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SECTION 1

Introduction

From the point of view of low-energy nuclear structure physics, the atomic nu-
cleus is built of protons and neutrons, the so called nucleons. Quarks and gluons,
which represent the internal degrees of freedom of the nucleons, are not consid-
ered explicitly. The issue of nuclear structure physics is, on the one hand to make
precise predictions for experimental observables, e.g. binding and excitation en-
ergies and nucleon densities, which can also be used as input for further investi-
gations, e.g. in astrophysics. On the other hand, one is interested in a theoretical
framework which can describe the experimental properties of nuclei based on the
fundamental physics of the strong interaction.

In this thesis we pursue the strategy of solving the time-independent many-
body Schrédinger equation, which is equivalent to solving the eigenvalue problem
of the Hamilton operator. While the statement of the task is rather simple, two dif-
ficulties arise when we approach the eigenvalue problem. Firstly, only some basic
symmetry assumptions, e.g. rotational invariance, restrict the possible operator
structures in the nuclear interaction. Therefore, an appropriate interaction appli-
cable over a wide range of nuclei is still absent. Secondly, solving the many-body
problem itself is non-trivial, because it will turn out that we have to deal with large
model spaces to get valuable results.

Concerning the nuclear interaction, in the 1990s one assumed two-nucleon in-
teractions and accepted that irreducible interactions within triples of nucleons
were neglected. Prominent examples of these potentials are the Argonne-V18 or
CD-Bonn interactions, that reproduce nucleon-nucleon scattering data as well as
deuteron properties but contain lots of phenomenology.

Using these potentials for the calculation of spectra of various nuclei, one fails
to match experimental results. A well-known example for such failure is the ground




1 Introduction

state of '°B which has, as a result of a calculation with the Argonne-V18 or CD-
Bonn potential, the wrong angular momentum J = 1 instead of the experimental
value J = 3 [1]. To overcome these discrepancies, the two-nucleon interactions
were supplemented by various three-nucleon potentials. Spectra obtained with
these potentials combined with the two-nucleon potentials match experimental
data much better. But it is not obvious which two-nucleon interaction should be
combined with which three-nucleon interaction. Furthermore, one should aim at
a more fundamental derivation of the nuclear interaction starting from Quantum
Chromodynamics (QCD) as the underlying theory.

A direct derivation of a nuclear potential from QCD is problematic because of
its nonperturbative character in the low-energy regime. Moreover, describing nu-
clei as systems of interacting quarks and gluons, is not feasible nowadays. Fortu-
nately, this detailed description is not necessary, because we investigate an energy
regime, where quarks and gluons are not resolved and, thus, we can adopt an effec-
tive theory valid for the low-energy regime of nuclear physics. A modern approach
is the so-called chiral effective field theory (YEFT) which treats nucleons and pi-
ons as degrees of freedom and takes all relevant symmetries of QCD, especially the
chiral symmetry, into account. In this framework a systematic expansion of the
nuclear potential exists, as Weinberg showed in [2]. More details will be discussed
in section 2.

It turns out that the aforementioned problems can be remedied by this pro-
cedure. Firstly, we have a more fundamental derivation of the potential, which
has the nice feature that only two new parameters occur when we include three-
body interactions at next-to-next-to leading order (N2LO). Secondly;, it is now clear
which three-nucleon interaction should be used together with the two-nucleon
interaction, namely the one corresponding to the same expansion order. The first
time the three-nucleon interaction shows up is at N2LO, and three-nucleon forces
of higher order are not available yet. Therefore, this order is considered in this
thesis, especially the three-nucleon part is investigated.

Results of first no-core shell model calculations with Lee-Suzuki-transformed
chiral two-body interaction (NN) and two-plus-three-body interaction (NN+NNN)
in a small model space N.x = 6 are compared to experimental results for 1°B in
fig. 1 [3]. Obviously, the quantum numbers of the ground state are correct if one in-
cludes the three-body interaction. The chiral two-body interaction alone, like the
CD-Bonn or Argonne-V18 two-body potentials predict an incorrect ground state
of 1B. Moreover, the overall agreement with experiment is significantly improved
with the use of the three-body interaction.

We start our investigations with the matrix elements of the chiral interaction
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Figure 1 - Spectrum of 1%B in MeV as result of Lee-Suzuki no-core shell model cal-
culations in a Ny, = 6 model space. The used harmonic-oscillator frequency is
hQ) = 14 MeV. Results including the chiral two-body interaction (right), the chi-
ral two-plus-three-body interaction (left) are compared to experiment (middle)

[3].

up to N3LO for two-nucleon interactions and N2LO for three-nucleon forces and
extract the three-nucleon interaction matrix elements. These three-nucleon ma-
trix elements are given with respect to fully antisymmetrized three-particle Jacobi
states [4]. For nuclear structure calculations it is more convenient to work with
matrix elements with respect to a Slater-determinant basis consisting of single-
particle harmonic oscillator states based on Cartesian coordinates. This basis is
also known as m-scheme basis. Consequently, we have to derive and implement
the transformation from Jacobi to m-scheme matrix elements, which will include
two harmonic oscillator brackets. It turns out that this is a non-trivial task, be-
cause it is computational demanding. Generally, we follow the strategy outlined in
[5] and precompute a certain overlap coefficient to speed up the transformation
code. Having the m-scheme matrix elements we are in principle able to attack the
eigenvalue problem of the Hamiltonian. But the storage of m-scheme matrix ele-
ments becomes problematic even for modest model space sizes. Therefore, our
strategy is to compute matrix elements with respect to states that carry a total
coupled angular momentum 7 and isospin 7. These matrix elements are then
decoupled to m-scheme matrix elements in the many-body calculation. With this
strategy it is possible for the first time to calculate matrix elements of the N2LO
three-nucleon interaction up to a total three-particle harmonic oscillator energies
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of at least Fs3nax = 14. The standard energy limit before was Fsnax < 9 according to
fig 1.

As already mentioned above, solving the Schrodinger equation numerically is
not straight forward. The complex nuclear interaction induces strong correlations
between the nucleons that result in the need of very large model spaces in order to
incorporate these correlations and to obtain converged results.

Therefore, the bare interaction is not suitable to perform calculations for heav-
ier nuclei, since the results in tractable model spaces are still not converged with
respect to model space sizes. One possible way to overcome this obstacle is the
use of unitarily transformed interactions. Here, we will apply the similarity renor-
malization group (SRG) transformation. This can be done at the level of the origi-
nal fully antisymmetric three-particle Jacobi harmonic oscillator matrix elements.
Then the transformation into the coupled scheme can be performed as mentioned
above. Afterwards, also heavier nuclei are accessible in a reasonable way within
tractable model spaces. Furthermore, we are able to distinguish between the ef-
fects of induced three-particle interactions due to the SRG transformation and the
impact of the genuine three-particle interaction from yEFT.

Finally, many applications and studies of the impact of the three-body ma-
trix elements, especially matrix elements in the framework of YEFT, are accessi-
ble. We show results of calculations in the importance-truncated no-core shell
model (IT-NCSM), which allows for ab-initio nuclear structure studies beyond the
domain of the full no-core shell model NCSM [6]. The principal idea is to reduce
the model space in which the matrix eigenvalue problem has to be solved using
an a priori importance measure that determines whether a basis state is included
in the model space or not. The IT-NCSM yields eigenstates of the Hamilton op-
erator which are the ingredient for calculations of various observables. We show
results including the bare N2LO three-particle interaction for *‘He as well as the
SRG-transformed three-body interaction for “He and °Li. Thereby, we can distin-
guish between the induced and genuine three-body force influences.

Moreover, we present first results of Hartree-Fock calculations with the SRG-
transformed chiral interactions including the N2LO three-body force. With this
method the whole nuclear chart is accessible. As example we investigate “He, '°0,
40Ca, *Ca and *Zr.

This thesis is organized as follows: In section 2 we give a short introduction
into chiral effective field theory. For the rest of the thesis matrix elements of the
chiral interactions are our input. We transform these matrix elements given in
three-particle relative states into a form depending on Cartesian coordinates that
is suitable for many-body calculations in section 4. However, to carry out this




transformation we need some mathematical background and tricks, presented in
section 3. After the transformation of the three-body interaction matrix elements
we discuss the unitary transformation of the interaction via the similarity renor-
malization group in section 5. An important issue in this section will be the proper
separation of the three-body part of the interaction form the two-body part. In
section 6 we present the results of IT-NCSM and Hartree-Fock calculations and
discuss the impact of the chiral three-body forces. Finally, we give a résumé of this
thesis including an outlook in section 7.

In the appendices the interested reader can find some technical remarks on our
implementation of the transformation presented in section 4 and the SRG trans-
formation in appendix A. Moreover, in appendix B one can find the formula of the
two-body Talmi transformation, which is the analog transformation as in section 4
but on two-body level.







SECTION 2

Chiral effective field theory (YEFT)

Even nowadays, it is a challenging task to deduce the nuclear interaction from
its underlying theory, the quantum chromodynamics (QCD). A direct derivation
of the nuclear potential from QCD is not yet feasible because of the large value
of the QCD coupling constant in the low-energy regime relevant for nuclear struc-
ture physics. Nevertheless, there has been great progress in developing an effective
theory for low-energy QCD in the past two decades. The starting point of this so
called chiral effective field theory (yEFT) is the most general Lagrangian involv-
ing the relevant degrees of freedom that is consistent with a set of basic symmetry
principles. Especially the spontaneously and explicitly broken chiral symmetry of
QCD is taken into account, constraining the form of each term in the Lagrangian.
As we are dealing with low energies, the relevant degrees of freedom are nucle-
ons and pions instead of quarks and gluons. The pions emerge here as Goldstone
bosons due to the spontaneous breaking of chiral symmetry and acquire nonzero
mass because of the explicit chiral symmetry breaking. Heavier mesons are inte-
grated out and, thus, are absorbed in the low-energy constants (LECs) describing
the short-range interactions.

It turns out that the effective Lagrangian comprises an infinite number of terms
and still seems to be intractable. However, Weinberg showed that a systematic ex-
pansion of the nuclear potential in powers of A% exists [2, 7, 8]. Here, () is a generic
momentum in the nuclear process at the order of the pion mass and A, is the scale
of the chiral symmetry breaking at the order of the p-meson mass, m, = 770 MeV.
Thus, A% is small and the perturbative expansion is expected to converge. This pro-
cedure is called chiral perturbation theory (yPT). Since the number of contribut-
ing terms for a given power of A% is finite, one can systematically calculate the dif-
ferent contributions to the nuclear interaction. The resulting terms are shown in
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Figure 2 — Different contributions to the nuclear potential derived in xPT using
Weinberg's power counting. Different symbols for the vertices indicate different
operator structures of the potential. The diagrams should not be confused with
Feynman diagrams [9].

fig. 2 diagrammatically. We observe that at leading order (LO) and next-to lead-
ing order (NLO) only a two-body interaction shows up. This is due to the fact
that all diagrams that generate a three-body force up to NLO cancel each other.
Three-nucleon forces start contributing at next-to-next-to leading order (N2LO),
meaning (A%)g, while the four-nucleon force is still absent at this order. The three-
nucleon force is given by a two-pion exchange, a one-pion exchange plus two-
nucleon contact and a three-nucleon contact term, as shown in fig. 2 from left to
right. At next-to-next-to-next-to leading order (N3LO) the first corrections to the
three-body force arise and the four-body force starts contributing. We can see that
XEFT explains the hierarchy of the few-nucleon forces: two-nucleon interactions
are more important than three-nucleon forces, since they arise at lower order of
A%. The same holds for the greater importance of three-nucleon interactions com-
pared with four-nucleon interactions. Moreover, the nuclear potential from yEFT
clearly determines which three-nucleon force should be used along with the two-
nucleon force, in contrast to the previous approaches using more phenomenolog-
ical three-body forces whose parameters are fitted differently depending on the
used two-body force.

Throughout this thesis we use the two-nucleon interaction at N3LO available
from Entem and Machleidt [10]. They showed that the accuracy of this potential is




comparable to the high-precision Argonne-V18 (AV18) nucleon-nucleon potential.
Its 24 LECs (for the isospin invariant version) have been fitted on nucleon-nucleon
phase shifts and deuteron properties.

The operator structure for the three-nucleon interaction is available at N2LO
today. Hence, this will be the three-nucleon force we investigate in this thesis. Ac-
cording to [11], the three contributing diagrams are given by:
two-pion exchange

(0 (G @)(0T)  pos s
v - 9 Fo ! 2.1
o ;&QF) @+ g+ e @D

o N 4ot M2 2c5 ., TN Y - o
Fjl =5 [_T+ﬁqz"qﬁ + 2 e G ),
s ™ ~y s

one-pion exchange two-nucleon contact

VOPE - - 2 19 -9 2( 7" T])(UZ : q_]) ) (202)
S, BEZ 2N G + M2
three-nucleon contact
Vo = 25T CE (7. 7 (2.3)
cont — = 1 Tj cTEk) - .
2 = F2A,

The expressions are operators with respect to spin and isospin, but matrix ele-
ments with respect to the momenta. Here, F, = 92.4 MeV is the weak decay con-
stant of the pion, )M, the pion mass, g4 = 1.26 the axial-vector coupling constant
and &, 7 the Pauli matrices for spin and isospin, respectively. The momentum
g; = p; — p; is the momentum transfer of particle 7. It is interesting that only two
new LECs, ¢p and cg, show up with the three-nucleon interaction that need to be
determined by experiment. The LECs ¢, ¢3 and ¢4 are already present in the two-
body interaction and, therefore, fully constrained by the nucleon-nucleon system.

The N3LO contributions to the three-body force are presently worked out. This
seems to be a formidable task, since many new diagrams appear. In contrast, the
contributions to the four-body interaction at N3LO already have been worked out
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[12]. Both, the N3LO three-body contributions as well as the N3LO four-body con-
tributions, are parameter free, meaning that no additional LECs are needed.

We stress that the derivation of the operator structure of the diagrams is not the
last step towards their inclusion into nuclear structure calculations. Additionally,
one has to evaluate the matrix elements of the different contributions that then
enter the many-body calculations. For the N2LO three-body interaction P. Navratil
worked out the matrix elements of operators (2.1), (2.2) and (2.3) in [4]. For that he
used the fact that the three-particle interaction can be written as

VNN _ yNNN |y NNN |y VNN (2.4)

where the individual parts are connected by permutations. For the evaluation of
the matrix elements he used totally antisymmetrized three-particle relative states
|EJTi). Thus, the matrix elements can be written as

(EJTi|VNNNIEJTG) = 3(EJTi|VYNN|EJTi) . (2.5)

We discuss the details on the states |F.JT%) in section 3.4, since matrix elements
(2.5) will be the starting point of our investigations of three-particle interactions.
We obtain these matrix elements from Navratil's MANYEFF code [13]. He uses
the regulator function F(¢* A) = exp(— X—i) depending on the momentum transfer
gwith A = 500 MeV. Also for the N3LO two-body interaction a regulator depend-
ing on the momentum transfer is used. Additionally, the two LECs ¢p and cg have
to be fixed. The standard three-nucleon observable used for constraining these
parameters is the triton binding energy. As second constraint several choices have
been studied in the literature, e.g. the nd scattering length [11], or the “He bind-
ing energy [5]. The most consistent way is to fix the parameters entirely in the
three-body system, since then no additional many-body contributions can influ-
ence their values. As outlined in [14] and references therein, the parameter ¢, also
appears in the electroweak meson exchange current. Therefore, it is possible to
determine its value from the triton -decay halflife with help of fully converged
ab initio calculations. Firstly, one computes trajectories in the cp-cp parameter
space that reproduce the experimental *H binding energy and takes then only the
region into account where the triton halflife is in agreement with experiment as
well. The results are illustrated in fig. 3. The dotted lines yield the constraints

10
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Figure 3 - Trajectories in the cp-cp parameter space that reproduce °H and *He
experimental binding energies. Additionally, the dotted lines show the region
for which the experimental value of the Gamow-Teller matrix element, which is
related to the triton [3-decay haltlife, is reproduced better than +0.54% [14].

—0.3 < ¢p < —0.1and —0.220 < ¢g < —0.189. Therefore, the parameters we use are

cp =—0.2 (2.6)
cg = —0.205. (2.7)

There is still work left in order to include the three-body force in our IT-NCSM
and Hartree-Fock codes, since we need matrix elements with respect to so-called
three-body m-scheme harmonic oscillator states

labc)o = |(Nalay Sa)JaMas (Mbly, Sb)JoMb, (Nele, Se)JeMe, tame, Ly, Lo, ) - (2.8)

Here, n,, [, are the single-particle harmonic oscillator radial and orbital angular
momentum quantum numbers respectively. The parenthesis indicate the cou-
pling of I, with the spin &, to total angular momentum j,, with corresponding
projection quantum number m,. Moreover, the isospin and its projection quan-
tum number is denoted by ¢, and m,,, respectively. The subscript , denotes that
the states are antisymmetrized. In many-body calculations we use A-particle m-
scheme states as basis of the A-particle Hilbert space. The advantages of this basis
are the simple way of antisymmetrizing the states and that A-particle matrix el-
ements can be reduced to three-particle m-scheme matrix elements using Slater
rules [15]. Therefore, we have to transform the matrix elements (2.5) into the ma-
trix elements with respect to states (2.8). As we need some basic mathematical

11
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techniques to carry out this transformation, the next section will concentrate on
all necessary points.

12



SECTION 3

Mathematical basics

In this section we discuss some mathematical basics that facilitate our investi-
gations in the following sections and that are essential for a complete understand-
ing of all details. Moreover, we introduce the notation used in the rest of this thesis.
In the first subsection we focus on angular momentum coupling. Next, we intro-
duce the so-called Jacobi coordinates in subsection 3.2 and study the harmonic
oscillator brackets in 3.3. In subsection 3.4, we use all previously discussed ele-
ments to formulate a special method to construct an antisymmetrized basis of the
three-particle Hilbert space.

3.1 Angular momentum coupling

As we will see in section 4, angular momentum (re-)coupling plays a crucial role
in the transformation from the Jacobi-coordinate basis into the m-scheme basis.
Therefore, we now briefly discuss different coupling scenarios and the correspond-
ing transformation coefficients. Firstly, we deal with coupling of two angular mo-
menta and the Clebsch-Gordan coefficients, next we investigate re-coupling in-
cluding three angular momenta via so-called 6j-symbols. Then we discuss four
momenta re-coupling with the corresponding 9j-symbols and finally we have a
look at 3nj-symbols. For more details, e.g. regarding symmetry relations, see [16].

3.1.1 Clebsch-Gordan coefficients

Clebsch-Gordan coefficients occur if we couple two angular momenta fl, 7. to a
total angular momentum J. Assume we have the product state

|jima, jamea) = |jimy) ® |jama) (3.1)

13



3 Mathematical basics

with arbitrary angular momenta quantum numbers j; and j, and corresponding
magnetic quantum numbers my, m,. We couple the two angular momenta by in-
serting an identity operator in the coupled basis representation

L= [(1d2) I M)(r, j2) T M| (3.2)

Ji.J2,J,M

with J as the coupled momentum and M its corresponding magnetic quantum
number. The parenthesis indicate that 7; couples with j, to J. Using eq. (3.2) we
can relate the uncoupled states to the coupled ones via

‘j1m17j2m2> = Z |(.]17.]é)JM><(.]17.]é)JM‘j1m17.72m2> (33)
i Gy M
= (1, 42) TM){ (1, j2) T M |jima, jama) (3.4)
TM

The summations over jj, j, vanish, as the state has to fulfill the eigenvalue equation
of the squared angular momentum operators 32, 52 before and after insertion of the
identity operator. The expansion coefficients on the right hand side of eq. (3.3) are
called Clebsch-Gordan coefficients, which will be denoted in the following by

g2 | J o : .
( g ) = <(j17j2)JM‘j1m17.]2m2> ) (35)
™1 Mo M
yielding
: : J1 g2 | J o
|j1imay, jama) = Z |(J1, J2) JM) . (3.6)
JM miq mo M
Likewise, we can expand the coupled states in the uncoupled basis
|G j2) IM) = ) nn s [jima, jama) . (3.7)
m1,ma mi Mo M

The Clebsch-Gordan coefficients can be chosen to be real numbers and they are
nonzero only if the triangular condition

lj1 —J2l < J < ji+ o (3.8)
as well as
my+my =M (3.9

14



3.1 Angular momentum coupling

are fulfilled. Additionally, the following two orthogonality relations hold true which
will be useful later on:

il S
Z ']1 .]2 .]1 .]2 :5m1 m/5m2’m/’ (310)
7 \mima| M ) \mymy| M Y 2
jl j2 J .jl ,j2 J/
= Onrdupe 3.11)
mlzmg <m1 mo M) (ml M M’) JJ'OM,M

There exist a number of symmetry relations for the Clebsch-Gordan coefficients,
e.g. exchanging the first two columns yields

TN o o g1 | J
(.71 J2 ) — (_1)ij1sz (']2 1 ) . (312)
myme| M Mo My

M
At last, we note that the Clebsch-Gordan coefficients are proportional to Wigner’s

3j-symbols
g |\ J1—jotM [ a2 J
=(=1) V2j5 + 1 , (3.13)
mymeo | M mi mg —M

with (T{;I 73122 s ) as Wigner's 3j-symbol. Though these 3j-symbols will not show up

in any formula, they are used in our program when calculating Clebsch-Gordan
coefficients.

3.1.2 6j-symbols

The 6j-symbols are the transformation coefficients for the conversion amongst dif-
ferent coupling schemes of three angular momenta. Three different possible cou-
pling schemes exist:

L. H(.jlaj?)‘]127j3]JM>
J1 couples with 35 to Ji» and this “intermediate” angular momentum Jo itself
couples with 73 to J.

2. |[j1, (2, ja) Jas] J M)
;’z couples with fg to f23, fl with f23 to J.

3’ | [(jla j3)<]137 jQ]‘]M>
;’1 couples with fg to flg, f13 with ;’z to J.

15
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To express a state of the first coupling scheme in terms of states of the second one
we again make use of an appropriate identity

[, d2) oy gl TM) = > ([, (G, ds) Jas) M) ([, (G, ds) Jas) M| [(G, ) Tz, ] T M),
Jos LM (3.14)

The transformation coefficient is given by the relation

([71, (o, 3) J23] S M| [(41, J2) 12, Ja] T M)

o o
= 85000 a0 (— 1) 0T 1) (2 + 1) 72 712 L (3.15)
Js J Jag

which defines the Wigner 6j-symbol { 7! 77 12 } .
The 6j-symbol itself can be expressed with help of sums over three Clebsch-Gordan
coefficients and thus are real numbers, too. They are nonzero only if the triangular

conditions

l71 — Jo| < J12 < 71+ Jo, | Ji2 — js| < J < Jio + Js,

(3.16)
ljo = Js| < Jos <js+js and  |Jaz — g1 < J < Jag 45y

are fulfilled. Symmetry relations, orthogonality relations and formulas for the di-
rect calculation of the 6j-symbols can be found in [16].

In general, there are three possible types of transformation coefficients de-
pending on the states before and after the transformation. These three types are
given by:

o [[(j1,72) 2, Jsl IM) < |[j1, (2, ja) J23] T M)
The corresponding coefficient is given in eq. (3.15).

o [[(j1,52) Sz, g3l IM) — [[(j1, ) J13, jo] JM)
The coefficient is given by

([(J1552) Jr2s ga]J M|[(G1, J) J13, Jo) J M)

- o
= Sy O (—1) T SO T ) (20 + 1) {72 TR (3.17)
Js J Ji3

16



3.1 Angular momentum coupling

o (11, (2, j3) Jas] ' M") «— |[(j1, j3)J13, Jo] J M)
The coefficient is given by
(71, (J2, J3) J2s] M |[(j1, J3) J13, Jol J M)

_ i1 73 J
= 5J,J’5M,M’(_1)]1+J+J23 \/(2J23 +1)(2J13+ 1) ],1 J3 18 . (3.18)
Jo J Jas

3.1.3 9j-symbols

The 9j-symbols are coefficients of unitary transformations between different cou-
pling schemes of four angular momenta. They can be expressed as sums of prod-
ucts of three 6j-symbols or as sums of products of six Clebsch-Gordan coefficients,
so they are also real numbers. Obviously there are many possibilities to couple four
angular momenta, resulting in many different transformation coefficients. We will
restrict ourselves to the cases that are relevant later on. The 9j-symbols will be
denoted by

abec
de fp. (3.19)
ghy

o |[(J1, J2) 12, (J3, Ja) Jaa) J M) — |[(j1, J3)J13, (Jo, Ja) Joa) J M)
The notation |[(j1, j2)J12, (js, j1)Jsa] JM) again means that j; couples with j, to
the intermediate J;, and 5'3 with 54 to intermediate J3,. Then, the intermediates
themselves couple to J. The transformation coefficient is given by

([(J1, J2) T12, (Js» Ja) Jsal J M| (1. J3) s (G2 Ja) J2a) J M)
Ji J2 Ji2
= 0,700, M \/(2J12 + 1)(2J13+1)(2J24 + 1)(2J34 + 1) € J3 ja Jaa p - (3.20)
Jiz Jog J

o [[(j1,52) 12, (J3, ja) J3al IM ) [[(j1, Ja) J1a, (2, Js) Jos] T M)
The transformation coefficient is given by

([(J1, J2) T2 (G35 Ja) Jsa) T M|[(J1, ja) Jra, (G2, J3) J2s] J M) (3.21)
g1 J2 Jo
= (5]7]/5]»17]\4/ \/(2J12 + 1)(2J14 + 1)(2J23 + 1)(2J34 + 1)(—1)]3+]47J34 Ja J3 J3a
Jia Joz J
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3 Mathematical basics

o [[(j1,53) 13, (G2, ja) Jaa) M) [[(j1, ja) J1a, (2, Js) Jos] T M)
The transformation coefficient is given by

([(41, 3) 13, (Ja, a) J2a] T M| [(41, Ja) 14, (J2, Ja) J23] T M)

= 61060V (2013 + 1) (2014 + 1) (24 + 1)(2J23 + 1) (3.22)
Ji gz Jis
X (_1)j3—j4—J23+J24 j4 j2 Jou
Jig Jog J

As usual many symmetry relations for the 9j-symbol exist, e.g. transposing all en-
tries does not affect its value

abc adg
de fp=<behy, (3.23)
ghyj cfij

exchanging rows or columns produces phase factors. For details, see [16].
Finally, the following triangular conditions have to be fulfilled for a nonzero value
of the 9j-symbols

la—bl <c<a+b, d—e|< f<d+e, lg—h|<j<g+h,
la—dl <g<a+d, b—e|<h<b+e, Jc—fl<j<c+f.

(3.24)

3.1.4 3nj-symbols

3nj-symbols are the generalization of 6j- and 9j-symbols, which are 3nj-symbols
for n = 2 and n = 3, respectively. 3nj-symbols of higher orders are proportional
to transformation coefficients needed for switching between different coupling
schemes of five and more angular momenta. They can be written as sums of prod-
ucts of 6j-symbols and are real numbers, too. For our investigations on three-
nucleon interactions we do not need 3nj-symbols for n > 3, but if four-nucleon
interactions would be considered someday they will come into play. For more de-
tails, see again [16].

3.2 Jacobi coordinates

In this section we give an introduction to Jacobi coordinates. We will use them
quite frequently, so it is crucial to have a look at their definition. In principle, Jacobi
coordinates are the generalization of the well-known two-body relative and center-
of-mass coordinates. Given two particles with mass m; and m, and coordinates 7
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3.2 Jacobi coordinates

and 75, respectively, these are defined as

R=——— (mF| + maois) (center-of-mass coordinate) , (3.25)

F =7 — 7 (relative coordinate) . (3.26)

Jacobi coordinates are a generalization for more particles in the way that they are
proportional to centers of mass of particle subclusters. Sometimes they are re-
ferred to as “relative coordinates for many-body systems”. We denote Jacobi coor-
dinates in this thesis with {¢;}. One possible definition is given by

- 1

§o = Z[F1+F2+"'+FA]7 (3.27)

— 1 N o

{1 = 5 [y — 73], (3.28)
Ao = 11 |:—A_2(T1+T2+"'+TA2)_TA1} g (3.29)
a1 = A [A— 1(T1+7’2+--'+7’A—1) _TA} . (3.30)

Here we assumed A particles with same mass, as it will be the case in the atomic
nucleus later on, since we will work in the isospin formalism. We see from eq. (3.27)
that &, is proportional to the center of mass of the A-particle system. The rest of
the coordinates always depend linearly on centers of mass of nucleon subclusters:
¢; is proportional to the relative vector between the center of mass of the first i
particles and the position of the (i + 1)¢h particle. The benefit of this coordinate
system is that it allows to separate the center-of-mass motion of a system from the
intrinsic motion. Since the motion of the center of mass is often irrelevant, this
helps to simplify many problems. As the nuclear interaction does not effect the
center of mass of the system, we will use later on harmonic oscillator states based
on Jacobi coordinates. However, the set of Jacobi coordinates is not unique, but it
is the most convenient for our purposes. For other sets and their applications in
nuclear many-body calculations, see ref. [13]. For three-particle systems the equa-
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ms ms
3
mi FB
myq = = m
&1 (! . ;
i T
€o Mo

Figure 4 — Three-particle system described in Jacobi coordinates (left) and in
Cartesian coordinates (right).

tions (3.27)-(3.30) become

- .. o

§o = 3 7+ 7+ 75 (3.31)
g 1 — —

& = 5 (71— 7)), (3.32)
§ = 3 {5(7“1 +175) — 7“3} . (3.33)

Their geometric illustration is given in fig. 3.2: & points to the center of mass of the
three-particle system, &, is the relative vector between particles 1 and 2. Finally,
coordinate &, describes the coordinate of the third particle relative to the center of
mass of particles 1 and 2. The same situation in Cartesian coordinates is shown on
the right hand side. Here, each particle is described by its own position vector. The
Jacobi momenta are defined analogously to the Jacobi coordinates. For a three-
particle system they are given by

S r .

To=1\/3 (D1 + P2 + p3] (3.34)
— 1 — —

T = \g [Py — Pa] (3.35)
S 201, .

T =\/3 |:§(p1 + o) — ps} ; (3.36)

with p; being the single-particle momentum.
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3.3 Harmonic oscillator brackets (HOBS)

3.3 Harmonic oscillator brackets (HOBS)

A typical problem known from nuclear structure calculations with two-body in-
teractions is the transformation of harmonic oscillator matrix elements defined
in relative coordinates into harmonic oscillator matrix elements based on single
particle coordinates [17]. With states based on relative and center of mass coordi-
nates we mean that the corresponding harmonic oscillator Hamilton operator is
given by

H=T0 - MQ2£2 + Mmg? (3.37)

2M 2u
and also the orbital angular momentum operators are given by L., = 50 x 7o and
L,y = & x 7. Here, &, and 7, are the position and momentum operators in
Jacobi coordinates for the two-particle case respectively. In contrast, the Hamilton

operator
H = p1 + 1m1w 74— p2 + lmez'Fg (3.38)
2m1 2 2m2 2

corresponds to the eigenstates based on single-particle coordinates. Here, the or-
bital angular momentum operators are given by L,=7 x p;. To distinguish these
states we write the position, relevant for the orbital angular momentum quantum
number, in parenthesis next to it:

|n1ly(71), nala(73)) - state based on single-particle coordinates (3.39)

—

INL(&), nl(&))) : state based on cm. and rel. coordinates . (3.40)

States (3.40) are suitable to calculate interaction matrix elements of two-body in-
teractions, since the center-of-mass part of the state is not affected by the inter-
action operator. The second advantage is that the operator of the relative orbital
momentum is included in the operator structure of the interaction and, therefore,
one can easily evaluate matrix elements using eigenstates of this operator. For
many-body calculations in the no-core shell model (NCSM) framework matrix el-
ements in states (3.39) are obligatory. So we need a technique to convert states
(3.40) into states (3.39), the so called Talmi-Moshinsky transformation [18, 19]. We
insert again the appropriate identity operator, while the resulting overlap is de-
fined as the harmonic oscillator bracket (HOB). In general, HOBs cannot only be
used to connect the well-known states given above, in fact they can connect states
corresponding to any orthogonal coordinate transformation of the single-particle
coordinates. We will use this property when we calculate matrix elements of the
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antisymmetrizer in the next subsection and also later in the transformation pre-
sented in section 4. There are two different definitions of HOBs, distinguished by
the order of the quantum numbers in the bra state. We first present the definition
that we use in subsections 3.3.1 and 3.3.2. After that, we introduce the alternative
definition in subsections 3.3.3 and 3.3.4. In subsection 3.3.5 we point out how to
relate the two definitions to each other.

3.3.1 Definition of harmonic oscillator brackets — our version

The definition of the harmonic oscillator brackets that we use is given by

|[naly, nalo] AX) = Y~ ((NL, nd)A|(naly, nalo) A)a [[NL, nl]AN) (3.41)
NLnl

= > ((NL,nl; Alnaly, nala))a [[NL, nl]AN) | (3.42)
NLnl

with ((NL,nl; Alnily, nols))q as the HOB, where d is a non-negative real number
[20]. The corresponding coordinate transformation matrix is given by the general
form of an orthogonal transformation

O-( B0
For d = 1 this is a transformation from single-particle coordinates to relative and
center-of-mass coordinates. For other values of d we describe a general orthogo-
nal transformation. Although it might in general be a bit misleading, we refer to N
and L as the quantum numbers of the “center-of-mass” of the two particles, and to
n and [ as the quantum numbers of their “relative” motion. Here N and n are the
radial quantum numbers of the harmonic oscillator. With the notation introduced
in section 3.2 we should write L(R), [(7) and accordingly [, (7 ) and I, (7) for the dif-
ferent angular momentum quantum numbers. For brevity we drop this notation
for the rest of this subsection. The quantum number A is the coupled orbital angu-
lar momentum of the two particles and ) the corresponding projection quantum
number. If we want to calculate the HOB explicitly, we insert an identity operator
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3.3 Harmonic oscillator brackets (HOBS)

in coordinate basis representation

((NL,nl; Anily, nalz) )
= / d37”1d37“2<(NL, TLZ)A)\|F1, FQ)(Fl, 7?2|(’I’L1l1, TLQZQ)A)\)

- / d*rid®ro (N L, ) AN R, 7) (7, 7| (nly, nals) AN)
- / A rydra{ O ()0 (P iy Gty ()t (72)

1 o
= d*r1d°ro{ S (R) Gt (P Fhs{ Sty (F1) Bt (72) Fan » (3.44)
A+ 1 ;// 1A 721ONL l AN 1 1(T2) s AN

where we introduced the coordinate space harmonic oscillator wave functions ¢.
The curly brackets indicate the angular momentum coupling. The sum over X in
the last line follows from the fact that the HOBs are independent of the projec-
tion quantum number \. Furthermore, HOBs are nonzero only if the energy of the
harmonic oscillator states in the bra and ket is equal, i.e.

((NL,nl; Anyly, nals))d = Oan+L+anti2n+h+2ne+1s (N L, nl; Angly, nals))a . (3.45)

This is a very helpful relation, because it implies that the summations in eq. (3.41)
are finite. This is a special property of harmonic oscillator eigenstates. It also im-
plies the useful relation

(1) = (1) (3.46)
Moreover, HOBs are real numbers, i.e.

((NL,nl; Alnily,nals))qg = ({(n1ly, nala; A|N L, nl)) g (3.47)
holds.

3.3.2 Symmetry relations

Now we derive a number of useful symmetry relations of HOBs. Let us start with
the definition of a HOB in coordinate representation

<<TL1Z1, n2l2; A|NL, nl)>d

_ 2A1+ > // &1 @y (s, nals) AN, 7) (B, 7 (N L, nl)AN) . (3.48)
A
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Now we make use of the fact that the same transformation matrix combines the
coordinates in the following way

<_;>_ Vs (73). (3.49)

B 1 Ja |\ -5

1+d 1+d

Note that B = ,/#‘ldﬁ + ,/ﬁfz and 7 = ,/?16[?1 — ,/#‘ld@ still are given as in
eq. (3.43). This must always be fulfilled for all symmetry relations we derive in the
following. Furthermore, we know the following relations

<(nlll,n212)A)\|F1,F2> = (—1)l1(—1)l1+l27A<(n212,nlll)A)\\f’g,—F1>, (350)
(EL,e)ANR, 7 = (=)' =1)"*""2((el, EL)AXN — 7, R) . (3.51)

The first phase factor with one orbital angular momentum in the exponent cor-
responds to the behavior of the harmonic oscillator wave functions under parity
transformation. The second one, with three orbital angular momenta in the expo-
nent, is exactly the one we know from eq. (3.12) and shows up because we reversed
the coupling order of the angular momenta. Using these relations we can rewrite
eq. (3.48) as

<<n1l1, n2l2; A|NL, nl)>d

1 —
T oA+ 1 Z/ d*r d®ro((nols, naly ) AN 7, =71 ) (=7, R|(nl, NL)YAX) (—1)2+E
A
1 o
T oA+ 1 Z//d3T1d3T2<(n252,mh)/\)\\rg,—r1><7’2,—7’1|(nl,NL)A)\>(_1)lz+L
A
= (=1)""" ((nala, nyly; Alnl, NL)), 352

where we used the identity
1= / d3T1d3T2|F2,—F1><F2,—F1| . (353)

To simplify the phase factor we used the fact that orbital angular momenta are
integer and so (—1)% = 1.
For the next symmetry relation we use that the transformation

5 1 d ,

T T1
connects the coordinates in the correct way, where we also changed d — < in the
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3.3 Harmonic oscillator brackets (HOBS)

matrix. Moreover, we can use the relations

ml = (=1)nl| -7, (3.55)
<(nlll,n212)/\)\|ﬁ,?2> = (—1)l1+l?*A<(n212,nlll)A)\\FQ,F1>, (356)

and rewrite eq. (3.48) as

<<”1l1>n252;A|NL,nl)>d
1 A 53 —
T oA +1 Z//d3T1d3T2<(n2l27nlll)A)\‘TQ,7’1><R, CA(NL, nl) AN (—1)ih+a—A

- 2A+ 1 Z/ d*r Ao ((nals, nily) AN P, 71) (Fo, 71| (N L, nd) AN) (— 1) HlHz—A

= (_1>L A<<n2127nlllaA|NL7nl>> (357)

1
d

Here we take advantage of eq. (3.46) to simplify the phase factor.
For the last symmetry relation we use the transformation matrix

. 1 4 .
7; _ 1+d 1+d r i ’ (3.58)
R A/ a4 _ [ 1 —T9
1+d 1+d
again with d — 1, and the relations

(nalali) = (=1)2(ngly| — 7%) (3.59)
(EL,el)ANR, 7 = (=1)"* "N(el, EL)ANTF, R) . (3.60)

So we can again rewrite eq. (3.48)

((n1ly, nala; AIN L, nl))q
1 —
= Z // d’r Ao ((naly, noly) AN, —7) (7, R|(nl, NL)AX)(—1)f2HH=A

2A +1
— 2A+12//d37“1d T9 nlll,nglg)/\)\h”l, ><T1,—T2|(TLZ NL)A)\>( )l2+l+L—A
= ( )2l2+11 <<n1l1,n2l2,A|nl,NL>>é
= (=" <<n1l1,n2l2;A|nl,NL>)é. (3.61)

Altogether, we have three symmetry relations and the fact that the harmonic oscil-
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lator brackets are real. This can be summarized to:

((n1ly, nolo; A|N L, nl))q

= ((NL,nl; A|nily, nsls)) g
)2 ((naly, myly; Alnd, NL)) g (3.62)
VE A (ngly, naly; A|N L, nl))
DA nyly, nolo; Alnl, NL))

1
1

=

(_
(_
(_

=

3.3.3 Definition of harmonic oscillator brackets — alternative version

An alternative definition of the HOBs is given by

|(n1l1, TLQZQ)A)\) = Z <<7’Ll, NL, A|7’Lll1, n2l2)>fllt |(nl, NL)A)\) (363)

NL,nl

with ((nl, NL; A|nily, noly))3* as HOB, the superscript @' denotes that it is the alter-
native definition [21, 22]. Note the reversed order of the relative and center-of-
mass quantum numbers in the bra. Additionally, the corresponding transforma-
tion matrix is now given by

<ﬁ>— \/?Td \/% <F1>. (3.64)

—

d 1 7

—

7
1+d 1+d

The calculation of this HOB is equivalent to the calculation above in eq. (3.44):
<<’I’Ll, NL, A|7’Lll1, n2l2)>31t
= / d3r1d37“2<(nl, NL)A)\|771, FQ) <F1, 7?2| (nlll, n2l2)AA>

= / d*rid®ro((nl, NL)AX|7, R)(7y, 7| (nly, nals) AN)

= // dngdgTz{(bnl('F)(bNL(é)}ZA{(bnlll (Fl)(bnzb <F2)}A)\

_ 2A1+ 53 // & rid®ra { (P on (B} {Snts (7)) braia (7)1, - (3.65)
A

3.3.4 Symmetry relations of the alternative HOBs

In the following we derive the symmetry relations for the alternative definition of
HOBs from eq. (3.63). The steps are very similar to those in section 3.3.2. First we
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write down the definition

<<TL1Z1, n2l2; A|7’Ll, ]\/vL>>Zlt

1 -
A1 > // d*r i d®ro((naly, nols) AN|7y, 7o) (7, R| (nl, NL)AN) . (3.66)
A

Now we see that the following transformation with the same transformation matrix
as in eq. (3.64) also connects the coordinates in the correct way

. 1 d .
-r 1+d 1+d ( r2 )

S| = o, (3.67)
(R) Vi ) -
meaning that 7 = /#‘ldﬁ — /Fldﬁ and R = Fldﬂ + #‘ld'rfz hold true. Addition-
ally, we use the relations

((el, ELYAN7 R) = (=)' (=1)"*"*((EL,el)AXR, —) (3.68)
<(nlll,n212)/\)\|ﬁ,?2> = (—1)l1(—1)l1+l2*A<(n2l2,nlll)A)\\FQ, —F1> s (369)

and rewrite eq. (3.66) as

<<TL1Z1, n2l2; A|7’Ll, NL>>adh

- 2A1+ 1 Z//d37’1d37’2<(nzl27nlll)m\\@,—771><§, —F|(NL, nl)AN)(—1)"+!
A

1 — —
- 2A+1 Z//d3T1d3T2<(TLQl2,7’Ld1)A>\|FQ,—F1><T2,—T1|(NL,nl)A)\>(—1)l1+l
A
= (=) ((naly, naly; AIN L, nl))§' (3.70)

Here we used eq. (3.46) that is also valid for the alternative HOB definition. For the
next symmetry relation we investigate the following transformation matrix with
the substitution d — %

(0)-(E B

1 d

1+d 1+d

and we use the relations

(nl|7y = (=Dnl| —7) (3.72)
<(n1l1,n2l2)A)\|F1,F2> == (—1)l1+l2_[\<(ngl2,7’Lﬂ1)A>\|FQ,F1>. (373)
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We can then rewrite eq. (3.66) into

((n1l1, naly; Alnl, NL>>ah
= 2A+1Z//d37"1d T9 7’LQl2,TL1l1)A>\|T’2,T1><

B A+ 1 Z/ d’r1d°ra((naly, naly) AN, 1) (7o, 71| (nl, NLYAN) (—1) 274 (1)

2

= (=) (naly, maly; Alnl, NL))Y

(—1)E"M{ngly, naly; Alnl, NL))® 3.7
d

R|(nl, NLYAX)(—1)h+E=2(—1)!

Q.IH

Finally, for the last symmetry relation we use the transformation matrix

(- (% )6

R 1[4 _F
1+d T+d 2

where also d — % has been used. The relations we need here are given by

((nl, NL)AN7 R) = (=1)""2(NL,nl)ANR,7) (3.76)
(nabo|) = (1) (naly] — ), (3.77)

and we rewrite eq. (3.66) as

<<n1l1,6212;/\\nl ]VL>>aIt
= Z/ *rid®ro((naly, nolo) AX|Fy, =) (R, F1(N L, nl) AX) (— 1)+ A+

2A+1
= (=1)22t1 M (nyly, noly; A|N L, nl)) ¥
d
= (-1 <<n111,n212;A\NL,nl>>a§. (3.78)

So we derived the analogous relations as in section 3.3.2. The alternative HOBs are
real as well, so we have the following summarized relations

<<n1h,n212;A\nl,NL>>22t

= ((nl, NL; A|nyly, naly))y
(=1)"*((nala, naly; AIN L, nl))3 (3-79)
(— )L A(<n2[2,n1l1,/\|nl NL>>ah
(—

1) <<nlll,n212;A\NL,nl)>‘%‘.

These and more symmetry relations can be found in [22].
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3.3.5 Connection between our and the alternative definition of the HOB

After we derived the symmetry relations for the two conventions of the HOBs in
section 3.3.2 and 3.3.4 respectively, we want to construct the connection between
the two definitions. We remark two differences between the two definitions

e Coupling order: (I L) < (L) which will lead to a phase factor.
e Transformation matrix: Replace d — < in matrix (3.64) compared to (3.43).

Because the left-hand sides of egs. (3.42) and (3.63) are equal we can derive a rela-
tion between the two definitions. If we change the coupling order in the alternative
definition we find

(il mol)AX) 22 ST (N L nls Almaly mala)) 3 (VI nD)AN) (3.80)
NLnl
BE3) S™ ((nl, NL; Afala, mabo))2 [ (nd, NL)AN) (3.81)
NL,nl
= > ((nl, NL; A|nily, nala))y (= 1) A (NL, nl)AN) . (3.82)
NLmnl

If we now match coefficients of (3.80) and (3.81) we find

((NL,nl; Alnyly, nols)) 1 = (=D)L ((nl, NL; A|nyly, nals)) ™. (3.83)

1
d
Now we are able to switch between our definition and the alternative definition of
the HOBs. This is useful when we compare our derived formulas against results
published using the alternative definitions.
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3.3.6 Explicit formula for calculation of the HOBs

Finally, we present the explicit formula for the harmonic oscillator brackets that
conforms with our definition [20]

<<NL, TLl, A|7’Lll1, n2l2)>d
— (A LAl 9= (litl2+L+)/4

xv/m g NIl [2(ny + 1) + 1]1[2(ng + bo) + 11[2(N + L) + 1]11[2(n + 1) + 1]!!
% Z (_1)la+lb+lc2(la+lb+lc+ld)/2d(2a+la+2d+ld)/2(1 i d)f(2a+la+2b+lb+2c+lc+2d+ld)/2
abedlalylely

(20, + 1)(20y + 1)(21, + 1)(21y + 1)]

albleld2(a + 1o) + 20+ Ip) + UI2(c + o) + UN2(d + Ig) + 1)1

R AN IR AL 11,1
X lc ld lg ale bld alb|ll cld| t2 . (384)
o/\oolo)\oolo/)\oo

00 0
L1lA
Because of its symmetric appearance we can rewrite it in the form

<<NL, TLl, A|7’Lll1, n2l2)>d

lo lp Iy
_ d(elfe)/Z(l +d)f(e1+ez)/2 Z (_d)ed I, 1y 1y
ealaeplpecleegly L1l A

X G(e1ly; eqla, eply) G(eals; ecle, eqly) G(EL; e4ly, ecl.) G(el; eply, eqly) (3.85)

which is more convenient for implementation. Here we used £ = 2N+, e = 2n+1,
e; = 2ny + l; and ey = 2ny + 1, Moreover, the G-coefficients are given by

by
Glerly; eala, esly) = /(210 + 1) (21 + 1) (o 0 S)

% el—ll €1+l1+1
ea_la;eb_lb ea+la+1;€b+lb+1

with trinomial coefficients

v\ _ (@
(.y; ) = UEn 50

1/2

: (3.86)
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3.4 Antisymmetrizer in basis representation

In this section we present a technique to derive a translationally invariant three-
nucleon basis that is antisymmetrized with respect to particle exchange. More-
over, we derive an explicit form for the projector on the antisymmetric part of the
Hilbert space. We will need this technique in section 4 to guarantee the antisym-
metrization of the bra and ket states of the three-nucleon interaction matrix ele-
ments.

The typical approach when one is interested in antisymmetrizing a given state,
is to project this state onto the antisymmetric subspace of the Hilbert space using
the antisymmetrizer A:

labe) 220 /31 Alabe) = |abe),, (3.88)

where |abc) denotes an arbitrary three-particle state and A = —; >, sgn(P)P the
antisymmetrizer, including the permutation operator P. The subscript , on the
right hand side of eq. (3.88) indicates that the state is antisymmetrized. Typically,
the permutation is explicitly performed, ending up with

1
abc), = ——=(|abc) + |cab) + |bca) — |bac) — |cba) — |ach)) . (3.89)
\)\@(\>\>I>\>|>|>)
We will now discuss an alternative and in some sense more elegant way to access
an antisymmetrized three-body basis. Therefore, we calculate the matrix elements
of the antisymmetrizer in the basis

o) = |[(n12l12(€1), Sap) 12, (nsl3(E2), 5c)s) T Moy, (tapte) T M) . (3.90)

The quantum numbers n1,, [12, n3 and /3 denote harmonic oscillator quantum num-
bers with respect to Jacobi coordinates 51 and &, as described in section 3.2. For
brevity we omit the explicit reminder on Jacobi coordinates by showing the depen-
dencies on &, & in the following. If necessary we will come back to this notation.
Moreover, jio, Sq and t,;, are angular momentum, spin and isospin quantum num-
bers corresponding to nucleons 1 and 2. Here, s, is the quantum number of the
coupled spins of the first nucleon s, and the second nucleon s, and analogously
for the isospin ¢,, quantum number. The quantum number /3 is the orbital angu-
lar momentum of the third nucleon with respect to the center of mass of nucleons
1 and 2. The spin, isospin and angular momentum of particle 3 is given by 5., t,
and 75 respectively. Finally, J and T are the total angular momentum and isospin
quantum numbers of the states, respectively. We will refer to the states |«) as Jacobi
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states.

In addition, the states |«) are antisymmetrized with respect to particle exchange
1 < 2 only. This is assured by taking only states that obey (—1)h2+sawttar = —1 Tt is
not antisymmetrized for particle exchange 1 <+ 3 or2 < 3.

Once the matrix representation of .4 is known, we can solve its eigenvalue prob-
lem to get access to the fully antisymmetrized states | £JT'i) which are eigenstates
of the antisymmetrizer .A. Because A4 = A holds true due to the projection
property of A, we will find two eigenspaces. One corresponding to eigenvalue 1,
spanned by the fully antisymmetrized states, and one corresponding to eigenvalue
0, made up of spurious states that we are not interested in. At the end we have the
antisymmetric three-particle eigenstates |£J7") as expansion in the basis states

)

|EJTi) =) (ol EJTi)|a) =) caula). (3.91)
The expansion coefficients ¢, ; are called coefficients of fractional parentage (CFPs).
The quantum number

E = 27112 + l12 + 2713 + l3 (392)

corresponds to the total harmonic oscillator energy of the three-nucleon state. The
i is no physical quantum number, it just labels states with same £, .J and 7" in an
arbitrary ordering.

Having the fully antisymmetrized three-particle relative states |E.JTi) we can
explicitly construct a projector on the antisymmetric relative Hilbert space by us-
ing the dyadic product

A= > > Y |EJM;TMyi){EJM;TMril. (3.93)

E,JM;T,Mp i

We can extend this to an antisymmetrizer of the complete Hilbert space simply by
multiplying with a dyadic product of center-of-mass states

A= " nemlonMen) MemlemMen| ® Y >N " |EJM ;T Myi){EJM;T Mril

Nemslem E,JM;T Mr i
= 3 3T 3T rembenton) © [ETMT Mzi)(nmlemmen| @ (BJM,;TMyil,
Nemslem E,J,Mj;T,MT 1 (3.94)

Mem

since the center-of-mass states are invariant with respect to particle permutations.
After explaining the basic idea of the antisymmetrization procedure, we now
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3.4 Antisymmetrizer in basis representation

derive the matrix representation of A in detail. We start with writing the antisym-
metrizer for a three-particle system in terms of transposition operators simply by
rewriting the permutation operators

1

A= 6 (Pras + Psia + Pagi — P21 — Prsz — Pars) (3.95)
1

=3 (1 + To3Tho + Ti3Tho — Tas — Tos — Tho) (3.96)

where we used P;,3 = 1. Next we use 7,3 = 715,7237;» as well as 7, = —1, since we

work with states (3.90) that are antisymmetric for particle exchange 1 < 2. This
yields
1

A= 6 (2 = 2723 — T12T23Tha — T19T23Th2) 3.97)
1

=z (2 — 4T33) (3.98)

_ % (1—2%) . (3.99)

If we now calculate matrix elements of the antisymmetrizer in the states |«) only
the matrix elements of the transposition operator 753 need further attention.

For calculating matrix elements of 7y, it is convenient to cast states (3.90) into
the form

|(n12l12, nglg)LML> X |(5ab7 SC)SM5> & |(tab7 tc)TMT> . (3100)

This has the advantage that we can investigate the action of the transposition op-
erator on the spatial, spin and isospin part of the state separately. Furthermore, we
will have to employ a HOB which means that the orbital angular momenta have to
be coupled anyway. The transformation of states (3.90) into states (3.100) needs
two subsequent steps: First we have a recoupling of four angular momenta

[[(n12l12, Sab) 12, (N3ls, Sc)gs]J) — |[(na2li2, nsls) L, (Sap, S¢)S]JT) (3.101)

which will introduce a 9j-symbol according to eq. (3.20). Second we have to break
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up the (LS)-coupling using a Clebsch-Gordan coefficient. We arrive at

I[(n12l2, Sab)j12, (N33, s¢)js| I My, (tapte) T M)

li2 Sab J12
A A a L S| J
= > JisLSQ Iy s js ( ) (3.102)
LMy, S,Ms IS J My Mg | My

X [(naglia, nals) LMy, (Sap, S¢)SMs, (tapte) T Mr) .
The matrix element of 7,5 then reads

([(als, Sa) 125 (ML, sc)ja] " M, (topte) T M|

X Ta3|[(n12liz, Sab)J12, (n3ls, Sc)js)J My, (tapte) T Mr)
=D >0 D > hehlSinils
J ) ( L/ Sl J, )
L S J LS J M, M Mg | M
n,12l,12>nglg)L,MHTQsKnmlm,nglg)LML>

L',S" M} ,MY L,S Mp, Mg
L S
S 86)S ME| Tos| (Saps ) S M) (£, te)T' M| Tas| (tap, to) T M) . (3.103)

My, Mg

- ! / -/
liz Sab J12 o Sap Jio
. / /
X qls sc s 5 s. Jjs

x((
((

X

We note that the structure of the spin and isospin matrix element is identical, so it
is sufficient to work out one of them. We investigate the isospin matrix element

<(t:zb7 tc)T,Mé“|753|(taba tc)TMT> ; (3104)
by considering the action of the transposition operator on the ket

Tos|(tap, te) T Mrp)

ta ty | ta tay te | T
- ¥ < b b)( b M>7'23|tamta,tbmtb,tcmtc> (3.105)

Mt Mty Mt mta mtb mtab mtab mtc T

ta t | ta tw te | T
- ¥ < b b)( b >|tamta,tcmtc,tbmtb). (3.106)

Mg Mty Mt My, My, | My, My, M, MT

Now particle 3 is in the state |¢,m,,) and couples its isospin with particle 1 to the
same quantum number ¢,, as before. This is the same situation as if we rewrite the
formula with exchanged quantum numbers ¢, < .

Tos|[(ta, to)tap, te) T Mr) = |[(ta, te)tap, to) T Myr) . (3.107)
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3.4 Antisymmetrizer in basis representation

Thus the isospin matrix element is given by

tc T tab
(3.108)

- / to ty t!
(o t5)at £l TN (s £}t £J T MY = O30 Gty aty oy (— 1) FHea ot { } ,

where we introduced a 6j-symbol, since we have a recoupling of three isospins as
in (3.17).
Analogously, we can construct the spin matrix element

/
((Shps 8008 M| Tas| (5ab; 5¢) SMg) = 85,50 Ongg ary SppSap(—1) " oartser {S“ “;’ S“b} (3.109)
Sc Sab

Finally, we have to calculate the spatial matrix element
((n1alia, 3ly) LM | Tos| (mi2l12, msls) LM ) (3.110)
Again we investigate the action of 73; on the ket
Tos|(nazlia, nsls) LMy (3.111)

If particles 2 and 3 are exchanged, the operator definitions that correspond to the
quantum numbers [15(¢;) and I5(&) change. In other words, the Jacobi coordi-
nate definitions are different because the single-particle coordinates 2 and 3 are
exchanged. The new coordinates read

£ = \/g [P — 2] (3.112)

. 21
§&=1/3 {—(Fﬁﬁ) _Fb] . (3.113)

We connect the primed coordinates with the original ones by an orthogonal trans-
formation with parameter d = 1. Using eq. (3.43) we have

(@) _ Vi (51> _ (3.114)
&

i) \e

with the unprimed coordinates defined in eq. (3.31). Therefore, we can expand

Ny

o

the states depending on the primed coordinates {¢/,&,} in states depending on
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the original Jacobi coordinates by using a HOB

|(n12l12(&}), mals(€5)) LMy
= Z Z<<7~1121~12,7~l3l~3;L\n12512,n313>>

n12l12 N3ls

(3.115)

1
3

X001y 1042715 s 2m1a+ 1o+ 2ms 41 | (1112012(€1), T3l3(§2)) LML) -
The spatial matrix element of the transposition operator follows as

((nol19, nily) L' M | Tas| (n12l12, nals) LML)
(3.116)

Y 1ar.
= 01, Oy My, O2nly 1y 2m 4 2mro o+ 2ns +s (12019, M3lys Linalia, nals)) 1

Combining the results in eq. (3.108), (3.109) and (3.116) leads to the total matrix
element of the transposition operator

([(n5la, $y) 1o, (Sl sc)j5] T MY, (toyte) T M|
X Tas|[(na2li2, Sab)Jr2, (N33, 5c)js] I My, (tapte) T M)
=S 3 S Gl S ias LS ant astas
J/
X q I3 sc J3 Iy s j4 o

L',S" Mj,MY L,S Mp,Ms
J ) (L’ S/
L s J)llrs g My ) \ Mg M

3 (—1) s Hab (1)1 +sas taty thy | | Sa Sb Sy
te T top Se S Sap

X 5T,T' 5MT,M’T 55,5' 5MS,M’S 5L',L 5M2,ML

L S

li2 Sab J12 Lo Shy Jia
(ML Ms

Iy 1
X 52”12+’l’12+2n§,+l§,72n12+112+2n3+13 <<n121127 n3l37 L‘n12ll2a n3l3>> (3.117)

1
3

Now we can eliminate the summations over L', M}, S’ M{ using the Kronecker
deltas and the orthogonality relation

J’ L S| J
M )\ My, Mg| M,

L S
S (3.118)
My, Mg (ML MS ) Y
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3.4 Antisymmetrizer in basis representation

to arrive at the final result

([(nhalia, Sap)drzs (M3l5, ) J5) T MY, (toyte) T My |
X To3|[(n12hi2, Sab)Jr2; (N3ls, Se)js] I My, (tapte) T Mr)
= 6T,T/ 61\/1T,M§~ 6J’,J 51\/1L/]7MJ 52n12+/l/12+2ng+l’3,2n12+l12+2n3+l3

T2 Q250 N1 Sl a7
X E L7 57 J19 33 J12 J35ap Sab tap tab
L,S

. ! ! -/
Lia Sap J12 o Sup Ji2

/ /
X l3 Sc .j3 lé Se jé (—1)1+t;b+tab(_1)1+s’ab+sab {ta Ly tab} {Sa Sp Sab}
L S J S J te Tt Se S S

X ((n'ylie, n5ls; Linializ, nsls)) (3.119)

5
As we can see, the matrix elements of 753 are diagonal in the projection quantum
numbers M;, My and furthermore do not depend on them at all. Therefore, it is
sufficient to use the states |[(n12l12, Sap)j12, (nals, S¢)js]J, (tate)T) without projection
quantum numbers M, M for the basis representation. This reduces the number
of matrix elements significantly. Furthermore, it helps in practical computations,
especially when the interaction matrix elements do not depend on the projection
quantum numbers either, as it will be the case for the transformation in section 4.

In addition, we recognize that the antisymmetrizer is diagonal in the quantum
numbers T, Jand E = 2n9 + l1a + 2n3 + I3

TJE

TJE'
(/| Ale) = : (3.120)

This allows to solve the eigenvalue problem as well as the calculation of the trace
for each block separately, which reduces the computational effort. As mentioned
above, the physical states must have eigenvalue 1. Since there will be many phys-
ical states even in one 7'JE-block, the eigenspace is degenerate. Therefore, we
introduce an additional “quantum number” i that labels the different degenerate
states that correspond to a given 7'J E-block. The value of  is then determined by
the eigenvalue solver we use. One crucial detail is that the ordering of the eigen-
states as well as the eigenstates |E£J7T) themselves are not unique since any or-
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thogonal transformation of the degenerate eigenstates will build an eigenbasis,
too. Only the total number of eigenstates | £'JT") which is given by the trace of the
antisymmetrizer stays the same. Consequently, different numerical eigenvalue-
problem solvers will produce different orderings and different eigenstates of the
totally antisymmetrized basis states. Once we fixed these eigenstates and their or-
dering in our calculations, we have to stick to it for the rest of the calculation.
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SECTION 4

Three-body Jacobi matrix element
transformation into the m-scheme

As already mentioned at the end of section 2, the starting point of our investi-
gation of the N2LO three-nucleon interaction are matrix elements with respect to
antisymmetrized three-particle Jacobi states |EJM ;T Mri). Since m-scheme ma-
trix elements are needed in our many-body calculations, we have to transform the
given matrix elements into the m-scheme .

To investigate the transformation, we assume a charge invariant and rotational
invariant interaction, meaning that the interaction does not depend on the M or
M; quantum numbers. Moreover, the interaction does not change the total rel-
ative angular momentum J and the total isospin 7' of the three nucleons. This
summarizes to

(EJM ;T Mpi| VNN E' T M, T M’
= (EJTi|VYNNIE'JTV) 65,5 601y 01, 0110 Oty - (4.1)

Furthermore, we denote the interaction operator throughout this section as
VNN indicating a three-nucleon interaction. Nevertheless, all formulas are valid
also for two-plus-three-body interactions as long as their matrix elements are given
in the basis |EJT').

In subsection 4.1 we deal with the transformation into m-scheme matrix ele-
ments. During this transformation we encounter a complicated overlap that is cal-
culated separately in subsection 4.2. In subsection 4.3 we discuss a serious limita-
tion with the direct transformation into m-scheme matrix elements, since storing
them as well as the overlap calculated in subsection 4.2 is very memory demand-
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4 Three-body Jacobi matrix element transformation into the m-scheme

ing. Finally, in subsection 4.4, we present the solution of this problem by slightly
changing our strategy into the calculation of matrix elements that maintain a total
coupled angular momentum and isospin.

4.1 Matrix elements of the three-nucleon interaction at N2LO in
the m-scheme

In the following, we derive the formula for the transformation of three-particle
interaction matrix elements from the antisymmetrized Jacobi states |E£.J7T%) into
the antisymmetrized m-scheme basis

(BJTi|VYNNIE JTi"Y — (abe) VN |a'b ), . (4.2)

We start with a non-antisymmetrized product state of (/s)-coupled single-particle
harmonic oscillator states

|abc> = |(nalaa Sa)jamaa (nblba Sb)jbmb7 (nclca Sc)jcmca tamtatbmtbtcmtc> . (43)

In the first step, we couple the single-particle angular momenta j; to total angular
momentum J of the three nucleons

Ja Jo | Jab Jab Je | T
be) —
|a C> Z ( Mab) <Mabmc M) (44)

TabsT Mg My
X ‘{[(nalav Sa)jau (nblb7 Sb)jb] Jab7 (nclm Sc)jc}jMu tamtatbmtbtcmtc> )

with M, = m, +m, and M = M,, + m.. We used the Clebsch-Gordan coefficients
defined in eq. (3.5) and eliminated the sums over projection quantum numbers
using eq. (3.9).

In the next step we make use of the identity

1= Y 35N {nenden) @ 1003 {nomlon| © ()7, 4.5)

Nemolem o« J' M/

where n.,,, l.., denote center-of-mass quantum numbers and

la) = [[(n12li2, Sab) Jr2, (n3ls, 5¢)Js] I My, (tate) T Mr) (4.6)

again denotes the Jacobi state as already introduced in section 3.4. Here, one has
to be careful, since |«) does not contain the M; quantum number if its total an-
gular momentum is coupled, as in eq. (4.5). There, the curly brackets indicate the
coupling of the center-of-mass orbital angular momentum with the total angular
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4.1 Matrix elements of the three-nucleon interaction at N2LO in the m-scheme

momentum of the Jacobi state |«). Moreover we introduced

2= 22020 2. @7

ni2,l12 n3,l3 Sap J12,93 J  tap T,Mr
Inserting eq. (4.5) into eq. (4.4) yields
J
M

-2 % Zoimlin) (o

Jabs T Nemplem @ Ma My
a b c Ju J T

(4.8)
x T Nem lcm N2 l12 ns l3
Sab Jiz J3 ta T Mr
X {[nemlem) ® ‘O‘>}JM )
with the T-coefficient defined as the overlap
a b ¢ Jyp J T
T Nem lcm Nig l12 ns l3
Sap Ji2 J3 ta T My 4.9)

= {{nemlem| ® <O“}JM H{[(alas 8a)Ja> (Ml $6)Jo) Jab, (Nele, S¢)Je} T M, tamy, tymy, temy, ) -

The sums over primed quantum numbers vanish because of the orthogonality re-
lations. For clarity we postpone working out the formula for the T-coefficient to
the next subsection, but we stress that the arrangement of the quantum numbers
in the symbol of the T-coefficient has no physical meaning.

Since the nuclear interaction will only affect the relative part of the state, it is
useful to decouple the relative angular momentum from the center-of-mass or-
bital angular momentum. Doing so, we encounter one further Clebsch-Gordan

ab Jab ,jc j
Mb Mabmc M

>achabJj

coefficient

TEED 3 30 S ol G

Mg ™
Jav,J @ nemslem Mem, My a b

J (4.10)

M

T Nem lcm N2 l12 ns l3

Sab j12 j3 tab T MT

X |NemlemMen) @ |a) .

Finally, only one piece is missing: The left-hand side is still a non-antisymme-
trized product state. Thus, the final step is to project it onto the antisymmetric
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4 Three-body Jacobi matrix element transformation into the m-scheme

part of the Hilbert space. Consequently, we now make use of the representation of
the antisymmetrizer that we worked out in section 3.4 in eq. (3.94)

D700 DD NembemMmen) © [ETM T Myi) (nmlomMem| © (EJM,;T Mril .

Nemylem B J,My T,Mr i (4.11)

Mem

If we multiply eq. (4.10) with the antisymmetrizer from the left, we have to consider
the overlap

(Mgl [ Remlemem) (BT MG T MT' M)

cm cm

= Ca,i 07,0 OMt My OT' T ONtL, My Onty, mem Ol Lo Omlyy mem OB 2n10-+l12+2n3+5 5 (4.12)

with the coefficient of fractional parentage ¢, ; as defined in eq. (3.91). Using the
Kronecker deltas of eq. (4.12), we eliminate the corresponding summations and
obtain for the antisymmetrized m-scheme state

abeh =V D DL D 22

Jav,J @ lem,nem, i

Mem
. .b
% Ja J
Mg My

Jab Jab jc j lcm J
Mab Mab me M Mem MJ
a b ¢ Jy J T

x T Nem lcm Nig l12 ns l3

J )
M
(4.13)

Sab J12 Js taw T Mrp
X Cayi |ncmlcmmcm> X |EJMJTMTZ> .

The only remaining sum of (4.11) is the one with respect to i. The quantum num-
ber E is now constrained by £ = 2n,, + l;5 + 2n3 + I5. The additional factor v/3!
shows up because of

|labc), = V3! A |abc) (4.14)

and is needed to have a normalized state after the projection.
Now we are in the position to write down the interaction matrix element. We
use the hermitian adjoint of |abc),, as given in eq. (4.13), to sandwich the interac-
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tion operator. This yields

o (abe| VYN a/b Y,

- 3‘2222222222

Jav, T @ ncm lem My i J o n i/
NEEARAYESAF VAN
iy | M, ) \ Ml | M)\l MG | M0
‘(1 A Ja Ja .c lcm J
N RLRL b b Je | J J 4.15)
Mg MMy Mab Mab me M Mem MJ M
a b ¢ Jyp J T a v Jd J, J T
X Tl Nen, lem mi2 b ng lg | T nl, I, niy Uy nf I
Sab Ji2 J3 tan T My S Jia Jz tw T Mrp
X Ca,i Co it
X (NemlemMienm | o) (BT M T Mpi|[ VNN | E'J' M T My’ .

Here we have already used that the nuclear interaction operator VYV does not
affect the center-of-mass part of the state.
For further simplification we make use of

! !
<ncmlcmmcm|ncmlcm Moy, > = 5ncm,ném 5lcm,lém 5mcm,mgm (4.16)

and properties of the interaction, which imply

(EJM;TMpi| VNN E' T M, T M’
= 85,0 Ongy e, O110 gy (EJTH VNN |EN T (4.17)

Note that this holds true only for interactions that are independent of M7, meaning
charge invariant interactions. So we explicitly omit the fact that the nuclear inter-
action is not perfectly charge invariant at this point. Applying eqs. (4.16) and (4.17)
on eq. (4.15) eliminates the summations over

! J M T, M, (4.18)

cm7 cm? Cm?
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leading to

o(abe| VYN 6/t Y,

R 3P IPIDHIPIPH'D

Jabs I @ nemsylem My 7 J/ J a
X Jtll Jlly (lzb J,b jc jl lcm J jl
mlmy | M, ) \ M, m.| M) \ mep My| M
'a . Ja Ja -c lcm J
o A v Je| I J (4.19)
Mg My Mab Mab me M Mem MJ M
a b ¢ Jy J T ad v o T, T T
x T Nem lcm nia 19 ns l3 T Nem lcm nI12 ll12 ng lg
Sap  Ji2 J3 ta T My Swy Ji2 J3 tw T Mr
X Caji Ca' it

x(EJTi| VNN E' JTi') |

Here, ) still means a sum over {n2, l12, Sap, j12, 3, l3, J3, J, tap, T, M7}, whereas ) .,
means a Sum over {n,, ly, si,, 719, 5, 15, Js’, t0, 1.
Next we use the orthogonality relation (3.11) of the Clebsch-Gordan coefficients

Z lcm J j lcm J
Mem, My mcmMJ M mcmMJ

and the three-body m-scheme interaction matrix element finally reads

j/
M’) — 5\7,\7/ 5./\/1,./\/1’ (420)

a<CLbC‘VNNN‘CLIbI />

=8> 2 ZZZ

Jab,J « Nems,s lem @ %
o Jo Jbv | Jab Jéb Je | T Ja Jb | Jab Jab Je | T
my, my, | My, M, mg | M Mq My | My Maypyme| M
a b ¢ Jun J T ad v J, J T
X Tl nem lem 2 iz ng Iy | T nem leom 1y Uy nhy 1 (4.21)
Seb J12 Js ta T Mr S Ji2 Jz tw T Mr

X Caji Cal it

x(EJTi|VYYNE' JTi) Spnnr -
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Or with all quantum numbers shown explicitly

o (abe| VYN a/b Y,

D IDID DD IS NS IS IS I I I

JabsJly T Memslem na2,nly L2,y SabsShy, 312,019 tabsty, 13,05 13,05 53,55 ST i,

« Ja Jo | Jab Jo Je | T Ja b | Jab Jab Je | T
my, my, | My, My, m, | M Mg My | My Maypyme| M

a b ¢ Jp J T a v JdJ, J T

XTI nem lem M2 Lz n3 I3 | T nem lem nip 1y ny 1 (4.22)
Sab J12 J3 tan T Mrp Swp Jiz J3 tw T Mr
nz lip nz U3 ny by g I

X Coi| Sab J12  Js  J| Cai| Sy Jlo J5 J
tw T My i t, T Myp 4
x(EJTi|VNNN|E' JTi'y

with
My =mq +my, (4.23)
ab = M+ M, (4.24)
M =m, +my +m. =ml +my +m,, (4.25)
My = my, +my, +my, =my +m, +m;_, (4.26)
E=2n1 + 1o+ 2n3+ 3. (4.27)

The large number of summations and the fact that the 7-coefficient depends
on almost all of them leads to a complicated computational task. Obviously, the
explicit execution of the summations would lead to inefficiently large run times.
For details on our implementation we refer the interested reader to appendix A.

The remaining task is to calculate the T-coefficient defined in eq. (4.9), which
will be done in the following subsection.

45
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4.2 Calculation of the 7'-coefficient

In the last subsection we defined the T-coefficient as

a b ¢ Jyp J T
T Nem lcm ni2 l12 ns l3

Sep J12 Jz3 ta T Mrp

= {nemlem| @ (@1} {(Malas $a)ar (Mol 50)36) Tav, (ecler 56) 3t T M, tarm o temy, )
= { (nemlem] @ (]} {{]a) ® D)} @ )} (4.28)

Now we will derive the explicit formula to compute it. Hence, we will start with the
state {{|a) ® [b)}7* @ |c) }jM and express it stepwise by {|nemnlen) ® |o) }jM. Ob-
viously, we have to change the underlying coordinate system on our way through
the transformation, since we must change quantum numbers of the relative and
center-of-mass part of the three-nucleon system into single-particle quantum num-
bers. As outlined in section 3.3, we can achieve this with the help of HOBs. We will
encounter two of them.

We start our transformations with coupling the isospin of {{|a)®|b) }'»®|c) }JM

to total isospin quantum numbers 7', My
{{la) & 15)}" @ |c)}

o Z ta tb tab tab tc T
mtab mtab tc MT

tabyT mta mtb
X ‘ {[(nalaa 3a>,ja7 (nblb7 Sb)jb] Jab; (nclca Sc)jc}jMa [(taa tb)taba tc]TMT> . (429)

As usual, we eliminated already the sums over the projection quantum numbers
by m; , = m:, + m, and My = m,,, + m,. . For the further steps the isospin part is
dispensable, so we omit it for brevity.

In the following, we carry out a number of unitary transformations by inserting
appropriate identity operators. How the parts of the state that are affected by the
transformation change is always shown in the heading of each step. We encounter
sums and transformation coefficients in every single step. We quote them only
once in the step they are relevant for and highlight them with a box. At the end we
will collect everything together and write down the complete formula. The same
applies for the summation bounds: we specify them in each step and summarize
them in a simplified form for a special ordering of the sums in appendix A.2.

Moreover, we will use the shorthand & = v/2x + 1 and omit the projection quan-
tum number M corresponding to J since it does not change during the transfor-
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4.2 Calculation of the T-coefficient

mations.
An overview with short description of the quantum numbers that we need dur-
ing the various steps is given in table 1.

ng, My, N Single-particle h.o. radial quantum numbers

la) lp,l.  single-particle h.o. orbital angular momentum quantum numbers

Sa» Sp Se  single-particle spin

Ja» Jor Je  (ls)-coupled single-particle angular momentum

ta, tyy t  single-particle isospin

Sab coupled spins (s,, sp)

tab coupled isospins (t,, t;)

Jab coupled single-particle angular momenta (7j,js)

J,M total angular momentum (./,;j.) and projection quantum number

L coupled orbital angular momenta (/,[;)

N1z h.o. radial quantum number based on center of mass of particles 1 and 2
L9 orbital angular momentum based on center of mass of particles 1 and 2
N2 h.o. radial quantum number of the first Jacobi coordinate &

lio orbital angular momentum depending on the first Jacobi coordinate 51
L total orbital angular momentum (ZL!l.)

Ss total spin (sus.)

A coupling of the orbital angular momenta (£;2![..)

ns3 h.o. radial quantum number depending on the Jacobi coordinate &

I3 orbital angular momentum depending on the Jacobi coordinate &,

L total relative orbital angular momentum coupling (/12l3)

J total angular momentum of the relative part of the state (L3S3)

Ji2 total angular momentum based on the first Jacobi coordinate (12, Sqp)
J3 total angular momentum based on the second Jacobi coordinate (I3, s.)

Table 1 - Summary of all quantum numbers needed for the calculation of the T'-
coefficient. The shorthand h.o. means harmonic oscillator.
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4 Three-body Jacobi matrix element transformation into the m-scheme

»  [(nala, Sa)Ja, (Muly, sb)Tb)Jay — [(Malas mol) Lab, (Say Sb)Sab) Jab

Since we aim at the separation of the center-of-mass part of the state, it is clear that
we have to deal with Talmi transformations. The first Talmi transformation will in-
troduce the coordinate crh,;, of the center of mass of the first two particles and
their corresponding relative coordinate &;. Before doing this, we have to change
the (j7)-coupling of particles 1 and 2 into (L.S)-coupling. We obtain this by insert-
ing a suitable identity operator in eq. (4.29)

‘{[(nalm Sa)jau (nblb7 Sb)jb] Jab7 (nclca Sc)jc}j>

= 3" Hl(alas nalb) Lab, (50, 56)8ab) Jas, (necles )3} T)

Labysab

X <{[(nala7 nblb)Lab7 (Sm Sb)sab] Jab7 (nclca Sc)jc}j‘ (4.30)
X H[(nalm Sa),ja, (nblbu Sb)jb]Jabu (nclca Sc)jc}j> .

Since we have a recoupling of four angular momenta we can replace the overlap
with a 9j-symbol by using eq. (3.20)

<{[(nala7 nblb)Labu (Sm Sb>5ab]Jab7 (nclca Sc>jc}j|
X |{[(nala> Sa)jaa (nblba Sb)jb] Jaba (nclca Sc)jc}j>

la lb Lab
= jajbi/abgab Sa Sb Sab
Ja Jo Jab (4.31)

So the right-hand side of eq. (4.30) becomes

la lb Lab
Z jajbﬁabéab Sa Sb Sab |{[(nala7 nblb)Laba (Saa Sb)sab] Jab7 (nclca Sc)jc}j> . (432)
FapSan Ja Jb Jab

The summation bounds of the two sums are determined by the triangular condi-
tions (3.24) that must be fulfilled for the 9j-symbol.
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4.2 Calculation of the T-coefficient

»  (ngla, mply) Loy — (N12£12(Cmab)7n12l12(é))Lab

Now we carry out the first Talmi transformation. It changes the single-particle co-
ordinates 7, and 7}, into the coordinate of the center of mass cih,, of the first two
particles, and their relative Jacobi coordinate &

1
Cﬁ”bab = 5 (’Fa + Fb) (433)
g 1 — —
& = ) (T — 1) - (4.34)

For the corresponding transformation matrix (3.43) we have to choose the param-
eter d = 1, yielding

1 1
Mab) V2 V2 [ (Te] (4.35)
&1 1 1) \r
2 2

As we have seen in section 3.3, the transformation coefficient is given by the HOB

((N12L12, n12l12; Lap|Nala, Mblb) )1 09N ot £10 4210+ 200 +la+ 205+l |- (4.36)

The new quantum numbers V)., £, are the harmonic oscillator radial and orbital
angular momentum quantum numbers that describe the center of mass of the first
two particles, respectively. The harmonic oscillator depending on the first Jacobi
coordinate 51 defines the quantum numbers n;; and /1. Accordingly, the result of
this transformation is given by

|{[(nala7 nblb)Laba (Saa Sb)sab]Jaba (nclca Sc)jc}j>

= Z Z <<N12£127n12112§Lab‘nalaanblb»l 52N12+ll12+2n12+l12,2na+la+2nb+lb
Ni2,L12 n12,l12 (4.37)

X ‘{[<N12£12(C?nab>7 7112112(51))Lab, (30” Sb)Sab] Jabs (nclc, SC)jc}j>

The summation bounds are constrained by the energy condition

2N1g + Lig +2n19 + L1 = 204 + 1y + 20 + 1y, . (4.38)
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4 Three-body Jacobi matrix element transformation into the m-scheme

> [(Laba Sab)Jaba (lm Sc)jc]j B [(Laba ZC)‘Ca (Saln SC)S?)]j

For the second Talmi transformation that introduces the Jacobi coordinate &, we
need couplings of pure orbital angular momenta. Thus, we break up the (Lg,sq)-
coupling of the total orbital angular momentum of particles 1 and 2 with their cou-
pled spin &, in this step. Instead, we couple L,, with the orbital angular momen-
tum of the third particle I, to orbital angular momentum £. Inserting the appro-
priate identity operator leads to

‘(/\/125127 n12ll2>Lab7 (5a7 Sb>5ab]Jab7 (nclc, SC)jc}j>

= Z |{[(N12£127 n12ll2)Lab7 nclc]‘cu [(Sm Sb>5ab7 5c]53}j>

£,S3
X <{[(N12£127 n12l12>Lab7 nclc]‘cu [(Sa, Sb)Sab, SC]S?)}j‘ (4.39)
X |{[(N12£12, n12ll2)Lab7 (5a7 Sb>5ab]Jab7 (nclc, SC)jc}j>

Again, we have a recoupling of four angular momenta and we use eq. (3.20) to
replace the overlap by a 9j-symbol

<{[(N12£127 n12ll2>Lab7 nclc]‘cu [(SaSb)Sab, 3c]53}j|
X ‘{[(/\[125127 n12l12>Lab7 (Sm Sb)Sab] Jab, (nclc, SC)jc}j>

Ly l. L
= | L£S3Jubje { Sap Se Ss ¢ |- (4.40)
Jab jc j

The right hand side of eq. (4.39) then reads

Ly l. C
Z £g3jabjc Sab Sc 53 ‘{[<N12£127 n12l12>Lab7 nclc]£7 [(Sasb)saba 50]53}\7> . (441)
£,5s Jab jc j

The summation bounds are again determined by the triangular conditions of the
9j-symbol, given in eq. (3.24).
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4.2 Calculation of the T-coefficient

> [(N12£127n12l12)Lab7nclc][’ E— [(N12£127nclc)Aan12l12]£

Before we carry out the second Talmi transformation that leads us to the complete
set of Jacobi coordinates defined in eq. (3.31), we have to couple L1, with I.. This is
necessary because we can only transform the coordinates that correspond to these
angular momenta using the transformation matrix (3.43) into the coordinates &,
and &. Again we do the recoupling by inserting a representation for the identity
operator and receive

‘{[(N12£127 n12l12>Lab7 nclc]£7 [(Sm Sb>5ab7 Sc]st}j)
= Z {[(NM2Li2, nele) A, nialia] £, [(Sa, 5b)Sabs 8¢)S3}T)
A

X ({[(NM12La2, ncle) A, naalia] £, [(Sa, 55)Sabs S¢] S5+ T | (4.42)
X {[(N12L12, n12l12) Lap, nel) £, [(Sa, Sb)Sab, SelS3 T )

Now we have a recoupling of three angular momenta, so we replace the overlap by
a 6j-symbol. The relation we use is given in eq. (3.17)

<{[(N12£12, nclc)Aa n12l12]£, [(Sa, Sb)saba 50]53}j|
X |{[(N12£127 n12l12)Lab7 nclc]‘ca [(Saa Sb)Sab, 50]53}\7>

= |(=1)lethztMLa ] A le Lz ALY (4.43)
lia L Lap

This yields for the right hand side of eq. (4.42)

(L Ly A
Z(—l)lc“lﬁAJrL“bLabA 12 H{[(N12N12, nele) Ay naolin] £, [(Sas Sb)Sabs Se] S5 T )-
A 112 ‘C Lab

(4.44)

Here, the summation bounds for A are given by the triangular conditions eq. (3.16)
for the 6j-symbol.
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4 Three-body Jacobi matrix element transformation into the m-scheme

> (N12£12(Cmab)a nclc(Fc))A — (ncmlcm(é{))) n3l3 (é))A

Since the orbital angular momentum corresponding to ¢, is now coupled with
the orbital angular momentum with respect to the position of the third nucleon,
we are able to perform the second Talmi transformation. This will introduce the
center-of-mass coordinate of the three nucleons &, and the Jacobi coordinate &

€ = \/g [Fa 4T + 7] (4.45)
- 2 |1
§2 = g [5 (Fa + ﬁ) - 7?c:| . (446)

Comparison with the matrix (3.43) reveals that d = 2 is the correct parameter for
the Talmi transformation. Therefore, the coordinate-transformation matrix reads

. 1 B
(?) _ \/;2 (T“”) . (4.47)
2 c

\/; V3

Thus, the transformation coefficient is given by the HOB

=l N

(4.48)

((emlem, n3ls; AIN12L12, Mele))2 Oomemn-+lom+2n5+13,2N10-+ L1+ 20+

and the result of the Talmi transformation is

‘{[(/\[12512, nclc)Au n12l12]£7 [(Sm Sb>5ab7 5c]53}j>

= Z Z <<ncmlcm7 n313; A‘N12£127 nclc>>2 52ncm+lcm+2n3+l3,2N12+E12+2nc+lc
Nemslem 13,13 (4.49)

X {[(Memlom(€0). n3l3(62)) A, naalia) £, [(Say $)Savs $c)S3 1)

Here the summations are restricted by the energy conserving condition of the HOBs,
i.e.

2em + lem + 203 + I3 = 2Nio + Lia+ 20, + 1. (4.50)
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4.2 Calculation of the T-coefficient

> [(ncmlcma ?’Lglg)A, n12l12]£ — [ncmlcma (n?)l?n n12l12)L3]£

In the final state, {|ncmlen) ® |a)}jM, the center-of-mass angular momentum is
coupled with the total relative angular momentum including spin. So we have
to break up the coupling of .., with other orbital angular momenta in two steps.
In this first step we recouple I,,, with the total orbital angular momentum of the
relative part of the state L; by again inserting an appropriate identity operator

|{[(ncmlcma nglg)A, n12l12]£7 [(Saa Sb)saba Sc] 53}\7)

= Z |{[ncmlcm7 (n3l3, n12ll2)L3]£, [(SaSb)Sab, SC]Ss}j>

L3

X <{[ncmlcm7 (nglg, n12l12)L3]£7 [(Sasb)saba 50]33}\7| (451)
X |{[(ncmlcm7 n3l3>A7 n12112]£7 [(Sm Sb>5ab7 50]53}j>

Again, we replace the overlap by a 6j-symbol, this time with help of eq. (3.15)

<{[ncmlcm7 (77,313, n12l12>L3]£7 [(8a5b>5ab7 86]53}\7‘
X |{[(ncmlcm7 n3l3>A7 n12112]£7 [(Sm Sb>5ab7 50]53}j>

~a e I3 A

= —_ cm 3 . .

1 l +l3+l12+£AL cm 3 (4 52)
lio L Ls

Hence, we obtain for the right-hand side of eq. (4.51)

Nl I3 A
Z(—l)lc'n+l3+h2+£/\L3 ° {[nemlem, (nals, nialia) Ls| L, [(845b)Sab, 5] 93} T ) -

(4.53)

The summation bounds are given by the triangular conditions of the 6j-symbols
defined in eq. (3.16).
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4 Three-body Jacobi matrix element transformation into the m-scheme

> [(ncmlcma L3)£7 SB]j — [ncmlcma (L37 83)<]]j

With this step we arrive at the already mentioned situation that I.,, couples with
the total angular momentum of the relative part of the state J. Thus the center-
of-mass part of the state has the desired form after this transformation step and
will not be changed further. We employ the corresponding identity operator that
conducts the transformation and gain

|{[ncmlcma (n3l37 n12l12)L3]£7 [(Sasb)saba 86]53}\7>

= Z |{ncmlcma [(nglg, n12l12)L37 [(Saa Sb)saba 50]53]J}j>
J

X ({nemlem, [(n3ls, ni2li2) L3, [(Sa, Sb)Sab, 5] S3]J 1T | (4.54)
X ‘{[ncmlcmu (n3137 n12l12>L3]£7 [(Sasb)sabu 30]53}j> .

and the overlap can be replaced with help of eq. (3.15) again by a 6j-symbol

<{ncmlcm7 [(n3l37 n12l12>L37 [(Sm Sb)7 Sab, SC]SB]J}j|
X |{[ncmlcm7 (n3l37 77,12112)L3]£, [(Sasb)saba 50]53}j>

5o | lem L
= | (—1)lemtLatSstT £ ] L e s L _ (4.55)
Sy I J

The right hand side results in

sl L L
Z(_l)lcm+L3+S3+j‘CJ ’ |{ncmlcma [(nglg, n12l12)L37 [(Saa Sb)a Sab, 56]33]‘]}\7>7
; Sy T J

(4.56)

and again the bounds of the sum over J are determined by the triangular condi-
tions of the 6j-symbols, given in eq. (3.16).
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4.2 Calculation of the T-coefficient

»  [(nsls, n1olia) L, (Sap, 5¢)S3)J — [(nsls, s¢) 73, (na2lia, Sap)j12]J

This final transformation leads to the coupling scheme of the state |a). We have to
change the internal coupling of angular momenta and spins into mixed coupling,
meaning l;, couples with s, and 1,, with S.. The new coupled quantum numbers
are then denoted by j3 and j;, respectively. Again, we insert an appropriate iden-
tity operator

|{ncmlcm7 [(nglg, n12l12)L37 [(Saa Sb)saba 30]53]J}\7>
= Z |{ncmlcm7 [(n?)l?n Sc)j?n (n12l127 Sab)le]J}j>
J12,J3
X ({nemlem, [(n3ls, s¢)js, (Mi2li2, Sap)jr12) S } T | (4.57)
X |{ncmlcma [(nglg, n12l12)L37 [(Saa Sb)saba 50]53]J}\7> .

The overlap can be replaced with help of eq. (3.21) by

<{ncmlcma [(n3l37 Sc)j?n (n12l127 Sab)j12]J}j|

X |{ncmlcma [(nglg, n12l12)L37 [(Saa Sb)saba 50]53]J}j>
(I3 1y Ly
= (—1)%* 7 353515595 { S Sap S (4.58)
\j3 j12 J )
(11 13 Ly
= (‘Usdbﬂcfsg’ﬁs}sjlzgs Sap Se S p (—1)h2tlstletsaytsetSstjiatists (4.59)

LJ12 73 J )

In the last manipulation we used a symmetry relation of the 9j-symbols. We ex-
changed the first two columns and, therefore, have to pick up the phase factor
with the sum over all appearing quantum numbers. At this point the right hand
side of eq. (4.57) reads

lip I3 L3

§ : lio+l3+Ls+j is+J4+2sc T > 4
(_1) 12+l3+L3+j12+73+J+ 8CL3]3]1253 Sub Se 53
J12,73 j12 jg J

X |{ncmlcm7 [(n3l37 Sc)j37 (n121127 5ab)j12]J}j> ) (460)

where we simplified the phase factor using the fact that s,, is an integer. Addition-
ally, we have to reverse the coupling order from (j3j;2) into (j1273) to have the same
ordering as in |a). Thereby we collect a phase (—1)72*%~/ due to the symmetry
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4 Three-body Jacobi matrix element transformation into the m-scheme

relation of the Clebsch-Gordan coefficients, given in eq. (3.12). Then we can fur-
ther simplify the phase factor using that two times a half-integral number is always
odd. This applies for 2j; and implies that 2s. + 273 is even. Furthermore, we know
that j, is an integer and so (—1)%*2 = 1. Altogether the right hand side of eq. (4.57),
including the simplified transformation coefficient for this step, reads

lig I3 L
Z (=1)fsth2tls 105051055 < Sap Se S35 ¢ || {emlem, (1212, Sab) 12, (n3ls, $) 73] J}T) -
frot i g J (4.61)

Now we have done all transformation steps. We obtain the complete result of

{{la) @ )} @)} = {Jnemlem) © Ja) }7 (4.62)

by collecting all \ transformation coefficients \ and the corresponding summations.

In the following formula they are arranged in the order they appeared in the deriva-
tion

{{la) @ [} @ e}
20022 D2 22222200,

tapsmity T,Mr Lap,Sqp N12,L12 n12,l12 £,53 A nemylem n3,ls Lz J  ji2,j3
ab

ta tb tab tab tc
X
mta mtb mtab mtab mtc

X <<N12£127 ni2li2; Ly |nala7 nblb>>1 52N12+£12+2n12+l12,2na+la+2nb+lb

Ly I L

Y R .
My ﬁa §b Sab ¢ JaJvLabSab
,]a jb Jab

" Sad 17 - N lc E A
X ‘CS?’Jabjc Sab Sc 53 (_1)1C+ll2+A+LabLabA 12
] ha £ La
Jab Je j
X <<ncmlcm7 n313; A‘N12£127 nclc>>2 52ncm+l°m+2n3+l372N12+£12+2nc+lc
3 (—1)lemHathatL { T lem I3 A (—1)en+La+Sa+T 2 lom Ls L
ha £ Ly Sy J J
l12 lg L3
X (—1)l3+l12+L3L35351233 Sab Se 3 {|ncmlcm> ® |a>}JM . (4.63)
J12 g3 J
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4.2 Calculation of the T-coefficient

In order to calculate the T-coefficient from that we multiply (4.63) from the left
with {(n],I...| ® (/| }JM and get Kronecker deltas

Ot e Ol e Oy maz Oty 1na Oy s Oty vz Ony s Ot 15 035 s 07,7 Ottty Oy e, O OMy My -
(4.64)
They eliminate the corresponding summations, leading to
IM IM
{<ncmlcm| ® <a|} {{|a> ® |b>}Jab ® |C>}
Loy N12,L12 £ S3 A Ls
X 52N12+£12+2n12+l1272na+la+2nb+lb 52ncm+lcm+2n3+13,2N12+£12+2nc+lc
ta tb tab tab tc T
X
mta mtb mtab mtab mtc MT
X <<N12£12, N12li2; Lab|ala; Mole) )1 ((Memlem, ni3ls; A|N12£12, Nele) )2
la lb Lab Lab lc L
X Sa Sb Sab jajbf’abgab Sab Sec 53 ﬁgfijab,}c
Ja Jb Jab Jab Je T
% (_1)lc+l12+A+LabﬁabJ\ le L1 A (_l)lcm+13+l12+ﬁj\ﬁ3 lem I3 A
lip £ Lg lio £ Ls
Lo r la I3 L3
> (_1)lcm+L3+SS+\72j em =3 (_1)l3+l12+L3£353512$‘3 Sab Se Sz ¢ - (4.65)
Ss I J o
Ji12 Js J

Here we dropped the primes and rearranged the terms for convenience. Lastly, we
can eliminate the sum over N, with help of the first Kronecker delta. Then, the
remaining Kronecker delta reads

020+ lat+2np -+l 20+ le,2nem +lem +2n3-+Ha+2n12 2 (4.66)
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4 Three-body Jacobi matrix element transformation into the m-scheme

and our final result for the T-coefficient is

a b ¢ Jyp J T
T Nem lcm N2 l12 ns l3
Sab j12 j3 tab T MT
IM IM
= {{nemlem| ® (| }7 7 {{la) @ |0)}'* @ |c) }

=22 0.2,

Loy L12 £ Sz A L3

X 6271@ +la +2nb+lb +2nc+l072ncm Hem+2n3+13+2n12+112

« ta tb tab tab tc T
My, My, | My, My, M, My

X <<N12£12, N12l12; Lap|ala; 6ly) ) 1 ((Pemlem, n3ls; A|N12£12, Nele))2
la ly Lap | | Lap lc £ ha I3 L3

X § Sa Sb Sab Sab Se O3 ¢ 4 Sab Se 93
Ja Jb Jab Jab Je T) g2 Js J

y {zc Ly A } {zcm Is A} {zcm Ls L}
lho £ Lap) (Lo £LL3) | S5 T J

A A A

S s 3 h . 32 A2727272 le+- A+ Lop+LA+S3+H12+T
X ]a]bjcjabj12j35abJ53£ A LgLab(_]-) ¢ ab sz 3

where we also simplified the phase factor.

(4.67)

Now we have all pieces together to calculate the m-scheme matrix element

(4.21). For implementation of the formula it is convenient to precompute the 7-

coefficients, since for all matrix elements with fixed |abc), we always need the same

T-coefficients and their calculation is computationally demanding. So the strat-

egy must be to precompute as many quantities as possible. When we look back at

eq. (4.21) we recognize that we can include the two Clebsch-Gordan coefficients of

the J-coupling and the corresponding sum over J,, into the 7T-coefficients. Then
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4.2 Calculation of the T-coefficient

we can precalculate a new object that we denote by 7. It is given by

a b c J J
T| e lom M2l n3 I3

Sep J12 Js3 ta T Mrp

=22 2.2.2.2.0.

Jab Lay L12 L Sz A L3

X 6271@ +la +2nb+lb +2nc+lc,2ncm+lcm+2n3 +l3+2n12 +l12

% ,ja jb Jab Jab jc j
meg My Mab Mabmc M

% ta tb tab tab tc T
mta mtb mtab mtab mtc MT

X <<N12£12, n12l12; Lap|ala; 1ly) )1 ({Memlem, n3ls; A\leﬁu, Nele))2
la by Lap | | Lab lc £ la I3 L3

X § Sa Sb Sab (4§ Sab Sc 93 ¢\ Sab Sc O3
Ja Jb Jab Jab Je T) g2 Js J

y {zc L1y A } {zcm ls A} {zcm Ls E}
lo £ Lap) (Lo L L) | S5 T J

A A A

X Jadsedavgi2)s8apd ST LN L2L2, (—1)letAtLav it Satliot (4.68)

Because } _; is now included in the T-coefficient, it is independent of .J,, and we
drop J,, in the symbol.
With this simplification the m-scheme matrix element is given by

Jlabc|Vyyn|ad't'd),

SIS

J ncmylcm
a b ¢ J J a v J J
X Z T Nem  lem N12 lia ng I3 Z T Nem  lem Mo Ly m3 3

-~

. . / . -/ !
Sab  J12 J3 tab T MT ¢ Sab  J12 J3 tab T MT
X E Ca,ig Ca i

7 i’

$(EJTi|Vyny|E JT) . (4.69)

«

Here we arranged the summations in the way we ordered them in the implemen-
tation. For more details on our implementation of the matrix elements see ap-
pendix A. For the ordering of the summations for the computation of the 7-coeffi-
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4 Three-body Jacobi matrix element transformation into the m-scheme

(a) T-coefficients (b) m-scheme matrix elements
T T T T T T T T T T T T T T T T TFT T T T T T T T T T T T T T T T T
Lo 16 GB
m -
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‘D 10%F
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Figure 5 — Memory usage for the T-coefficients (a) and for the m-scheme matrix
elements (b) as a function of total three-nucleon energy FEsnax. Also the maxi-
mum available memory on our computer cluster is shown at 16 GB. The single
particle energies are truncated consistently, meaning emax = F3max-

cient and the discussion of the corresponding summation bounds we also refer to
appendix A.

4.3 Computational challenges

Using the result (4.69) for the m-scheme matrix elements we are in principle able
to compute the matrix elements and then to perform first many-body calculations.
But as already mentioned above, this is computationally demanding, especially re-
garding the memory requirements. Essentially two difficulties arise that we discuss
in the following.

In figure 5(a) the memory needed for storing the precomputed nonzero 7'-
coefficients is plotted against the total energy of the three nucleons Esn.x = €1 +
ey + e3, with e; = 2n; + [;. This used memory is composed of an array of structures
in which besides the value of the T-coefficient also the corresponding quantum
numbers [.,,,, J and the number of the |a) state is stored. The reasons for this stor-
age scheme are discussed in appendix A.2. We recognize that the memory require-
ment increases dramatically if we increase the maximum three-nucleon energy.
The maximal available memory on our cluster is 16 GB and we touch this limit
already for F3n.x = 8. For the computation of the m-scheme matrix elements it
is crucial to store all the relevant precomputed 7'-coefficients in the memory, be-
cause otherwise the runtime becomes inefficiently high. This means that already
the computation of the m-scheme matrix elements for E3nh.x = 8 is not possible
with having all T-coefficients in memory, since we also have to store more than
only the T. For Esm. = 10 the situation becomes even worse, because 136 GB
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44 J,T-coupling of the m-scheme matrix elements

memory are needed if we want to store all T-coefficients in memory. We tried to
overcome this problem by reading the relevant T-coefficients from disk. Firstly, we
read the 7 for a given |abc),. Having these in memory, we can calculate all matrix
elements with this combination of single-particle quantum numbers. Therefore,
we load the T for each ,(a’/t/¢| in memory. This scheme allows to calculate ma-
trix elements with higher three-particle energy Fsmax > 8, but the calculation time
increases significantly due to many disk accesses.

Additionally, there is a second problem concerning the m-scheme matrix ele-
ments themselves. In figure 5(b) we see the memory usage of the m-scheme ma-
trix elements. This contains the value of the matrix element itself and two indices
that specify the corresponding bra and ket states. Here, it is already taken into
account that calculating a triangular matrix is sufficient and that the m-scheme
states are antisymmetric and, therefore, only one permutation of single-particle
quantum numbers needs to be included. Again, the critical 16 GB limit is reached
for Esmax = 8. This is no problem while calculating them because we can write
them into a file instead of storing in memory. But it is relevant for solving the
many-body problem. There the m-scheme matrix elements must be available in
memory if we stick to the strategy discussed so far. Otherwise the calculation be-
comes exceedingly slow, as every time one needs a m-scheme matrix element, it
has to be read from hard disk. From experience with two-nucleon interactions
one cannot expect converged many-body calculations using three-particle matrix
elements only up to F3n.x = 8. Converged refers here to the convergence with
respect to model-space size.

The large numbers of T-coefficients and m-scheme matrix elements are caused
by the many combinations of projection quantum numbers that must be included
in the calculation. To get rid of these dependencies we change our strategy and
work with states that provide a coupled total angular momentum 7 as well as
total isospin 7" quantum number. We investigate the transformation of matrix
elements with respect to the fully antisymmetrized states |F.JT%) into the J,T-
coupled scheme in the following subsection. The advantages of this scheme are
discussed at the end of the next subsection.

4.4 J,T-coupling of the m-scheme matrix elements

As outlined in the last subsection, the handling of the m-scheme matrix elements
is problematic because of the large number of T-coefficients and m-scheme ma-
trix elements. To overcome these problems, we calculate 7, T-coupled interaction
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4 Three-body Jacobi matrix element transformation into the m-scheme

matrix elements

<[(ja>jb)Jab7jc]jM7 [(tavtb) ab ]TMT|VNNN|[(]a7jb) abv]c]jM [(taatb) abs ]TMT>
(4.70)

instead of m-scheme matrix elements. Here, j; are the single-particle angular mo-
menta resulting from the (/s)-coupling of the single-particle states. We dropped
the indication of these couplings for brevity. This will reduce the number of matrix
elements significantly. We will discuss all advantages of this scheme after having
derived the required formulas.

In the following we work out the formula for the transformation of the three-
particle relative interaction matrix elements | EJ7T7) into the 7, T-coupled states

(EJTi| VYNNI E' JTi')

—

<[(ja7jb)Jab7jC]jM7 [(tavtb) ab; ]TMT‘VNNNH(jmjb) abvjc]jM [(tavtb) ab’ ]TMT>
(4.71)

We can use our result for the m-scheme matrix element derived in subsection 4.1.
We start with expanding the coupled states |[(ja, jb) Jab, Je] T M, [(tas to)tas, te] T M)
in terms of m-scheme states using Clebsch-Gordan coefficients
‘ [(ja; jb)Jab, jc]jMv [(tm tb) ab ]TMT>
_ Z Z Ja jb ab Jab jc \7 ta ta tab tab tc T
Mg, Mg me| M My, My, | M, my,, My, | Mrp
T
My

Ma,Mp Mig, mt Mg My
|(nala7 Sa)jamaa (nblba Sb)jbmba (nclca Sc)jcmca tamtatbmtbtcmt0>a
Ma,Mp Mig, mtb Mg My
|abc), . (4.72)

abyMe T 4, 5T
o Z Z Ja jb ab Jab jc \7 ta ta tab tab tc
Mg, My me| M My, My | Mgy, My, M,

abyMe T 4, 5T

With help of eq. (4.72) we can express matrix elements in the new coupled scheme
with help of the previously derived m-scheme matrix elements of eq. (4.69). We
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44 J,T-coupling of the m-scheme matrix elements

plug eq. (4.72) into eq. (4.70) and obtain

([Gas o) Tabs G T M [(tas ty)tap, te] T M VIS N (55, 55) T 3] T M, [(tas to) by, ] T M)

IEDINED IS

Ma,Mp  Miq My, ! mb mta m}
Mgy, me ™Mty Mic M’ m! b
me mt ab’ mtc

% Ja Jb Jab Jab Je J
Mg MMy Mab Mab me M
« .]éu .71/7 Jtlzb J,b jc j
Mtlzb mg M
X o{abe|Vnyn|a't'd), . (4.73)

/ / /
mg My, Mab

If we now look back at ,{abc|Vyyn|a'b' ), in eq. (4.69), we recognize that fur-
ther simplifications are possible. Therefore, we move the unprimed terms inclu-
sive the corresponding sums of eq. (4.73) inside the unprimed T-coefficient of the
m-scheme matrix element and the primed ones in the primed T-coefficient. We
present the simplifications by showing only the relevant part of the m-scheme ma-
trix element and 7'-coefficient, namely the sum over J,, J, tw, T and the Clebsch-
Gordan coefficients. Furthermore, we restrict ourselves to the simplification of the
unprimed part from above, since the primed ones can be simplified by analogous
steps.

The relevant part of the unprimed 7" and the first four Clebsch-Gordans from
eq. (4.73) with the corresponding sums read

)IED DD DS
Ma,mp Mgp,me Mig Mty Mty Mt
j ta tab tab tc T
M My, My, | M, me,, My, | Mr
,]a ,]b jab Jab jc j ta ta Eab tab tc
g ZZZZ( Mab) (Mabmc M) (mta my, mtab> (mtab my,

« .ja .jb Jab ab .]c
Mg My Mab ab me
Mg My
Here, ) 7 is the sum over J from eq. (4.69) and ) ; , > arealso givenin eq. (4.69),
since they are implicit in ) . The summation }_; is the one from inside the

T
My ]

(4.74)

T-coefficient. Moreover, the projection quantum numbers do not require a tilde,
since they are constrained to be the sum of the single-particle projection quantum
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4 Three-body Jacobi matrix element transformation into the m-scheme

numbers. In the next step we only rearrange the terms, i.e.
T Jup tay T
ab ,]c j
X

j jab jc
M Mab me

Map,me b Me
» Z Ja b | Jab Ja Jb | Jab
Ma,mp me My Mab mqe My Mab

o

ab’

. Z(ta ta

my M
Mty 7mtb ta tp

T ta te | T
M my,, My, | Mr

tab ta ta Eab (4 75)
Mty My, Mgy, | My,

Now, we can apply the orthogonality relation of the Clebsch-Gordan coefficients

(3.11) to the terms inside the brackets, leading to Kronecker deltas that eliminate
the corresponding sums over .J,, and 7,

2222

Jab  tab
ab .]C J jab jc j
x )
;n < My me M) (Mabmc M) JoJan T Moo
t(l tC T Ea tC T
x Z ’ ' 625@1, tab 5mtab7mtab (476)
Mty Mt mtab mtc MT mtab mtc MT

Py
) Z<M

m
Map,me b ¢

x 2
my bmtc

Mty Mtc

j Jab jc j
M Mabmc M

! ) (t“” e T ) . 4.77)
My My, My, My

We can again use the orthogonality relation (3.11), yielding

Z Z 5j7j 5T,T . (4.78)
J T

We obtain the analogue result from simplification of the primed terms. Due to

the Kronecker delta 6 7 7, the sum over 7 in eq. (4.69) vanishes. Additionally, the
sums over 7" and ¢, that are included in )  in eq. (4.69) can be omitted.
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44 J,T-coupling of the m-scheme matrix elements

The final expression for the [7-coupled matrix element (4.70) in terms of anti-
symmetric Jacobi matrix elements reads

a{[(Gar 36) Jabs Gel T M, [(tas to)taps ] TMrI VYN[ 55) Tops 3] T M (8, )ty t] T M)

=31y

lcm

a b ¢ Ju J T d v Jd J, J T
Xij Nem  lem N1z lia ng U3 ZTJ Tiem  bem n/12 l/12 ng lé

o . )
Sab  J12 J3
X E Ca,i E Cao/ it
i i

x (EJTi|Vynn|E'JTi) . (4.79)

o ! ./ -/
Sab J12 I3

The T';-coefficients are now given by

a b ¢ Jyp J T
Tj Nem lcm N2 l12 ns l3
Sab  J12 J3

= 222220

Loy L12 L S3 A L3

X 52”0,+la+2nb+lb+2nc+lc72ncm+lcm+2n3+l3+2n12+l12
X <<N12£12, ny2ly2; Lab|nala7 nblb>>1<<ncmlcm7 nsls; A\N12£127 nclc>>2
la lb Lab Lab lc ‘C l12 l3 L3

X Q Sq Sb Sab Sab Sc O3 Sab Sc S3
Ja Jb Jab Jab Je T Jiz Js J

« lc £12 A lcm l3 A lcm L3 E
lio £ Ly lio £ Lj Ss J J

A A A

X jajbjcjabjujggé’abjggﬁzf\Q[A/g[A/zb(—1>lC+A+Lab+£+53+ll2+~77 (480)

In eq. (4.79), ), denotes a sum over {nis, k12, Sa», j12, 13, I3, j3, J} and Y, a sum
over {ny, Uy, 8.y, o, 15, 15, 74 +. Moreover, the a,b, ¢ in the symbol of the T';-coef-
ficient indicate a dependence on n,, l,, j, etc. but not a dependence on projection
quantum numbers. Instead, they now depend on J,,.

We can identify the advantages of this coupled scheme, from the last two equa-
tions. We have to calculate and store much fewer matrix elements, because single-
particle projection quantum numbers are not resolved anymore. Furthermore,
the matrix elements do not depend on the coupled M and M; quantum num-

65



4 Three-body Jacobi matrix element transformation into the m-scheme

(a) T7-coefficients (b) J,T-coupled matrix elements
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Figure 6 — Memory usage of the T;-coefficients for the coupled scheme (a) and
of the J,T-coupled matrix elements (b) as function of maximum total three-
particle energy Fsmax. The solid black line indicates the available memory of
16 GB in our cluster.

bers. These properties are also translated into the new 7;-coefficients, since all
Clebsch-Gordan coefficients, which depend on projection quantum numbers, van-
ished. Instead the dependence on J,, appears. But there are much less possible
values for J,, than for all projection quantum numbers.

We stress that in the many-body calculations m-scheme matrix elements are
still needed. But, since the on-the-fly decoupling of the matrix elements (4.70),
which can be stored in memory, is faster than retrieving the m-scheme matrix ele-
ment from a file, the new coupled scheme is very helpful.

In fig. 6, we can see the improvement due to the [7-coupling. The memory us-
age of the precomputed 7, -coefficients is shown in fig. 6(a) again as function of the
maximum three-particle energy Fsn.x. We still use the same storage scheme as for
the T. However, we maintain a loop over the isospin 7, despite the T-coefficients
are independent of it, for convenience, because otherwise we would have to initial-
ize a second |«) basis. Now the T-memory usage reaches the 16 GB line relevant
for our cluster for F3,.x = 13. Moreover, e.g. the Tj—coefﬁcients for Espmax = 10
need now =~ 850 MB memory which corresponds to by a factor 160 reduced mem-
ory demands compared with the T-coefficients we used before. This shows that
the 7, T-coupling of the states gives access to larger three-particle energies than
the m-scheme states before. The same is true when we look at the memory us-
age of the 7, T-coupled matrix elements, shown in figure 6(b). Here, calculations
up to Esmax = 12 are accessible, which was impossible with our old strategy using
m-scheme matrix elements. The reduction of the memory usage for the matrix el-
ements is not only due to the 7, T-coupling, because we changed additionally the
storage scheme. We now store only the bare double precision values of the matrix
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44 J,T-coupling of the m-scheme matrix elements

elements in . The identification of the corresponding bra and ket states is done
with help of the ordering of the matrix elements.

Obviously, the coupled scheme cannot completely remove the problems but
it shifts the limits to higher three-particle energies and, therefore, enables much
more reasonable calculations. At the moment our implementation can handle the
calculation of coupled matrix elements up to Esyax = 12. Accordingly, we present
results of NCSM calculations which use matrix elements up to this energy in sec-
tion 6.

The next step will be to push the energy limit to s, = 14 and 16 by dividing
the interaction matrix into appropriate parts so that its calculation can be spread
over a number of nodes. Then, each node only needs a certain number of dis-
tinct 77-coefficients which will reduce the memory consumption per node. More
details on our current implementation are given in appendix A.
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SECTION 5

Similarity renormalization group
transformation

The similarity renormalization group (SRG) transformation is a tool to soften
an interaction, i.e. to pre-diagonalize its matrix representation. It was first formu-
lated in light-front field theory [23] and in condensed matter physics [24, 25].

We apply the SRG transformation to the nuclear interaction to handle its short
range correlations resulting from the strong repulsion at small inter-nucleon dis-
tances. The general concept of SRG is a unitary transformation of the considered
Hamiltonian in the way that its matrix representation becomes band- or block-
diagonal for a specific basis. As we will see in section 6, this leads to significantly
improved convergence properties in many-body calculations with respect to model-
space size.

In section 5.1 we present the general formalism of the SRG transformation, in-
cluding the renormalization group flow equation. The solution of this flow equa-
tion is discussed in 5.2. For our applications in section 6 and the proper investi-
gation of the impact of the three-nucleon force on our results, it is necessary to
separate the three-nucleon force from the two-nucleon force. Since we get matrix
elements of the combined interactions out of the SRG transformation, we investi-
gate the decomposition into the three-nucleon and the two-nucleon contributions
in section 5.3.

5.1 General formalism

The basic idea of a similarity renormalization group transformation is to carry out
a unitary transformation of the Hamilton operator of a many-body system such
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5 Similarity renormalization group transformation

that its matrix representation becomes more diagonal with respect to a specific
basis. Since the unitary transformation does not change the eigenvalues of the op-
erator, we can use the transformed operator to solve the eigenvalue problem. This
is advantageous, because due to the softer character of the transformed interac-
tion we need smaller model spaces to obtain converged results in many-body cal-
culations using the transformed Hamiltonian compared to calculations with the
bare interaction.

For the transformation we employ a unitary operator U, depending continu-
ously on a flow parameter «. Thus, the unitary transformation of the initial Hamil-
tonian H is given by

H,=U'H,U,. (5.1)

To derive the renormalization group flow equation we differentiate with respect to

o, i.e.

d d d

—H,= (Ul TH,(—

1 He ( = U)H,U,, + U Hy( = U.,). (5.2)

For further simplification we can use U, U} = 1, leading to

d dU?
—Uu,=-U,—2U,. .
da da (5-3)

Using this and eq. (5.1) we can simplify eq. (5.2), yielding

d . dul du,
—H, = —UU HU, +U!HU,U;
dov dov da

du, AU,

~U! U/
* da * da
dU
= [FUl4 Hel (5.4)

where we introduced a commutator in the last line. Thus we have to solve an initial
value problem with initial condition H,_, = H), to find the transformed Hamilto-
nian H,. Moreover, we define

du,
No = —U]! (5.5)
da

as the generator of the transformation. Finally, the flow equations for the Hamil-
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tonian H, and analogously for any other observable O, are given by

dH,
P (M0, Ho] (5.6)
do,,

o (M0, O,] - (5.7)

Obviously, the physics of the transformation is determined by the generator we
use. Typically the generator contains the evolved Hamiltonian, so that the flow
equation for observable O has to be solved simultaneously with the one for the
Hamiltonian.

One important property of n,, is its antihermitian character, since

d d
Mo + 7724 = _@(UaUl) = _aﬂ =0 = No = _”73; (58)

holds. Thus, a typical choice for the generator is a commutator of a hermitian
operator with the evolved Hamiltonian H,, because this construct is always anti-
hermitian.

In the literature, many possibilities of different generators are discussed. The
first use of this approach by Wegner employed the generator

MNa = [diag(Ha)aHa] s (59)

where diag(H,) denotes the diagonal part of the Hamilton matrix in a certain basis
[24]. Obviously, the generator does not affect the form of the matrix once it reached
diagonal from during the flow, since the commutator vanishes in this case. There-
fore, the basis used for representation of diag( H,,) defines the basis with respect to
which the Hamiltonian is diagonalized. Furthermore, plugging this ansatz for the
generator into the flow equation (5.6), one can show that the sum of the squares of
the off-diagonal matrix elements decreases monotonically.

Throughout this thesis we employ the commutator of the intrinsic kinetic en-

ergy

Lint =T — Ttmm (5.10)
with the evolved Hamiltonian as generator

Mo = (214)* [ Tins, Hao| - (5.11)

This form was proposed by Szpigel and Perry [26] and first used by Bogner et. al.
[27]. The flow parameter o has dimension [length?] due to the prefactor (2u)?,

71



5 Similarity renormalization group transformation

with = " as reduced nucleon mass. We omit the prefactor in the following
for brevity. The square of the relative momentum operator, hidden in 7,,, can be
rewritten as

qzzqf+r—2, (5.12)

with ¢, as radial part of the momentum and L as orbital angular momentum.
Therefore, this generator leads to a band-diagonal matrix in momentum repre-
sentation. This causes a decoupling of high- and low-momentum parts of the in-
teraction with a conversion of the high momentum information of the interaction
into the low-momentum regime. As a consequence, the short-range repulsion of
the interaction is already taken into account in lower-momenta matrix elements
of the transformed Hamiltonian. This causes a softer interaction and much better
convergence properties in NCSM-type calculations, as we will see in section 6.

One crucial feature of the SRG transformation in an A-body system is the gen-
eration of irreducible many-body interactions up to the A-body level. This can be
seen by explicitly working out the commutator relations on the right-hand side of
eq. (5.6) with operators in second quantization. In general, a unitary transforma-
tion of a one-body operator is given by

Ut T U =T 7 T (5.13)

where the number in the brackets denotes the number of particles that are con-
nected by the operator. The tilde indicates that short-range correlations are tamed
in the operators in the sense that they are less repulsive at short distances. We
see that the one-body component itself does not change via the unitary transfor-
mation. For all interactions of higher particle-order this is the case, e.g., a unitary
transformation of a two-body operator yields

Ut Vi U =Vik + Vay + -+ Vi (5.14)

with V][VQJ}V as the new two-body operator. Therefore, starting with a Hamiltonian
including genuine three-body forces yields the following structure of the trans-
formed Hamiltonian

U'HU =TV + (TP + V2 + (TP + v + VL) +. (5.15)

For practical applications of the SRG transformation it is not possible to take all
induced interactions into account. Therefore, we limit the evolution to two- or
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three-body space. This implies that higher-order many-body interactions are dis-
carded. Obviously, omitting of these higher-order many-body interactions de-
stroys the unitarity of the transformation. We will find the signature of this trunca-
tion in our results in section 6. We refer to

3 o =3
VS =18 L v (5.16)

as induced three-particle interaction.
The next step is the solution of the flow equation (5.6) to obtain the transformed
Hamiltonian H,. Expansion of the commutators on the right-hand side leads to

dH,
da

= intHaHa - 2Ha11intHa + HaHaz-'int . (517)

However, the solution of this operator equation is not trivial. Thus, we will switch
to a matrix-element representation of eq. (5.17) for the practical implementation
and solution, as described in the next subsection.

5.2 Solution of the flow equation

In this subsection we concentrate on the solution of the SRG flow equation for the
Hamiltonian (5.17). Since we want to compare the impact of the induced three-
body interaction that are lost during the SRG transformation in two-body space
with the full inclusion of genuine three-nucleon forces later on, we have to solve
the flow equations for three situations separately. Firstly, we investigate the evolu-
tion in three-body space including a genuine three-body force in subsection 5.2.1.
In subsection 5.2.2 we discuss the flow in three-body space with an initial two-
body force only. Finally, in subsection 5.2.3, we concentrate on the evolution in
two-body space again with initial two-body force.

5.2.1 Evolution in three-body space including a genuine three-body force
We start with the evolution of the Hamiltonian including a two- plus three-nucleon
force in the three-particle space. Thus, we use as initial Hamiltonian

Hy = Ty + Vart® + Vaei? (5.18)

with the two-nucleon interaction at N3LO and the three-nucleon interaction at
N2LO of yPT as introduced in section 2. For the solution of the flow equation (5.17),
we use a matrix-element representation with respect to the fully antisymmetrized
relative states |FJT), defined in eq. (3.91). We sandwich eq. (5.17) with these
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states and obtain

d
— (EJTi|H,|E'JT') = (EJTi|Ty HoHo|E' J'T'7)

(0
— 2 (EJTi|H, Ty Ho|E' J'T'V)

+ (EJTi|H H, T,y |[E'J'T'V) . (5.19)

We omitted the projection quantum numbers M; and My for brevity. From the
MANYEFF-code we obtain matrix elements of the intrinsic kinetic energy T;,, and
of the total Hamiltonian H,—,, given in eq. (5.18). Therefore, we insert identity
operators between all operators on the right-hand side of eq. (5.19), yielding

d
1 \BJTi|H,|E'J'T'T) =
B JUT G B JHITT 1
<EJTZ~|1';nt|El/J//T//Z~II> <E/1J//T//Z~//|Ha|E1/1J1//T///Z~///> <E///J///T///Z~III|HQ |E/J/TIZ~/>
_2 <E|JTZ>‘HO{|E//J//T//Z~//> <E,/J/,T/,i,/‘ﬂnt‘E,”J”,Tﬂlilﬁ> <E/,/J/,/T,/,'i,/,‘Ha|E/J/T,'i,>
+<EJTZ>‘HO{|EI/JI/T/IZ~I/> <E”J”T”i/l‘Ha|El” J/I/T/I/il//> <EI/IJI//TI//i/I/‘CZ—%nt|EIJIT/'i/> )
(5.20)

Furthermore, we make use of the fact that the interaction does not change the J
and 7' quantum numbers, i.e.,

%(EJT@'|HQ|E’JT¢’> =

> > (BJTi|Tw|E"JTi")(E"JTi"|H,|E" JTi")(E" JTi"|H,|E'JTi')

E‘lli// E///,L'///

—2EJTi|H,|E" JTi"Y(E" JTi" | Ty | E" JTi"}(E" JTi" | H,|E'JT4)
H(EJTi|H, | E" JT"(E" JTi"| Hy|E" JTi" ) (E" JTi" | Ty | E' T4 .
(5.21)

Moreover, we know that the interaction does not change the parity of the states.
Therefore, the above coupled differential equations decouple for each 7'-J-parity
block and they can be solved for each block separately.

For the solution of the system of ordinary differential equations, we use a Runge-
Kutta algorithm with adaptive step size control. Adaptive step size control is indis-
pensable, since the main effect of the flow occurs at the beginning for very low «
parameters. Accordingly, these effects should be considered with very high preci-
sion, by using a very small step size. For larger oo parameters the step size can be
increased. Thus the adaptive step size enables reasonable run times of the algo-
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rithm. For more technical details on the implementation we refer to app. A.

Special attention should be payed on the summation limits of the identity op-
erators in eq. (5.21). In principle, they should run over an infinity number of states
|EJT1i). Since this is obviously impossible we truncate these summations by defin-
ing a maximum energy quantum number for these sums denoted by E3sgg. We will
study the convergence of the results of the SRG transformation with respect to this
truncation in section 6 .

After the SRG transformation we subtract the initial intrinsic kinetic energy T,
to obtain the transformed interaction matrix element, i.e.,

(EJTi|(Hy — Tipy) |E'JTYY = (EJTi| (T2 + VI + T2 + V2 + VEL) BT
(5.22)

where T[gl + V[ is the induced three-body force. Note that the SRG transformed
contributions of the intrinsic kinetic energy is handled different from the interac-
tions, because Tmt is the correction to T;,; on the two-body level.

In fig. 7(a) we see the absolute value of the intrinsic kinetic energy matrix ele-
ments in the |E.JTi) basis up to F = 28 as it appears in the generator 7, of the SRG
flow equation. In figs. 7(b)-(f) and 8 we see the change of the absolute value of the
interaction matrix elements (5.22) during the flow for various o parameters from
a = 0.0fm* up to o = 5.52fm" for / = 1, T = 1 and positive parity. Zero values are
indicated by black and larger values are indicated over yellow to white colors. The
block structure that can be seen corresponds to the different blocks with £ and £’
quantum numbers.

We expect the interaction matrix to flow towards the matrix representation of
the intrinsic kinetic energy, as this is a fix point of the flow equation. This behav-
ior can be identified in the matrix plots. In fig. 7(b) we see the interaction ma-
trix before the transformation which has all kinds of large matrix elements. Dur-
ing the flow the matrix elements in the upper right and lower left corner are sup-
pressed. These are the matrix elements between high and low energy states. From
o = 0.16fm" to a = 5.12fm" the changes of the far off-diagonal matrix elements
is not that large, but in this range we recognize an enhancement of the matrix ele-
ments in the diagonal blocks which carry the same energy quantum number in bra
and ket. Thus the matrix flows towards a band block-diagonal from that is similar
to the matrix representation of the intrinsic kinetic energy.
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Figure 7 - (a) Matrix elements of the intrinsic kinetic energy with respect to |E JT')
states as it appears in the generator n,. (b)-(f) Interaction matrix elements with
respect to | EJT1) states for J = 3, T = 1 and positive parity during the SRG flow

up to £ = 28.
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5 Similarity renormalization group transformation

5.2.2 Evolution in three-body space with initial two-nucleon interaction only

Now, we discuss the evolution of a Hamiltonian including only the N3LO two-body
interaction in the three-body space. Even in the generator 7, of the SRG transfor-
mation this Hamiltonian appears. Thus, the initial Hamiltonian and generator are
given by

HO - Ent + V]\]TV]\?;LO MNa=0 = [Enta Ha:O} . (523)

Besides, there are no changes on the presented procedure of section 5.2.1. In par-
ticular, we use the same basis states | E.J7%) for the matrix element representation
and we again get the matrix elements from the MANYEFF-Code.

Since we work with three-nucleon states, the evolved matrix elements also in-
clude induced three-body forces, but no transformed parts of the genuine three-
body interaction. Again, we subtract the intrinsic kinetic energy after the SRG
transformation and obtain the SRG transformed interaction matrix elements as

(BJTi|(Hy — Tip) |E'JTY) = (EJTi| (T2 + VI + T2 + VE) BT, (5.24)

where T@Eﬁ + V][V?’]}V is the induced three-body force.

We stress that the induced three-nucleon force here is different from the one we
obtained in the last subsection. This is caused by the different generators. In the
last subsection the generator contains initially the genuine three-body interaction,
whereas it contains here initially only the two-body interaction. Later on we want
to compare the influence of the genuine three-nucleon interactions on our results
to the situation without initial genuine three-nucleon force. Therefore, we only
investigate the induced three-body force from the evolution in three-body space
without three-body interaction in the initial Hamiltonian separately, namely the
one we identified in eq. (5.24).

5.2.3 Evolution in two-body space

Finally, we present the evolution in the two-body space of the Hamiltonian includ-
ing a two-nucleon interaction. Therefore, the initial Hamilton operator reads again
Hy =Ty + Vag©. (5.25)

The difference to the evolution described in the last subsection is that we now work
exclusively in the two-body space. The flow equation for the operator is the same
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5.3 Separation of the transformed three-nucleon interaction

as in eq. (5.17), but now we use the J-coupled two-body relative states
(nl, S)J My, T Mr) . (5.26)

for the transition into matrix-element representation. Here, n and [ are two-body
relative harmonic oscillator radial and orbital angular momentum quantum num-
bers. Moreover, couples with the coupled spin of the two particles S to total an-
gular momentum of the two nucleons denoted by the quantum number J and its
projection quantum number M. Finally the isospins of both particles are coupled
to total isospin 7.

Since this is a two-body basis, no three- or higher-order many-body interac-
tions remain during the SRG flow. Thus, the transformed interaction matrix ele-
ments are given by

((nl, S)JM;, TMr|(Hy — Tiy) (0, S") M, T M)
= ((nl,S)JMy, TMz| (T2 + Vi) (0, S") T My, T My) (5.27)
Finally, we stress that the operators Tl[ﬂ + V][VQJ}V are the same as in eqs. (5.24) and
(5.22), though different generators were used for the transformations. This results
from the fact that two-particle interactions are not affected by the included three-
particle interactions during the flow and can be verified by explicitly working out
the commutators on the right-hand side of the flow equation.
To discuss the influence of the three-nucleon force, either induced or genuine,
on the results of the many-body calculations we have to separate it from the two-
nucleon force. This will be done in the following subsection.

5.3 Separation of the transformed three-nucleon interaction

In order to study the impact of the different interactions on the results of many-
body calculations we have to subtract the two-body part of the interaction matrix
elements in eqs. (5.24) and (5.22) yielding matrix elements of the induced three-
body force and matrix elements of induced plus transformed genuine three-body
forces, respectively.

To carry out calculations for a three-body system, e.g. the triton, we can use
the matrix elements that result from the SRG transformation without any change.
But in order to study A-particle systems we must subtract the two-body interac-
tion contributions from the SRG transformed matrix elements, because otherwise
the two-body interaction get the wrong weight during a direct calculation with the
transformed matrix elements.
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5 Similarity renormalization group transformation

Now we investigate the separation of the three-nucleon force, therefore, we fol-
low the strategy shown in the flow chart in fig. 9. In the following, we briefly discuss
each step and give the formulas if necessary.

We see two main paths independent from each other until the matrix elements
are subtracted. The left path describes how the matrix elements containing in-
duced or induced-plus-genuine three-body forces have to be prepared for the sub-
traction. All necessary steps from this path were already discussed: first we solve
the SRG flow equation in three-body space and obtain matrix elements including
three-body forces. Then, these matrix elements are transformed into the 7, 7-
coupled scheme as described in section 4.4. After that the matrix elements are
ready for the subtraction of the two-nucleon part.

For a consistent subtraction we convert the matrix elements of the two-nucleon
forces into three-particle matrix elements in the 7, 7-coupled scheme, too. The
individual steps are shown in the right path of the flowchart in fig. 9. We start with
matrix elements of T;,;, + Vi using the two-body Jacobi basis

(nl, S)J My, T Mr) (5.28)

as described in section 5.2.3, whereat we omitted the isospin in fig. 9 for brevity.
The first step is to solve the SRG flow equation for these matrix elements, as de-
scribed in section 5.2.3. The SRG transformed two-body relative interaction matrix
elements

((nl, S)J M, TMp|T2 + VB |0, S)JM;, TMy) (5.29)

int
are then converted into J-coupled two-body matrix elements including the center-
of-mass degrees of freedom. This is the analogous transformation as in section 4,
but on two-body level. Accordingly, this transformation is simpler and well-known
from many applications, e.g. see [28]. The interested reader can find the transfor-
mation formulas in appendix B.
The J-coupled matrix elements read

([(Ralas 5a)a> (oo, 56) 5] 3M3, TMp| T2+ Varke (041, $0) 0, (il 54) 541393, T M)
(5.30)

where the orbital angular momentum quantum numbers /; are defined with re-
spect to the single-particle coordinates.

Next, we break up the (jj)-coupling of the states, yielding two-body m-scheme
matrix elements. Thereby, we encounter Clebsch-Gordan coefficients. The trans-
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5.3 Separation of the transformed three-nucleon interaction

Separation of the three-nucleon interaction

[<EJT¢|VE}V<+V$}VN>|E'W>]

[((nl, S)TM | VEL (T S’)JMJ>J

SRG transformation
in two-particle space

SRG transformation ~ 1o =2
in three-particle space { {0k 500) TM Ty + Vi (01, 50) T M) ]

ab

transformation into J-coupled
two-body matrix elements

(BJTI| T, + Vi + T2

int

03] B [ (s oI Ty + Viad| (i 55)305) j
+Van (HVan ) [EVITH)

break up of (jj)-coupling leading to
two-body m-scheme matrix elements

[ (ab| T} + ViSk|a'b) J

transformation into 7, T'-coupled conversion into three-body m-scheme
matrix elements according to section 4.4

matrix elements (Slater rules)

[ (abe| Ty + Viiyla'b'e') ]

coupling to 7, T'-coupled matrix elements

([(ab) Jap, T IT2L + VL + T

int

R, [ ([(ab) Jas, 1T IT 3 + VANV s, )T ]
+Vun (Vi w)ll(@'d') I, ¢l T)

subtraction yields

([(ab) Jub, JTITE, + Vagh (FVA w) (@6 Jap, )T

Figure 9 — Steps towards the consistent separation of the three-nucleon force. The
isospin is omitted for brevity.
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formation is given by

((nala, Sa)Jamas (Naly, 5p) T, La mtatbmtb‘T[zt + Vj\[/'zN

X ‘(naléw Sa)jémZN (nglgu Sb)jl/;m;n taml/gatbml/gb>

_ZZ Ja Jb | 3 Ja Jy| 3 ta ty | T ta tp | T (5.31)
o Tty \a T M ml, my | My ) \ my, my, | Mr my, my, | My

X {[(Nalay Sa)jas (Mol, 5) 3] 3Ny, T M| T + VN (Ll 52) 50, (hly, 56) 741390, T My

The matrix elements (5.31) are then converted into three-body matrix elements.
We obtain them by evaluating matrix elements of the two-body interaction in the
three-body m-scheme basis. Thereby we employ the so-called Slater rules, given

here by

labe T2 + VE V), =0 (5.32)
o(abe T + ViAlabe)s = o(abl T + Vi [a'V)a (5.33)
abe| T2+ VEdbe)y = o(abl T2 + Viy|a'b)e + Jac| T + Vikld'c),  (5.34)
abe| T2 + Vi abe)a = o(ab| T2 + Viylab)e + dacl T + Vi lac),

+ obe| T2+ VB Jbe), (5.35)
where a, b and ¢ summarize the quantum numbers for one particle, i.e.
|a'bc>a - |(nalaa Sa)jamaa (nblba Sb)jbmb7 (nclca Sc)jcmca tamtatbmtbtcmt0>a . (536)

Which one of the four rules above applies, depends on how many quantum num-
bers in the bra and ket are different. The primes in the ket indicate that the quan-
tum numbers are different from all quantum numbers in the bra.

Thereafter, we have three-body m-scheme matrix elements of the SRG trans-
formed Hamiltonian containing only two-body interactions

(abe| T2 + VE |ab ) . (5.37)

Finally, we have to transform these states into the 7, T-coupled scheme, as we did
for the three-body m-scheme matrix elements in section 4.4. We achieve this in
the same way as in eq. (4.73).

At the end we have matrix elements

([Gar 6) Jabs G} T M, (taps t) TMp|TE + VL[, 38) Ty 5T M, (t, te)TMz)  (5.38)
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5.3 Separation of the transformed three-nucleon interaction

in the J, T-coupled scheme, that now can be used for consistent subtraction.
After the subtraction we end up with the matrix elements

([(Gas d0) Taps G T M, (taps te) T M| Ty + Vaik + Va1t 58) s 51T M, (8 t)T M)
(5.39)

including the three-body forces only. These can now be used for many-body cal-
culations for any nuclei.

Itis important to use the same truncation of the summations on the right-hand
side of for the flow equations for the evolution with two- plus three-body interac-
tions and with two-body interactions only. Therefore, we employ the same maxi-
mum three-particle energy Fssgg in both cases.

We stress that all interactions used for the SRG transformation and the subtrac-
tion process are charge invariant, meaning the interaction matrix elements do not
depend on the My quantum number. This translates in particular into the matrix
elements (5.39). In the next section we present our results for NCSM and Hartree-
Fock calculations including these matrix elements.
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SECTION 6

Chiral three-body force in many-body
calculations

In this section we present calculations with various combinations of the inter-
actions we derived in the previous subsection. All calculations are in principle
based on the same Hamiltonian, given by

H=(T-T,,)+ Vyy+ Vynn- (6.1)

The kinetic energy part is represented by T' — T.,,, which is the intrinsic kinetic
energy

A

21 Z
mnt A 2” - ‘ q@] ) (6 2)

1<)

since properties of the investigated nuclei must not depend on its center-of-mass
motion.

As two-body interaction we basically use the N3LO two-body interaction from
XEFT by Entem and Machleidt [10]. Whenever we discuss SRG transformed inter-
actions the complete Hamiltonian (6.1) is transformed consistently. For the many-
body calculations we take the charge dependence of the two-body interaction into
account. Consequently, interaction matrix elements of the two-body interaction
depend on the projection quantum number of the total isospin Mr.

There exist at least two different choices for the three-body interaction. We use
the abbreviations shown in table 2 to specify the used interaction. The term ‘NN-
only’ refers to a calculation with the above mentioned N3LO two-body interaction
only. A calculation with N3LO two-body interaction plus the corresponding in-
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6 Chiral three-body force in many-body calculations

abbreviation | interaction type

no three-body interaction, as in section 5.2.3

NN-only but with M, dependence

NN + induced three-body interaction from SRG evolution

NN+NNN-induced in three-body space with initial two-body interaction

NN + genuine N2LO three-body interaction + induced

NN+NNN three-body force due to SRG in three-particle space

Table 2 - Abbreviations for the different calculation types.

duced three-body interaction is referred to as ‘NN+NNN-induced’. This implies
that there are no effects of genuine three-body forces included in these types of
calculations. Finally, NN+NNN type’ calculations include the genuine three-body
forces as well as the induced three-body forces. Therefore, we can study the im-
pact of the genuine N2LO three-body force by comparing the results of NN+NNN-
induced calculations to those of NN+NNN calculations.

In the following, we present two kinds of calculations. Firstly, in section 6.1.1,
we investigate the behavior of the three interaction types in the ab initio no-core
shell model (NCSM) and the importance-truncated no-core shell model (IT-NCSM).
Converged results with these methods are restricted to light nuclei, because heav-
ier nuclei need to be considered in large, untractable model spaces to account for
the complex properties of the nuclear interaction. Nevertheless, the advantage is
that one can assess the quality of the nuclear interaction by comparing the con-
verged results with experiments, since they are exact.

In contrast, the Hartree-Fock method provides only approximative calculations
which are in return applicable to the whole nuclear chart and, therefore, are pre-
destinated for first studies of the influence of three-body forces on the binding
energy and charge radii systematics. This is discussed in section 6.2.

6.1 Studies of the N2LO three-body interactions in the (IT-)NCSM

6.1.1 (Importance-truncated) no-core shell model

In this section we briefly discuss the no-core shell model (NCSM) as one possibility
to exactly solve the eigenvalue problem of the Hamilton operator. Afterwards, we
investigate the importance-truncated no-core shell model (IT-NCSM) that enables
calculations for heavier nuclei and larger model spaces than the NCSM.

The general idea of the NCSM is to translate the Hamilton operator of the nu-
clear many-body system into matrix representation and to solve the eigenvalue
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problem of this matrix numerically. This matrix eigenvalue problem is given by

Hy Hy --- cy cy
Hy Hypy --- Cyl=E,|Cy |, (6.3)

where the matrix elements are H;; = (¢;|H|¢;). Moreover, the coefficients
C7 = (¢l Ev) (6.4)

are the expansion coefficients of the eigenstate |E,) in the chosen basis {|¢;)}. In
the NCSM these basis states |¢;) are Slater determinants of harmonic-oscillator
single-particle states, equivalent to A-particle m-scheme states. Obviously, this
Slater determinant basis consists of an infinite number of states and has to be
truncated to make the model space finite and the eigenvalue problem tractable.
This truncation is in the NCSM defined by a restriction on the maximum number
of harmonic-oscillator excitation quanta Ny, This means that all Slater deter-
minants within the NCSM model space have unperturbed excitation energies up
to Nmaxh§?, as illustrated in fig. 10. The use of harmonic oscillator states as basis
combined with this truncation scheme has the advantage that one can guarantee
the proper separation of the center-of-mass part of the state from its relative part.
Therefore, spurious center-of-mass contaminations of the eigenstates are absent.

For the solution of the matrix eigenvalue problem one applies a Lanczos-type
algorithm [29, 30]. This is a very efficient tool if only few eigenstates of the matrix
have to be determined. This is the case for the nuclear Hamiltonian, since of-
ten only the energetically lowest eigenstates or eigenstates with certain quantum
numbers are of interest. The only limitation of this approach is the model-space
size that directly determines the dimension of the matrix. It grows factorially with
Nmax and particle number A. Currently, dimensions of 10!° are the upper limit of
tractable matrices during the computations. Unfortunately, the model spaces of-
ten need to be that large (and larger) to account for all correlations of the nuclear
system and to obtain converged results.

This is exactly where IT-NCSM comes into play. It is a tool to reduce the model
space to tractable size without loss of accuracy of the eigenenergies compared to
NCSM calculations (see [6] for a thorough discussion). The idea is to exploit that
we are usually only interested in a few low-lying eigenstates of the Hamiltonian.
This information is explicitly taken into account during the construction of the
model space for the matrix representation. Therefore, the main ingredient is an a
priori importance measure for the individual basis states |¢;).
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Figure 10 - Illustration of the truncation scheme in the NCSM for 8 particles. We
see the harmonic oscillator potential and its energy shells (horizontal lines).
The dots indicate single-particle states that altogether build the unperturbed
many-body ground state. In the NCSM model space all Slater determinants with
excitation energy up to NmachS) on top of this ground state are considered.

The typical modus operandi for the model-space construction is outlined in
the following: One starts with a given model space M spanned by Slater determi-
nants |¢;) and a reference state |V,ef) € My C M as approximation for the target
state that we want to determine later by the diagonalization. This reference state
already carries the correct quantum numbers of the target state, and it might re-
sult, e.g., from a NCSM-type diagonalization in M,,;. The next step is to quantify
the importance of the basis states of the model space M that are not included in
M. For this we make use of multi-configuration many-body perturbation theory
[31, 32] and consider the first perturbative correction for the reference state |V.),
given by

w0y = — 3" (| H | Wrer) 16:) 6.5)

€; — €ref
i Miet ‘ re

where ¢; are the unperturbed energies of the basis states from outside the refer-
ence space and e, = (V| H|V,ef) [6]. To evaluate the right-hand side we can
insert |U,.f) as expansion in terms of the basis states |¢;). In the special case that
the reference state is given by a single Slater determinant, everything reduces to
ordinary many-body perturbation theory. Now we can use the coefficient

o, — P H | Wrer) 6.6)

€; — €ref
as a priori importance measure for the basis state |¢;), since it indicates a large in-
fluence on the correction to the reference state if its absolute value is large. There-
fore, all basis states with | ;| < ki, are omitted, yielding the importance truncated
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model space. The diagonalization of the matrix is then performed in this smaller
space. Executing this procedure for different values of i, allows the extrapola-
tion of the results for ki, — 0. It turns out that these extrapolated results offer
both, a reduction of the model space and results for eigenenergies and angular
momentum quantum numbers that are in very good agreement with full NCSM
calculations [6, 33].

From eq. (6.6) we can identify two reasons that imply a small importance mea-
sure: Firstly, the energy denominator can become large for energetically high ba-
sis states in the model space. Thus, the exclusion of these states corresponds in
principle to the truncation in standard NCSM-type calculations, where states with
high energies are also excluded by the NV, truncation. Secondly, the numerator
in eq. (6.6) can be small due to specific properties of the Hamiltonian and the con-
sidered reference state. This type of truncation cannot be identified in the NCSM
truncation and is the main advantage of IT-NCSM.

The outlined procedure for the importance truncation of the model space can
be cast into a sequential scheme: One starts with a certain model space and refer-
ence state and reduces the model space with help of the importance measure (6.6).
Then one diagonalizes the Hamiltonian in the importance truncated model space,
yielding an eigenstate that can now be used as reference state for the next larger
model space. Then the procedure starts again and one can progress to successively
larger model spaces.

Altogether, the reduction of the model space is very powerful, since it facilitates
calculations in regions that are not tractable with the standard NCSM. For example
160 calculations for Ny« = 10, which are untractable in the NCSM framework, are
possible within the IT-NCSM, since the model space dimension reduces from 10'°
by several order of magnitude basis states. One can even go beyond Np.x = 10 up
to Nmax = 22 importance truncated spaces with IT-NCSM.

In the following, we show results for *He and °Li in model spaces that are trac-
table also by the standard NCSM. Therefore, we employed IT-NCSM only for con-
venience, since the results are the same as the NCSM results but the computation
isless demanding. The appearing error bars in the plots of the IT-NCSM data result
from the extrapolation. The smallest x,;, we use is 107°.

6.1.2 Ground-state energy for “He including the bare N2LO three-body force

We start our investigations with the calculation of the *He ground-state energy
via the NCSM with the bare, meaning not SRG transformed, N3LO two-body plus
N2LO three-body force. The results for ground-state energies in different model
spaces are shown in fig. 11 as function of the harmonic-oscillator frequency. Firstly,
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Figure 11 - Ground-state energy of *He as function of the harmonic oscillator fre-
quency for calculations in different model spaces: Npax = 2 (@), Npax = 4 (®),
Nmax = 6 (A), Npax = 8 (M), Npax = 10 (). Lines to guide the eye.

the results are not converged with respect to model-space size, since every time
we increase N, the energy changes. Moreover, we recognize a strong depen-
dence of the results for a certain model-space size on the harmonic-oscillator fre-
quency. There seems to be a correlation between the rate of convergence and the
frequency A}, since the results for frequencies above /{2 = 30 MeV reach the rea-
sonable energy regime around —28 MeV much faster than e.g. computations with
R = 20MeV. This behavior is already known from calculations including two-
body interactions only.

We conclude that it is not trivial to obtain reasonable, converged results using
the bare N2LO three-body interaction, even for “He. To overcome this obstacle we
use the SRG transformed interactions as discussed in the next subsection.

Nevertheless, we stress that we carried out the first *He calculation within a
Nmax = 10 model space build of m-scheme states. This is a result of our strategy to
transform the antisymmetrized Jacobi matrix elements into 7, 7-coupled matrix
elements that are decoupled in the many-body calculation.

6.1.3 “He ground state energy with SRG transformed N2LO three-body inter-
action

In this section, we investigate results for the *He ground-state energy for different
SRG flow parameters in NN+NNN IT-NCSM calculations with a harmonic oscilla-
tor frequency /2 = 28 MeV. In fig. 12 we plot the ground-state energy against Npax.
The blue circles are the results with the bare interaction that we have seen already
in the previous subsection.

As expected the SRG transformation drastically improves the convergence prop-
erties of the ground-state energy with respect to model-space size. The conver-

90



6.1 Studies of the N2LO three-body interactions in the (IT-)NCSM

energy [MeV]

27

_ 2751

=

(<]

=

@ -28+

(<P

g

285 #

2 4 6 8 10 12

Nmax Nmax

Figure 12 — Ground-state energy of “He for different SRG parameters o in NN+NNN
IT-NCSM calculations as function of Ny,,y. The SRG parameters are o = 0.0 fm*
(@),0.01 fm" (#),0.02 fm" (A), 0.04 fm" (M), 0.08 fm" (#), 0.16 fm"* (*), 0.32 fm"
(%). Note the different energy ranges in plots (a) and (b). Lines to guide the eye.

gence is accelerated when we increase the flow parameter o, which indicates a
softer character of the interaction. Moreover, the energy is already converged for
Nmax = 6 using o = 0.08fm". Furthermore, using o = 0.32fm" yields converged
results in the N, = 4 model space.

Additionally, all calculations seem to converge to the same energy around —28.5
MeV which is the the ground-state energy that results from NCSM calculations
with the bare interaction, too [34]. This would imply a-independence and mirror
the unitarity of the SRG. However, if we zoom in, as shown in fig. 12(b), we recog-
nize that only the results for « < 0.08 fm* approach the same energy. Increasing
o 10 0.16 fm* leads to ~ 80 keV deviations although the results for & = 0.08 fm* are
already converged at Ny,x = 6. The deviations increase to ~ 190 keV when we
use a = 0.32fm” for the interaction. These deviations must be the signature of
the lost induced four-body forces during the SRG transformation, as also found in
[34]. Because we omitted these the transformation is only approximately unitary
and, therefore, the eigenvalues of the Hamiltonian can change. Thus, we stay in
the a-range up to o = 0.08 fm* for all further investigations.

We stress that this behavior is significantly improved compared to calculations
with SRG transformed two-body interactions only. There results for interactions
with different SRG parameters converge to completely different energies as we will
see in subsection 6.1.5.

Before we investigate the contributions of the different parts of the three-body
interaction to the results in fig. 12 in section 6.1.5, we study the influence of the
truncated summations during the SRG transformation on our results.
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Figure 13 — Comparison of NN+NNN IT-NCSM *He-ground-state energy calcula-
tions for different truncations of the summation bounds during the SRG trans-
formation: Fsspg = 28 (@), Esspg = 32 (®). The SRG parameter is o = 0.08 fm".

6.1.4 Dependence on the energy cutoff Fsspg

In section 5.2.1 we mentioned the truncation of the summations on the right-hand
side of the SRG flow equation (5.21) by defining a maximum harmonic oscilla-
tor quantum number FEssgg. It is important that our results are independent of
this truncation. In the following we investigate whether this criterion is fulfilled.
Therefore, we compare *He calculations with Esspg = 28 to those with Esgpg = 32.
The SRG parameter is & = 0.08 fm* and the harmonic-oscillator frequency varies
from 16 MeV to 28 MeV. The results for “He in fig. 13 and for °Li in fig. 14 show the
importance of this study. For harmonic-oscillator frequency 28 MeV and also for
24 MeV the truncation is no problem, as the results of both truncations lie on top
of each other for both nuclei. But the situation changes for lower frequencies: For
“He and A2 = 20 MeV we recognize a deviation of the results depending on Fsspg
of about 100 keV. These deviations increase to 300 keV for AQ2 = 16 MeV, where,
additionally, the results are not converged with respect to model space size. In
case of °Li the deviations for A1) = 20 MeV are about 0.2 MeV and for i) = 16 MeV
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Figure 14 - Comparison of NN+NNN IT-NCSM SLi-ground-state energy calcula-
tions for different truncations of the summation bounds during the SRG trans-
formation: FEsspg = 28 (@), Esspg = 32 (®). The SRG parameter is o = 0.08 fm".

they increase to ~1.1 MeV. Additionally, the results are not converged with respect
to model space size. It is likely that for the low frequencies even the Fssgg = 32
truncation is not sufficient and one has to push Fssgg to 36 or 40.

Whether the dependence on FEjssgg returns for higher harmonic-oscillator fre-
quencies has to be investigated further. Moreover, it is interesting to study if it
is sufficient to use a truncation scheme that depends on the total relative angular
momentum quantum number of the matrix elements under consideration. For ex-
ample, one could think of a high F3sg; for the transformation of matrix elements
with small total angular momentum quantum numbers J and to decrease it for
matrix elements with larger J instead of using the same truncation for all matrix
elements. This changed truncation might have no effects on the results, because
one expects matrix elements including states with high .J to be less important for
the overall result as long the eigenstates under consideration have low angular
momentum quantum numbers. If this could be confirmed, it will facilitate the
SRG transformation because of the reduced memory consumption. Furthermore,
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6 Chiral three-body force in many-body calculations

the results may be different for other nuclei. All these points cannot be discussed
within this thesis and, will be addressed in future studies.

Since the situation for 7 = 28 MeV is not problematic we use this frequency
for our further investigations.

6.1.5 *He- contribution of the three-nucleon force on the ground-state energy

Finally, we study the impact of the different three-nucleon interactions on the re-
sults for the ground-state energy of *“He. We start with the comparison of NN-
only to NN+NNN-induced calculations, as shown in fig. 15. Firstly, we remark that
the NN-only calculations (open symbols) are converged for all « parameters for
Nmax > 14 model spaces, though they converge to different energy values and the
results are  dependent. This is caused by the loss of unitarity of the SRG trans-
formation due to the omission of three- and four-body forces [34]. This should
be improved when we solve the SRG flow equation in three-body space, since we
then take the induced three-body force into account. This is exactly what we see
from the results of NN+NNN-induced calculations (filled symbols). The results for
o = 0.04fm* and o = 0.08 fm* are already converged to —25.3 MeV which shows the
repulsive character of the induced three-body forces compared to the NN-only re-
sults. The calculations with the two lower « parameters are not fully converged in
the Nmax = 12 model space but they seem to approach the same energy. There-
fore, the results including the induced three-body forces are « independent for
o < 0.08 fm* and induced four-body forces are negligible. However, for larger val-
ues of « the four-body forces start contributing as we have seen in section 6.1.3.

Next, we investigate the results of NN+NNN-induced vs. NN+NNN calcula-
tions, shown in fig. 16. The genuine three-body force generates more attraction
compared to the induced three-body force. Therefore, the results converge to the
lower energy of —28.43 MeV. As before, the results for o = 0.04fm* and o = 0.08 fm*
are already fully converged in the N« = 10 model space, whereas the results for
the smaller o seem to approach the same energy but need a larger model space
than Ny, = 12 for convergence. Moreover, the a-independence of the results
is maintained. The comparison of the convergence properties is illustrated in
fig. 17(b).

Finally, we compare the results of NN-only to NN+NNN calculations, as shown
in fig. 17. Again, we see the convergence of the NN-only results to different energy
values as discussed above. Moreover, we notice that the NN+NNN calculations
converge to the same energy as the a = 0.08 fm* NN-only ones. This corresponds
to the hitherto existing method of fine-tuning the o parameter to match experi-
mental results [35]. Due to the a-independence of the results this is now no more
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Figure 15 - “He ground-state energy calculations: NN-only (open symbols) vs.
NN+NNN-induced (filled symbols). The SRG parameters are a=0.01 fm" (®,0);
0.02 fm* (®,©); 0.04 fm* (A,/\); 0.08 fm* (M,[]). The harmonic-oscillator fre-
quency is hf) = 28 MeV.
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Figure 16 — “He ground-state energy calculations: NN+NNN-induced (open sym-
bols) vs. NN+NNN (filled symbols). The SRG parameters are «=0.01 fm" (®,0);

0.02 fm* (®,©); 0.04 fm* (A,/\); 0.08 fm* (M,[]). The harmonic-oscillator fre-
quency is hf) = 28 MeV.
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energy [MeV]

Nmax Nmax

Figure 17 — (a): *He ground-state energy calculations: NN-only (open symbols) vs.
NN+NNN (filled symbols). The SRG parameters are «=0.01 fm* (@,0);0.02 fm*
(#,0); 0.04fm* (A,/\); 0.08 fm" (M,1). The harmonic-oscillator frequency is
Q) = 28 MeV. (b): Same results as in (a) but we shifted the NN-only results
such that they match the NN+NNN results at Ny, = 12. Lines to guide the eye.

necessary for “He and should be investigated for other nuclei, too.

Furthermore, we compare the rate of convergence of the NN-only calculations
to the NN+NNN calculations with help of fig. 17(b). We shifted the NN-only re-
sults such that the results for Np.x = 12 match the NN+NNN results. Thereby, we
observe that the rate of convergence is very similar for both calculations. If we
look at the results for Ny.x = 6 up to Npax = 10 they are almost perfectly on top
of each other, i.e., the convergence pattern is the same in both calculations. This
is very helpful, since it means that the convergence properties do not change if
we include genuine and induced three-body interactions to the NN-only calcula-
tions. Instead the three-body forces generate an energy shift only. Thus, we can
identify this energy shift from the comparison of NN-only with NN+NNN results
in the largest model space in which three-body forces can be handled. Then we
can “extrapolate” the NN+NNN results using the NN-only convergence pattern to
determine the ground-state energy. Unfortunately, this enables only the determi-
nation of eigenvalues of the Hamiltonian and not the eigenstates. However, this
might be a hint that it is sufficient to employ three-body matrix elements only up
to alower Ny than the two-body matrix elements in the calculations. In this case,
we would have access to the eigenstate of the Hamiltonian, too.
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6.2 Three-body interactions and the Hartree-Fock method

As second kind of many-body calculation we deal with the Hartree-Fock method.
Firstly, we briefly discuss the theoretical formalism in subsection 6.2.1. Secondly,
we present first results of ground-state energy and charge radius systematics for
the nuclei *He, 60, *°Ca, *8Ca and *°Zr including chiral three-body forces in sub-
section 6.2.2.

6.2.1 Formalism

In the context of nuclear physics the Hartree-Fock method is the application of
a variational calculation to the system of protons and neutrons. The variational
principle [36, 37] implies that the solution of the Schrodinger equation is equiva-
lent to finding the stationary points of the energy functional

_ (Y[H|Y)

(6.7)
This method is helpful especially when one is interested in the ground state of a
system, since in this case the corresponding stationary point is the absolute min-
imum of the functional. If the state | V) resides in the complete Hilbert space, one
finds the exact solutions of the eigenvalue problem of the Hamiltonian. When
we, in contrast, parametrize the state |I') only in a subset of the complete Hilbert
space, the variation yields approximations of the eigenstates and eigenenergies.
The fundamental constraint in the Hartree-Fock approximation is that the state
| W) is given as a single Slater determinant made up of A single-particle states

A
w) =] all0). (6.8)
i=1

The operators a are the creation operators corresponding to the single-particle
state |i). These single-particle states are the variational parameters and have to
be determined via the energy variation. For convenience, we expand the single-

particle states |7) in terms of harmonic oscillator eigenstates
i) =) (duli)lon) , (6.9)
k

and use the expansion coefficients ¢, = (¢,|i) as variational parameters. Therefore,
the same three-body interaction matrix elements as in the NCSM approach are
used. The variation itself leads to the well-known Hartree-Fock equations [36, 37].
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They are given as coupled non-linear integro-differential equations and are solved
iteratively. After their solution one takes the A single-particle states with the lowest
single-particle energies to build up the ground-state Slater determinant.

From the Hartree-Fock equations one can identify the connection to the naive
shell model, since the Hartree-Fock method belongs to the group of independent
particle models, too. The extension, compared to the naive shell model, is the self-
consistent derivation of the single-particle mean-field potential. However, the in-
dependent particle character implies by definition that correlations between the
particles cannot be described. The quality of the description with the single Slater
determinant can be compared to a N« = 0 model space in NCSM-type calcula-
tions. Therefore, we do not expect the Hartree-Fock results to have the same qual-
ity as converged NCSM results. Nevertheless, it is important to keep in mind that
the Hartree-Fock results provide an upper bound for the exact ground-state energy
of the system due to its variational origin. Additionally, their advantage is that the
Hartree-Fock technique is applicable to the whole nuclear chart. Moreover, it has
proven to describe nuclear charge radii quite well [38, 17].

In the following section, we investigate first results of Hartree-Fock calculations
including the SRG transformed chiral N2LO three-body force.

6.2.2 Impact of N2LO three-body forces on the binding energy and charge radii
systematics

In this section, we discuss our first results of the contributions of three-particle in-
teractions to Hartree-Fock calculations. We investigate the binding energies and
charge radii of *He, 60, “°Ca, “®Ca and *°Zr. We again compare the contribu-
tions of the NN-only, NN+NNN-induced and NN+NNN calculations. All studies
are performed using the harmonic-oscillator frequency 72 = 28 MeV and SRG
parameters a = 0.02fm* 0.04 fm* and 0.08 fm*. Moreover, we truncated the sum
in eq. (6.9) according to the maximum harmonic-oscillator single-particle energy
emax = 2n + { = 14. This choice guarantees convergence for all Hartree-Fock states
for all nuclei under consideration.

The binding energy results are shown in fig. 18. Firstly, we concentrate on the
NN-only results and recognize that the binding energies in the o = 0.02 fm* calcu-
lations are underestimated for *He, '°0, *°Ca and *®Ca compared with experiment,
whereas we see overbinding for the heavier nucleus *°Zr. While increasing the SRG
parameter, all binding energies start to grow. Finally, for o = 0.08 fm®*, we see a
dramatic overbinding of all nuclei except for “He. Since the SRG transformation
only accounts for short-range correlations, one can think of further calculations
starting from the Hartree-Fock basis to include the effects from long-range cor-
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Figure 18 — Difference of binding energy per nucleon from Hartree-Fock NN-only
(®), NN+NNN-induced (M), NN+NNN (#) calculations and experiment (=)
for different SRG flow parameters «. The harmonic-oscillator frequency is hS) =
28 MeV and the experimental data is taken from [39].

relations, e.g. by employing many-body perturbation theory. Now it is time to re-
member the variational character of the Hartree-Fock results and the fact that they
provide an upper bound for the exact ground state energy. Therefore, many-body
perturbation theory (or other more sophisticated calculations) can only increase
the binding energies which leads to even worse results.

The hope is that three-body forces can “cure” the NN-only results. Actually,
this is the case when we look at the NN+NNN-induced results in fig. 18. Here,
the binding energy per nucleon is too small compared to experiment. This results
from the repulsive character of the induced force that we already encountered in
the NCSM calculations. Furthermore, the results are rather independent of the
investigated nuclei. Also the behavior with increased « parameter is reasonable:
The overall shape of the results is maintained while we gain a little binding energy
as « increases. This gain is due to the fact that more information of high-energy
properties of the interaction is shifted to the energy regime considered by Hartree-
Fock. Since the binding energy is too small compared to experiment, many-body
perturbation theory may improve it towards the experimental result.

Unfortunately, this picture is destroyed when we look at the results including
the genuine three-body forces. For a = 0.02 fm*, the results are still in agreement
with the NN+NNN-induced results except for the slightly increased binding of *°Zr.
Butif we increase the flow parameter all binding energies are increased and tend to
overbinding. Especially for o = 0.08 fm*, the overbinding for *8Ca already reached
—2.5MeV per nucleon. For heavier nuclei the situation gets even worse, e.g. for
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Figure 19 — Charge radius systematics from Hartree-Fock NN-only (®), NN+NNN-
induced (M), NN+NNN (®) calculations with different SRG flow parameters
a compared to experiment (==).The harmonic-oscillator frequency is h) =
28 MeV and the experimental data is taken from [40].

%Zr the overbinding is comparable to the one known from the NN-only calcula-
tions and many-body perturbation theory would increase the binding energy fur-
ther.

Thus, the transformed N2LO three-body interaction does not help to improve
the results obtained in NN-only calculations for heavier nuclei. If any, the results
with a = 0.02fm" are the most reasonable ones. But even in this case one can ex-
pect overbinding for nuclei as heavy as 2°*Pb. However, from these results it is not
possible to decide whether the problems are due to the initial chiral interaction or
due to the SRG transformation and the omission of the induced four-body forces.
Since the inclusion of the induced three-body forces cured the NN-only results
quite well, this might happen again if one includes the lost four-body forces from
the genuine three-body forces. Though, if this were the case, the hierarchy of the
many-body forces will not be maintained, since the induced four-body force then
must provide a contribution comparable to the transformed genuine three-body
force.

Additionally, we can investigate the charge radii of the nuclei, as shown in fig. 19.
Here, the NN-only results basically reproduce the experimental trend but are sys-
tematically too small by 0.8 fm for 180 and by 1.5 fm for °Zr. Higher values for the
SRG parameter do not change the results significantly. The radii from NN+NNN-
induced calculations are increased but still too small to reproduce the experimen-
tal trend. For '°0 the radius is 0.5 fm too small and for *°Zr we lack 1 fm. Again, the
results are rather insensitive to the increase of the SRG flow parameter. Finally, if

100



6.2 Three-body interactions and the Hartree-Fock method

we carry out NN+NNN calculations the charge radii decrease again. Moreover, the
decrease grows when we increase «. In particular for the heavier nuclei, this seems
to be a problem, since the charge radius of Zr is for & = 0.08 fm* smaller than in
NN-only calculations. Therefore, the genuine three-body force cannot help to re-
produce the experimental charge radii, either.

It will be interesting to further study these systematics including many-body
perturbation theory, e.g. to find out what happens to the NN+NNN-induced and
NN+NNN results of the binding energy for o = 0.02 fm*. Another interesting point
could be to use alternative generators in the SRG transformation. This will help
to decide whether the problems arise from the SRG transformation itself or if they
are caused by the initial chiral potential. Furthermore, one can try to fine-tune
the low-energy constants ¢, and ¢z of the N2LO three-body interaction for a bet-
ter reproduction of the binding energy and charge radii systematics. For that, the
new parameters must provide a more repulsive three-body interaction. A similar
procedure has already been applied with a three-nucleon contact interaction in-
cluding one free parameter [38]. However, one has to be careful while tuning these
parameters, because there exist few-body observables with strong dependence on
their values as found in [3]. Finally, it would also be interesting to see what part of
the three-body interactions has which effect on the systematics.
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SECTION 7

Summary and outlook

The aim of this thesis is to develop the framework for studies of chiral three-
nucleon forces in many-body methods like (IT-)NCSM and Hartree-Fock including
the consistent similarity renormalization group transformation.

We start with the implementation of the transformation of antisymmetric Ja-
cobi matrix elements of the chiral three-body interaction into m-scheme matrix
elements, which are needed for the many-body calculations. The input are the an-
tisymmetric harmonic-oscillator Jacobi matrix elements provided by P. Navratil’s
MANYEFF-code. Our strategy was to transform these into 7, 7-coupled matrix el-
ements, which are decoupled on-the-fly during the many-body calculations. This
coupled scheme is crucial, because it is the key to efficiently transform and em-
ploy matrix elements with three-particle energy beyond Esn.c = 8, as we discuss
extensively in section 4.4. Consequently, our transformation code can handle ma-
trix elements up to Fsmax = 12, which are included in many-body calculations for
the first time. The codes will be developed further to deal with F3,.x = 14 and 16
matrix elements in the near future.

Secondly, we implemented the SRG transformation of the three-nucleon inter-
action in antisymmetric Jacobi representation. The SRG provides a tool to soften
the interaction by a continuous unitary transformation. This turns out to be nec-
essary, because NCSM calculations with the bare interaction are not converged
in the Ny = 12 model space even for *He. During this transformation higher-
order many-body interactions are induced. Because we limit the transformation to
two- or three-body space, we cannot account for all induced interactions. There-
fore, we study the influence of these two limitation schemes on the many-body
calculations. The IT-NCSM calculations of the *He ground-state energy with two-
body transformed matrix elements yield different results depending on the SRG
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flow parameter due to the omission of three- and four-body forces. This effect
was used before for a fine-tuning of the SRG flow parameter such that the results
match experimental data. Our converged results for the same calculations with
three-body transformed matrix elements are independent of the flow parameter
for & < 0.08 fm*. This means that effects of induced four-body forces are negligible
in this domain of the flow parameter. In consequence, the parameter fine-tuning
becomes dispensable. It will be interesting to study if this behavior is also main-
tained for heavier nuclei, where many-body interactions might have a stronger
impact.

Furthermore, we are able to distinguish between effects of SRG-induced three-
body interactions and effects of the transformed genuine chiral three-body force
on our IT-NCSM results in case of *He. We find that the induced three-body forces
are repulsive, which results in a reduced binding energy. In contrast, the genuine
three-body force provides more attraction leading to a larger binding energy again.
Furthermore, the convergence pattern with respect to model-space size is deter-
mined by the two-body forces, while the three-body contributions merely gener-
ate an energy shift. This might be a hint that it is sufficient to include three-body
interactions only for a subspace of the full model space, which would facilitate
computations. Further studies along these lines are planned.

Additionally, we investigate the dependence of the ground-state energies of ‘He
and °Li on the model space used for performing the SRG transformation. We find
that this convergence depends strongly on the harmonic-oscillator frequency. For
low frequencies in the range of 16 MeV the ground-state energies show a large de-
pendence on the SRG model space. For 22 = 28 MeV and a = 0.08 fm*, we found
that the energies for “He and °Li are identical for the two truncations Essgc = 28
and 32. This has to be further investigated for other nuclei. Moreover, studies of
other truncation schemes will be interesting, e.g. an Ejsspg that depends on the
angular momentum quantum number of the matrix elements.

Finally, we perform first studies of the impact of the SRG-transformed chiral
interaction including the N2LO three-body force on the systematics of binding en-
ergies and charge radii in Hartree-Fock calculations. We observe that the SRG-
transformed N2LO three-body interaction still generates a large overbinding for
heavier nuclei. Also the charge radii are too small for all nuclei beyond “He. Here,
it will be interesting to see whether a variation of the ¢, and ¢ parameters of the
chiral three-body interactions can help to overcome these problems. Additionally,
we plan to implement an alternative generator for the SRG transformation that
might help to suppress induced interactions beyond the three-body level.

In conclusion, the study of three-body forces provides many exciting avenues
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for further investigation. As an example it will be interesting to study B(E2) tran-
sition rates in isotopes of carbon, where experiments measured contradicting re-
sults [41, 42, 43].

105






APPENDICES






APPENDIX A

Implementation

In the following we give some remarks and comments on our implementation
of the transformation discussed in section 4 and the SRG transformation in sec-
tion 5. We start with an outline of the general structure and strategy of the code in
appendix A.1. Then, we briefly discuss our implementation of the 7';-coefficient
in appendix A.2 and of the 7, T-coupled matrix elements in appendix A.3.

A.1 General remarks on the implementation

In this section, we discuss some basic properties of our C program that should sim-
plify the overview of the code. Since the program is subdivided into many source
files, we start with quoting the most important files. We list the files and give a
short description of the contained routines for each in the following:

GLO_Base.c/h Inclusion of all used library header files, e.g.,the gnu scientific li-
brary (GSL) routines. Definition of various preprocessor constants, e.g. to
determine the size of needed cache arrays during the calculations of the 7', -
coefficients.

PAR Base.c/h Management of the command line parameters and generation of
some file names.

JB_Base.c/h Contains the function for generation of the |«) basis states given in
eq. (3.90). The projection quantum numbers M ; and My do not appear in the
code, since all quantities in which |a) is included are independent of those.
The basis generation is divided in different steps. Firstly, the states corre-
sponding to the first Jacobi coordinate are generated, where the antisymme-
try with respect to particle exchange 1 < 2 is taken into account by the con-
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dition (—1)thz+sette) — 1, Then, the states corresponding to the second
Jacobi coordinate are generated and coupled with the states corresponding
to the first Jacobi coordinate to end up with the |a) states. The quantum
numbers and additional book keeping quantities are stored in the JB_Struct.
We stress that the used ordering of the basis states is indispensable. Because
we extract the coefficients of fractional parentage (CFPs) from the MANYEFF-
code, we have to stick to this ordering. Moreover, we use the JBA_Struct to
store quantities that are relevant for each block with given energy E, total
relative angular momentum J and total isospin 7' quantum number, e.g. the
trace of the antisymmetrizer according to eq. (3.120) yielding the number of
CFPs and three-body relative states |EJT7).

JB_AntiSym.c/h Here, the function to calculate matrix elements of the antisym-
metrizer, essentially according to formula (3.119), is included. Besides, the
file contains the function which computes the trace of the antisymmetrizer.
In order to speed up this calculation we precalculate the necessary HOBs.

JME3B_Base.c/h All routines that are used to read CFP files or matrix element files
from the MANYEFF-code are placed here. Thereby, we always assume that
the matrix elements are given in the file as lower triangular matrix. Further-
more, the routine JME3B_MECenterCachelnit exists, which precomputes the
results of the two inner loops during the calculation of the 7, T-coupled ma-
trix elements. We describe this technique in appendix A.3 in more detail.

ME2] Base.c/h Contains the infrastructure to read, write and handle coupled two-
body interaction matrix elements as given in eq. (5.28). Especially the routine
ME2] Init is crucial to reproduce the ordering of the matrix elements in the
file. This is important since the gzipped file only includes their bare values
without any information about the involved states.

ME3]J _Base.c/h This is similar to ME2] Base.c/h, but now for the 7, T-coupled
three-body matrix elements. Again, the ordering identifies the correspond-
ing matrix elements and states. The routine that determines the ordering int
this case is ME3] _Init.

ME2] _Conv3]J.c/h Contains the routines that prepare the SRG-transformed matrix
elements of the two-body interaction for the subtraction, as described in sec-
tion 5.3. Because we use the matrix elements (5.30) as input for our code, we
need only routines for the last three steps in the right path of the flow chart
displayed in fig. 9.
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ME3]J _Calc.c/h Contains the functions that compute the 7, T-coupled matrix el-
ements according to eq. (4.79), but the loops are carried out implicitly. See
appendix A.3.

TMC_Base.c/h Here, all routines that are necessary for precomputing and storing
the 6j- and 9j-symbols as well as the HOBs are included. The 6j-symbols are
calculated according to [20]. The 9j-symbols are computed as sums of prod-
ucts of three-6j-symbols. Finally, the HOBs are calculated via eq. (3.85). We
precompute only the quantities that are relevant during the 7', calculation.

TTCJ _Base.c/h Contains the routines used for the calculation of the 7';-coefficients.
We discuss more details of this calculation in the following subsection.

SRG_ME3] All routines used for the SRG transformation are included here. The
general strategy is to read one F.JT-block of matrix elements into memory
and solve the SRG-flow equation via a GSL Runge-Kutta routine. The matrix
multiplications on the right-hand side of the flow equation (5.21) are accom-
plished with help of CBLAS routines.

SPB_Base.c/h Routines that initialize the underlying single-particle basis of the
m-scheme states. This is necessary, e.g. for the decoupling of the two-body
matrix elements during their preparation for proper subtraction.

CGC_Base.c/h Contains the routine to calculate the Clebsch-Gordan coefficients
as well as a routine that precaches all Clebsch-Gordan coefficients up to a
certain energy.

Typically, the identifier of the file names in front of the underscore is also the iden-
tifier of each contained routine.

Using the above discussed files, we compile two executable programs. One for
the SRG transformation that uses the matrix elements of the MANYEFF-code as in-
put and provides in three-body space SRG-transformed matrix elements as out-
put. The second program uses these SRG transformed matrix elements as input
and converts them into the 7, T-coupled scheme. Then, it reads the two-body in-
teraction matrix elements that were SRG transformed in two-body space, converts
them into the [J,T-coupled scheme, and subtracts them from the 7, 7-coupled
two-plus-three-body interaction matrix elements. From subsequent execution of
these two programs we obtain the matrix elements of the three-body induced in-
teraction as well as the induced plus genuine SRG-transformed matrix elements,
depending on the matrix elements that enter the SRG transformation.
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We want to briefly discuss one possible program fetch for calculation of the
J, T-coupled three-body interaction matrix elements. Therefore, we start with the
program responsible for the SRG. As input it needs matrix elements of the Hamil-
tonian and of the intrinsic kinetic energy for the different £JT-blocks separately.
An example command line of the SRG program reads

./transf jmesrg E3MaxIn=28 E3MaxOut=12 hwH0=28 alpha=0.08 E3MaxSRG=28

Thereby, E3MaxIn determines the maximum harmonic-oscillator energy quantum
number of the interaction matrix elements that input the program. Accordingly,
E3Max0Out defines the maximum harmonic-oscillator energy quantum number of
the interaction matrix elements that are written into a file after the SRG transfor-
mation. The parameter hwHO identifies the used harmonic-oscillator frequency.
Moreover, alpha determines the SRG flow parameter and, finally, E3MaxSRG corre-
sponds to Ej3sgg which determines the truncation of the summations. There are
only three routines called in the main program: Firstly, TMC_Binomiallnit initial-
izes Binomial for the calculation of 6j-symbols. Secondly, we initialize the basis
states |«) and, finally, the routine SRGTransformMEHO _block does the SRG trans-
formation of each block step by step. With the command line above the energy
truncation in the summations via Fsgspg is the same for all matrix elements. The
code can also handle different truncations depending on the total angular mo-
mentum quantum number J of the involved states.

Once we have the SRG transformed matrix elements we can run the program
responsible for the conversion into 7, T-coupled m-scheme matrix elements. A
possible command line is given by

./convjme2me3j E3MaxIn=12 E3MaxOut=12 E3MaxSRG=32 eMax=12 hwH0=20
alpha=0.08 EMax=12 MEID=n3lo_nocd ME3ID=chi2b3b

Here, E3MaxIn is again the maximum harmonic oscillator energy quantum num-
ber of the matrix elements that are read and E3Max0Out the one of the matrix ele-
ments that are converted into the 7, T-coupled scheme. Moreover, alpha is the
SRG parameter and E3MaxSRG is the energy used for the truncation of the summa-
tions during the SRG transformation. The EMax parameter determines the max-
imum harmonic oscillator energy quantum number of the two-body matrix el-
ements that are read during the execution. Additionally, hwHO is again the har-
monic oscillator frequency. The parameter eMax is the maximum single-particle
energy. Finally, MEID and ME3ID determine the file names of the read and written
files. Again, this command line is appropriate for a calculation with matrix ele-
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A.1 General remarks on the implementation

ments that are truncated with the same Fssgg. The plan is that the code in future
can handle different truncations for different .J in order to study this dependence.

The illustration of the data flow during the program execution is shown in the
flow chart in fig. A.1. The routines are shown in the ordering they are called in the
main program including a short description of their role.
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A.2 Implementation of the 7;-coefficient

A.2 Implementation of the T;-coefficient

In this section we discuss some technical details on the implementation of the 7', -
coefficients. The formula of the 7;-coefficient is given in eq. (4.80). Now, we dis-
cuss the bounds of the sums in the T';-coefficient. There are many conditions that
restrict the summation bounds but these conditions can only be used if all quan-
tum numbers needed for the conditions are available. Obviously, this depends on
the arrangement of the summations. The ordering we use in the implementation
is given as

a b c Jp J T
Tj Nem lcm Nig l12 ns l3
Sab  J12 J3

le+l
( 1) ¢ 12]a]bjcsab]3]12JJab 62na+la+2nb+lb+2n6+lt—2n12 112,2nem+lem+2n3+13

lo 1y Lab
x Z(—l)L“b£Zb Sa Sb Sab
faz Ja Jb Jab
X Z<<N12£12, n12li2; Lab|ala; Moly) )1
L12

X Z AA2 ncmlcma n3l37 A|N12£127 nclc>>2

XZ le L9 A
Lo £ Loy

Lo I L
x Z(_l)“ﬂsggg Sab Sc O3
Jab jc \7
ha 13 L3
cm l3 A lcm L3 E
x b 5o S5 5 (A.1)
Z {zu ﬁLg}{Sg J J} e

Jiz J3 J
The summation bounds are essentially determined by the various triangle inequal-
ities that have to be fulfilled for the 6j- and 9j-symbols. Thereby; it is useful to take
their symmetry relations into account. If we have more than one condition for the
lower bound, we can use the maximum value as lower summation bound and vice
versa for the upper bound. In the following we present the summation bounds we

use for the summation ordering above. We only give an additional explanation, if
we used something different than the triangle conditions of the 6j- and 9j-symbols.
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A Implementation

i Ele

Lower Bound: Max(|J,, — S, |la — ) »
Upper Bound: Min(Jy, + Sap, lo + 1) -

* Eﬁm

Here, we can take advantage of the fact that we know the energy quantum num-
ber £5 = 2N1» + L1, from the HOB. Additionally we have a triangle inequality for
Ly5 and [y2. Therefore the lower bound is given by | L5 — [;5] if this value and &,
are both odd numbers. Else the lower bound is given by | Ly — l12] + 1.

Lower Bound: |Lis — l12|Or |Lis — I + 1,

Upper Bound: Min(Lys + l12, 190 = 2ng + 1y + 2np + Iy — 2192 — 112) .

LI
Lower Bound: Max(|Li5 — I/, |lem — 15]),
Upper Bound: Min(Lis + I, lem + 13) .

b EL
Lower Bound: Max(|A — l12], | L2 — L),
Upper Bound: Min(A + lyo, L1 + 1) .

b Esg
Lower Bound: Max(|£ — J|, |sa — s¢])

Upper Bound: Min(£ + 7, Sap + Sc) -

°* > 1,
Lower Bound: Max(|l15 — l3], S5 — J|, |£ — leml])

Upper Bound: Min(lys + 13,53+ J, L+ le) -

In order to minimize the computation time for the 7;-coefficients, we precal-
culate all 6j- and 9j-symbols as well as all HOBs that appear in eq. (A.1). Therefore,
we employ as much static allocated arrays as possible, as we figured out that the
access to these is faster compared with the access on dynamically allocated arrays.

Furthermore, the ordering of the loops during the computation of the T, is
important in our implementation. Our used loop ordering is inward-looking:

CL,b,C, JabvlCWL7k77T7 JuEuku (A2)

where & counts the |«) states inside of the given £.JT-block. We stress that the loop
over the isospin quantum number 7" could be dropped, because T’ is independent
of it. We still kept it for convenience, since otherwise we would have to initialize a
second kind of |«) basis without the isospin quantum number. However, this point
should be improved in the future, since it will reduce the number of 7';.
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A.3 Implementation of the 7, T-coupled matrix element

We save the nonzero 7', in an array of structures for the use in the matrix ele-
ment computation later on. Besides the 77, we save the corresponding [,,,,, 7 and
the number of the basis state |«), which enables us the knowledge of J, 7', F dur-
ing the matrix element computation. Additionally, we save the number of nonzero
T 7-coefficients for each a, b, ¢, J,, combination. All this is adapted to our imple-
mentation of the 7, T-coupled matrix elements, as discussed in the following sub-
section.

A.3 Implementation of the 7, 7-coupled matrix element

The formula for the 7, T-coupled matrix elements is given in eq. (4.79). However,
for the implementation it lends itself for further simplifications. In addition, we
can cache the inner sums over ; and ¢’ in a new quantity depending on «, £’ and £’

CenterCache(a, E' | k Z Z Covi cE,JTZ AEJM ;T Mri|Vnnn|E' M ;T Mri'y

(A.3)

where cF, 7.+ 18 the CFP according to the k'th |a) state in the E'JT block. The J
and 7" quantum numbers are already dictated by the « index. This CenterCache
appears one-to-one in our code as three-dimensional array which is called with
the number of the |«) states as first index, the energy quantum number of the ket
as second index and with £’ as third index. Then the final mathematical form for
the matrix element that agrees most with the implemented form reads

a([(jaajb)Jabajc]jMv [(taatb) abs ]T|VNNN|[(]a7]b) ab?]c]jM [(tavtb) abvt ]T>a

=31

lcm

x> " Tr(a,b,c, Jup, T lem, J. T, k)

x> Ty(d V. Ty T lem, J, T, K)

Bk

x CenterCache(a, E' k') . (A.4)

Here, ), denotes a sum over {nis, 2, Sap, j12, 3, 13, Ja, J, tap, T} @and Y-, a sum over
{nly, Us, Sty Jio, M, 15, 5%, 8Ly, b As mentioned in the last subsection the sums over
T,t., and ¢/, could be avoided, which is more obvious here, since they are dictated
by the left-hand side of the equation.

Finally, we stress that we do not explicitly carry out the summations in eq. (A.4).
Instead, we employ a rather complicated way of summing up all necessary terms,
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A Implementation

which can be found in the routine ME3]_Calc. We outline the principle idea as
follows: From eq. (A.4) we know that we have to sum over all products of T; with
equal /., and 7, whereat additionally the a, b, ¢, J,, and their primed counterpart
is dictated by the left-hand side of the equation. Therefore, our modus operandi
is to loop over all T}-coefﬁcients that have the correct a, b, ¢, J,;, quantum num-
bers. Their location in the T); array is known because we saved it during the 7',
calculation. Next, we proceed through this block of 7'; until we reach a coefficient
with the correct 7. If we found one, we look for a compatible 7'; in the o/, ', ¢/, Jl,
block, determined by the ket, via bisection. Compatible means here, that it must
have the same [.,, and 7. For the bisection the mentioned loop ordering during
the T, calculation is crucial. When we found one, we check if it has the same J as
the T'; from the bra. If so, we go through the array of these 7;-coefficients, mul-
tiply each with the corresponding element of the CenterCache and sum them up.
We proceed until /.,,, and J do not match anymore. Then, the intermediate sum
is multiplied with the 7';-coefficient according to the bra. Thereafter, we proceed
through the T, array that corresponds to the bra and the procedure for the ket
part starts again. We organized the whole procedure in the way that the number
of bisections is minimized.
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APPENDIX B

Two-body Talmi Moshinsky
transformation

In this section we present the formula for the transformation of harmonic oscil-
lator two-body relative matrix elements into two-body m-scheme matrix elements.
This is also referred to as “two-body Talmi-Moshinsky transformation” [17]. This
transformation is necessary during the preparation of the SRG-transformed two-
body matrix elements for the subtraction as it is indicated as second step in the
flow chart in fig. 9.

Formally, the investigated transformation reads

<(7’Ll, S)JMJTMT|VNN| (n'l', S)JMJTMT>
N (B.1)
([(nalas 3a)Fas (Mlos 55) 3] IMMGT M|V |[(Roles Sa)das (141, 56) 5] 3T Mr) .

The states |(nl, S)JM;, T M) are the J-coupled harmonic oscillator two-body rela-
tive states introduced in eq. (5.28) and |[(n4ls, Sa)Ja, (n6ly, Sp)J6]IM5T M7) are the J-
coupled two-body m-scheme matrix elements known from eq. (5.30). Obviously,
the two kinds of states rely on different coordinate systems. Thus, we will make
use of HOBs during the transformation. The operator Vy is an arbitrary nucleon-
nucleon interaction. Before we start with the transformation, we cast the J-coupled
m-scheme matrix element in a more convenient form that will be our starting
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B Two-body Talmi Moshinsky transformation

point

o{[(Malas $a)Jas (Molb, $5) 3o} 3D Vien | (1405 86) T (M lhs 56) 351 3D5) (B.2)
= ol[(ala, $a)da> (Nols, ) 3] 35| Vivw V2LA| (15, $a) 0 (nilh, 1) 3313905)  (B.3)
= ol[(ala; $a)da> (Nols, ) 3] IMG AV N V2! (01, $a) 0 (415, ) 3113905)  (B.4)
= ol[(ala; $a)da> (Nols, 56) 33| Vin V2! (1), $a) 0 (il 50)33)3M5) . (B.5)

Here we take advantage of the fact that Vyy commutates with the antisymmetrizer
A in eq. (B.4) and of the idempotent property of 4 in eq. (B.5). Next, we explicitly
carry out the antisymmetrization of the bra state, yielding

a<[(nala7 Sa).jcm (nblb, Sb)jb]ﬁm\TTMT‘

4 ia : i 1
:(<[(nala7 Sa)]aa (nblba Sb)jb]dijMT| - <[(nalaa Sa)]aa (nblba Sb)jb]dmﬁTMT|ﬂ2) ﬁ
=({([(nala, Sa)das (ly, 5)J6) IMGT M|
o 1
— (=1)7e =TT T (0l Sa) ey (Ml $6) 56| IMST Mrp|) — |
(—1) ([( VJas (Muly, sp) o) I3 T|) NGT
(B.6)

where we use the symmetry of (jj)-coupled states under particle exchange, which
introduces the phase factor [44].

Therefore, we have to concentrate on the following two terms of the matrix el-
ement

<[(nalaa Sa)jm (nblba Sb)jb]3m3|VNN| [(nal;, Sa)j:p (n;)lllya Sb)jll)]smt"]> ) (B7)

<[(nblb7 Sb)jbv (nalav Sa)ja]3m3|VNN| [(nal;7 Sa)]av (nblbv Sb)jb]\ﬁ)ﬁ >( )]a+]b S )
(B.8)

where we omit the isospin quantum numbers in the state.

Firstly, we concentrate on the matrix element (B.7). For the transformation, the
strategy is to express the J-coupled state stepwise by the two-body relative states.
We start with changing the (j,j,)-coupling into (LS)-coupling by inserting the ap-

120



propriate identity operator

H(nalaa Sa)jau (nblb, Sb)jb]3m3>
= Z <[(7’Lala, TLblb)A, (Sa, Sb)S]3m3| [(nalaa Sa)jm (nblba Sb)jb]3m3>
AS

X | [(nalaa nblb)Aa (Sm Sb)5]3m3>

lo Iy A
= |[(ala, nol) A, (Sa, ) S1IM) 4 s0 56 S p ASaj - (B.9)
AS S
Ja Jb J

In the last line we replaced the overlap by a 9j-symbol using eq. (3.20). Next, we ex-
pand the state on the right-hand side in the basis |[(NL,nl)A, S|JM;), where N, L
denote the center-of-mass harmonic oscillator radial and orbital angular momen-
tum quantum numbers and n, [ the corresponding relative quantum numbers. We
dropped the single-particle spins in the states for brevity. The expansion yields

|[(nala7 Sa)jaa (nblba Sb)jb]3m3>

lo Iy A
=33 $sas S ¢ ASajb{(N L nl; Alnale, nply))1 |[(N L, nl)A, SJ395) , (B.10)
AS NL,nl ja jb J

including the HOB according to the change of the coordinate system from Carte-
sian to relative and center-of-mass coordinates. In the next two steps we aim at the
complete decoupling of the center-of-mass part of the state from the relative part.
Firstly, we expand the state on the right-hand side in |[NV L, (nl, S)J]39N;) states, i.e.

H(nalaa Sa)jau (nblb, Sb)jb]3m3>

lo I, A
= Z Z Z o S5 S p ASTags((NL,nl; Alnala, noly))1
AS NLnl J ja jb J

< ([NL, (nl, S)JJ3,|[(N L, nl)A, SJ395) [[NL, (nl, S)JJ390;)

l, I, A
. an ~~|L 1A
=D D D (s ASjajb<<NL,nz;A|naza,nbzb>>1<—1>L+l+S+3AJ{ X }
AS NLnl J ja jb J S‘S J

x|[NL, (nl, S)J]39M;) . (B.11)

In the last line we replaced, the overlap by a the 6j-symbol with help of eq. (3.15).
Secondly, we decouple the center-of-mass orbital angular momentum from the
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B Two-body Talmi Moshinsky transformation

relative angular momentum introducing Clebsch-Gordan coefficients

|[(nala7 Sa)jaa (nblba Sb)jb]3m3>
l, I, A

=3NNS $sas S p AT (N Ly 0l Alngle, mols)) s

AS NLmnl J MjyMp, j ,jb J
a

C(persiag B LAY (L
S3J[ \ MM,

Now we are in the position to sandwich the two-body interaction with the expan-

~

J
Ny

) INLMp, (nl, S)JM;). (B.12)

sion of the states given in eq. (B.12), which leads us to the final result for the first
term. Thereby, we can make use of the following properties of the interaction

(NLM;, (nl, S)JM;|Vyn|N'L'M,, (WU, S')J' M) (B.13)
== 55’5/ 5N,N’ 5L,L’ 5ML7]W/L 5J7J/ 5MJ,]\JL/] ((nl, S)JMJ|VNN|(TL,Z,, S)JMJ) s

where we use in particular, that the interaction does not affect the center-of-mass
part of the state. This fact, together with the orthogonality relation of the Clebsch-
Gordan coefficients

3 L J
m, ) \ My M,

leads us to the final result for the transformation of the first term (B.7), denoted by

~

J
M

L J
< ) =033 59313,9313 =1 (B.14)
MMy My My

([(Nala, 5a)Jar (Moly, 56) 7o) IMGT My | Vn (01, 5a) Jo, (Ml $6) 5] 3T M)
J NLnl A S nl A
Lo o A) (T 0 N
X QSa 85S¢ Sa sy S p ((NLnl; Alngla, nply)) 1 ((NL, 0l N |ng L, myly) )
Jodv 1) i g
X {L l A} {L 4 A'} A2A7 825,71 5070 J2(— 1) EHFSHI(L1)EH+5+D

SyJ) ST J ~ Y -

X <(nl,S)JMJ|VNN|(n'l',S)JMJ) (B15)

The factor with the underbrace is equal to one because L, S and J are all integer
numbers and ' = [ £ 2, since the interaction does not connect states with other
values for the relative orbital angular momenta /.

Now, we derive the analogous formula for the matrix element in the second
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term (B.8). Therefore, we concentrate on the bra state of the matrix element, since
the transformation of the ket state is the same as presented above. Note the re-
versed order of the quantum numbers compared to the first term. We start with
changing the (j,j,)-coupling into (LS)-coupling

([(neloy Sb)Tbs (Nalay Sa)a) I

Iy I, A
= Z Sp Sa S ja.}b[\gq(nblh nala)Au (3b7 Sa)‘s]ﬁm,ﬂ ) (B16)
AS ,jb ,7 3

where we introduced a 9j-symbol with help of eq. (3.20).

Next, we make the transition s, < s, to obtain the same ordering of the quan-
tum numbers as in the first term. Since s; = s, = 3 anyway, this makes no dif-
ference. We stress that we do not change the coupling order of the spins. It is not
necessary because the first particle already couples with the second particle as in
the first term (B.7).

<[(nblb7 Sb)jba (nalav Sa)ja]ﬁm\?‘

by Iy A

= " sy 50 S ¢ JadeAS (ol ala) A, (Sa, 55)STIM| (B.17)
AS | s o~
Ibo Ja

The same applies for the isospin, which is omitted here.
Now, we insert the identity operator

1= |(NLnl)A)((NL,nl)Al (B.18)

NL,nl

which provides the transformation from Cartesian into center-of-mass and rela-
tive coordinates. Thus, we obtain

([(neloy Sb)Tbs (Nalay Sa)Ja) I

b lo A
=3 sy 50 S §adsAS ((myly, mala; AN L nd))1 ([(NL, nl)A, (54, 5)SJ3M;] |
AS NL,nl ,jb ja 3

(B.19)

with the HOB due to the coordinate transformation. In the following we again omit
the single particle spins in the state.

In the next two steps we aim at the complete decoupling of the center-of-mass
orbital angular momentum from the relative angular momentum. Therefore, we
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B Two-body Talmi Moshinsky transformation

carry out the same steps as in eqgs. (B.11),(B.12) introducing a 6j-symbol and a
Clebsch-Gordan coefficient resulting in

<[(nblb7 Sb)jba (nalav Sa)ja]ﬁm\?‘

Iy I, A
’ 2 na s LA
=3 3T > s sa S ¢ dahbAS (malh il AINL i) 4
AS NLnl T MMy | G, oy Sy J
L Jl|3

« (_1)L+l+5+3Aj
Mp M| 9N

) (NLMy, [(nl)A, S]JM,]|, (B.20)
J

Next, we use the symmetry relation of the 9j-symbol

Iy lo A l, h, A
Sy Sq S P =145, S (_1)la+lb+A+sa+Sb+S+ja+jb+G (B.21)
Jb Ja J Ja Jb J

and of the HOB

((nply, nala; AINL,nl))y = (=D E((ngly, nply; A|NL, nl)),

(=DM EUNL, 0l Anala, nply)) (B.22)

according to egs. (3.62), because we want to cast this second term in the same form
as the first one. Plugging the symmetry relations into eq. (B.20) yields

<[(nblb7 Sb)jbu (nalau 5a>,ja]3g~n3‘
- Z Z Z Z (— 1)kt AtsatsptStiotint3(_)A=L(_1)LH+SHI GA2is

AS NLnl J MpM,

Lol A
LiA (L J]|3
% 50 55 8 S (NI, 0l Alnala, noly))1 4~ v
S~ S3J| \ My My|om,
Ja Jb J
s (NLM;, [(nl)A, S]JM,| . (B.23)

Now we use this bra state and the transformed ket state of eq. (B.12) to sandwich
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Vi n, yielding the final result of the second term

(= 1)t 23U gl $) by (Nalas Sa) Ja) MG Vien | (01, Sa) 70, (il s) ) 3905)

RIPIPHHHD

AS NLmnl J n'l! N
X(_l)]a+]b J+T— 1( 1)la+lb+A+3a+sb+S+ja+jb+3(_l)AfL(_1)L+l+5+3(_1)L+l’+5+3

AAAAA

by A) (I A

s g L1lA LU AN

X a a
Ja Jb 4 Ja Jo 4

X ((NL, nl; Angla, nply) )1 ((N L, 2'U's N gl myly))s

s {[(nl) A, S]IM|Vaon | [(0'1)A, S]TM;) . (B.24)

The last thing to do is to simplify the phase factor, which is the only difference
between the results for the first term, given in eq. (B.15), and the according result
for the second term, i.e.

(_ 1 )ja+jb—3+T—1 ( —1 )la+lb+/\+sa+sb+5+ja+jb+3(_ l)A_L(— 1)L+Z+S+G(_ 1)L+l’+S+G

_ (_1)2ja+2jb (_1)8a+5b—1 (_1)2A+25+23(_1)l+l/ (_1)la+lb—L(_1)T+S (B25)

Now we discuss the factors step by step:

(1)t Since j, and j, are half-integral numbers 2j; are odd numbers

and so 2j, + 27, is even and the factor is equal to one.

(—1)satse—1: Because s, = s, = 3, this factor is equal to one.

(—1)%A+25+%3: Here, A, S and J are integers and the factor is equal to one.

(< 1)t The interaction matrix elements are only nonzero for
' I' =1 + 2 and, therefore, this factor is also equal to one.
Altogether the phase factor is given by (—1)+5+7, Both transformed terms to-

gether yield the final result of the transformation of .J-coupled two-body relative
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B Two-body Talmi Moshinsky transformation

matrix elements into J-coupled m-scheme matrix elements

o{[(alas $a)Jas (Mly, 55) o] IIMGT Mp|Viun|[(ngl 5a) ey (Ml 56) 3] I9MT Mr)

Y Y Y Y AR

AS NLnl J n'l! N
l, Iy A AN
’ a b LiA) (L1N
X < S, Sp S Sq Sp S N N
. , SIJ) ST J
Ja Jo 4 Ja Jp Y
X({(NL,nl; Angla, nplp)) 1 ((NL,n'l'; N'|nl1. njl;) )y

a’
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