the radii even decreases with mass number. This observation
indicates that the irreducible four-body and higher-order contributions induced by the
genuine three-body interaction become very important and the effect of the neglected
induced contributions increases with mass number.

In conclusion, the irreducible four-body and higher-order contributions, induced by the
genuine three-body interaction, have an important impact on the ground states of heav-
ier nuclei. As long as these contributions are neglected, the NN+NNN-induced calcula-
tions produce superior results for the ground-state energies and charge radii. Besides,
the induced three-body contribution of the two-body interaction is also crucial for the
ground-state charge radii and in particular for the energies.
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8 Summary and outlook

In this thesis we apply a SRG-transformed NN+NNN interaction from yEFT for different
nuclear many-body calculations. The two-body part of the initial interaction is obtained
at N°LO and the three-body part at N>LO. The corresponding interaction matrix ele-
ments are provided in the Jacobi basis. We discussed the SRG transformation of the
NN+NNN interaction in the Jacobi basis and investigated the diagonalization proper-
ties of the YEFT interaction through the SRG evolution. For the many-body calculations
the interaction matrix elements need to be transformed to an m-scheme representation.
Thus, we derive the formulas for the transformation of the interaction matrix elements
from the Jacobi basis to m-scheme and implement the transformation in C/C++. We
show that a direct transformation to the m-scheme is limited to a model space up to
a three-body energy quantum number Fj3,,,, = 8, due to the fast growth of the mem-
ory requirement with Fj,,... In this work we establish a second procedure, where we
transform the Jacobi matrix elements to a .J-coupled scheme and decouple the matrix
elements on-the-fly during the many-body calculations. At the moment the model space
of this improved transformation is limited to Fj3,,., = 12, which is larger than every
other m-scheme model space used by a many-body calculation code. For the future we
plan to enhance our code by an improved parallelization in order to expand the range
of application to a model space corresponding to Fj3,,,, = 16. The enhancement of the
model space from FE3,,,, = 8 to E3,,.. = 12 or 16 is crucial to obtain converged results
in exact ab initio calculations for nuclei in the p- and sd-shell.

We perform many-body calculations with the NCSM and IT-NCSM for ground-state ener-
gies of He and °Li, using the SRG-transformed interaction from yEFT. We investigated
the influence of the SRG model space and the SRG flow-parameter « to the ground-state
energy results and analyzed the effect of the induced and genuine irreducible three-body
interactions for “He. In the calculations we observed that the required SRG model space,
depends on the harmonic oscillator frequency. In particular for small frequencies in the
order of A2 = 16 MeV the used SRG model space has to be enlarged. In the near future
we plan to construct the SRG model space in a more flexible manner, therefore, we will
use a maximum energy quantum number E,Sfa}iG)(J ) depending on angular momentum.
This will enable us to increase E'5n for the relevant angular momenta, while decreas-
ing it for the other angular momenta. In addition we observed that the convergence
accelerates with increasing parameter «, but also the induced interaction contributions
increase. Thus, one has to find a trade-off between the acceleration of the convergence
and the growing induced irreducible four-body contributions which cannot be consid-
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ered in the many-body calculations, so far. In this context we aim to study the properties
of different SRG generators 7, in order to reduce the induced four-body contributions.
Concerning the studies of the irreducible three-body contributions we find that the in-
duced contribution from the genuine two-body interaction is repulsive and leads to an
decrease of the ground-state binding energy. The induced irreducible three-body con-
tribution is necessary to obtain the same converged energy for different o parameters,
which is not the case for the pure two-body interaction. The genuine three-body inter-
action is attractive and leads to a ground-state, which is more than 100 keV overbound
compared to the experiment. This indicates a deficiency of the initial interaction from
YEFT. The reason could be the absence of the N®LO contribution of the NNN interaction,
which has to be compensated by the fit of the LECs ¢p and cg. But more likely is that
the discrepancy is caused by the absence of the genuine four-body interaction. In this
context one also has to consider the description of the nuclei in the p- and sd-shell. We
expect that the discrepancy of the calculated ground-state energies will increase with
the mass number. As an outlook we plan to investigate nuclei in the p- and sd-shell and
try to determine a different set of LECs to improve their description with the NN+NNN
interaction from YEFT. From the “He ground-state energy calculations we learn that
the irreducible three-body contributions do not affect the convergence behavior signif-
icantly, but lead to an almost constant shift of the pure two-body results for a range
of N,,.. model spaces. We will investigate whether this property also holds for heavier
nuclei and other states or observables. In this case one could use the pure two-body
interaction in a model space corresponding to N,,.., Which is sufficiently large to obtain
the convergence, while the three-body contributions would be considered in a model
space with smaller N,,,,. Using such a procedure would enable us to obtain the result
for a three-body interaction in a model space, which would not be reachable for a con-
ventional exact ab initio calculation with a three-body interaction.

Finally, we performed Hartree-Fock calculations for a set of closed-shell nuclei, where we
investigated the energies and charge radii of the ground states. In conclusion, the repul-
sive induced three-body contribution from the genuine two-body interaction improves
the Hartree-Fock result for both observables. Compared to the experiment the Hartree-
Fock ground states are underbound, but the general systematics of the ground-state en-
ergies can be reproduced. The charge radii are to small compared to the experiment, but
show a similar pattern. The consideration of the genuine three-body interaction leads
to a strong overbinding with increasing mass number and « parameter. This seems to

be related to induced four-body contributions from the genuine three-body interaction.
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As long as we are not able to include four-body interactions, the calculations using a
two-body interaction with induced three-body contribution provide better systematics
than the calculations with genuine three-body interaction.

In the future we will extend the application of the yEFT interaction to further nuclei
and observables, using also other many-body approaches. In particular the application
of many-body perturbation theory will be studied.
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A Appendix

A.1 Antisymmetrization in Jacobi basis

In this section we concentrate on the calculation of the coefficients of fractional parent-
age (CFPs) by diagonalizing the matrix of the antisymmetrizer represented in the Jacobi
basis |«). Note that the CFPs are m independent [14], therefore they are identical in the
complete and in the intrinsic basis

Cayi = {{nemlem| ® <EiJTMT|}JMJ{|ncmlcm> ® |a>}ij )
= (EiJT|a).

The major task to compute the CFPs, is to ascertain the matrix elements of the antisym-
metrizer in Jacobi basis (a|A|e/).

First, we have a look at the Jacobi basis state. As mentioned in Sec. 4.5, |«) is anti-
symmetric under exchange of the particle 1 and 2. For the formula of the three-body
interaction matrix element and especially the T-coefficient (see Sec. 4.5) that does not
make a difference, if one has in mind that the |a) state reside in a 12 antisymmet-
ric space. For the implementation of the T-coefficient this has the consequence, that
only the T-coefficients are nonzero, which have an even sum of ¢,, + s + li2. The
antisymmetrizer of particle 1 and 2, has the following definition in three-body space

. 1 . .
A12 = 5(7)123 - 7)213> . (167)
If we apply the operator to an antisymmetric state, it will not change the state, since
ApAd=AAd;, = A. (168)

We will use the special symmetry of the Jacobi state to rewrite the antisymmetrizer in
three-body space

. 1 . . . . . .
A = 5(73123 — P21z + Paz1 — Pisz + Para — Paan) - (169)
Using ﬁijk = —ﬁjik owing to the antisymmetry of particle 1 and 2 we obtain

~ 1 4 ~ R
A = g(P123 + Paz1 + Psi2)

—_

= —(ﬂ + 75231 + 75312) .

w
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Expressing the permutation operators by transposition operators yields

A 1 . o o
A= g(]l + To3T12 + Ti2703) -
Generally the transposition operators do not commute, but in the Jacobi basis 715 = —1

and we end with the antisymmetrizer

A= Z(1 = 27y). (170)

Wl =

Note that (170) holds only in a 1+2 antisymmetric space. Now we will briefly describe
the concept of calculating the matrix elements

) 1.
(alAld) = <Oé|§(]l — 27y3)|a’)
. . 1. .
= ([(n12l12, Sab) 12, (Nals, Sc)gs]J, [(tats)tan, tc]TMT|§(]1 — 27y3) (171
X (a9, Sap)dras (M3l3, 80) 5] T, [(toty )y, L] T M) -

Since the Jacobi basis is orthonormalized we only have to concentrate on the term with

the transposition operator 7»3. In order to apply 7»; to a state we decouple the space,
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spin and isospin part, obtaining

([(n12li2, Sab) g1z, (N3ls, s¢)js]d, [(tats)tan, te)T Mr|Tas
X |[(n9llg, Sup)d19s (1315, 50) s T, [(Eaty ) tay, te) T M)

S Y i8S,

LS L'S" MpMg M; M

ll12 Sab ] .12 ll/1,2 S%b J .1/2 ( I g J ) ( I/ g’ J )
X 3 Se  J3 3 S. J3 (C ¢
I s Log My Ms M, Mj, Mg M)

x ((n12hz, nals) LML |7a3| (511, nisl5) L' M)

X ((Sabs ) S M| T3] (54, 5.)S" M)

X ((tap, te)T My |Tos|(thy, t.) T M) .

ab’
(172)
The spin ((sap, 5¢)SMs|T2s|(sy, 5.)5"Mg) and isospin part ((tas, te) T Mr|7as| (o, t)T" My)

have the same form in (172), therefore it is adequate to consider only one of these parts
and the space part ((ni2l1a, nsls) LM |Tos|(n)lh4, n5l5) L' M]).
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However, we will just present the results, see [43] for a detailed derivation
Spin:  ((Sa, Sc) SMs|as| (s, 50) 5" M)

s, S S

_ 1+sgp+s' 4 2 b a a

= 055 0mgmy(—1) Pt PSSy ¢ ) 0T o
s, S" s,

Isospin: ((tap, te)T Mp|Toz|(ty, t.)T M)

Ittap+t' 7 47 t% t& Lab
= OrpOnpag (—1) T bt gt g " :

Space: <(n12l12, nglg)LML|7A'23 | (n/12l/12, nglé)L/MD

= OLL/OMy M} 020y 515+ 2ns -+, 20 o+ 20 +1

X <<27’L12l12, 2n3l3|2n'12l'12, 2nglg7 L>>% .

With all this formulas we are able to calculate the matrix of the antisymmetrizer in
Jacobi representation yielding the block matrix illustrated in Fig. 22. The last task is
to diagonalize the block matrix, which can be performed by diagonalizing every single

block separately. This operation provides the CFPs defining the antisymmetric Jacobi
states

|EiJT) = caila), (173)

where the states |«) must have the same quantum numbers £ = 2ny5 + l15 + 2n3 + I3, J
and 7. Have in mind that there are several diagonalization methods leading to different
results for the CFPs.

For our implementation of the transformation code (Sec. (4.6)) we need to know the
number of antisymmetric Jacobi states for the given quantum numbers £, J,T. This
number is equal to the trace of an F.JT-Block of the antisymmetrizer.
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EJT

E/ J/T/

E// J// T//

Figure 22: Representation of the antisymmetrizer in Jacobi basis: The antisym-
metrizer only connects Jacobi states with same E, J, T, where E = niy + l1o + n3 + I3 is
the energy quantum number of the intrinsic Jacobi state. Thence the matrix of the antisym-
metrizger in Jacobi representation, exhibit a E.JT-block structure.

A.2 Conversion of two-body to three-body m-scheme matrix ele-

ments

In this chapter we want to calculate the three-body m-scheme matrix elements

VB [Vyn|1'®), of an irreducible two-body interaction Vyy by using the two-body
m-scheme matrix elements ,(1)®|Vyy|¢/@), of this interactions, with the k-body m-
scheme state

[ ®), _\/_Z DPP{lan) @ .. @ lag) b = |as.anha (174)

where P is the signature of the permutation operator P. In doing so we have to distin-
guish between three cases depending on the number of different single-particle states
|o;) in the three-body m-scheme states |¢'®), and [¢®)),.

First case: Equal three-body states

The three-body matrix elements of the irreducible two-body interaction is given by

O V@) = o (] Vi@, = 3, (0 |[Via[yp @), (175)

1<J

where we used the antisymmetry of the m-scheme state. The operator f/ij acts like the
irreducible two-body operator Vyy in the two-body space of particle ¢ and j and as an
identity operator in the other particle spaces. Inserting the antisymmetric three-body
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state in (175), yields

a<¢(3)|VNNW(3)>a - 3. % {Z(—l)Pﬁ@qazozg\} ‘712 {Z(—l)Pﬁ\a1a2a3>} )
P

P

= 3 ol = agoul) Vi (Joue) — Jagan)

i<j
= Za(aiajWNNmiaj)a. (176)
i<j

From the first to the second line we used the property of the orthonormalized single-
particle basis. So we expressed the three-body matrix elements by the two-body matrix
elements a(aiaj|VNN|aiaj)a for the first case.
Second case: One different single-particle state
We have a look at the matrix elements of the three-body states [¢®)) = |ajaza3) and

@) = |aasas)

OV D) = o] 3 Vil ),
1<j
1

= 3. 3 {Z(—l)Pﬁ<OK1Oé2Oé3|} Vis {Z(—l)Pﬁ‘O/loQO@}
P

P

Y (el = e ) Vo (lafai) — Jagal))

1=2

N | —

a(alai|VNN|a'1ai>a. 177

I
.M“’

[\

1=

Note that their is only the sum over i, |a;) and |«) are the different single-particle states
of the both three-body states.

Third case: Two different single-particle states

Using analogous steps as above, the matrix elements of the three-body states |¢®)) =
loayanas) and |1 = a4 ahas) reads

a<¢(3)|VNN|¢/(3)>a =4 <a1a2|VNN|a/1a,2>a- (178)

There is no fourth case, because the three-body matrix elements of an irreducible two-
body interaction, are zero for three different single-particle states in the bra and ket,
due to the orthogonality of the single particle basis.
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A.3 NN+NNN interactions in four-body basis

We point out why it is necessary to distinguish between the NN and NNN interaction
instead of using the three-body matrix elements of a NN+NNN SRG-transformed inter-
action without a distinction. We use the notation introduced in Sec. 5.2.

For a nucleus with A = 3 nucleons, that would be a right choice. But if we investigate
a nuclei with more nucleons, e.g. a nucleus with A = 4, we have to perform a cluster
expansion to construct four-body matrix elements out of the NN+NNN matrix elements.
To do this we have to treat the NN and NNN matrix elements in a different way. To get
the four-body matrix elements out of the NN matrix elements one has to sum up the
permuted two-body matrix elements

(Vi) @ = (V2D 1+ (V2 + (VI + (VIS + (VNS + (VD (179)

(2)

where <VZ£72;V>13 means the NN interaction operator applied in the two-body space of

particle 7 and j (analog for the three-body matrix elements). The NNN interaction matrix
elements in four-body space are given as

3 3 3 3 3 3 3 3 3
(V)™ = (Vitn)izs + (Vi) s+ (Viowa) s + (Vo s (180)
yielding the NN+NNN interaction in the four-body space
) = VE + (V)

(VNN (
= (VLD + (v + (VDD + (v S

2) 2]
HVi) 5t + (Va5 (181)
NG 3\ NG 3\
+<V]£U]VN>§2)3 + <VJ£7]]VN>§2)4 + <VJ£7]]VN>§3)4 + <VJ[VJ]VN>§3)4 .

Let us concentrate on the three-body space

(Vi@ = (VP 1+ (vEND + (VIS (182)

(V)@ = (V2L 8L (183)
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So the NN+NNN interaction in the three-body space is

2,3 2 3 2 2 2 2 2 2 3 3
(Vi ana) @ = (V)@ 4 (VL@ = (V2N + (Vi) & 4+ (Vi )5 + (Vi) s
(184)

If we would use the NN+NNN matrix elements in the same way as the NNN matrix

elements to construct the four-body matrix elements we would yield

? 3 3 3 3 3 3 3 3
>(4) = <V]£H]V+NNN>§2)3 + <V]£/]}V+NNN>§2)4 + <V]£H]V+NNN>§3)4 + <v]£/]}V+NNN>;3)47

(Ve
= 2. ((VENE + B8 + BN E + BN + vE0E + g
+ (Vika)izs + (Vi) 2 + (Vi) iaa + (Vi 5
# (Vi)

As we can see the two-body interaction part of (VJ\[,2 ]\‘?L v @ scales with another factor
than the 3-body interaction part. Therefore we have to isolate these parts from each

other. To investigate nuclei with A > 3.
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