Nuclear Structure with
Unitarily Transformed Two-Body plus
Phenomenological Three-Body Interactions

Vom Fachbereich Physik
der Technischen Universitat Darmstadt

zur Erlangung des Grades
eines Doktors der Naturwissenschaften
(Dr. rer. nat.)

genehmigte

Dissertation
von

Dipl.-Phys. Anneke Guinther
aus Eckernforde

Darmstadt 2011
D17



Referent: Prof. Dr. Robert Roth
Korreferent: Prof. Dr. Jochen Wambach

Tag der Einreichung: 14.12.2010
Tag der Prifung: 02.02.2011



Summary

The importance of three-nucleon forces for a variety of nuclear structure phenomena
is apparent in various investigations. This thesis provides a first step towards the
inclusion of realistic three-nucleon forces by studying simple phenomenological three-
body interactions.

The Unitary Correlation Operator Method (UCOM) and the Similarity Renormaliza-
tion Group (SRG) provide two different approaches to derive soft phase-shift equivalent
nucleon-nucleon (NN) interactions via unitary transformations. Although their moti-
vations are quite different the NN interactions obtained with the two methods exhibit
some similarities.

The application of the UCOM- or SRG-transformed Argonne V18 potential in the
Hartree-Fock (HF) approximation and including the second-order energy corrections
emerging from many-body perturbation theory (MBPT) reveals that the systematics
of experimental ground-state energies can be reproduced by some of the interactions
considering a series of closed-shell nuclei across the whole nuclear chart. However,
charge radii are systematically underestimated, especially for intermediate and heavy
nuclei. This discrepancy to experimental data is expected to result from neglected
three-nucleon interactions.

As first ansatz for a three-nucleon force, we consider a finite-range three-body
interaction of Gaussian shape. Its influence on ground-state energies and charge radii
is discussed in detail on the basis of HF plus MBPT calculations and shows a significant
improvement in the description of experimental data.

As the handling of the Gaussian three-body interaction is time-extensive, we show
that it can be replaced by a regularized three-body contact interaction exhibiting a very
similar behavior. An extensive study characterizes its properties in detail and confirms
the improvements with respect to nuclear properties. To take into account information
of an exact numerical solution of the nuclear eigenvalue problem, the No-Core Shell
Model is applied to calculate the *He ground-state energy.

As they are of direct interest for nuclear astrophysics collective excitation modes,
namely giant resonances, are investigated in the framework of the Random Phase
Approximation. Including the full three-body interaction would be very time-demanding.
Therefore, a density-dependent two-body interaction is used instead. This simple in-
teraction leads to a significant improvement in the description of the isovector dipole
and isoscalar quadrupole resonances while the isoscalar monopole resonances remain
in good agreement with experimental data compared to the results obtained with pure
unitarily transformed two-body interactions.
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Zusammenfassung

Eine Vielzahl von Kernstrukturuntersuchungen belegt, dass Dreinukleonenkrafte
einen wesentlichen EinfluB auf verschiedene Observablen haben. Als ersten Schritt
hin zur Verwendung von realistischen Dreinukleonenkraften werden in dieser Arbeit
einfache phanomenologische Dreiteilchenwechselwirkungen untersucht.

Sowohl die Methode der Unitaren Korrelatoren (UCOM) als auch die Ahnlichkeits-
Renormierungsgruppe (SRG) verwenden unitdre Transformationen, um weiche streu-
phasenaquivalente Nukleon-Nukleon (NN) Wechselwirkungen abzuleiten. Obwohl die
beiden Methoden von unterschiedlichen Ansatzen ausgehen, weisen die aus dem
realistischen Argonne V18 Potential gewonnenen NN Wechselwirkungen eine Reihe
von Gemeinsamkeiten auf.

Auf der Grundlage der Hartree-Fock (HF) Methode und der Vielteilchenstorungs-
theorie (MBPT) zweiter Ordnung kann die Systematik der Grundzustandsenergien einer
Reihe von Kernen mit abgeschlossenen Schalen mit Hilfe einiger der unitar trans-
formierten NN Wechselwirkungen tber die gesamte Nuklidkarte hinweg reproduziert
werden. Die Ladungsradien werden dagegen systematisch zu klein vorhergesagt, ins-
besondere fir mittelschwere und schwere Kerne. Es wird erwartet, dass diese Ab-
weichungen auf vernachlassigte Dreiteilchenwechselwirkungen zurtickzufiihren sind.

Als erster Ansatz wird der EinfluB einer gauBformigen Dreiteilchenwechselwirkung
im Rahmen von HF und MBPT untersucht, was zu einer deutlich besseren Beschreibung
der experimentellen Daten fiihrt.

Da Rechnungen mit der gauBformigen Dreiteilchenwechselwirkung sehr zeitaufwan-
dig sind, wird sie durch eine regularisierte Dreiteilchenkontaktwechselwirkung ersetzt,
die vergleichbare Ergebnisse liefert. Die Eigenschaften dieser Wechselwirkung werden
untersucht und die verbesserte Beschreibung von Grundzustandsobservablen bestatigt.
Um einen Referenzpunkt aus einer exakten numerischen Losung des nuklearen Eigen-
wertproblems zu erhalten, wird die *He Grundzustandsenergie im Rahmen des No-Core
Schalenmodells berechnet.

AbschlieBend werden kollektive Anregungen, die besonders fur Anwendungen in
der nuklearen Astrophysik interessant sind, im Rahmen der Random Phase Approxi-
mation studiert. Da die Verwendung der Dreiteilchenkontaktwechselwirkung in dieser
Methode zu zeitaufwandig ware, wird sie durch eine dichteabhangige Zweiteilchenwech-
selwirkung ersetzt. Verglichen mit den Ergebnissen von reinen unitar transformierten
Zweiteilchenwechselwirkungen fuhrt die Einbeziehung der phanomenologischen Wech-
selwirkung zu einer deutlichen Verbesserung bei der Beschreibung der isovektoriellen
Dipol- und der isoskalaren Quadrupolriesenresonanzen, wahrend die isoskalaren Mono-
polriesenresonanzen gleichbleibend gut reproduziert werden.
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Chapter 1

Introduction

The existence of a diversity of chemical elements is the most fundamental precondition
for the existence of our planet earth. During the cooling of the universe after the
big bang no elements heavier than lithium were formed. Only some of the chemical
elements up to iron are produced by fusion in the inner cores of stars. For the production
of all other elements hotter and denser environments are required, which appear in
different astrophysical scenarios such as red giants, novae, and supernovae. Nuclear
astrophysics aims at the modeling of nucleosynthesis via various processes like the rapid
neutron capture process (r-process) that proceeds in supernovae. On the basis of the
r-process the existence of most neutron-rich nuclei up to the neutron dripline can be
understood. In contrast, the slow neutron capture process (s-process) stays close to
the valley of stability, while the rapid proton capture process (rp-process) covers the
proton-rich part of the nuclear chart. These nucleosynthesis processes are sketched
in Figure 1.1, where the nuclear chart consisting of the stable elements, the known
unstable isotopes, and the nuclei that are expected to exist but are (still) unknown is
shown. To allow for reliable statements about the various nucleosynthesis processes a
detailed fundamental knowledge of atomic nuclei, stable as well as unstable and exotic
ones, is indispensable.

The properties of stable nuclei have been investigated in numerous experiments, e.g.
at various accelerator facilities, since a long time. In recent years experimental tech-
niques for the study of unstable and exotic nuclei have been developed. Nonetheless,
a reliable theoretical framework is inevitable, on the one hand to explain experimental
observations and to offer guidelines for the development of further experiments and
on the other hand to provide reliable predictions for exotic nuclei that cannot (yet)
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Chapter 1 - Introduction
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Figure 1.1: Nuclear chart consisting of stable isotopes (black), known unstable isotopes
(yellow), and unknown isotopes (green) where some of the possible nucleosynthesis processes
are indicated [1].

be studied experimentally. The theoretical framework is developed step by step in
constant connection to experimental advance, which is a difficult task as it cannot
simply be derived from first principles. First of all, the theory has to reliably repro-
duce well-known properties of stable and unstable nuclei, e.g. ground-state properties
and certain excitations. Built on this well-established foundation one can provide pre-
dictions for observables and phenomena that are not experimentally accessible. For
example information on very short-lived exotic nuclei that is required for modeling the
nucleosynthesis, supernovae, etc., or the possible existence of an island of stability in
the region of superheavy elements.

The accurate theoretical description of atomic nuclei is a difficult task for several
reasons. On the one hand the interaction between the nucleons is of complex nature
and on the other hand the quantum mechanical many-body problem has to be solved,
which cannot be done analytically.

Nucleons are no elementary particles but consist of quarks and gluons interacting
via the strong interaction, which is described by Quantum Chromodynamics (QCD).

2



Unfortunately, in the low-energy regime relevant for nuclear physics the QCD cannot
be treated perturbatively, which means that the nuclear interaction cannot be easily
derived from QCD. The most consistent approach to this problem currently available
is provided by chiral effective field theory, where the nucleons and pions are regarded
as relevant degrees of freedom and chiral symmetry is taken into account. It is, thus,
possible to derive a systematic expansion of an effective nuclear interaction in the
framework of chiral perturbation theory. One advantage of this approach is that it
offers consistent three-body and higher many-body interactions in addition to the two-
nucleon interaction [2]. However, these chiral interactions are not yet well-studied
and especially the inclusion of suitable three-body interactions may lead to unforeseen
effects [3,4].

A more established approach to nuclear interactions is given by the so-called realistic
potentials, e.g. the Argonne V18 [5], CD-Bonn [6], and Nijmegen [7] potentials, which
reproduce experimental two-nucleon observables like scattering phase-shifts with high
precision. The Argonne V18 is a combination of the one-pion exchange describing the
long-range behavior and phenomenological intermediate and short-range terms.

A closer inspection of the realistic potentials reveals that their momentum space
representations contain large off-diagonal matrix elements due to strong short-range
correlations induced by the nuclear interaction, i.e. low-momentum states are con-
nected to states with high-lying momenta. The short-range correlations are mainly
caused by the hard core, i.e., the strong short-range repulsion in the central part of
the interaction, and tensor forces. Consequently, large model spaces are required to
obtain converged results in the framework of various many-body methods. For light
nuclei, the corresponding computational effort may still be manageable. But at least
for the investigation of intermediate and heavy nuclei such large model spaces cannot
be handled.

A solution to this problem is offered by different approaches. The Unitary Correla-
tion Operator Method (UCOM) [8-10] was developed to facilitate the convergence of
calculations in moderate model spaces by constructing a soft interaction via a unitary
transformation. To build the unitary transformation operator short-range central and
tensor correlations are considered explicitly. The transformation is designed such that
the resulting interaction is phase-shift equivalent to the underlying bare potential. In
momentum space the UCOM transformation leads to a suppression of off-diagonal
matrix elements and thus to a band-diagonal structure of the Hamiltonian, which in
turn improves the convergence behavior significantly.

The transformed interactions obtained with the Similarity Renormalization Group
(SRG) [10, 11] exhibit several similarities with the UCOM-transformed interactions,
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Chapter 1 - Introduction

although the SRG starts from a different motivation. The idea of SRG is to use a
renormalization group flow equation in order to pre-diagonalize the Hamilton matrix
with respect to a given basis. When choosing the appropriate generator for the transfor-
mation the resulting interaction is, like the UCOM-transformed interaction, phase-shift
equivalent to the underlying interaction and exhibits a band-diagonal structure with
respect to momentum-space matrix elements. Both types of unitary transformations
lead to a decoupling of low and high momenta.

The properties of the different unitarily transformed nucleon-nucleon (NN) inter-
actions can be investigated by applying various many-body methods for the study of
different observables. A diversity of many-body approaches is available, each with its
inherent advantages and limitations. The No-Core Shell Model (NCSM) performs an
exact diagonalization of the Hamilton matrix but it is restricted to light nuclei [12].
For the investigation of intermediate and heavy nuclei mean-field approaches like the
Hartree-Fock (HF) method are suitable [13]. In the HF approximation the use of the
bare Argonne V18 would not even yield bound nuclei. Thus, using a transformed in-
teraction is inevitable. The HF states are not capable of describing any correlations.
For that purpose, many-body perturbation theory (MBPT) can be applied on top of
the HF results.

Using these methods one can study simultaneously the properties of the NN inter-
actions and their influence on different ground-state observables. For the investigation
of excited states, the Random Phase Approximation (RPA) proves to be an appropriate
method, which is also based on HF results [14]. This method is especially suited for
the investigation of collective excitations such as giant resonances, which are of direct
interest for applications in nuclear astrophysics.

By construction, the unitarily transformed interactions contain irreducible contri-
butions to all particle numbers, but they are truncated at the two-body level discarding
three-body and higher many-body forces. The investigation of ground-state proper-
ties of closed-shell nuclei across the whole nuclear chart reveals systematic deviations
from experimental data, e.g. charge radii are underestimated. This is expected to
result from neglected genuine and induced three-body forces. In recent years, it be-
came clear that the consideration of three-body forces is inevitable for an accurate
description of atomic nuclei. The most consistent way of including three-body forces
would be to start from the chiral two- plus three-nucleon interaction and perform the
unitary transformations including all terms up to three-body level. As this approach
was only investigated very recently [3, 4], we choose a more pragmatic approach by
supplementing the unitarily transformed two-nucleon interactions by phenomenological
three-body forces.
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The aim of this thesis is on the one hand to investigate the impact of simple
phenomenological three-body forces on different observables and on the other hand to
establish an efficient handling of three-body interactions and to extend the many-body
methods such that three-body terms can be included in a computationally feasible
manner.

In order to provide a complete and consistent discussion of the influence of phe-
nomenological three-body interactions, we start by considering the pure NN interac-
tions. The Argonne V18 is used as starting point for the construction of soft phase-shift
equivalent NN interactions via UCOM and SRG. In Chapter 2, the UCOM and SRG
approaches are presented in some detail.

In Chapter 3 we will derive the formalism required for the application of unitarily
transformed two-body plus phenomenological three-body interactions in the Hartree-
Fock approximation and in many-body perturbation theory. Furthermore, we will in-
vestigate ground-state energies and charge radii of closed-shell nuclei across the whole
nuclear chart on the basis of pure two-body interactions. These studies reveal that
the charge radii are systematically underestimated for intermediate and heavy nuclei.
Thus, the necessity of including three-body interactions is demonstrated.

As a first ansatz for a phenomenological three-body interaction we introduce a
finite-range three-body interaction of Gaussian shape in Chapter 4. After the cal-
culation of the three-body matrix elements, the impact of the Gaussian three-body
interaction on ground-state energies and charge radii is discussed in detail. The three-
body interaction is first included in the HF method as we want to determine the free
parameters of this interaction such that the experimental charge radii are reproduced
across the whole nuclear chart. Unfortunately, the Gaussian three-body interaction
requires an enormous computational effort, which inhibits calculations in model spaces
large enough to warrant convergence. We can show, however, that the results ob-
tained with the Gaussian three-body interaction are similar to those of a regularized
three-body contact interaction.

The matrix elements of the regularized contact interaction are derived in Chap-
ter 5. As for the Gaussian interaction, the parameters of the contact interaction are
determined on the basis of HF calculations in order to reproduce the experimental
charge radii. Subsequently, the influence of long-range correlations is studied in the
framework of many-body perturbation theory. The handling of the three-body contact
interaction is efficient such that calculations in large model spaces are feasible.

In Chapter 6 the three-body contact interaction is included in the No-Core Shell
Model. After a short discussion of the formalism, the NCSM is used to confirm the
choice of the parameters on the basis of an exact calculation of the “He ground-state
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energy.

Finally, we focus on excited states in the framework of the Random Phase Approxi-
mation in Chapter 7. The inclusion of the three-body contact interaction in RPA would
be computationally too demanding. Therefore, it is replaced by a density-dependent
two-body contact interaction, which is approximately equivalent in this case. The RPA
is especially suitable for the study of collective excitations, e.g. giant resonances.

The main statements of this work are summarized in Chapter 8 together with a
prospect on continuative investigations.

This work is complemented by several appendices. In Appendices A — C the basic
concepts of the applied many-body methods are summarized. In Appendix D the normal
ordering of a general three-body interaction is derived as a possibility to provide an
effective two-body interaction. In Appendix E supplementary figures are collected, that
complete the set of figures discussed in Chapters 5 and 7 but reveal no further physical
insight. Finally, frequently used symbols and acronyms are listed in Appendix F.



Chapter 2

Unitarily Transformed Interactions

In this chapter we discuss the different transformed nucleon-nucleon (NN) potentials
that provide the starting point for the subsequent investigations. We start by summa-
rizing the main aspects of the realistic Argonne V18 potential in Section 2.1, which
will be used for all calculations discussed in this thesis. Since the bare Argonne V18
potential is not suitable for performing efficient many-body calculations in finite model
spaces, we will introduce two approaches, namely the Unitary Correlation Operator
Method (UCOM) in Section 2.2 and the Similarity Renormalization Group (SRG) in
Section 2.3, which both provide a possibility to generate a soft interaction suitable for
the application in different many-body methods.

2.1 Realistic Nucleon-Nucleon Potentials

Realistic NN potentials are designed to reproduce phase shifts in scattering experiments
and other low-energy two-body observables with high precision. Therefore, they prove
to be a good starting point for nuclear structure calculations. Among the various
realistic nucleon-nucleon potentials we will only consider the Argonne V18 [5], which
will be used in the subsequent investigations. The Argonne V18 is a nonrelativistic
potential with a local operator structure that has been fit directly to both pp and
np data as well as low-energy nn scattering parameters and deuteron properties. The
potential consists of an electromagnetic part, a one-pion-exchange part describing the
long-range behavior, and an intermediate and short-range phenomenological part:

v=vEM v R (2.1)
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Figure 2.1: Radial dependencies of the Argonne V18 potential for the different contributions
in the respective spin-isospin channels.
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2.2 - Unitary Correlation Operator Method

The phenomenological part is expressed as a sum of central, quadratic angular
momentum, tensor, spin-orbit and quadratic spin-orbit terms:

VEr = ver(r) 4 V(L + v (S + vE (L S T V(LS. (22)

The radial dependencies vi,(r) are parameterized in an appropriate manner and fit to
experimental data. For illustration the radial dependencies are displayed in Figure 2.1
for the respective spin-isospin channels, where to the tensor part the contribution
emerging from the one-pion exchange has been added.

Alternatively, the strong interaction potential can be projected into an operator
format with 18 terms:

18
vii =Y vp(r)0f (23)
p=1

giving the potential its name. Of these 18 operators, 14 are charge-independent while
three are charge-dependent and one is charge-asymmetric.

2.2 Unitary Correlation Operator Method

The development of realistic NN potentials reproducing experimental data with high
precision, like the Argonne V18, is the basis for an ab initio description of nuclei.
Due to the enormous computational effort, these investigations are restricted to light
nuclei. For the description of heavier nuclei, while staying as close as possible to
an ab initio treatment of the many-body problem, the many-body Hilbert space has
to be truncated to a smaller subspace. The combination of realistic NN potentials
with simple many-body states, e.g. a superposition of Slater-determinants, reveals
a fundamental problem: The strong short-range correlations induced by the nuclear
interaction cannot be adequately described by simple many-body states in a small
Hilbert space.

These correlations are already revealed in the deuteron solution, which is visual-
ized in Figure 2.2, where the spin-projected two-body density resulting from an exact
calculation based on the Argonne V18 potential is shown [9,15]. The repulsive core
of the interaction leads to a suppression of the two-body density at small interparticle
distances, while the effect of the tensor force is manifested in the strong dependence on
the relative distance and the spin alignments leading to the "doughnut” and " dump-
bell” shapes for antiparallel and parallel spins, respectively.

The Unitary Correlation Operator Method (UCOM) [8-10,15] was developed in or-
der to handle this problem by explicitly dealing with the strong short-range correlations

9
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Mg =0
ST+ [11)

Figure 2.2: Two-body density of the deuteron calculated with the AV18 potential and pro-
jected onto the two possibilities of antiparallel spins (left) and parallel spins (right). Shown
are the isodensity surfaces for 95\3’5 = 0.005fm~3 (taken from [15]).

induced by the nuclear interaction by means of a unitary transformation. The main
features of the Unitary Correlation Operator Method will be discussed in the following
subsections.

2.2.1 Correlation Operators

The idea of the UCOM is to imprint the short-range correlations into a simple many-
body state |W) that can be a Slater-determinant in the simplest case. This is achieved
via a state-independent unitary transformation using the correlation operator C:

W) =), (2.4)

leading to a correlated state |\AI3> that is no longer a Slater determinant due to the
complex structure of the short-range correlations [8-10,15]. Instead of correlating the
many-body state one can also perform a unitary transformation of the operators

0 = cfoc, (2.5)

which are then evaluated in the untransformed model space. These two approaches
are equivalent as we can see by considering expectation values or matrix elements:

(V[o|w) = (w|CfoC|w) =(w|O|vw) . (2.6)

Hence, one can choose the form that is technically more advantageous for the respective
application.

10



2.2 - Unitary Correlation Operator Method

As mentioned above, the most dominant short-range correlations are the central
and tensor ones. Therefore, it is convenient to decompose the correlation operator C
into two operators C, and Cq describing the central and tensor correlations, respec-
tively. Since the correlation operators are unitary they can be expressed as exponentials
involving hermitian generators [8, 15]:

C=CaCr =exp{—i > gay}exp{—i ) &} (2.7)

i<j i<j

where we have assumed the generators g, and go to be two-body operators since the
correlations are induced by a two-body potential. The detailed form of the generators
is determined by the structure of the central and tensor correlations.

Central Correlations

The repulsive core of the central part of the NN interaction prohibits that two nucleons
in a many-nucleon system approach each other too closely. This leads to a suppression
of the two-body density at small interparticle distances (cf. Fig. 2.2). Hence, the cen-
tral correlator is constructed such that two nucleons are shifted apart if their distance
is smaller than the range of the repulsive core and are instead concentrated in the
attractive region of the NN potential. This radial shift is generated by the projection
of the relative momentum q = %(p1 — p,) onto the distance vector r = x; — x, of two
nucleons:

1
0 =5@i+ta). (2.8)

The radial dependence of the transformation is encapsulated in the shift function
sst(r) for each spin-isospin channel that depends on the structure of the underlying
NN potential. The hermitized form of the central generator can thus be written
as [8,16]

g = 3 S(ssr()a, +assr()sr (29)
ST

where the operator [1s1 projects onto two-body spin S and isospin T.

Tensor Correlations

The correlations induced by the tensor force of the NN interaction entangle the align-
ment of the spins of a nucleon pair with their relative spatial orientation. For the
description of these correlations, we construct the tensor correlation operator such

11
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that it only acts on the orbital part of the relative wave function of two nucleons.
Therefore, we define the orbital momentum operator qg:

r 1
qQ:q—qu:?(Lxr—rxL) (2.10)

with the relative orbital angular momentum operator L = r x ¢, which generates
shifts orthogonal to the radial momentum fq,. The complex structure of the tensor
correlations can be described by the tensor operator Si»(r,qg), where the general
tensor operator of rank 2 reads

S(a,b) = g[(al.a)(az. b) + (o1- b)(0-a)] — %(0'1- o>)@abtba). (211)

Therefore, this operator is used to construct the generator for the tensor correlator
[9,17]
go = ZﬁT(r)Slz(r, Ao) M7, (2.12)
T

where the function ¥ 1(r) describes the size and distance dependence of the transverse
shift. The tensor operator Si,(r, qq) entering in this generator has the same structure
as the standard tensor operator Sy, = 512(5, E) generating the tensor force.

2.2.2 Correlated Wave Functions

To illustrate the effect of the central and tensor correlation operators, we consider their
impact on a two-nucleon wave function. We only have to consider the relative wave
function since the correlation operators do not affect the center-of-mass motion. The
uncorrelated two-body state is written as LS-coupled angular momentum eigenstate
|p(LS)IMTM7), where the radial wave function is denoted as ¢(r) in coordinate-space
representation. We will omit the quantum numbers M and M+ in the following since
the they are not affected by the unitary transformation.

In coordinate representation, the action of the central correlation operator
C, = exp(—ig,) resembles a norm-conserving coordinate transformation of the ra-
dial wave function [10]

(r(U'S)JT|C, |p(LS)IT) = R‘r(r) R (r)é(R_(r))d.
R.(r) (2.13)
(r(US)IT[CHALS)IT) = =/ RL(NS(Re(r))ou

while the orbital part, spin and isospin remain unchanged. The correlation functions

12



2.2 - Unitary Correlation Operator Method

Ry(r) are mutually inverse, R.(R+(r)) = r, and are connected to the shift function
s(r) by the integral equation

Ri(r)
g/ i%j::il, (2.14)

where we have suppressed the (S, T)-dependence for brevity. For slowly varying shift
functions, the correlation functions can be approximated by

Ry(r) = r£s(r). (2.15)

This illustrates that two nucleons having the distance r are shifted by the distance
s(r).

Contrary to the central correlator, the tensor correlator Cqo = exp(—igq) does
not affect the radial part of the relative two-body wave function but acts only on the
angular part. The tensor operator Si5(r, qq) entering in the generator for the tensor
correlator has only off-diagonal matrix elements in the LS-coupled basis:

((J£1,1)JT|Sia(raq) |(J F1,1)JT ) = £3i/J(J +1) . (2.16)

Hence, total angular momentum is conserved, and the matrix exponential can be
evaluated in a subspace of fixed J, i.e. the matrix elements of the full tensor correlator
can be computed. States with L = J remain unaffected by the tensor correlator while
states with L = J 4+ 1 are connected to states with L = J F 1:

o(r) L =L=1J
(r(L'S)JT| Ca|¢(LS)JT ) =< cosb,(r) ¢(r) ,L'=L=J=*1 (2.17)
tsinb,(r)o(r) ,U'=J+1, L=JF1

with the abbreviation 6,(r) = 31/J(J + 1)¥(r

Applying the central and tensor correlator subsequently leads to the fully correlated
wave function

{r(L'S)JT| CaC, |p(LS)JT )

R RE(Ne(R L=L=J
— { cosfy(r &”MP' ¢ (r U=L=J+1 (2.18)
ima, *(w%' Yo(R_(r)) ,U'=J+1 L=J7F1

in coordinate-space representation.
As an illustration of the important role of the central and tensor correlations,
we show in Figure 2.3 how a simple two-nucleon trial wave function is turned into

13
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Figure 2.3: Starting from the trial wave function (a), applying the central correlator with
correlation function (d) yields wave function (b). Subsequent application of the tensor
correlator with correlation function (e) generates wave function (c), see text. (taken from

[10]).

an almost realistic deuteron solution. We start from a simple S-wave trial state
|po(LS)JT) = |¢o(01)10) depicted in Figure 2.3(a). Applying the central correlator
with the correlation function shown in Figure 2.3(d) yields the central correlated wave
function ( r|C, |#o(01)10) = R%(r) R' (r){R-(r)t|¢0(01)10) (Fig. 2.3(b)) contain-
ing a correlation hole at small interparticle distances. The subsequent application of
the tensor correlator generates a D-wave admixture that depends on the tensor corre-
lation function ¥(r) depicted in Figure 2.3(e). The fully correlated wave function [15]

14



2.2 - Unitary Correlation Operator Method

{r| CaC,[¢0(01)10) = cos(3v20(r)) R_r(r) R"(r){R-(r)%|¢0(01)10)
0 (2.19)
RL(r)(R-(r)7|¢0(21)10)

Py

+ sin(3v20(r)) p
is shown in Figure 2.3(c). In order to generate a realistic deuteron wave function the
tensor correlation needs to be of long range (dashed curve in Figure 2.3). But the
aim of the UCOM is to cover only short-range state-independent correlations. The
long-range correlations have to be described by the many-body model space. Thus,
we will restrict the range of the tensor correlation function leading to the solid curves
in Figure 2.3(c) and (e).

2.2.3 Cluster Expansion

After the illustrative discussion of correlated wave functions, we consider a more formal
aspect concerning correlated operators. The generators of the correlation operators are
restricted to two-body operators but the correlation operator itself contains irreducible
contributions of higher particle numbers because it is the exponential of the generator.
Likewise, the similarity transformation of an arbitrary operator O leads to a correlated
operator containing irreducible contributions to all particle numbers, which can be
expressed via the cluster expansion [9, 15]:

A
O=cfoc=> 0", (2.20)
k=1

where OlX denotes the irreducible k-body part. For a n-body operator all contributions
with k < n vanish.
Assuming a generic Hamiltonian

H=T+ Vi + Van (2.21)

containing the kinetic energy as well as a two- and a three-nucleon interaction, the
application of the correlation operator yields

H=T0 4 (TR V) (T 4 VL VB 4 (2.22)

The significance of the higher-order terms decreases with increasing order. In princi-
ple, it is possible to evaluate the higher-order contributions of the cluster expansion.
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However, already the calculation of the third order and its inclusion in many-body cal-
culations is very involved. Therefore, we restrict ourselves to the evaluation of the first
and second order of the cluster expansion which leads to the two-body approximation
of a general operator O

02 =0l 4 o (2.23)

For the Hamiltonian this reads
H? = T 4 (TR 4+ VEL) = T + Viycom (2.24)
where Tl = T and the correlated interaction Vucom is defined as the two-body

part of the correlated Hamiltonian containing the correlated kinetic energy and the
correlated NN potential. The parameters of the correlation functions will be adjusted
such that the term TB! + \~/,[\?,]\I + \7:[<;3|\]| becomes small, i.e. the induced third order
of the cluster expansion and genuine three-body forces cancel each other to a large
extent. Nonetheless, the application of different many-body methods reveals that
three-body forces — induced and genuine — are not negligible [10,13,18,19]. Therefore,
we mimic the omitted three-body contributions by introducing phenomenological three-
body forces, and investigate their impact on different observables. This approach
provides a first step towards the inclusion of realistic three-body forces.

2.2.4 Correlated Interaction

Since the correlation operators are given in an explicit operator form, also the correlated
interaction can be written in an operator representation. The unitary transformation
is restricted to the two-body approximation, as discussed in Section 2.2.3, therefore it
is sufficient to consider the transformation in the two-nucleon system. We assume the
following generic operator form for the bare NN potential [18]:

V=3 (w0, + Opnel1) (2.25)

where the charge-independent part of the Argonne V18 can be expressed via the op-
erators

Op = {L (o1-02), @7, q’(o1-02), L?, (01 02),

(L-S), SHG, ;) 512(L,L)}®{1’ (rra)) (2.26)
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2.2 - Unitary Correlation Operator Method

For simplicity, the charge-dependent terms are not considered here although they are
included in the correlated interaction Vycom.

The kinetic energy in two-body space is split into a center-of-mass contribution
tem, Which is not affected by the UCOM transformation and a relative contribution t,q,
which is in turn divided into a radial and an angular part:

1 L’
T =t +tel =tem +t +to = tem + — (qg + _2) (227)
my r

with the nucleon mass my.
As the correlated interaction can be written as Vycom = CngHCQC, — T, we start
with the application of the tensor correlator to the required operators.

Tensor Correlated Hamiltonian
To evaluate the transformation with the tensor correlation operator we can use the
Baker-Campbell-Hausdorff expansion [15, 18]

2

CHO0Cq = exp(ign) O exp(—iga) = O +i[ga, O]+ [ga. [ga O] +... . (2:28)

In general, this expansion yields an infinite series. Only for some operators, the simi-
larity transformation can be evaluated exactly.
Firstly, the distance operator r is invariant under the transformation:

ChrCo = (2.29)

since it commutes with the tensor generator go. For the radial momentum q2, the
expansion terminates after the second order and yields

Cha?Ca = a2 — {¥'(r)q, + a9 (r) } Sia(r, ag) + {¥'(1)Sia(r, ag) } (2.30)

with Sio(r, g4q)? = 9{S*+ 3(L-S) + (L- S)?}. For all other basic operators the Baker-
Campbell-Hausdorff expansion does not terminate. In first order, the following com-
mutators have to be calculated:

[gQ S (: :)} = i9(r) 4 —
g, (L-S)] = i9(){~ 512(‘19:‘19)} (2.31)
[, 7] = i9(){25
[g8a, Si2(L, L)] = i9(r)
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with the abbreviation
_ 5 1 rr
S12(Aq, dg) = 2r°S12(dq, aq) + Si2(L, L) — 5512 sl (2.32)

Through the evaluation of the first-order commutators, the additional tensor operator
S12(0g. Aq) is generated, which will in turn generate further operators in the next
order. In order to yield a closed representation of the tensor correlated operators,
one, therefore, has to truncate the number of newly emerging operators. Usually,
contributions beyond the third order in angular and orbital angular momentum are
neglected.

Central and Tensor Correlated Hamiltonian

Contrary to the tensor correlations, the central correlations can be evaluated analyt-
ically for all relevant operators. Starting with the distance operator r, the picture of
a coordinate transformation, which we have already introduced in Section 2.2.2, is
confirmed [15, 18]:

CirC, = R.(r) (2.33)

with the correlation function R, (r). Due to the unitarity of the correlation operators,
Cl = C-1, an arbitrary function of r transforms as

CIf(r)C, = f(CIrC,) = f(R(r)) . (2.34)

This affects especially the radial dependencies of the various contributions of the NN
potential. The correlation of the components of the relative momentum operator read
1 1
VR VR
and for the square of the radial momentum one finds

1 1 1 TR"(r)2  RY(r)
Clg?C, = = 2+q o L 2.36
90 = 3 ) R o R (2:39)

r
ClagC, = 5—~dq | (2.35)

Ciqrcr —
Ri(r)

Thus, the transformation of the square of the radial momentum operator generates an
additional local potential.

All other basic operators as well as those generated by the application of the
tensor correlator through the Baker-Campbell-Hausdorff expansion are invariant under
similarity transformation with the central correlation operator.
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2.2 - Unitary Correlation Operator Method

Correlated Interaction Vycom

Collecting the terms for the different central and tensor correlated operators, we can
formulate the correlated interaction Vycom, which can — like the underlying bare NN
potential — be written in a closed operator representation [10, 18]:

1 ~ ~ ~ ~
Vucom = ) _ 51Ve(r)0p + 0, V(1)) (2.37)
P
containing the operators

6p :{ 1, (01-02), 42, qz(01-02), L2, |-2(0'1‘0'2)v(|-'s)'

rr

512(51 [), Sia(L, L), S12(aq.aq), a-Si2(r, qq), (2.38)
L(L-S), L315(dq. ag). .- } {1 (r72)} .

These are not all operators generated by the Baker-Campbell-Hausdorff expansion
during the tensor transformation, however, the inclusion of these terms is sufficient for
most applications.

The examination of the effect of the similarity transformations using the central
and tensor correlation operators shows how the application of the correlators changes
the operator structure of the bare potential. The central correlator reduces the short-
range repulsion in the local part while creating an additional nonlocal repulsion, and the
tensor correlator generates additional central and new nonlocal tensor contributions.

The operator representation of the correlated interaction is of great advantage for
the application in many-body methods that are not based on a simple oscillator or
plane-wave basis. Furthermore, the UCOM allows for a straightforward investigation
of different observables, since one only has to transform all operators of interest in the
same way as the Hamiltonian.

Due to the finite range of the correlation functions s(r) and ¥(r), the correlation
operators act as unit operators at large distances. Hence, asymptotic properties of
a two-body wave function are preserved, i.e., the correlated interaction is phase-shift
equivalent to the underlying bare NN potential.

2.2.5 Correlated Two-Body Matrix Elements

For the application in different many-body methods two-body matrix elements of the
correlated interaction are required. The calculation of matrix elements discussed in the
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following is independent of the particular choice of the basis, however, throughout this
thesis we will only apply the harmonic oscillator basis. The two-body states are divided
into a center-of-mass and a relative state via a Talmi-Moshinsky transformation. Since
the unitary transformation does not affect the center-of-mass part, we only have to
calculate the relative matrix elements

{ n(LS)IMTM+|Vycom |n'(L'S)IMTM7 ) =
{ n(LS)IMTM7| CICLHinCaCy — Tine [0 (L'S)IMTM7 ) . (2.39)

where we assume LS-coupled basis states |n(LS)JMTMr) with radial quantum number
n and use the intrinsic Hamiltonian H;,, containing the intrinsic kinetic energy T, (cf.
Sec. 3.1). The corresponding wave function will be denoted as ¢, ,(r) and the radial
wave function as u, ((r):

u,,yL(r)

(r(LS)IMTM7|n(LS)IMTM7) = ¢, (r) = panl (2.40)

The NN interaction explicitly depends on the isospin projection quantum number M+
through Coulomb and other charge-dependent terms. Nevertheless, we will omit this
quantum number as well as the projection M of total angular momentum in the fol-
lowing, since we again only discuss the charge-independent contributions.

The calculation of matrix elements can be performed in different ways. One pos-
sible approach is to use the operator representation of the correlated interaction and
evaluate the matrix elements directly. However, for the formulation of a closed operator
representation it was necessary to truncate the Baker-Campbell-Hausdorff expansion
employed for the evaluation of the tensor correlations. When calculating matrix ele-
ments, this approximation can be avoided if we apply the tensor correlator to the basis
states. The central correlator will still be applied to the operators as this transforma-
tion is given by a simple and exact expression. Therefore, we have to rearrange the
order of the correlation operators by exploiting the identity

CICL Hine CaC, = (CICLC,)CHHine C,(CPCoC,)

~ ~ (2.41)
= CoClHin C,Co
where the "centrally correlated” tensor correlator is given by
Cq = CICaC, = exp[—i 9(R.(r))Swa(r, ag)] - (2.42)

As already discussed in Section 2.2.2, the tensor correlator acts on LS-coupled two-
body wave functions in the following way [10]:
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2.2 - Unitary Correlation Operator Method

N gzﬁ,,,LSr) LU =1L=J
(r(L'S)JT|Cq|n(LS)JT ) = q cosly(r) ¢nu(r) L'=L=J=%1 (2.43)

+sinfy(r) gpi(r) ,U'=J+1, L=JF1

with 6,(r) = 3\/J(J + 1)9(R.(r)). Thus, two-body states with L = J remain un-

changed while states with L = J + 1 are coupled to states with L = JF 1. Based on

these relations, the correlated two-body matrix elements can be evaluated exactly.
We again consider the operator set

0O = {1, (o1 02), qf, qf(0'1~0'2), L?, L2(0'1~0'2),

) (2.44)

(L-S), 512<—, ;) Sia(L, L)} @ {1l (r172)}

r

containing the operators to express the charge-independent part of the Argonne V18.
Firstly, we calculate the matrix elements for the local contributions of the form V(r)O
which fulfill the condition [r, 0] = [q,,0] = 0, i.e. all operators of the set (2.44)
except the g2 terms.

On the diagonal matrix elements with L = L’ = J, the tensor correlator acts like
the unit operator, i.e. they are only affected by the central correlator, yielding [10, 18]

{ n(JS)JT| CICLV(r)OCaC, |n'(JS)IT ) =

/dr U:,J(r)un/,./(f)v(r) ( (JS)JT‘ o) }(JS)JT> (2.45)

in coordinate representation. The correlated radial dependence of the potential is
simply given by V(r) = V(R,(r)). Applying the tensor correlator to the states, we
obtain for the diagonal matrix elements with L = L' = JF 1

{n(J F1,1)JT| CICLV(r)OCaC, |n(J F1,1)JT ) =
[ 4o (OV0)
% [((UFLDIT|O[(JF LT ) cos?d(r) (2.46)

+((J£1,1)JT|O|(J£1,1)JT )sin?4,(r)
+((JF1,1)JT|O](J£1,1)JT ) 2cosb,(r)sinb,(r)
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with 6,(r) = 6,(R.(r)). Finally, the off-diagonal matrix elements with L = J F 1 and
"= J+1 are given by
{n(J F1,1)JT| CICLV(r)OCaC, |n'(J £1,1)JT ) =

/ dr s ey (F) i yea (r) V(1)

x [( (JF L 1)JT|O|(J+1,1)JT )cos®b,(r)
—((J£1,1)JT|O|(J F1,1)JT )sin*4,(r)
F((JFLLJIT|O|(JF1,1)JT )cosb,(r)sinb,(r)
+((J+1,1)JT|O|(J£1,1)JT )sind,(r) cosb,(r)

(2.47)

Hence, for the evaluation of the matrix elements we have to calculate the integrals
of the radial wave functions as well as the matrix elements of the operators O in
LS-coupled angular momentum states. The off-diagonal matrix elements on the right-
hand-side of Egs. (2.46) and (2.47) vanish for all operators except for the standard
tensor operator Si5(7, ) which simplifies these relations significantly.

The correlated matrix elements reveal the effect of the tensor correlator leading to
an admixture of components with AL = 42 to the states, as we have already seen in
Section 2.2.2.

For the radial momentum the full unitary transformation is applied to the operator
Ve, = SV V(r)g? 2.48
qr — 2[qr (r) + (r)qr] ' ( ' )

since it is given by a closed exact expression. The application of the tensor correlator
yields

ChVoCa = S@2V() + V()] + VDI ()Su(r, o)
~fa V() + IV ()a]Su(r ag)

After including the central correlations, the following expression is derived for the

(2.49)

diagonal matrix elements with L = L' = J:
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( n(JS)JT| CICh Vg CaC, | (JS)IT ) =
/dr {U:,J(r)un/,_j(r) |:AV(I’)W(,«) . V’(r) R+

(r)}

Ri(r)? (2.50)
T ) () + w5 o) RZ(QQ }
with V/(r) = V/(R.(r)) and the additional local potential
W(r) = TRYI(r)>  RY(r) (251)

TAR() 2R
Again, these matrix elements are only affected by the central correlator. For the
diagonal matrix elements with L = L’ = J & 1 one obtains

{n(J F1,1)JT| CICLV,, CaC, [W(JF 1,1)JT ) =

/dr {U;J:Fl(r)un/,J$l(r) V(r) W(r)+ V(r)%(r)z - V(F) RRf((rr))z] (2.52)

1 * 1 /1% V(r)
) [uh 1 (N ya (r) + Un,J¢1(r)UnCJ$l(r)]W }

with 5j(r) = 0,(Ry(r)). And finally, the off-diagonal matrix elements with L = J F 1
and L' = J+1 are calculated:

{n(J F1,1)JT| CICLV,, CaC, [ (J £1,1)JT ) =
. . V(r)d'(r) (2.53)
£ [ 401632 (V1) = (Y sia (0 A
R (r)
Using these relations, the matrix elements for all contributions of the correlated

interaction can be constructed, including the matrix elements of the correlated kinetic
energy.

2.2.6 Optimal Correlation Functions

The correlation functions describing the radial dependencies of the correlation opera-
tors depend on the underlying bare NN potential but they should not depend on the
nucleus under consideration. Hence, we have to disentangle the long- and short-range
correlations, as already mentioned earlier, in order to construct a state-independent
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S T | Param. ac [fm] Be [fm] Ve [fm] n
0 0 [l 0.7971 1.2638 0.4621 -
0 1 | 1.3793 0.8853 - 0.3724
1 0 | 1.3265 0.8342 - 0.4471
1 1 Il 0.5665 1.3888 0.1786 -

Table 2.1: Parameters of the central correlation functions Ry (r) in the different S, T-
channels for the Argonne V18 potential (cf. [10]).

unitary transformation. The correlation functions are determined for each spin-isospin
channel separately. The most convenient procedure is based on an energy minimization
in the two-body system. For each spin-isospin channel we choose the two-body state
with the lowest possible angular momentum L and compute the energy expectation
value of the correlated energy with the trial state. As the uncorrelated trial state should
not contain any of the short-range correlations, one possible choice is to use a free
zero-energy scattering solution ¢, (r) o rt [9,10, 18].

Different parameterizations for the correlation functions have been investigated.
For the central correlation functions two parameterizations with a double-exponential
drop-off and different short-range behavior have proven appropriate:

RU(r) = r+ac(r/B:)" exp[—exp(r/5c)]
RI(r) = r+ac[l—exp(—r/yc)] exp[—exp(r/Gc)] ,

where we choose in each spin-isospin channel the parameterization which yields the

(2.54)

lower energy expectation value. The tensor correlation function is described by the
following parameterization:

I(r) = a1l — exp(—r/e)] exp[—exp(r/ )] - (2.55)

In the S = 0 channels we only have to consider the central correlations. The
minimization of the energy Esr is performed via the variation of the parameters where
the lowest possible angular momenta are L = 1 for T = 0and L =0 for T = 1,
respectively, i.e.:

Eowo = {1(10)10| CIH;ncC, |¢1(10)10) (256)
Eor = (0(00)01| CIH;ncC, |(00)01 ) '

with the states |¢,(LS)JT). The determination of the central correlation function in
the S = 0, T = 1 channel is straightforward. The parameters for the central correlation
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T | Iy [fm3] o B [fm] e [fm]
0 0.04 521.60 1.0367 1000.0
0 0.09 536.67 1.2608 1000.0
0 0.20 450.67 1.6081 1000.0
1] -0.01 -0.1036 1.5869 3.4426
1 -0.03 -0.0569 2.1874 1.4761
1 -0.09 -0.0364 3.2925 0.5473

Table 2.2: Parameters of the tensor correlation functions ¥J(r) for the Argonne V18 potential
with different values for the range-constraint Iy (cf. [10]).

functions are summarized in Table 2.1. In the S = 0, T = 0 channel the potential is
purely repulsive leading to a correlation function of very long range. Hence, in order
to stick to the short-range correlations, we introduce a constraint via

e, = /drr2(R+(r) . (2.57)

which is fixed to Ig, = 0.1fm* in the S = 0, T = 0 channel giving a range similar to
the values in the other spin-isospin channels.

For S = 1 the central and tensor correlation functions have to be determined
simultaneously, i.e. for T = 0 the energy

Eio = ( ¢0(01)10| CICHHinCaC, [60(01)10) (2.58)

has to be minimized since the lowest possible angular momentum is L = 0. For
T = 1, however, the total angular momentum can be coupled to J = 0, 1,2 as the
lowest angular momentum is L = 1. We, therefore, choose a superposition of all three
energy expectation values with relative weights of 2J + 1 for the minimization:

En, = % { $1(11)01| CIH;neC, |1 (11)01 )
o (o011 CHinC [ (1111 (2.59)
+ g <¢1(11)21} CiC;r)HintCQCr }¢1(11)21> :

For the tensor correlator, all correlation functions are of long range as the tensor
correlations themselves are long-ranged. However, the aim is to construct a state-
independent unitary transformation, i.e. we have to separate the short-range correla-
tions covered by the correlation operators from the long-range correlations which have
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Figure 2.4: Optimal central correlation functions Ry (r) — r for the isospin channels T =0
(left), T =1 (right) and the spins S = 0( ) and S = 1(———) for the Argonne
V18 potential (cf. [10]).
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Figure 2.5: Optimal tensor correlation functions ¥(r) for the Argonne V18 potential
with different values for the range constraint ly for the isospin channels T = 0 with
ly = 0.04fm3( ), 0.09fm3(=—==) , and 0.20fm3(------- ) (left) and T = 1 with
Iy = —0.01 fm3( ), —0.03fm3(— ——) , and —0.09 fm3(------- ) (right) (cf. [10]).

to be described by the many-body states. Therefore, we employ a range-constraint for
the tensor correlation functions, which is done via the following integral:

ly = /drrzﬁ‘(r) : (2.60)

The optimal parameters for the tensor correlation functions are listed in Table 2.2 for
different values of the constraint /3. The variation of /y has almost no effect on the
central correlation functions, hence, they are chosen to be independent of the tensor

correlator range.
In Figure 2.4 the optimal central correlation functions are shown for the Argonne
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V18 potential. The correlation functions in the even channels ((S, T) = (0,1) and
(1,0)) decrease rapidly while those in the odd channels ((S, T) = (0,0) and (1,1))
are weaker and of slightly longer range due to the effect of the centrifugal barrier.
The optimal tensor correlation functions are shown in Figure 2.5 for different values of
the range constraint. The tensor interaction is significantly weaker in the triplet-odd
channel. Therefore, also the correlation functions and the corresponding constraints
are much weaker than in the triplet-even channel. The optimal values for the tensor
range constraints cannot be determined on the basis of two-body calculations. They
can only be fixed including information of few-nucleon systems.

2.3 Similarity Renormalization Group

Another possibility to address short-range correlations induced by the NN interaction
is provided by the Similarity Renormalization Group (SRG) [10,11,20,21]. The basic
idea of the SRG is to pre-diagonalize a Hamilton matrix with respect to a specific basis.
Although the motivations of UCOM and SRG are quite different, they show a couple
of similarities as will be discussed in the following sections.

2.3.1 SRG Flow Equation

The initial many-body Hamiltonian H shall be pre-diagonalized by using a continuous
similarity transformation:
H, = Ul HU, (2.61)

with the unitary transformation operator U, depending on the flow parameter .. This
similarity transformation is equivalent to the renormalization group flow equation

dH,
da

= [Ma, Ha] Ho—o =H (2.62)

containing the anti-hermitian generator 7,, which is connected to the operator U, via

du,
o« _ ) 2.
1 UaZla (2.63)

All operators one is interested in besides the Hamiltonian have to be transformed in
the same way. Therefore, one can either evolve all operators of interest consistently
using Equation (2.62) or one can determine the unitary transformation operator U,
using Equation (2.63) with the initial condition U,—o = 1 and transform all operators
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of interest via Equation (2.61). Since the generator 7, generally depends on the flow
parameter in a nontrivial way, the unitary operator is not simply given by an exponential
of the generator but can be expressed via a Dyson series.

Before solving the flow equation (2.62) or the similarity transformation (2.61) one
has to choose a generator suitable for the specific problem. We will deal with A-
nucleon systems leading to evolved operators that contain up to A-body contributions
even if starting from a Hamiltonian with two-body operators at most. Therefore, the
following approximation is employed, similar to the two-body approximation of the
cluster expansion in the UCOM. We use the operator defining the basis with respect
to which the Hamiltonian shall be diagonalized, which is a two-body operator in our
case, and perform the evolution in two-body space, hence, discarding three-body and
higher contributions. The corresponding generator is defined as

T]Ol - (2M)2 [Tintv Ha] - 2M [q21 Ha] (264)
with the intrinsic kinetic energy Tit = T — Te = % in the two-body system [10,

11,21,22]. The prefactor of the commutator is chosen such that the flow parameter
has the dimension [a] = fm*. It can be understood easily why the commutator with
the evolved Hamiltonian is used in the definition of the generator: If the evolved
Hamiltonian is diagonal with respect to the eigenbasis of the intrinsic kinetic energy,
the commutator vanishes and the flow evolution reaches a trivial fix point. The square
of the two-body relative momentum operator can be written as a sum of a radial and
an angular part:

L2 1 ror
2 _ 2 ==(q -+~ _ 2.65
=+ 5. q 2(qr+rq) (2.65)

Hence, the two-body Hamiltonian H,, is diagonalized in a simultaneous eigenbasis of q?
and ';—22 i.e. in a partial-wave momentum space representation the matrix elements of
the Hamiltonian are driven towards a band-diagonal structure with respect to relative
momentum (g, ¢') and orbital angular momentum (L, L).

2.3.2 Evolution of Two-Body Matrix Elements

We start from a Hamiltonian H = T;,; + Vnn consisting of the intrinsic kinetic energy
Tine and two-body interaction Vyy. Similar to the correlated interaction Vycom the
evolved interaction V,, is defined such that it contains all a-dependent terms of the
evolved Hamiltonian H,, which includes the evolved intrinsic kinetic energy:

Ho = Tine + Va - (2.66)
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Since the intrinsic kinetic energy is chosen such that it is independent of «, the flow
evolution of the Hamiltonian is reduced to the evolution of the interaction V.. With
the generator (2.64) the flow equation reads

dH, B dVv,
da  da

= [N, Hal = (214)*[[Tint, Val, Tint + Val - (2.67)

This flow evolution can most conveniently be evaluated on the level of matrix elements
[10, 23]. Since the square of the relative momentum operator g° enters into the
generator, we choose the partial-wave momentum eigenbasis |q(LS)JMTM7z). The
projection quantum numbers M and M+ will be omitted for brevity in the following.
Thus, we have to derive evolution equations for the matrix elements

VST (q, ¢') = (q(LS)JIT|Va |q/(L'S)JT ) (2.68)

from Equation (2.67). The result can be written in a generic form:

dVa ' ' / /
% = —(" - 9% Vala. q)
(2.69)
+2u/dQ Q*(¢* + 4% —2Q%) V(q, Q)Va(Q,q)
where we simply have
Vi(a.q') = V" D(q.q) (2.70)

for non-coupled partial waves with L = L' = J.
For S = 1, angular momenta with AL = +2 are coupled due to the tensor force.
Thus, for the flow equations in the coupled channels, the V,(q, q') are defined as 2 x 2

matrices JLLS JLL'S
T 'ST
Va(q,q) = VI (g, q) W (g, 4')
o ' - JL'LST JUL'ST
A Ng.q) W (g, q)

containing the matrix elements with the possible combinations of the orbital angular
momenta L = J—1and L’ = J+1. Due to the properties of the generator (2.64), each
non-coupled partial wave and each set of coupled partial waves evolves independently

(2.71)

of the other channels.

As mentioned above, not only the Hamiltonian but all operators of interest have
to be evolved in the same way. The evolution of all operators has to be done simulta-
neously since they are coupled to the evolution of the Hamiltonian via the generator.

29



Chapter 2 - Unitarily Transformed Interactions

(@ «=0fm?* (b) @ =0.001fm* (©) a=0.01fm* (d) @ =0.04fm*

o O O «
Now b

¢L(r) [arb. units]

o
[

o

Figure 2.6: SRG evolution of momentum-space matrix elements in the 3S; and 3S5; —3 D,
partial waves in units of MeV fm3 starting from the Argonne V18 potential in the upper two
rows for flow parameters a = 0fm* 0.001fm*, 0.01fm* 0.04fm* from left to right. The
bottom row shows the S- (—) and D-wave (---) radial wave functions of the deuteron
ground-state obtained with the respective SRG-evolved interaction (taken from [23]).

2.3.3 Evolved Wave Functions and Matrix Elements

In this section, some properties of the SRG evolution are illustrated using momentum-
space matrix elements and the deuteron wave function as example [10,23,24]. Figure
2.6 depicts the momentum-space matrix elements of the 3S5; and 3S; —3 Dy partial
waves in the upper two rows as well as the S- and D-wave components of the radial
deuteron wave function in the lower row. Starting from the Argonne V18 potential in
the left column the SRG evolution is performed up to a flow parameter o = 0.04 fm*.
Inspection of the matrix elements reveals that the initial interaction has large off-
diagonal contributions for both considered partial waves. The application of the SRG
evolution leads to a strong suppression of the off-diagonal matrix elements already
for very small values of the flow parameter (column (b)). The evolution finally yields
momentum-space matrices with a pronounced band-diagonal structure (column (d)).
At the same time the correlation effects being present in the initial deuteron wave func-
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381—3D1

UCOM (var.) Argonne V18

UCOM(SRG)

SRG

Figure 2.7: Momentum-space matrix elements in units of MeV fm3 for the 1S;, 3S; and
3S; —3 Dy partial waves of the bare Argonne V18 potential (upper row), the UCOM trans-
formed AV18 using variationally optimized correlation functions with /S = 0.00fm? (sec-
ond row), the UCOM transformed AV18 using SRG-generated correlation functions with
a = 0.04fm* (third row) and the SRG-evolved AV18 with o = 0.03fm* (bottom row)
(taken from [10]).
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tion are eliminated throughout the SRG evolution, i.e. the correlation hole at small
interparticle distances caused by the repulsive core vanishes and the D-wave admixture
due to the tensor force becomes much weaker. Hence, the SRG flow evolution resem-
bles the application of the UCOM central and tensor correlators discussed in Section
2.2.2 (Fig. 2.3).

Finally, we compare the momentum-space matrix elements of the different inter-
actions obtained via the UCOM and SRG transformations. Figure 2.7 shows matrix
elements using the 1Sy, 3S; and 3S; —3 D, partial waves as an example. The main
features are comparable in all partial waves. The upper row shows the matrix elements
of the initial Argonne V18 potential, which show large off-diagonal contributions in all
considered partial waves. The two middle rows show the AV18 transformed via the
UCOM using correlation functions obtained via energy minimization, and using SRG-
generated correlation functions, and the bottom row shows the SRG-evolved AV18.
All three transformed interactions show some common features that are also mani-
fested in the momentum space matrix elements. In all partial waves, the off-diagonal
contributions are suppressed while the low-momentum parts are enhanced yielding a
band-diagonal structure. In other words, all unitary transformations lead to a de-
coupling of low-momentum and high-momentum states, which in turn improves the
convergence properties of the unitarily transformed interactions compared to the initial
bare interaction.

On the other hand, the investigation of the momentum-space matrix elements also
reveals some differences between the approaches. The SRG evolution yields almost
perfect band-diagonal matrices, while the UCOM transformations lead to a broader
band falling off more slowly with increasing distance from the diagonal. Here, using
the variationally optimized correlation functions produces an even broader plateau of
non-vanishing matrix elements along the diagonal regarding the 1Sy and 3S; partial
waves than the application of SRG-generated correlation functions. The band-diagonal
structure being not as perfect as for the SRG-evolved interaction is due to the limited
flexibility of the UCOM approach compared to the SRG (cf. Sec. 2.3.4).

2.3.4 Connections between UCOM and SRG

The UCOM and the SRG both aim at the construction of soft interactions. Though
their starting points are quite different, there are also some connections between the
two approaches [10,22-25]. Firstly, both methods use unitary transformations to con-
struct a manifold of interactions that are all phase-shift equivalent to the underlying
potential. In the course of the transformations, both approaches generate irreducible
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many-body operators even if starting from a pure two-body potential. For computa-
tional reasons we have restricted both approaches to two-body operators. However,
different many-body calculations reveal that the neglected higher-order contributions
play an important role if we want to describe properties of nuclei beyond the lightest
isotopes [10, 13,18, 19,23]. The evaluation of the three-body contributions of the
UCOM and SRG transformations is in principle possible but very involved [26]. Hence,
for first investigations of the importance of the omitted higher orders we will introduce
phenomenological three-body forces, which can be included in the calculations more
easily and demand less computing time.

Further similarities between the UCOM and the SRG are manifested if we compare
the UCOM generators g, and gq with the initial SRG generator 79. We consider an
interaction

V=> v(no, (2.72)

that contains the operators of the charge-independent part of the Argonne V18 poten-
tial (cf. Eq. (2.26)). The evaluation of the generator at a = 0 using this interaction

yields _
Mo = é(qu(r) +5(r)qg,) +i10(r)S12(r, qq) (2.73)
with the operator-valued functions
1 , 2 ve(r
S(r) = —;<Z vp(r)Op) , o(r) = o tr(2) : (2.74)

Therefore, one finds the same operator structure for the initial SRG generator as for
the sum of the UCOM generators g, and gq (Egs. (2.9) and (2.12)). This means
that both methods deal with the same kind of short-range correlations induced by the
nuclear interaction, although they start from different motivations: the SRG aims at
a pre-diagonalization of the Hamilton matrix while the UCOM explicitly addresses the
short-range central and tensor correlations. Furthermore, we can deduce from this
connection, that the most important terms are covered by the UCOM correlators.

A closer look at Egs. (2.73) and (2.74) also reveals some differences between the
two approaches. The UCOM correlation functions s(r) and 9J(r) only depend on the
respective spin-isospin channel while the operator valued function S(r) also depends on
the respective partial wave. Hence, the UCOM generators represent a simplification
compared to the SRG generator. The UCOM generators could also be made more
flexible by introducing separate correlation functions for each partial wave. Neverthe-
less, the SRG evolution drives the Hamiltonian towards a band-diagonal structure more
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efficiently than the UCOM transformation since the SRG uses a dynamical generator
that changes its structure during the evolution in order to perform the diagonalization
in an optimal way (cf. Sec. 2.3.3). In contrast, the UCOM performs only one unitary
transformation using static generators.

2.3.5 SRG-Generated UCOM Correlation Functions

In view of the connections between UCOM and SRG discussed in the previous section,
one is prompted to extract UCOM correlation functions from the SRG evolution. This
is achieved by the following procedure [10, 23, 25]: Starting from a given interaction,
the SRG flow equations are solved up to a specific flow parameter « yielding the
momentum space matrix elements V,(q, ¢’) for a certain partial wave. Subsequently,
a set of coordinate-space wave functions is determined by solving the two-body problem
based on the evolved matrix elements. Finally, the correlation functions are derived
via a mapping of the two-body wave function of the SRG-evolved interaction onto the
corresponding wave function of the initial interaction.

To illustrate the mapping procedure, we start with the two-body eigenstate ()
of the evolved interaction and the corresponding state (%)) of the initial interaction,
both having the same energy eigenvalue. The correlation functions of the correlation
operator C are determined such that they map these two states onto each other:

@) = Clp@)) = CaC, ) . (2.75)

First, we consider non-coupled partial waves with L = J, where the two-body states
can be written as

p@) = [6O(LS)JT)
p) = [¢!(LS)IT) .

In this case we only have to consider central correlations. Using the relations for the

(2.76)

central correlated two-body wave functions derived in Section 2.2.2 (Eq. (2.13)), we
find the following equation for the determination of the central correlation function

R_(r):
6(r) = B R () (R () 1)

The wave functions are assumed to be real-valued. By formal integration we can
deduce an implicit integral equation:

R,(r)3 — 3/‘f df 52 ¢(O)(§)2
0

TR (2.78)
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which is solved iteratively for the partial wave under consideration. The corresponding
correlation function R, (r) is obtained by numerical inversion.

For coupled partial waves we use the following ansatz for the two-body eigenstates
of the initial and evolved interaction, respectively:

Oy = | O(LS)IT) + |¢&(L'S)JT)

P = [$(LS)IT) + |6 (L'S)JT) (279)

with L = J—1and L'’ = J+ 1. In these channels central as well as tensor correlation
functions have to be determined, since both types of correlations appear. Using the
coordinate space representation of the central and tensor correlated wave functions
(Eq. (2.18)), we obtain a system of coupled equations

) - (@)

()Y R(r) (; cosf,(r) sinf,(r) NR_(r))
( (Lc,) (r)) oy RL( )(— sin6,(r) cosHJ(r)) ( (L?)(R(r))> (2.80)
0,(r)

3y/J(J+1)

sum of the squares of the two orbital components of the initial wave function, we

containing the correlation functions R_(r) and ¥(r) = By considering the

obtain an equation independent of the tensor correlation function:
2 1+ 4002 — B oy i@ (M2 4 @R ()2 581
o1 ()" + 1 (r)” = — 5= RU(r) {0 (R-(r))" + 91" (R-(r))°} - (2.81)

From this the central correlation function can be obtained, analogously to the uncou-
pled partial waves, via

R-())? + 0 (R-(6))?
Subsequently, the tensor correlation function can be determined numerically via the

solution of Equation (2.80).
In practical applications, the SRG evolution of the matrix elements for the required

R(r)3:3/0 d¢ &2 @
L

partial wave is performed on a momentum-space grid. After the solution of the two-
body problem on the same momentum-space grid using the evolved matrix elements,
the resulting wave functions are transformed into coordinate representation. Applying
the mapping procedure to the ground-state wave functions finally yields the discretized
correlation functions.

Although it would be straightforward, we do not introduce separate correlation
functions for each partial wave, but stay as close as possible to the scheme already used
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Figure 2.8: SRG-generated central correlation functions Ry(r) — r for the AV18 poten-
tial in the four spin-isospin channels for different values of the flow parameter: o =
0.03 fm*( ), a = 0.04fm*(——=) , @ = 0.06 fm*(-—-—- ), a = 0.08fm*(------- )
(taken from [10]).
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Figure 2.9: SRG-generated tensor correlation functions ¥(r) for the AV18 potential in the

).

two spin-isospin channels for different values of the flow parameter: a = 0.03 fm*(
a=0.04fm*(===), a=0.06fm*(-—-—- ), a = 0.08 fm*(------- ) (taken from [10]).
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Figure 2.10: Comparison of variationally determined central correlation functions Ry (r) — r
) and SRG-generated ones with o = 0.04fm* (———) for the AV18 potential in
the four spin-isospin channels (taken from [10]).
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for the variationally determined correlation functions. That means, that we distinguish
the possible spin-isospin channels and only consider the lowest angular momenta in
the respective channel [10]. Hence, for the determination of the central correlation
functions in the spin-singlet channels we use the 'Sy partial wave for T = 1 and
the 1P; partial wave for T = 0. In the spin-triplet channel, both central and tensor
correlation functions have to be calculated. For T = 0 this is straightforward by using
the deuteron solution in the coupled 3S; —3 D; partial wave. But for T = 1 the
lowest allowed angular momentum is L = 1 so that the total angular momentum can
be coupled to J = 0,1,2. There are several possibilities to deal with this ambiguity,
currently the most convenient scheme is to create a pseudo interaction by averaging
the 3Py, 3P; and 3P, partial waves with a relative weight 2J+1 and use its eigenstates
for the mapping procedure. We extract the correlation functions of the SRG evolution
by using the energetically lowest states in the respective spin-isospin channel.

Contrary to the correlation functions determined via an energy minimization we do
not have to introduce additional range constraints. The only parameter is the flow
parameter « that enters the central and tensor correlation functions in a consistent
way.

In Figs. 2.8 and 2.9 we show the dependencies of the central and tensor correlation
functions on the flow parameter, respectively. The range of all correlation functions
increases with increasing flow parameter. This can be understood in the following way:
The flow evolution starts by suppressing the matrix elements at high-lying momenta,
i.e. small inter-particle distances. With increasing flow parameter, also the matrix
elements involving lower momenta are driven towards a band-diagonal structure, i.e.
in coordinate space the wave functions are modified at larger distances, leading to
longer-ranged correlation functions.

The SRG-generated central and tensor correlation functions are compared to those
determined via an energy minimization in Figs. 2.10 and 2.11, respectively. The pa-
rameters were chosen such that both sets of correlators yield approximately the same
ground-state energy of *He in a No-Core Shell Model calculation, i.e. o = 0.04 fm*
for the SRG-generated correlation functions and for the variationally optimized ten-
sor correlation functions the range constraints are [y = 0.09fm> for T = 0 and
ly = —0.03fm3> for T = 1. Inthe S = 0, T = 0 channel the shapes of both cen-
tral correlation functions are very similar, but the variationally optimized correlation
function is somewhat weaker and of smaller range, which can be explained by the addi-
tional constraint introduced in Section 2.2.6. In the even channels (S =0, T =1 and
S =1, T =0), where the dominant central correlations appear, the correlation func-
tions nicely agree at small distances. But the SRG-generated functions have a negative
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contribution around 2 fm while the variationally optimized correlation functions simply
fall off to zero. The behavior of the latter is caused by the chosen parameterization
which does not allow for negative parts. Possibly, the agreement at intermediate dis-
tances could be improved if one would apply parameterizations that are more flexible.
The shape of the SRG-generated correlation functions reveals that the attractive re-
gion of the interaction is exploited by shifting probability amplitude of both smaller
and larger inter-particle distances towards the potential minimum. Finally, in the odd
S =1, T =1 channel both types of central correlation functions agree very well.

Figure 2.11 shows that the agreement of the tensor correlation functions is not as
good as for the central correlation functions. This is again explained by the artificial
range constraints of the variationally optimized tensor correlation functions. For T =0
the SRG-generated correlation function shows a negative part, which is much weaker
than for the corresponding central correlation function.

39



Chapter 2 - Unitarily Transformed Interactions

40



Chapter 3

Many-Body Calculations

As a starting point to characterize the properties of the unitarily transformed two-body
interactions discussed in Chapter 2 we will apply the Hartree-Fock method to calculate
binding energies and charge radii across the whole nuclear chart. The derivation of the
general Hartree-Fock equations applied to a Hamiltonian containing a two-body and a
three-body interaction is summarized in Appendix A, in Section 3.1 we will discuss the
practical application of the Hartree-Fock method adapted to our specific requirements.
Subsequently, we will examine the properties of different two-body interactions by
considering HF ground-state energies and charge radii of selected closed-shell nuclei in
Section 3.2 and single-particle spectra in Section 3.3.

To estimate the importance of long-range correlations we apply low-order many-
body perturbation theory on top of the Hartree-Fock results. We will derive the second-
order energy correction in Section 3.4, again on the basis of a two- plus three-body
interaction. To conclude the discussion based on pure two-body interactions, we will
investigate the perturbative energy corrections for the different two-body interactions
in Section 3.5.

3.1 The Hartree-Fock Method

In the Hartree-Fock approximation the many-body state is represented by a single
Slater determinant [13]:

IHF) = A([¢a) ® [Pay) @ -+ @ |0aa)) (3.1)
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where A denotes the antisymmetrization operator acting on the A-body product state
|001) @ |Pay) @ -+ @ |@a,). The minimization of the energy expectation value is
performed by using the single-particle states |p,,) as variational degrees of freedom.

Since this simple many-body state is not capable of describing the complex correla-
tions induced by the nuclear interaction, it is crucial to employ an appropriate unitarily
transformed NN interaction in connection with the HF method incorporating at least
parts of the correlations. The Hamiltonian entering the HF equations consists of the
kinetic energy T, a transformed NN interaction Vyy and a phenomenological 3N in-
teraction Vzy [13,19, 27]:

Hint - T_Tcm+VNN+V3N:
= Tmt+VNN+V3N—H()

int

(3.2)
+ Van .
The unitarily transformed interaction Vyy includes all Coulomb and charge-dependent
terms. In order to approximately account for the center-of-mass contribution to the
energy, the center-of-mass kinetic energy T, has been subtracted yielding the intrinsic
kinetic energy T;,:, which can be written as a pure two-body operator:

|nt - Au un (33)

i<j

with the reduced nucleon mass ¢ = mpy/2 and the relative two-body momentum
operator q. Thus, the Hamiltonian only contains two- and three-body operators.

We choose the eigenstates |nljmm;) of the spherical harmonic oscillator as basis
for the calculations. The HF single-particle states can be expanded in the following
way:

o) = [wlimme) =~ C¥I™™)|nljmm) | (3.4)

n
where only states with the same quantum numbers /, j and m can contribute as we as-
sume spherical symmetry. Furthermore, we will only consider nuclei with closed j-shells
in the following, i.e. the expansion coefficients can be chosen to be independent of the

projection quantum number m: cwlimme) _ c(wljime)

. These expansion coefficients are
used as variational parameters for the minimization of the energy expectation value.

Thus, the HF equations can be written as

2 UAT) CLrbims) _ (i) i) (35)

ny n1

with the single—particle energies (/™) The matrix elements of the single-particle
Hamiltonian
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(hjime;) (hime bjamey) (kjami,)
hn / — H /ol Q /
1M nyng,nyn; nymy

- /
hjame, nyni)

+} Z Z Z /(ime dojomey ajsmis) (bjomey) (jsmes)
2 3N, nynanz,ninnk Qné no Qn§n3

hjamey Bjzme nansn) ng

(3.6)

. . hjime; bjam
consist of the matrix elements H' PR
n1n2,n1n2

) of the two-body part of the Hamil-

tonian Hl(ft) = Tt + Vnn and the matrix elements of the three-body interaction
(hjimey hjomiy 13 jame, ) . . . .
V3N,n1n;n3,ninzn§ 7. The one-body density matrix o is defined by
oUm) =N 7(2) + 1)y cprim (3.7)

v

I :
vlime) i3 the one-

The single-particle Hamiltonian itself depends on the coefficients c!
body density matrix revealing the non-linearity of the HF equations.

The m-averaged antisymmetric matrix elements of the two-body part of the Hamil-
tonian entering into the eigenvalue problem (3.5) can be expressed by using uncoupled

two-body matrix elements:

(hjimiey bojome,) 1
H /1 ’ 2 - B s 38
N2, M (2j1 +1)(2/o + 1) (3.8)
X Z < nyhjymymy,, n2/2j2m2mt2’ H|(r12t) }n'l hjimymy,, nylbjomamy, > .
my mo

However, it is more convenient to start from jj-coupled two-body matrix elements:
plime biame) Z (24 +1) C( 1

2
.
i A Qi+ 12k +1) me%)

x ( nhji, mahjo; STMr| HE) |nhji, myhja; JTM )

int
with the Clebsch-Gordan coefficient ¢ ( 2 2 /\/7 )
me; Mty T

The matrix elements of the two-body interactions are most conveniently calculated

(3.9)

1 1

in a basis of LS-coupled relative two-body states and they have to be transformed into
Jj-coupled matrix elements for the application in Hartree-Fock and other methods.

In addition the matrix elements of the three-body interaction are required. They will
be calculated in Chapter 4 for a finite-range three-body interaction with Gaussian shape
and in Chapter 5 for a regularized three-body contact interaction. In the following, we
will discuss HF calculations based on pure two-body interactions.
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3.2 Ground-State Energies and Charge Radii

We start by discussing some results obtained with pure unitarily transformed two-
body interactions. While the properties of the transformed interactions were studied in
Section 2.3.3 by considering momentum-space matrix elements, we now perform many-
body calculations to investigate some other aspects of the pure two-body interactions
before including three-body forces.

The matrix elements of the transformed two-body interaction as well as those of
any other observables, especially the intrinsic kinetic energy and the charge radius, are
computed beforehand for each basis size and oscillator parameter separately and stored
to disk. This procedure allows for an efficient solution of the Hartree-Fock eigenvalue
problem on the one hand and on the other hand the matrix elements can be used as
input for different many-body methods without calculating them again. The solution
of the HF equations is performed in an iterative fashion until full self-consistency is
reached.

In the following, we will consider ground-state energies (cf. Eq. (A.33)) as well
as charge radii for selected nuclei across the whole nuclear chart. In order to preserve
spherical symmetry only closed-shell nuclei are investigated. The operators of the
mean-square radii can be written in a translationally invariant form [24,28]:

1 1
Mms = Z Z(Xi - Xcm)2 = ﬁ r%}' (310)
i ij
po_ 1 2n L 2 3.11
rms—ﬁZra- p—ﬁZrU (3.11)
n 1 2 1 2
s = g 25T = 55 D 15 (3.12)

where r,s denotes the radius operator for a nucleon and rﬁq/sn for a proton/neutron. The
point root-mean-square (rms) radius .y is obtained by calculating the square-root of
the expectation value of the mean-square radius operator for the HF ground-state.
In principle, one would have to use the unitarily transformed radius operators. For
the UCOM transformation using variationally optimized correlators, however, it was
shown that the difference between the correlated and the uncorrelated charge radii is
marginal [13]. Therefore, we will discuss uncorrelated charge radii in the following. The
impact of the SRG transformation on the charge radii has not yet been investigated,
but we neglect it nonetheless.
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UCOM(SRG) standard UCOM using SRG-generated correlation functions
S-UCOM(SRG) | S-wave only UCOM using SRG-generated correlation functions
SRG standard SRG

S-SRG S-wave only SRG

Table 3.1: Acronyms for the four different families of unitarily transformed interactions.

To obtain the charge radius r., one has to add the standard corrections for proton
and neutron size:

N
feh = \/rg,rms + rs,ch + ?rnz,ch ! (313)

where we use

Foch = 0.8768 fm re s = —0.116 fm? (3.14)

n

for the proton and neutron charge radii [29].

We employ the UCOM and the SRG to obtain a manifold of phase-shift equivalent
transformed NN potentials depending on one parameter. When applying the standard
SRG evolution all partial waves are transformed consistently. However, it is also possible
to restrict the SRG evolution to the relative S-partial waves, i.e. the 1Sy and the coupled
35, —3 D, partial waves, since the short-range correlations are most dominant in these
channels. For higher angular momenta the wave functions are suppressed at short
distances due to the centrifugal barrier, i.e. the effects of short-range correlations are
not as pronounced as in the S-wave channels.

For the UCOM transformation we use correlation functions obtained from the SRG
evolution. In each spin-isospin channel the lowest partial waves are considered for the
determination of the correlation functions. Subsequently, these correlation functions
are used to transform all partial waves consistently. In contrast to this standard UCOM,
we can also correlate the S-partial waves only, i.e. the 1Sy and the coupled 3S; —3 Dy
partial waves, in analogy to the restricted SRG evolution. Note that in this case already
the SRG evolution is restricted to the S-partial waves as the higher partial waves are
not required for the determination of the correlation functions.

In the following we will consider these four different classes of unitarily transformed
two-body interactions, the corresponding acronyms are listed in Table 3.1.

The harmonic-oscillator basis is truncated with respect to the major oscillator quan-
tum number e = 2n+/ < .. Additional constraints for the radial quantum number
n or the orbital angular momentum / are possible. A truncation at en. = 10 is
sufficient to obtain converged Hartree-Fock results (cf. Sec. 3.5).
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Isotope | *He %0 2*0 3*Sj “49Ca  “Ca “Ni  5°Nj ONj
avo [fm] 1.3 18 19 1.9 2.0 2.0 2.0 2.0 2.0
Isotope || ®Ni 8Sy 07y 100G, 114G, 132G, 146G4  208pp
avo [fm] 21 22 22 2.2 2.2 2.2 2.2 2.4

Table 3.2: Optimal oscillator lengths for the considered closed-shell nuclei.

To perform the Hartree-Fock calculations we, first of all, have to choose the oscilla-
tor parameter ayo defining the width of the oscillator potential. In former applications
the oscillator parameter was fixed for each nucleus separately by minimizing the HF
energy. However, when perturbative corrections are included, the oscillator lengths
can no longer be determined via an energy minimization, since perturbation theory
does not obey the variational principle. Therefore, we will apply a different scheme
for the determination of the oscillator lengths, i.e. instead of ground-state energies we
consider charge radii. We choose the oscillator parameter such that the experimental
charge radius is approximately reproduced by a Slater determinant which is built of
the harmonic-oscillator single-particle states with the lowest energies. For those nuclei,
where no experimental value for the charge radius is available, we have to estimate
the oscillator parameter. The advantage of this procedure is that the oscillator pa-
rameter is independent of the respective two- and three-body interactions. Hence, we
can stick to the once determined set of oscillator parameters throughout all following
calculations. The resulting values are summarized in Table 3.2.

Figures 3.1 and 3.2 show the ground-state energies per nucleon (upper panel) and
the charge radii (lower panel) for selected closed-shell nuclei across the whole nuclear
chart obtained from HF calculations based on the UCOM(SRG) and S-UCOM(SRG)
interactions, respectively. The different symbols indicate different values of the flow
parameter. In both cases, the smallest value of the flow parameter, i.e. o = 0.04 fm* is
chosen such that the experimental *He ground-state energy is reproduced in converged
No-Core Shell Model (NCSM) calculations. Therefore, calculations with the pure two-
body interaction are performed using this flow parameter. Nonetheless, we investigate
the influence of the flow parameter, and especially examine the properties of two-
body interactions with larger flow parameters as they will be required when including
a repulsive three-body interaction. Figures 3.1 and 3.2 show that the HF ground-state
energies calculated with o = 0.04 fm* reproduce the systematics of the experimental
data except for an almost constant shift. In case of the UCOM(SRG) interaction
all nuclei are underbound by about 2.5 to 3.5MeV per nucleon, while for the S-
UCOM(SRG) interaction the ground-state energies per nucleon differ from experiment
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E/A[MeV]

ren [ fm]
N w N o1
T

4He 280 40C, 4B 6ONj 88g, 100G, 132G, 208pp
160 34Si 48(:a 56Ni 78Ni 9OZr 114Sn 146Gd
Figure 3.1: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the UCOM(SRG) interaction for enax = 10 and different
flow parameters: (o) o = 0.04fm*, (m) o = 0.12fm*, (¢) o = 0.16fm*. The bars indicate
the experimental values [30, 31].
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4He 240) 40C, 48N 6ONj 88G, 100G, 132G, 208Pb-
160 34Si 48(:a 56Ni 78Ni 9OZr 114Sn 146Gd
Figure 3.2: Same as in Figure 3.1 for the S-UCOM(SRG) interaction with en.x = 10 and
(+) & = 0.04fm*, (m) a = 0.12fm*, (®) o = 0.16fm*.
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by about 4 to 5 MeV. With increasing flow parameter the difference to the experimental
binding energies diminishes, in case of the S-UCOM(SRG) interaction the trend of the
experimental energies is no longer reproduced, i.e. the light nuclei are underbound
while the heaviest nuclei are already overbound for the largest flow parameter. The
gain of binding energy with increasing flow parameter can be understood by considering
the meaning of the flow parameter. With increasing flow parameter, the range of the
derived correlation functions increases as well. Hence, correlations of longer range are
covered by the UCOM transformation and are thus included effectively already on the
HF level leading to an improved reproduction of the experimental binding energies.
Nonetheless, for calculations based on the pure two-body interaction one chooses the
flow parameter o = 0.04 fm* for the above-mentioned reason. Furthermore, missing
long-range correlations can be included by using second-order many-body perturbation
theory on top of the HF results, which will entail a lowering of the ground-state energies
(cf. Sec. 3.5).

Figure 3.1 reveals a further interesting feature of the UCOM(SRG) interaction. If
we compare the ground-state energies calculated with the flow parameter o = 0.16 fm*
to those calculated with & = 0.12 fm*, we find that for light nuclei the trend to lower
energies is confirmed while we observe the opposite trend for the heaviest nuclei.
With increasing flow parameter correlations of longer range are included in the UCOM
transformation, but only the short-range correlations are state-independent. Hence,
for a = 0.16fm* the UCOM transformation obviously becomes state-dependent due
to the long range of the correlation functions, which is reflected in the trend of the
binding energies.

The charge radii shown in the lower parts of Figures 3.1 and 3.2 are significantly
smaller than the experimental values for both the UCOM(SRG) and the S-UCOM(SRG)
interaction. The variation of the charge radii with increasing flow parameter is much
weaker than in case of the ground-state energies. For the UCOM(SRG) interaction
the charge radii slightly increase with increasing flow parameter. In contrast, the radii
decrease with increasing flow parameter in case of the SS-UCOM(SRG) interaction.

In Figures 3.3 and 3.4 the ground-state energies and charge radii obtained with
the SRG and S-SRG interaction for different flow parameters are displayed. Again,
the smallest flow parameter is chosen such that the experimental “He ground-state
energy is reproduced in a converged NCSM calculation, which is a = 0.03fm* for
these interactions. For the SRG interaction the binding energy per nucleon increases
rapidly with increasing mass number leading to a strong overbinding of intermediate
and heavy nuclei. With increasing flow parameter this systematic deviation is even
more dramatic. At the same time the charge radii are significantly too small, e.g. for
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4He 240 40C, 48Nj 6ON; 88g, 100G, 132G, 208p}
160 34Si 48(:a 56Ni 78Ni 9OZr 114Sn 146Gd
Figure 3.3: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the SRG interaction for en. = 10 and different flow
parameters: (+) o = 0.03fm*, (m) @ = 0.06fm*, (¢) o = 0.10fm*. The bars indicate the
experimental values [30, 31].
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4He 240 40C, 48Nj 6ONj 88g, 100G, 132G, 208Pb-
160 34Si 48(:a 56Ni 78Ni 9OZr 114Sn 146Gd
Figure 3.4: Same as in Figure 3.3 for the S-SRG interaction with en.x = 10 and (+) o =
0.03fm*, (m) a = 0.06 fm*, (¢) o = 0.10fm*.
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4He 240 40Ca 48Ni 60Ni 885r 1005n 1325n 208Pb
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 3.5: Ground-state energies per nucleon and charge radii of selected closed-shell nu-
clei resulting from HF calculations for different two-body interactions with epax = 10: ()
UCOM(SRG), a = 0.04fm*; (m) S-UCOM(SRG), o = 0.04fm*; (#) SRG, a = 0.03fm*
(A) S-SRG, o = 0.03fm*. The bars indicate the experimental values [30,31].

208pp the difference to experiment reaches 1.5 fm. The radii are almost independent of
the flow parameter. This behavior shows that for the SRG transformation the induced
three-body and higher many-body forces do not cancel genuine three-body forces, i.e.
the net three-body forces have a significant impact on the results. Hence, we expect
that the three-body interaction has to be strong compared to the other cases in order
to reproduce the experimental data.

For the S-SRG interaction, the systematic of the ground-state energies is again
reproduced, as seen in Figure 3.4. For the smallest flow parameter the values differ
by about 4.5 to 5.5 MeV per nucleon from experiment, for the larger flow parameters
this difference decreases. The charge radii are again smaller than in experiment and
depend only weakly on the flow parameter.

It is obvious that the energies as well as the charge radii will increase, if one
adds a repulsive three-body interaction. The additional repulsion shifts the nucleons
apart, which increases the radius and reduces the binding energy at the same time.
Fortunately, the dependence of the radii on the flow parameter is weak, so we can
determine the strength of the three-body interaction such that the experimental charge
radii are reproduced. Subsequently, the flow parameter is used to adjust the ground-
state energies.
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Figure 3.5 shows a comparison of the results of the four different interactions, each
with the flow parameter one uses for calculations with the pure two-body interaction,
in order to emphasize the differences between these interactions. First we compare
the UCOM(SRG) with the SRG interactions, which have some inherent differences as
seen from the HF ground-state energies and charge radii. The UCOM transformation
is designed to describe short-range correlations which are most dominant in the lowest
partial waves. Hence, the higher partial waves are not treated in an optimal way by the
UCOM transformation. Since short-range correlations are more and more suppressed in
higher partial waves due to the centrifugal barrier, this non-optimal pre-diagonalization
of the higher partial waves only leads to minor effects. In contrast, in SRG each
partial wave is evolved separately leading to an optimal pre-diagonalization also for
higher partial waves resulting in faster convergence than in case of the UCOM(SRG)
interaction [10]. Evidently, this entails larger contributions from three- and many-body
forces which in turn yields strongly overbound nuclei with small radii as shown in Figure
3.5.

Next, we compare the UCOM(SRG) and SRG interactions with S-UCOM(SRG) and
S-SRG, respectively. As mentioned above, UCOM aims at the description of short-
range correlations which are most dominant in the lowest partial waves. Therefore, the
higher partial waves are not correlated in an optimal manner. The UCOM transforma-
tion generates repulsion in higher partial waves, which is not evident from Figure 3.5,
but becomes apparent for larger flow parameters. Consequently, we will need a weaker
three-body force to supplement the UCOM(SRG) interaction than for S-UCOM(SRG)
as we will discuss in Chapter 5.

In the S-SRG approach only the S-partial waves are evolved as well. Compared to
the HF results of the SRG interaction this also leads to an improved description of the
charge radii. As the nuclei are strongly overbound when using the SRG interaction,
the S-SRG interaction yields also an improvement in the description of ground-state
energies.

The S-UCOM(SRG) and the S-SRG interaction both yield very similar results for
ground-state energies and charge radii in the HF approximation.

Considering the UCOM(SRG), S-UCOM(SRG) and S-SRG interactions, the ground-
state energies of all considered closed-shell nuclei differ from experiment, but their
description can be improved by including long-range correlations, e.g. in the frame-
work of many-body perturbation theory. The charge radii are systematically smaller
than the experimental values for all four types of two-body interactions. However, this
discrepancy cannot be covered by the inclusion of long-range correlations but is an
evidence for the omitted three- and many-body forces of the respective interaction.
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Figure 3.6: Single-particle spectra of *°Ca for the different two-body interactions with emnay =
10: (1) UCOM(SRG), o = 0.04fm*; (2) S-UCOM(SRG), o = 0.04fm*; (3) SRG, a =
0.03fm*; (4) S-SRG, o = 0.03fm*; compared to experimental data [32]. Solid and dashed
lines indicate occupied and unoccupied states of the HF solutions, respectively.

Hence, for an improved description of the charge radii one has to include a repulsive
three-body interaction.

3.3 Single-Particle Spectra

Besides ground-state energies and charge radii the HF calculations provide an esti-
mate for single-particle spectra. The single-particle energies being physical observ-
ables are defined via many-body energy differences of neighboring nuclei. However, in
HF calculations based on the intrinsic kinetic energy calculating the energy difference
Ex — Ea_1(0 removed), where the energy expectation value of the Slater determinant
with removed state |3) is subtracted from the expectation value of the full A-body
Slater determinant, does not directly yield the single-particle energy of a hole state |3);
but one obtains two additional terms leading to the corrected single-particle energy,
which can be compared to data extracted from experiment [13]:

Tint 2 o=
e = Ea—Ea_1(0 removed) = 55—}4 — i+ mAA—1) za:<0z5} q’[af) . (3.15)
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Figure 3.7: Single-particle spectra of °°Zr for same interactions used in Figure 3.6. Experi-
mental data taken from Refs. [33, 34].
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Figure 3.8: Single-particle spectra of ®°Ni for the different two-body interactions with enax =
10: (1) UCOM(SRG), a = 0.16fm*; (2) S-UCOM(SRG), o = 0.16fm*; (3) SRG, o =
0.10fm*; (4) S-SRG, o = 0.10fm*. Solid and dashed lines indicate occupied and unoccupied
states of the HF solutions, respectively.
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where (Ti) is the expectation value of the intrinsic kinetic energy. For particle states
the single-particle energy reads

<Tint> 2 s

5" = Ean(padded) = Ea =25 — o2 = T >_(aBla’[as) . (3.16)

We can use these corrected single-particle energies to investigate the properties of the
four different two-body interactions introduced in the previous section. However, one
has to be careful with the interpretation of single-particle spectra since they are no
direct experimental observable.

Figure 3.6 shows the single-particle spectra for “°Ca obtained with the four different
two-body interactions in comparison to experimental estimates for the single-particle
energies. The order of the levels is in nice agreement with experiment. But for
all four interaction types the Fermi gap is overestimated and especially the spectra
calculated with the SRG interaction are spread too wide compared with experiment.
As a second example, the single-particle spectra of ®Zr are shown in Figure 3.7, where
one can observe similar features as for *°Ca. The level ordering is mainly reproduced
by the UCOM(SRG), S-UCOM(SRG) and S-SRG interactions, while there are some
interchanged levels in case of the SRG interaction. The level spacings are overestimated
by all four interactions, especially by the SRG interaction. This behavior shows the
connection between radii and level spacings of single-particle spectra: On the basis of
the SRG interaction the smallest radii were observed, which entails the largest level
spacings.

The single-particle spectra of most of the other considered nuclei show a similar
behavior, hence, they are not displayed here.

Like in the case of ground-state energies and charge radii, the S-UCOM(SRG) and
the S-SRG interactions yield very similar single-particle spectra which confirms that
these two interactions have a number of common properties.

It is expected that the inclusion of a repulsive three-body interaction will improve
the description of the single-particle spectra. The additional repulsion will shift the
nucleons apart from each other which results in larger radii as well as a reduction of
the level spacings.

On the other hand, increasing the flow parameter may also lead to unintentional
effects. As an example, the spectra of ®Ni are shown in Figure 3.8 using the largest flow
parameters for each two-body interaction. For both the proton and the neutron spectra
one can observe, that the Fermi gap collapses and even occupied and unoccupied levels
are interchanged. These effects are most pronounced in the spectra calculated with
the UCOM(SRG) interaction. They are observed also in the spectra of several other
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nuclei, but the corresponding spectra are not shown here. The collapse of the Fermi
gap as well as the interchanging of particle and hole states might lead to problems,
when applying many-body perturbation theory on top of these HF results. We will
come back to this point in Section 3.5 and in Chapter 5, where the three-body contact
interaction is considered.

3.4 Low-Order Many-Body Perturbation Theory

As discussed in the previous sections, the Hartree-Fock method is not capable of de-
scribing correlations. The short-range correlations are included by the unitarily trans-
formed NN interactions while the long-range correlations have to be covered by the
many-body states. The single Slater determinant used in the Hartree-Fock method
cannot describe these correlations. One possibility to include long-range correlations
is to apply many-body perturbation theory on top of the HF results. This approach
will allow us to disentangle the effects of long-range correlations from the impact of
three-body forces.

The basic concept of general perturbation theory is summarized in Appendix B.
In the following, we will illustrate the formalism of many-body perturbation theory
(MBPT) including two- and three-body interactions.

As we apply MBPT on top of the HF results, we start from the same intrinsic
Hamiltonian

Hint = Tint + Vi + Van = HZ) 4 Vay (3.17)

containing the intrinsic kinetic energy T;., a transformed two-body interaction Vyy
and a phenomenological three-body interaction V3y. In order to apply perturbation
theory, we have to find a decomposition of the Hamiltonian of the form

Hine = Ho + W, (3.18)

with the unperturbed Hamiltonian Hy, whose eigensystem has already been solved,
and the perturbation W. In the HF eigenbasis only the diagonal matrix elements of
the Hamiltonian contribute when calculating the HF energy. Hence, the unperturbed
Hamiltonian Hy can be expressed via the creation and annihilation operators a' and a,
respectively, in the following way [27]:
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= = E <l/11/2’ HInt }1/11/2 > a 3V23V1

(3.19)
+ 6 Z < 1/11/21/3’ V3|\| ’1/11/21/3 > ailaZQaLa%awayl , .

1402 %)

where the matrix elements are understood to be antisymmetrized. Thus, the pertur-
bation W consists of the off-diagonal part of the Hamiltonian H;,; in HF basis:

- 7 Z <V1V2} Hlnt ‘K’l’% >aV1 ugamam

viv2
K1k2

L (3.20)
+ 36 Z <V1V2V3’ Vin ’H1/€2/€3 ) af/l izai3an3anzanl ’

et
where the antisymmetric two-body states |v415) and |k1k,) as well as the three-body
states |v11,1,) and |Kikaks) must differ in at least one single-particle state, respec-
tively.

Since we start from the HF solution, the unperturbed ground-state energy is the
HF energy: Eéo) = Eupg, while the first-order correction vanishes: El(o) = 0. Thus
the second order provides the leading correction to the HF ground-state energy. The
generic form of the second-order energy correction can be written as (cf. Eq. (B.14)):

0) (0)
n#O

where the unperturbed state |\I1(()0)) is the HF ground-state and the states |\IJS,O)) are
n-particle-n-hole (npnh, n = 1,2, 3, ...) excitations of the HF ground-state.

The HF Hamiltonian is constructed such that it does not connect the HF ground-
state with 1plh excitations [35]:

(HF|Hp |HF ) =0, (3.22)

where |HF) denotes the HF state with one particle removed from state |h) below the
Fermi energy (hole state) and one particle added to state |p) above the Fermi energy
(particle state). Since the Hamiltonian contains up to three-body operators we have to
consider 2p2h as well as 3p3h excitations of the HF ground-state. For the derivation of
the second order energy correction we consider the two-body part of the Hamiltonian
H® and the three-body interaction V3y separately.

int
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(2)

int

Energy Correction for H

Considering the two-body part of the Hamiltonian we only have to take into account
2p2h excitations written as [HF}?,). Thus, the second order energy correction reads

<:€F >eF 2
@)y |<HF!H.n HF?®) ) |
ES(HE)) = Z iy (3.23)

hh'  pp’ HFEﬁ/

where the summations cover the holes h, h’ below the Fermi energy ¢ and the particles
p,p’ above the Fermi energy. The energy denominator can be approximated via the
single-particle energies of the respective particle and hole states:

Eur — E

HF"p/ Nen+ ey —Ep—Ep - (3.24)

The 2p2h excitation is generated via the application of the creation and annihilation
operators to the HF ground-state:

IHFPP)) = alal ayap HF) . (3.25)

Together with the two-body part of the Hamiltonian written in second quantization

Hl(r?t) = 4 Z <I/11/2} Hmt }lilffjg > ay VQama,ﬂ (326)

vivp
K1K2

we obtain the following expression for the energy correction:

<eF >ef | <I/11/2} Hl(r?t) ’,{1/{2 > < HF’ al af amamalal/ah'ah }HF> 2

(2 vy
EO mt 64 Z Z Z En + &y —1 6: —&p

hh/ pp/ vivp

R1kR2

(3.27)
Since the HF ground-state is given by a Slater determinant, the numerator can be
evaluated to

> (e HE) |r1s2 ) (HF| al,af a,a0,alal apan [HF)

viv2
R1KR2

- Z <V1V2’ H,(nzt) }51’432 > {5u1h51/2h’5n2p’5/f1p - 5U1h/5V2h5H2p’5n1p

St (3.28)
_6u1h5u2h’5n2p6mp’ + 5u1h’5u2h5mp5mp’}
= (hh'[HE) [pp’ ) — (Wb HE) [pp')

— (hh | HE |p'p )+ (Wh|HE) |p'p)
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Inserting this relation, the final expression for the second order energy correction emerg-
ing from the two-body part of the Hamiltonian is obtained [13]:

<€F >eF 2
(2 (2 ‘<hh’H|nt }PP >‘
EP(HE)) = Z > PR —— (3.29)

hh’  pp’

Energy Correction for V 3y

For the second-order energy correction emerging from the three-body interaction, we
have to consider 2p2h as well as 3p3h excitations of the HF ground-state:

<6F >eF |<HF‘ V3N ‘HFEE’ > ‘2

£ (Van) = ZZ —F

hh'  pp’ HFEﬁ/

<EF >e€F |<HF}V3N HFppp >|2 (330)

Z Z hh'h”
— E i~

hh h'" pp’p”’ HFEE/E//

In analogy to the 2p2h excitations, the 3p3h excitations of the HF state are expressed
as
[HFPPP,) = alal,al,,ahuah/aﬂHF) : (3.31)

hh’h”’

and the three-body interaction is written in second quantization

V3N Z <V1V2V3’ V3N ’/‘ill‘izﬁlg, > all 22 13an3an2an1 . (332)

vivav3
K1KR2R3

Performing the analogous steps as discussed in the previous passage, the energy cor-
rection can be reformulated to

2
| <or > <hh h| Van [pp'h )

E@ vy _ =
0 ( 3N) %; Ejh—|—€h/ —E&p — Ep (333)
<efr >ef | <hh/h”} V3N }pp/ //> |2

Z Z Eht+ ey FEw —Ep —Ey —Epr

hh h'’ pp'p”

Combining Egs. (3.29) and (3.33) the final expression for the full second order
energy correction is obtained [19, 27]:
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< 2
EF _ _
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2 _ 1 h
B = 4ZZ Eh + & — Ep — Ep

hh’  pp’

(3.34)
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First of all, it is obvious that this expression reduces to the energy correction for a
pure two-body Hamiltonian (Eq. (3.29)) if all three-body matrix elements are set to
zero.

The additional computational effort of calculating the second-order energy correc-
tion in many-body perturbation theory including a three-body interaction compared to
the effort using a pure two-body interaction can be roughly estimated by having a closer
look at Equation (3.34). There is one additional sum over three-body matrix elements
in the term for the 2p2h excitations. As this sum only runs over occupied states with
respect to the HF ground-state, the required computing time will be moderate un-
der the assumption that the three-body matrix elements are calculated beforehand, in
analogy to the handling of the two-body matrix elements. But for the 3p3h term there
are in addition to the three sums over occupied states also three sums over unoccupied
states which make the computation very time-consuming.

3.5 Second-Order Energy Corrections

In this section we will investigate the perturbative energy corrections for the Hartree-
Fock results obtained with the pure two-body interactions discussed in Section 3.2.
We will consider the same set of closed-shell nuclei with the same oscillator lengths.
We consider only the second order energy correction of many-body perturbation
theory as the calculation of higher orders would become too time-consuming when
including a three-body interaction. For the UCOM interaction using variationally op-
timized correlators it was shown for some light nuclei that the third order MBPT
corrections are small [13]. However, one has to be careful with the interpretation of
the second order MBPT corrections as they provide only an estimate of the influence
of long-range correlations as the convergence of higher orders is not guaranteed [36].
As mentioned in Section 3.3 some properties of the HF solutions, revealed in the
single-particle spectra, might lead to problems when calculating the second-order en-
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E/A[MeV]

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r 1005n 1325n 208|:>b
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 3.9: Ground-state energies per nucleon based on the UCOM(SRG) interaction (upper
panel) and the S-UCOM(SRG) interaction (lower panel) resulting from HF+MBPT calcula-
tions for enax = 10 and different flow parameters: (»,0) a = 0.04fm*, (¢,©) o = 0.16 fm*.
Filled symbols indicate the HF energies, open symbols include the MBPT corrections. The
bars indicate the experimental values [30].

E/A[MeV]

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r 1005n 1325n 208Pb
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 3.10: Same as in Figure 3.9 for the SRG and the S-SRG interactions with €., = 10
and (+,0) @ = 0.03fm*, (¢,©) a = 0.10fm*.
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ergy correction. Especially a collapse of the Fermi gap and interchanged particle and
hole states can cause divergent terms because the energy denominator becomes very
small (Eq. (3.29)). In order to identify and eliminate these divergent terms we intro-
duce a cut-off kg, which is defined via the square of the first-order correction to the
states, and is growing linearly with the particle number:

1 (2) / 2
< (hh'| HZ |pp’) ) A (3:35)

En T EW —Ep — Ep

This cut-off is used to check each single term contributing to the energy correction.
The cut-off is set to kg = 0.0001 for all calculations. The perturbative energy correc-
tions are computed with and without cut-off simultaneously. Thus, by comparing the
results one can easily identify the nuclei, for which divergent terms occur. Fortunately,
these are only individual cases. Throughout all calculations, divergent terms in the
second-order energy correction were only observed for some nuclei calculated with the
UCOM(SRG) interaction, also when including the three-body contact interaction. In
the following figures the perturbative corrections obtained with the cut-off are shown.
One has to be careful with the interpretation of the results anyway, because we have no
information about the behavior of higher orders, and especially for the UCOM(SRG)
interaction.

Figure 3.9 shows the HF ground-state energies together with the second-order
MBPT energies for the UCOM(SRG) interaction in the upper panel and for the S-
UCOM(SRG) interaction in the lower panel for different values of the flow parameter.
The corresponding results for the SRG and the S-SRG interactions are displayed in the
upper and lower panel of Figure 3.10, respectively. These calculations were performed
using 11 major oscillator shells, which does not yield fully converged MBPT corrections
as we will discuss below.

In all four cases one can observe that the second-order energy correction decreases
with increasing flow parameter. This can be understood intuitively: For larger flow
parameters correlations of longer range are already included on the HF level, entail-
ing a lowering of the ground-state energy, and reducing the remaining difference to
experimental data that has to be covered by MBPT.

For the UCOM(SRG) interaction systematics of the experimental ground-state en-
ergies is nicely reproduced for the light nuclei with the small value of the flow parameter,
while the heavier isotopes are still slightly underbound, as seen in Figure 3.9. But one
has to keep in mind, that these energies are not yet converged. Increasing the basis
size will entail a further lowering of the ground-state energies. For the larger flow
parameter almost all nuclei are overbound already in this small model space. In case
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E/A[MeV]

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r 1005n 132Sn 208|:>b
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 3.11: Ground-state energies per nucleon based on the UCOM(SRG) interaction (upper
panel) and the S-UCOM(SRG) interaction (lower panel) resulting from HF+MBPT calcula-
tions for o = 0.04fm* and different model space sizes: (+,0) €max = 10; (m,0) €max = 12,
Imax = 10; (®,°) emax = 14, Inhax = 10. Filled symbols indicate the HF energies, open
symbols include the MBPT corrections. The bars indicate the experimental values [30].

E/A[MeV]

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r 1005n 1325n 208Pb
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 3.12: Same as in Figure 3.11 for the SRG and the S-SRG interactions with a =
0.03fm* and (+,1) emax = 10; (m,0) €max = 12, fmax = 10; (¢,°) €max = 14, Imax = 10.
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of the SSUCOM(SRG) and the S-SRG interaction the nuclei are still underbound when
using the small flow parameter and overbound for the larger flow parameter (Figs. 3.9
and 3.10). The energies calculated with the SRG interaction are significantly too low
already on the HF level, the second-order MBPT corrections cannot improve this trend
(Fig. 3.10).

Finally, we investigate the dependence of the second-order MBPT energy correc-
tions on the basis size e,.x. Therefore, we consider three model spaces, the smallest
with ena.x = 10, the second with e, = 12 with an additional truncation of the orbital
angular momentum at /. = 10, and the largest considered model space is enax = 14,
Imax = 10.

Figure 3.11 shows the ground-state energies calculated with the UCOM(SRG) and
S-UCOM(SRG) interactions in the upper and lower part, respectively, using the flow
parameter a = 0.04 fm* and the basis sizes mentioned above. The HF energies are fully
converged while the perturbative corrections are not yet converged, even for the largest
model space. In case of the UCOM(SRG) interaction the lowering of the ground-state
energies with increasing model space leads to a slight overbinding for most nuclei.
For the SS-UCOM(SRG) interaction a reasonable agreement with experimental data is
achieved for the largest basis size, where one has to keep in mind that these energies
are not yet converged.

The ground-state energies obtained with the SRG and S-SRG interactions are shown
in Figure 3.12 using the flow parameter o = 0.03fm*. For the SRG interaction even
the HF energies of the heaviest nuclei are not converged. Hence, the perturbative
corrections are not converged either. The results of the S-SRG interaction exhibit
an agreement with experiment which is comparable to those of the S-UCOM(SRG)
interaction keeping in mind the same limitations.

Regarding the UCOM(SRG), S-UCOM(SRG) and S-SRG interactions it is pos-
sible to achieve reasonable agreement with experimental data when calculating the
ground-state energies in the HF approximation and adding the second-order perturba-
tive corrections. The charge radii have not been considered in this section as it was
shown that the influence of many-body perturbation theory on charge radii is only
marginal [13]. Hence, to improve the description of charge radii we have to include a
repulsive three-body interaction in our calculations. We will then exploit the fact that
the considered nuclei are overbound on the basis of HF plus MBPT for larger values
of the flow parameter as a repulsive three-body interaction will counteract this trend.
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Chapter 4

Gaussian Three-Body Interaction

In Chapter 3 we have discussed some properties of pure two-body interactions. The
investigation of ground-state energies and charge radii on the basis of HF plus MBPT
calculations has revealed that a three-body interaction is necessary for a quantitative
description of nuclear properties. We, therefore, introduce a finite-range three-body
interaction of Gaussian shape. First, the matrix elements of the Gaussian three-body
interaction are calculated in Section 4.1 and are then included in the HF approximation
(Sec. 4.2) and in many-body perturbation theory (Sec. 4.3).

4.1 Calculation of Matrix Elements

A Gaussian three-body interaction is a simple interaction of finite range, which can be
written as

V= Chepd - ol -2 (-2 (- ()
3N
with variable strength C3GN and range asy.

The matrix elements are calculated in the harmonic-oscillator basis. In coordinate
space representation the matrix elements can be evaluated in spherical or cartesian co-
ordinates. Using spherical coordinates, it is convenient to calculate the matrix elements
in relative states. Since for various many-body methods the matrix elements need to
be calculated with respect to single-particle states a double Talmi-Moshinsky trans-
formation [37,38], which is numerically costly, has to be applied. When calculating
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the matrix elements in cartesian coordinates one has to perform a transformation into
the spherical single-particle quantum numbers, which is time-consuming, too. Since
the latter option is computationally less costly, we evaluate the three-body matrix ele-
ments in cartesian single-particle coordinates and apply a transformation into spherical
coordinates subsequently.

4.1.1 Cartesian Matrix Elements

To evaluate the three-body matrix elements in the eigenbasis of the cartesian harmonic
oscillator, we start by considering three-body product states and perform the antisym-
metrization at the end. With the cartesian harmonic-oscillator quantum numbers n,,
n, and n, the matrix elements read in coordinate representation:

/ / / / / / / / /
X1 nyl nzl ! nX2 n}’z nz2 ! nX3 n}’3 nz3>

= / d3 r d3 r d3 r3 cb)r(;xl Nyy Nz (I’l)cb>r((7x2 Ny, Nzy (r2)¢:x3 Nys Nz (I’3)

x C exp{ —-5%—{(r1-—r2)2-F(r2-—r3)24—(f3‘—f1)2}}

3N
X(Dn;ln;ln;l (rl)¢n;2n’ n, (rz)d),,/ n’ ,,éa(r3) . (42)

2 X33

G
<nX1 n}/1 Nz, Nx, n}/2 nz,, nX3 n}/3 nZs |V3N | n

The coordinate representation of the eigenstates of the harmonic oscillator CD,,X,,y,,Z(r)
can be written as a product of three independent functions:

Prenyn (1) = Pn, (X)2n, ()0, (2) (4.3)

where the one-dimensional wave function is given by

X X2
n(X) = Ny, Hn | — - 4.4

~1/2

with the oscillator length apo, the normalization factor N,, = (/7 apo 2™ n,!)
and the Hermite polynomials H, (x) [39]. Inserting the harmonic-oscillator wave func-
tions (4.3) into the expression for the matrix element, we can separate the three
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cartesian dimensions:

A ror /A
X1 n}/1 nZl’ an n}’z n22’ nX3 n}’3n23>

<nX1 n)/1 nZ1 ' nX2 n}/2 nZz! nX3 ny3 nZ3 |V?(>;N | n
= G [ d s o, (50) o, (52 o, (50) o, () 9, () 9, ()
1
xexp{ — aT{(xl — x2)2 + (x2 — x3)2 + (x3 — x1)2}}

3N

X / dyr dy2 dys on, (1) @, (v2) n, (v3) O, (v1) oy (v2) ©m (¥3)

xm{—éjmemf+M—nf+m—mf§

< [ da o ds o, (1) 0, (2) 9 (2) 0, (21) o (22) o, (20)

1

xep{ = - {(a - 2P + (- 20+ (- 1)
3N

= C3GN /{,,X}(X1,X2,X3) /{ny}(y1,y2,)/3) l{nz}(21122123) : (4.5)

Hence, the matrix element is split into a product of three equivalent integrals. For
the further discussion we consider the integral /¢, ;(x1, X2, x3). By inserting the one-
dimensional wave functions (4.4) we can reformulate the integral:

I{nx}(xll X2, X3)
s (2 (2)e (2
aHo avo ano
- X X3 I > 2 2
XHn/ —_— Hn’ _— Hn’ - [
b <3Ho> ° <3Ho) . (aHo)eXp{ aao(xl X +X3)}
1
XeXp{ - a—{(xl — )+ (e — x3)* + (xs — x1)2}}
1 2
e (e - (2]
"\ aHo '\ @Ho Ao Ay
1 2 2
: / P Fine (ﬁ) h (ﬁ)eXp{ - (2— + T)X§ + %XQ}
aHo 2\ aHo o A 2,
12 2
<o (e ) e (s Jord = (5 0+ 057
aHo * \@Ho dho 93N asy

with the normalization factor N = N,,X1 N,,X2 N,,X3 N”% /Vn;2 N,,%. We are not able to

provide an analytic solution for these integrals in a closed expression. Therefore, we
calculate them numerically and ensure the agreement with analytical values for some
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chosen sets of quantum numbers. The numerical calculation of a three-dimensional
integral is rather elaborate. Fortunately, these integrals can be computed by performing
three one-dimensional integrations. We start with the innermost integral and consider
(x1+x0) as a parameter, i.e. we solve the integral for a set of values for this parameter.
The result is inserted in the next integral, where we take x; as parameter and follow
the same procedure. Finally, by using these results we can solve the outermost integral.

The numerical integration is performed via the application of the trapezoidal rule.
The program Mathematica [40] is capable of providing an exact solution of the three-
dimensional integral Iy, 1(x1, X2, X3) if the quantum numbers are sufficiently small. We
are thus able to guarantee a sufficient accuracy of the numerical calculation.

For applications in many-body methods we have to perform a transformation of
these matrix elements from the cartesian harmonic oscillator into the spherical one.

4.1.2 Coordinate Transformation

In order to convert the three-body matrix elements the single-particle states of the
cartesian harmonic oscillator have to be transformed into spherical ones:

|nlm,) = Z |nxnyn,){n.n,n,|nlmy) (4.6)

Nxny Nz

where the eigenstates of the spherical harmonic oscillator are defined via the principal
quantum number n and angular momentum / with projection m,. The transformation
coefficients (n,n,n,|nlm;) can be determined using the generating functions of the har-
monic oscillator wave functions [41]. The generating function of the three-dimensional
cartesian harmonic oscillator reads

Flxy, z%, yo,Zo)

X2+y2_'_22
Z Z Z ‘ n,! ,,y| n, |eXp{ 227, }

=0ny=0ny=

o (e () ) () () e
aHo aHo aHo aHo aHo aHo

The eigenfunctions of the cartesian harmonic oscillator can be obtained by deriving
the generating function with respect to X, Yo, and zy and evaluating the derivation

at xop = yo = 20 = 0. The generating function for the spherical harmonic oscillator is
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given by

F(r,9,¢; ro, Yo, ¢o)
g I 273/ r2 r !
2 ;mz +/+§ p{_%ao}(%)
2n+1
it ]( )m,w )Y (o, m( ) | (48)
o aHo

The coordinate representation of the eigenfunctions of the spherical harmonic oscillator
can again be obtained out of the derivatives of the corresponding generating function
with respect to ry, ¥o, and g and reads

Vot (1,9, 0) = Ny exp{ - }( ’ ) Lh* ]( Ho)m,(ﬁ p)  (49)

2350 ) \aHo

2 n!

1532 the Laguerre polynomials

with the normalization factor N,

LE,IJF 2] (a ) and the spherical harmonics Y}, (9, ¢).
HO

Identifying these eigenfunctions in Equation (4.8) as well as the eigenfunctions (4.4)
of the cartesian harmonic oscillator in Equation (4.7), we find the following relation:

[c e o}

ne Ny _nz
E E E n.nyn;) Xy Yo Z
nX | n,! ] n,! | N N an | xty 'z > 0 /0 “0

nx=0 ny=0 n=

[c o Ne o]

/
2m3/2(—1)" )
B Z n i3 iN [nimy) Vi, (90, 0)rg™" (4.10)

n: : —

where we use the ket representation of the wave functions as we aim at the derivation
of the transformation coefficients (nyn,n,|nim;). For this purpose we have to express
the spherical coordinates in cartesian ones. Therefore, we need the binomial formula

(x+y)" = Z (Z) x"kyk (4.11)

k=0

and the spherical harmonics in cartesian coordinates [42]

2/ +1

rIYIm,(ny,Z) = ?(/+m,) (/—m,)'
1 x+iy\’[x—iy\? .
><gp! q! s!(_ 2 ) ( 2 z (412)
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with p4+qg+s =/ and p—qg = m,. These equations can be reformulated to g = p—m,,
s=1+m —2p,and p=0,..., /. Then, Equation (4.12) reads

2/ +1
rIY/m,(va'Z) — \/ . (I + m)Y (I — m))!

/

x> (pH(p— m)(/ + m —2p))) "

p=0

. P _ p—my
x(—’“;'y) (X 2”’) ZHm=2e (4.13)

Using Egs. (4.13) and (4.11), we can deduce the following relation between spherical

and cartesian coordinates
Y, (Po, o) g™ = (—1)m'ré Yi—m (Do, o) (r5)"

- Z Z Z Comn X0 Yo" 25" (4.14)

nx=0 ny=0 n;=

with the transformation constant

. 20+ 1
C.nXInyInZ = \/ 4-7T (/+ml)l(/_ml)|

i i Capr s (4.15)
2o 2 Zpi(p+ m)ii— m —2p)l 2o '

a P p-+m
(n,+2p—14+m)/2)\b)\2n+2p—2a+m —n,—b)

By multiplying Equation (4.10) from the left with (n’/’m)| and inserting Equation (4.14)
we finally arrive at the transformation coefficients

27T3/2(_1)n
F(n+1+3/2)N,y

nd nyt ol Ny N, N, G- (4.16)

z T NxNynz

(nlmj|nynyn,) =

For the computation of each three-body matrix element, six single-particle states have
to be transformed, which requires 18 summations involving the coefficients (4.16).
This coordinate transformation is the most demanding part regarding computing time
during the calculation of the three-body matrix elements.

So far, we have only considered coordinate-space matrix elements, for the full
matrix elements we also have to take into account spin and isospin. The Gaussian
three-body interaction only acts in coordinate space, i.e. the spin-isospin part of the
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matrix element is simply given by Kronecker deltas for the spin and isospin projection
quantum numbers ms and m;, respectively:

<nl/lm/1m51 mt11 n2/2m/2 m52mt21 n3l3m/3m53mt3‘
G T A / T ! T /
X V3N | nl ll m/1 m$1 mt1 ! n2 /2 m/g m52 mt2 ! n3 l3 m/3 m$3 mt3>
G T /T /T
= (mhmy, nahmy, ”3/3ml3|V3N|”1/1m/1: nyhmy,, n3/3m,3>

><(5ms1 ml, 5m52m;2 5m53m;3 5mt1 mp, 5mt2 m, 5mt3 mp, - (4.17)

For brevity, we have omitted the quantum numbers s = % and t = % for spin and
isospin, respectively. In the next step, the single-particle angular momenta / and single-
particle spins are coupled to total single-particle angular momenta j with projection
quantum numbers m using Clebsch-Gordan coefficients. Finally, the matrix elements
have to be antisymmetrized explicitly.

The calculation of the matrix elements is very time-consuming due to the coordinate
transformation involving a large number of summations. Thus, it is not feasible to
compute the full matrix elements during the many-body calculation. Therefore, the
coordinate space matrix elements with respect to the spherical harmonic-oscillator basis
are precomputed and stored for each set of oscillator length ajo and three-body range
asn. The inclusion of spin and isospin, the j-coupling and the antisymmetrization are
then done on-the-fly during the many-body calculation. Due to the large number of
non-vanishing matrix elements, we are restricted to small model spaces. Currently, we
are able to handle the three-body matrix elements for a model space including seven
major oscillator shells with an additional truncation of the orbital angular momentum

at . = 4.

4.2 Ground-State Energies and Charge Radii

As starting point, the impact of the Gaussian three-body interaction is investigated in
the framework of the Hartree-Fock approximation. The parameters of the three-body
interaction — the strength C3, and the range asy — have to be determined, and the
flow parameter of the respective two-body interaction has to be adjusted accordingly.
As we are only able to handle small model spaces, we can only provide an estimate for
the strength C3GN and the range asy, the choice of the parameters would have to be
verified in model spaces sufficiently large to reach convergence.

In the following, we consider a set of closed-shell nuclei from *He to °Zr. The
heaviest nuclei included in Chapter 3 are not considered here, since one cannot obtain
reliable results in such small model spaces. We use again the oscillator parameters
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E/A[MeV]

Fep [fm]

4'He 240 40(:a 48Ni 60'\“ 885r
160 34Si 48Ca 56Ni 78Ni QOZr

Figure 4.1: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the S-UCOM(SRG) interaction for « = 0.16 fm*, emax = 4,
Gsn = 100 MeV and different three-body ranges: (s) asy = 1.22fm, (m) azy = 1.26fm, ()
asy = 1.30fm. The bars indicate the experimental values [30, 31].

E/A[MeV]

Fen [ fm]

4'He 240 40Ca 48Ni 60Ni 885r
160 34Si 48(:a 56Ni 78Ni QOZr

Figure 4.2: Same as in Figure 4.1 for the S-SRG interaction with a = 0.10fm*, en.x = 4,
C3n = 100MeV, and (o) azy = 1.22fm, (m) agy = 1.26fm, (®) asy = 1.30fm.
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E/A[MeV]

ren [ fm]

4'He 240 40(:a 48Ni 60Ni 885r
160 34Si 48Ca 56Ni 78Ni QOZr

Figure 4.3: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the S-UCOM(SRG) interaction for « = 0.16 fm?, emax = 4,
asy = 1.22fm and different three-body strengths: (o) Gsny = 50 MeV, (m) Gy = 100 MeV,
(®) Gsn =200 MeV. The bars indicate the experimental values [30, 31].
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4'He 240 4°Ca 48Ni 60Ni 885r
160 34Si 48(:a 56Ni 78Ni QOZr

Figure 4.4: Same as in Figure 4.3 for the S-SRG interaction with « = 0.10 fm?, €max = 4,
asny = 1.22fm, and («) Gy = 50MeV, (m) Gy = 100 MeV, (¢) Czy = 200 MeV.
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listed in Table 3.2. The following calculations will be performed in a model space with
€max = 4. In this chapter we do not consider all four two-body interactions introduced
in Chapter 3 but restrict ourselves to S-UCOM(SRG) and S-SRG.

First, the influence of the three-body range asy is studied. In Figure 4.1 the ground-
state energies per nucleon (upper panel) and the charge radii (lower panel) are shown
for different values of asy using the S-UCOM(SRG) interaction with the flow parameter
a = 0.16 fm*. The systematics of the experimental ground-state energies is reproduced
except for an almost constant shift. With increasing three-body range the energies
increase as well, for the smallest value asy = 1.22fm they differ by about 2.5 MeV
from experiment and for asy = 1.30fm by about 3.5MeV. The charge radii are in
reasonable agreement with data. The dependence of the charge radii on the three-body
range is weaker than for the ground-state energies. Increasing the range azy of the
three-body interaction shifts apart the nucleons, which results in larger, weaker bound
nuclei. However, one cannot find one value for asy that fits all nuclei perfectly, e.g.
for the smallest value, the radii of the intermediate nuclei are slightly underestimated
while the light and the heavy ones are in nice agreement with experimental data.

The corresponding results for the S-SRG interaction (Fig. 4.2) using the flow pa-
rameter v = 0.10 fm* and the same parameters for the three-body interaction are very
similar. In the following, we will use asy = 1.22 fm for both interactions.

In Figures 4.3 and 4.4 the dependence on the three-body strength is shown for the
S-UCOM(SRG) and the S-SRG interactions. The influence of the strength is similar to
the one of the range. With increasing three-body strength the ground-state energies as
well as the charge radii increase. This behavior can be understood intuitively. As the
three-body interaction is purely repulsive, increasing the strength leads to weaker bound
nuclei with larger charge radii. Again, it is not possible to find one parameter that
describes all considered nuclei with the same accuracy. For the following calculations
we will use C$, = 100 MeV. Although we refer to the parameter C§, as three-body
strength, a more accurate measure for the strength of the interaction would be an
integral over the three-body interaction, which clearly connects the two parameters
asy and C§, with each other.

Next, we investigate the influence of the flow parameter in Figures 4.5 and 4.6. For
both interactions the ground-state energies decrease with increasing flow parameter for
the same reason as discussed in Section 3.2. In contrast to the results obtained with the
pure two-body interactions, the systematics of the experimental data is reproduced by
all flow parameters, which is due to the inclusion of a repulsive three-body interaction.
The charge radii depend only weakly on the flow parameter. However, using the
smallest flow parameters, i.e. o = 0.04fm* for the S-UCOM(SRG) interaction and

74



E/A[MeV]

ren [ fm]

w

4.2 - Ground-State Energies and Charge Radii

“He

240

40(:a 48Ni 60Ni 885r
34Si

48Ca 56Ni 78Ni QOZr

Figure 4.5: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the S-UCOM(SRG) interaction for emax = 4, asn =
1.22fm, C3y = 100 MeV and different flow parameters: (+) a = 0.04fm*, (m) o = 0.12fm*,
() @ = 0.16fm*. The bars indicate the experimental values [30, 31].
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Figure 4.6: Same as in Figure 4.5 for the S-SRG interaction with enax = 4, asy = 1.22fm,
Gsn = 100MeV, and (+) o = 0.03fm*, (m) a = 0.06 fm*, (¢) a = 0.10fm*.
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4'He 240 40Ca 48Ni 60Ni 885r
160 34Si 48Ca 56Ni 78Ni QOZr

Figure 4.7: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the S-UCOM(SRG) interaction for o = 0.16 fm*, asy =
1.22fm, C3GN = 100 MeV and different basis sizes: (s) emax = 4 (optimal ayo), (m) emax =
6, Imax = 4 (ano = 1.9fm). The bars indicate the experimental values [30, 31].
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Figure 4.8: Same as in Figure 4.7 for the S-SRG interaction with o = 0.10fm*, asy =
1.22fm, CfN = 100MeV, and (+) emax = 4 (optimal apo), (W) emax = 6, knax = 4 (ano =
1.9fm).
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a = 0.03fm* for S-SRG, leads to a slightly improved overall description of the charge
radii. On the other hand, the ground-state energies calculated with the small flow
parameters are significantly larger than those obtained with the larger flow parameters.
One can, therefore, choose the flow parameters such that either the ground-state
energies are closer to experiment or the charge radii. We prefer a better description
of the energies, i.e. we use o = 0.16fm* for the S-UCOM(SRG) interaction and
a = 0.10fm* for S-SRG, as the effect is rather weak for the charge radii.

Finally, the convergence of the HF results is examined by increasing the model
space size. The number of three-body matrix elements can only be stored up to a
basis size of enax = 6 with an additional constraint for the orbital angular momentum
of Ihax = 4. The calculation of the matrix elements for this basis size is very time-
consuming. As the matrix elements have to be calculated for each oscillator parameter
separately, we choose an average oscillator length of ayo = 1.9 fm for all nuclei for the
calculation in the larger model space. Consequently, we only have to calculate one set
of three-body matrix elements.

The results obtained in this model space are compared to the previous ones with
emax = 4 in Figure 4.7 for the SS-UCOM(SRG) interaction and in Figure 4.8 for the
S-SRG interaction. As we do not expect to obtain reliable results for the heavier nuclei
using the oscillator length ayo = 1.9 fm, the energies and radii are only shown up to
48Ca. The ground-state energies as well as the charge radii are almost identical in
both model spaces suggesting convergence. The small deviations observed for *He can
be explained by the non-optimal oscillator length. However, one has to keep in mind,
that the larger model space only takes into account few additional single-particle states
as the largest possible orbital angular momentum is the same as for the small model
space, i.e. Inay = 4.

4.3  Perturbative Energy Corrections

In this section the impact of the second-order energy correction is studied. We only
consider the energy corrections emerging from the two-body part of the Hamiltonian
(Eq. (3.29)) as the correction emerging from the three-body interaction is marginal at
least in such small model spaces: it does not exceed 1.5% for e,.. = 4. Furthermore,
the calculation of the energy correction emerging from the three-body interaction is
very time-consuming and is therefore not feasible in larger model spaces. As discussed
in Section 3.5 we study the energy corrections obtained with the cut-off kg = 0.0001,
although it has almost no effect on the results discussed in this section. Figure 4.9
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160 34Si 48Ca 56Ni 78Ni QOZr

Figure 4.9: Ground-state energies per nucleon based on the S-UCOM(SRG) interaction with
o = 0.16fm* (upper panel) and the S-SRG interaction with o = 0.10fm* (lower panel)
resulting from HF+MBPT calculations for azy = 1.22fm, C3GN = 100 MeV, and different
model space sizes: (s,0) €max = 4 (optimal apo), (m,0) emax = 6, lmax = 4 (ano = 1.9fm).
Filled symbols indicate the HF energies, open symbols include the MBPT corrections. The
bars indicate the experimental values [30].

shows the HF ground-state energies as well as the perturbative energy corrections
for the SS-UCOM(SRG) interaction (upper panel) and the S-SRG interaction (lower
panel), where the results obtained with the basis size ey, = 4 are compared to those
obtained with en.x = 6, Inax = 4. As already discussed in the previous section, for the
calculations in the larger model space only one oscillator parameter was used for all
nuclei due to the computational effort of the matrix element calculation. While the
difference of the HF energies is only marginal in the two model spaces, the perturbative
corrections are significantly larger in the larger model space, especially for intermediate
nuclei. On the basis of these results it is impossible to make a statement about the
convergence behavior. For this purpose it would be necessary to further increase the
model space size.

A more illuminating aspect is revealed by the comparison of the finite-range three-
body interaction of Gaussian shape with the regularized contact interaction, which
will be introduced in the following chapter. For the contact interaction we use the
parameters that are determined in Chapter 5. Note, that the optimal parameters
are different for the S-UCOM(SRG) and the S-SRG interaction. In Figures 4.10 and
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Figure 4.10: Ground-state energies per nucleon and charge radii based on the S-UCOM(SRG)
interaction resulting from HF+MBPT calculations for a« = 0.16 fm* €max = 4, and
comparing the three-body interactions: (.,0) Gaussian interaction with azy = 1.22fm,
C3GN = 100 MeV; (m,0) regularized contact interaction with Gy = 2200 MeV fm®, esn = 20.
Filled symbols indicate the HF energies, open symbols include the MBPT corrections. The
bars indicate the experimental values [30].
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Figure 4.11: Same as in Figure 4.10 for the S-SRG interaction with o = 0.10 fm*, emax = 4,
and (»,0) Gaussian interaction with agy = 1.22fm, C$, = 100 MeV; (m,0) regularized contact
interaction with C3y = 2000 MeV fm®, esy = 20.
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4.11 the HF ground-state energies together with the perturbative corrections emerging
from the two-body Hamiltonian and the charge radii are shown for the S-UCOM(SRG)
and the S-SRG interactions in a model space including five major oscillator shells.
The comparison of the Gaussian three-body interaction with the regularized contact
interaction reveals that the latter yields slightly less binding energy for intermediate
and heavy nuclei on the HF level. This discrepancy could be reduced by an adjustment
of the parameters. The perturbative energy corrections are almost identical for both
interactions across the whole nuclear chart, which is not surprising as the corrections
are only calculated for the two-body interactions being the same in both cases. The
calculated charge radii are similar for both three-body interactions, but the overall
agreement with experimental data is slightly better for the contact interaction. The
results are very similar for both underlying two-body interactions.

On the basis of these results, we can motivate the following strategy: The Gaus-
sian three-body interaction is the most simple finite-range three-body interaction, but
we can only handle it in very small model spaces. The calculation of the matrix el-
ements of the regularized three-body contact interaction is much more efficient and
this interaction can also be included in larger model spaces. We have shown that
both three-body interactions yield comparable results in small model spaces. We will,
therefore, perform further studies on the basis of the regularized contact interaction.
As this three-body interaction can be included in various many-body methods and in
sufficiently large model spaces, this procedure allows for reliable investigations.
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Chapter 5

Three-Body Contact Interaction

In Chapter 4 we have seen that already the most simple finite-range three-body force
of Gaussian shape proves to be an enormous computational challenge. In this case,
it was not possible to perform calculations in sufficiently large Hilbert spaces allowing
for reliable converged calculations. In order to investigate the impact of three-body
forces and to develop strategies for the handling of three-body matrix elements we
introduce a three-body contact interaction. In this chapter we discuss the calculation
of the matrix elements of a regularized three-body contact interaction in Section 5.1.
Subsequently, the Hartree-Fock method is used to calculate ground-state energies and
charge radii in Section 5.2 as well as single-particle spectra in Section 5.3. In Section 5.4
the second-order energy corrections emerging from many-body perturbation theory are
discussed.

5.1 Calculation of Matrix Elements

In the following, we discuss the calculation of the matrix elements of a three-body
contact interaction which is supplemented by a cut-off introduced at the end of this
section. The three-body contact interaction can be written as

V3|\| - C3N (5(3)(X1 - X2)5(3)(X1 - X3) (51)

with variable strength Gz, and 03 (x) being the Dirac delta distribution in three
dimensions. The strength Czy of the three-body interaction will be positive since the
interaction has to be repulsive in order to increase the charge radii (cf. Sec. 3.2).
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Considering general three-body interactions it is common to calculate the matrix
elements in a basis that is based on Jacobi coordinates. But for applications in many-
body methods the matrix elements have to be transformed into the m-scheme, i.e.
using independent single-particle states, which is computationally very demanding for
a three-body interaction. In contrast, the matrix elements of a contact interaction
can be directly evaluated in the m-scheme, which is of great advantage compared to
general three-body forces. The calculation of these matrix elements has already been
discussed in my diploma thesis [27], but since it is the most essential ingredient for the
following investigations it will be recapitulated in this section.

The matrix elements are calculated in the harmonic-oscillator basis. We start
with three-body product states in coordinate space. Since the three-body contact
interaction does not affect spin and isospin, we will neglect these quantum numbers
for the moment. The antisymmetrization will be performed explicitly in the end.
Introducing the coordinate-space representation of the harmonic-oscillator states, the
matrix elements can be expressed as

(nylmy, npghbmy,, n3lsmy, |Van|nf lpmy , nbhmj,, nylsmi,)
— /d3x1d3x2d3x3<n1/1m/1|x1)(n2l2m,2|x2><n3/3m/3|x3) (52)
X Can 00 (x1 = ) 0 (%1 — x3) (xa |} [ ] ) (xo| Wy m, ) (xa | m, )

with the principal quantum number n, angular momentum / and projection quantum
number m; of the harmonic oscillator states. By introducing the relative coordinates
rip = X; — X and ri3 = X; — X3 we can directly exploit the properties of the delta
distributions and evaluate six of the nine integrals:

/d3x1d3x2d3x3<n1/1m,1|x1)(n2/2m,2|x2><n3/3m,3|x3)
X Can 0 (31— x2) 01 (31 — x3) (xa| m gl ) (xa| Wy, ) (x| m sl )
= /d3x1d3r12d3r13<n1/1m,1|x1)<n2l2m,2\x1 — ri2)(n3lsmp[x; — ry3)
x Can 6P (r12) 63 (ra3) (x| ny i mi ) (xa = ro| My lyml,) (x1 — ras|mslsmy,)
= Gy / d3X1<n1/1m,1|x1)(n2l2m12|x1><n3/3m,3|x1)
X (xa|my i ) (xa [ m lom, ) (xa [ 3 lsm ) (5.3)

In coordinate space, the harmonic-oscillator eigenfunctions are composed of a real-
valued radial part R,/(x) and an angular part represented by the spherical harmonics
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Yim (€2) [39]:
(x|nlm) = Rui(x) Yim, () . (5.4)

Inserting this representation into Equation (5.3) one arrives at
(n hmy, mplmy,, n3lsmy|Van|nylmy , nhlomy, nglym,)
~ Ca / 132 Ry (50) Ronis (50) R (50 Rt (30) Roty (30) Rug s (1)

[ 2 Y, (Y, ()Y, () Vi, () Yoy (D Vi (2) . (55)

The integral over the six radial wavefunctions has to be calculated numerically while
the integral over the six spherical harmonics can be evaluated analytically. The product
of three spherical harmonics can be reduced to one spherical harmonic:

Yim, () Yom, () Yism, (2)

I\Zi1 ) YLIMLI(Q) Y’sm/3(Q)

Ly ) c ( h b
0 miy Mp

Z 2/1-'-1 2/2-'-1)(:(/1/2

LMy, 47 2L1 + 1) 00
Z (2h + 1)( 2/2+1)C(/1/2 L1>c(/1 A L1>
LIMLI 47T 2L1 + 1) 00 0 mll m/2 MLI
2L1 + 1 2/3 + 1) Ly | Lo Ly h L,
- Z Ar(2L, + 1) ¢ ( 000 )C (/\/IL1 my | My, ) Yiom, (2) (5.6)
LMy,

/)

with the Clebsch-Gordan coefficients ¢ (nl,l m,

L . . .
Iy ) Using this relation we can eval-
L
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uate the angular part of the integral:

[ 42, (Y, ()1, (9 Vi, () Vi () Vi, ()

Z (2h +1)(2L +1) [(2L1 +1)(2k+1)
47T 2L1 + 1) 47T(2L2 + 1)
L2ML2

hb|L ho Ly L1 k| L Lk
X C 12 1 C 1 2 C 113 2 C
0010 my my, | My oo0fo My, my

.S 21 +1)(25 + 1) \/(2L’1 +1)(20 + 1)

LMy,

Ly
M Ly

7 /
o 4m(2L] + 1) 4r(2L, + 1)
/ /
L2ML2
N O A Lok L
Xc C / / M/ C c M/ / M/
0o01|o0 my m, Ly 00710 L My Ly

/dQ Yiom,, () Yy (2)

=6, ;16 /
Loy ML, M}

B V(2L + 1)(2k + 1)(2h + 1)(2f + 1) (25 + 1)(2/4 + 1)
B Z 1672(2L, + 1)

LyLyLh
My, My, Mil
hb |L hoF Ly L1 | L Lk Ly
xc[nn 1) ¢ ml m2 y C 113 2 ) ¢ y y
00 |0 i M Ly 00]|0 Ly Mi Ly
0010 my m, | Mp 0010 Mp, miy [ My ) '

Hence, the calculation of the angular integral is reduced to six summations over a
number of Clebsch-Gordan coefficients.

For the complete matrix element we have to include spin and isospin degrees of
freedom. As the three-body contact interaction only acts in coordinate space, the
evaluation of matrix elements simply yields Kronecker deltas for the spin and isospin
projection quantum numbers mg and m;, respectively:

<nlllm/1 m51 mt11 n2/2m/2 m52mt21 n3/3m/3m53mt3‘
(T A Py T Y
X V3N|n1/1m,1 mg, my_, nylym), mg mi, n3/3m,3m$3mt3>
[ A T T
= (mhmy, nphbmy, n3/3m,3|V3N|n1/1m,1, nylym,, ”3/3’”/3)
X 5msl 5 5m52 525m53m;35mt1 m;fl 5mt2m;25mt3m23 ' (58)
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For brevity, we have omitted the quantum numbers s =
isospin, respectively.

% and t = % for spin and
For the practical application of the three-body interaction in various many-body
methods, the single-particle angular momenta /; and spins s; have to be coupled to
total single-particle angular momenta j;. This is achieved by inserting a number of
Clebsch-Gordan coefficients yielding the j-coupled three-body matrix elements

(n hjimyime, nabjomomy,, n3ljzmsmy,|

!yl ! / / /! ! / / !yl - / /
xVan|nf Yimmy, Nolyjomymy , Ny 3/3m3mt3>

h 5 | & b5 | b ko5 |
, m /1 msl 1 m /2 m52 2 m /3 m53 3
msy ... m§3

m/ m
v L P ro 1 P ro 1
e it 2 J1 C h 2 J2 c I3 2
/ / / / / ! / /
mp mg | my my, Mg, | mj mj, ms,

1M
X <n1 /lm/1 m51 mt11 n2/2m/2 m52 mt21 n3/3m/3 m53mt3‘

/! / / / / / / / !y / / /
x V3n|n lymj mg my ., nylymi, mg my, nglsmy, m$3mt3)

_ E c ko3 | i c b3 |k c ko3 |
m,l msl my m,2 m52 mo m,3 m53 ms3

/

msl...mé3

m/ m
r 1 . / 1 o / 1 o/
i 2 1 h 2 Jo l3 2 J3
>< C m/ m/ / c m/ m/ ! C m/ m/ !
n Ms | M I, Msy | My Iy Ms3 | M3

<G [ 03 Ruy () Row (0) R () R () Roge () R )

/
2

X163 V2L 4+ 1)(2kh + 1)(2h + 1)(2/ 4 1)(20 + 1)(2/5 + 1)
1 hh|L Ly k| Ly noso| L Lyt Lo
% Z (2L, + 1) C(oo 0>C<o 0 o)c(oo 0)c<08 o)
LylpLh
MLIML2M£1

Ly )C( Li h Ly )C o5 L c Loh Ly
M, Myy mig | Mi, my m | Mp M, mi, | Mi,

X 5m51 mél 5’7752 méz 5’7753 m§3 5mt1 mél 5mt2 m§2 5mt3 m§3 . (5 . 9)

For an efficient calculation of the three-body matrix elements it is advantageous to
evaluate as many as possible of these 18 sums analytically. Therefore, one can evaluate
the Kronecker deltas and exploit the condition m; + my, = M in the Clebsch-Gordan
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coefficients ¢ (,ﬁ J2 ’ J ) Thus, 12 sums can be eliminated:
1 m M

(nihjimime, nobjomymy,, n3ljsmsmy,|
!yl / / !yl ! / / ! gl ! / /
xVan|nj Rymimy, nybjamymy, ”3/313m3mt3>

C3N 5mf1 m’t1 5mt2 m;2 5mt3 m’t3

V(2h +1)(2h + 1)(25 + 1)(2 + 1)(20 + 1)(2/ + 1)

X

1672
x / ¢ 3 Rty (3) Rota () Ros () Rog 1 () R () R ()

/ 1 ; / 1 . | 1
% E C ( 1 2 J1 ) C ( 2 2 J2 ) C ( 3 2
mi—ms; Mms; my Mmy—ms, Ms, ma m3—mMms; Msy

J3
m3

Lo ) c (/{ A
0 00
Lo
R

;;), (5.10)

q>c(q%
0 00

/1 /2 L1 Ll l3
xc|, - C -
1—Ms; M2—Ms, MLI MLI m3—Msg

I 1 L Looh
XC , , M’ c M/ /_
my—Mms; My—Ms, Ly Ly M3~ Msy

where the following conditions must be fulfilled:

ML1 = m + my — ms, — M, ,

My, = my+my+m3—mg —ms —mg, 511
my + mb + my — mg, — mg, — mg, (5.11)

21 = m/l_'_mIZ_mSl_mSz :

Finally, these matrix elements have to be antisymmetrized explicitly.

In order to facilitate calculations in large model spaces, the radial integrals (see
Eq. (5.5)) as well as the angular integrals (5.7) are precomputed and stored. The
inclusion of the spin and isospin quantum numbers, the j-coupling and the antisym-
metrization are then done on the fly during the many-body calculation [19].

The calculation of these matrix elements is simple compared to more general three-
body forces. But a pure contact interaction is not of physical character and leads to
difficulties, e.g. in the framework of many-body perturbation theory [27]. Hence,
a regularization of the three-body interaction is inevitable. As we want to preserve
the simplicity of the matrix element calculation, momentum-space cut-offs are out of
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question. Instead, we introduce an energy cut-off parameter esy which is defined via
(2n1 + h) + (2n + h) 4+ (2n3 + ) < ey as an upper limit for the total oscillator
energy of the three-particle state [19]. This cut-off is implemented consistently for all
calculations.

5.2 Ground-State Energies and Charge Radii

For first investigations the regularized contact interaction is included in Hartree-Fock
calculations. We consider the same set of closed-shell nuclei as in Chapter 3 with the
same oscillator parameters. To obtain converged HF results it is sufficient to include 11
major oscillator shells. In the following, the parameters of the three-body interaction,
i.e. the strength G5y and the cut-off e3y, have to be determined. In addition, the flow
parameters of the different two-body interactions have to be adjusted. The strength
of the three-body interaction will be chosen such that the experimental charge radii
are reproduced while the flow parameter is used to adjust the ground-state energies as
the dependence of the charge radii on the flow parameter is weak.

We consider the same types of two-body interactions as in Chapter 3, i.e. the
UCOM(SRG) and the S-UCOM(SRG) interactions as well as the SRG and the S-SRG
interactions.

In Figure 5.1 the ground-state energies per nucleon (upper panel) and the charge
radii (lower panel) for the S-UCOM(SRG) interaction using the flow parameter a =
0.16 fm* and different three-body strengths Csy are shown. The systematics of the ex-
perimental ground-state energies is reproduced by all considered two- plus three-body
interactions except for an almost constant shift. The considered nuclei are under-
bound by about 2.5 to 3.5MeV per nucleon for the weakest three-body force up to
3.5 to 4.5MeV per nucleon for the strongest one, since the three-body interaction
is purely repulsive and, therefore, reduces the binding energies. As in case of pure
two-body interactions this discrepancy can be reduced by including the effect of long-
range correlations via many-body perturbation theory (cf. Sec. 5.4). The charge radii
also increase with increasing three-body strength which is again due to the repulsive
character of the three-body interaction pushing the nucleons apart. For the strongest
three-body interaction the experimental radii are almost perfectly reproduced. How-
ever, we will choose the intermediate value Gy = 2.2 GeV fm® as we have to keep in
mind that minor corrections to the charge radii emerge from many-body perturbation
theory although they are not calculated here. Furthermore, we have not transformed
the corresponding operator, which would also result in minor corrections.
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160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 5.1: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the SS-UCOM(SRG) interaction with o = 0.16 fm*, emax =
10, esy = 20, and different three-body strengths: () Can = 1.6GeVfm® (m) Gon =
2.2GeV fm®, (¢) Gsn = 2.8 GeV fm®. The bars indicate the experimental values [30,31].

The dependencies on the strength of the three-body interaction are similar for all
four two-body interactions. Therefore, they are not all shown here but can be found
in Appendix E. The optimal values for the strengths of the three-body interactions
supplementing the two-body interactions are: Czy = 1.6 GeV fm® for the UCOM(SRG)
interaction, Csy = 4.3 GeV fm® for the SRG interaction, and Gy = 2.0 GeV fm® for
the S-SRG interaction (cf. Tab. 5.1). The three-body strengths for the UCOM(SRG),
S-UCOM(SRG) and S-SRG interactions are in the same range while the three-body
force supplementing the SRG interaction has to be significantly stronger in order to
compensate the strong overbinding and the significantly smaller charge radii observed
in Section 3.2 (Fig. 3.3).

Next, we investigate the dependence of the two- plus three-body interactions on
the flow parameter. Figures 5.2 and 5.3 show the ground-state energies per nucleon
and the charge radii for the UCOM(SRG) interaction with Cay = 1.6 GeVfm® and
the S-UCOM(SRG) interaction with Cay = 2.2 GeVfm®, for different values of the
flow parameter. In both cases, the ground-state energies decrease with increasing flow
parameter. The step from the smallest flow parameter a = 0.04 fm* to o = 0.12fm* is
connected with a substantial gain of binding energy while going further to & = 0.16 fm*
leads only to slightly stronger bound nuclei. In contrast, the charge radii are almost
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Figure 5.2: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the UCOM(SRG) interaction with enax = 10, Gy =
1.6 GeV fm®, e3y = 20, and different flow parameters: (+) o = 0.04fm*, (w) o = 0.12fm*,

() @ = 0.16fm*. The bars indicate the experimental values [30, 31].
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Figure 5.3: Same as in Figure 5.2 for the S-UCOM(SRG) interaction with ena.x = 10,
Can = 2.2GeV fm®, ezy = 20, and (+) a = 0.04fm*, (m) a = 0.12fm*, (¢) o = 0.16 fm*.
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Figure 5.4: Same as in Figure 5.2 for the SRG interaction with emax = 10, Cay = 4.3 GeV fm®,
esn = 20, and (+) @ = 0.03fm*, (m) a = 0.06 fm*, (¢) o = 0.10fm*.
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Figure 5.5: Same as in Figure 5.2 for the S-SRG interaction with en.x = 10, Gy =
2.0GeV fm®, e3y =20, and (+) @ = 0.03fm*, () o = 0.06 fm*, (¢) a = 0.10fm*,
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« Gan
[fm*] | [ GeV fm®]
UCOM(SRG) 0.16 1.6
S-UCOM(SRG) | 0.16 2.2
SRG 0.10 4.3
S-SRG 0.10 2.0

Table 5.1: Optimal parameter sets for the different two- plus three-body interactions.

independent of the flow parameter considering the UCOM(SRG) interaction. In case of
the S-UCOM(SRG) interaction the charge radii slightly decrease with increasing flow
parameter.

The energies and radii calculated with the SRG interaction with Gan = 4.3 GeV fm°
(Fig. 5.4) and the S-SRG interaction with Gy = 2.0 GeV fm® (Fig. 5.5) show a similar
behavior. Increasing the flow parameter leads to a significant lowering of the ground-
state energies and a slight decrease of the charge radii.

For the following calculations we will use the largest flow parameters, i.e. a =
0.16 fm* for the UCOM(SRG) and the S-UCOM(SRG) interactions and a = 0.10 fm*
for the SRG and the S-SRG interactions. The complete optimal parameter sets are
listed in Table 5.1.

Finally, in Figure 5.6 are compared the four combinations of two- plus three-body
interactions that will be employed in the following. The charge radii of all four in-
teractions are almost identical and reproduce nicely the experimental data while the
ground-state energies show some small differences. The remaining difference to the
experimental ground-state energies will be covered by including the second-order per-
turbative corrections (Sec. 5.4).

5.3 Single-Particle Spectra

In this section, single-particle spectra resulting from the HF calculations are investi-
gated. We compare the four two- plus three-body interactions discussed in the previous
section using the parameters listed in Table 5.1. The harmonic-oscillator basis is again
truncated at ena.x = 10 and the three-body cut-off is set to esy = 20.

Figure 5.7 shows the corrected single-particle energies of “°Ca for the four interac-
tions compared to data extracted from experiment. For the UCOM(SRG) interaction
the order of the 1s;/> and the Op;/, levels is interchanged but all other level orderings

91



Chapter 5 - Three-Body Contact Interaction

> 4T T
(D]
=
< °fr ]
~
Ly

ren [ fm]
N W -~ o1
T
1

4He 240 40Ca 48Ni 60Ni 885r 1005n 1325n 208Pb
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 5.6: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for different two- plus three-body interactions with enax =
10, esy = 20: (+) UCOM(SRG), o = 0.16fm* Gy = 1.6 GeV fm®; (m) S-UCOM(SRG),
o =0.16fm* Gy = 2.2GeV fm®; (¢) SRG, o = 0.10fm*, Gy = 4.3 GeV fm®; (4) S-SRG,
o = 0.10fm* Cgy = 2.0 GeV fm®. The bars indicate the experimental values [30,31].

are nicely reproduced. Furthermore, the level spacings are in reasonable agreement
with experiment. There are only minor differences between the spectra calculated with
the four different interactions, especially the overestimated level spacings observed for
the two-body SRG interaction (cf. Sec. 3.3) are compensated by the inclusion of the
appropriate three-body contact interaction.

The single-particle spectra of ®°Zr (Fig. 5.8) are in reasonable agreement with
experiment as well. But for the UCOM(SRG) interaction one observes a collapse of level
spacings at several points. Furthermore, considering the single-particle spectra of ®°Ni
(Fig. 5.9) reveals, in addition to collapsed level spacings, that for all four interactions
the order of occupied and unoccupied states with respect to the HF ground-state is
interchanged at least once. At this point one has to be extremely careful when applying
many-body perturbation theory to these nuclei. In the formula for the second-order
energy correction the difference of single-particle energies enters in the denominator
(Eq. (3.34)). The interchange of occupied and unoccupied levels might lead to a
sign change of the term while collapsed level spacings might yield divergent terms.
Both effects invalidate the perturbative energy corrections. For most of the heavier
nuclei the corresponding single-particle spectra exhibit at least one of the effects, i.e.
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Figure 5.7: Single-particle spectra of 4°Ca for the different two- plus three-body interac-
tions with emnax = 10, esy = 20: (1) UCOM(SRG), a = 0.16fm*, Gy = 1.6 GeV fm®;
(2) S-UCOM(SRG), a = 0.16fm* Gy = 2.2GeVfm®; (3) SRG, a = 0.10fm* Gy =
4.3GeVfm®; (4) S-SRG, a@ = 0.10fm* Gy = 2.0GeVfm®; compared to experimental
data [32]. Solid and dashed lines indicate occupied and unoccupied states of the HF so-
lutions, respectively.
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Figure 5.8: Single-particle spectra of %°Zr for the same interactions used in Figure 5.7.
Experimental data taken from Refs. [33,34].
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Figure 5.9: Single-particle spectra of ®*Ni for the same interactions used in Figure 5.7.

a collapse of level spacings and/or the interchange of occupied and unoccupied levels.
A procedure to deal with divergent terms in the second-order energy correction in
MBPT discussed in Section 3.5 will be used in the following.

5.4  Perturbative Energy Corrections

After the study of different observables on the Hartree-Fock level we will now investi-
gate the impact of long-range correlations by applying many-body perturbation theory
on top of the HF results. As a reminder, the second-order energy correction for two-
plus three-body interactions (Eq. (3.34)) is repeated:

< 2
EF _ _
cep sep [CHTHEY o)+ 32 (hi'R] Vi [pp'h )

h

B - 3%

hh'  pp/ Eh e = Ep — Epf (5.12)

1 <erF >e€F ‘ <hh/h//’ V3N ’pp'p”> |2
+% Z Z Enh + € + Epr —E&p —Ep — Ep .

hh/h// pp/p//

The inclusion of a three-body interaction entails two additional terms compared to the
expression for a pure two-body interaction [19]. The matrix elements of the two-body
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Figure 5.10: Contributions to the ground-state energy resulting from HF plus MBPT
based on the S-UCOM(SRG) interaction for @ = 0.16fm* Cay = 2.2GeV fm®, ena =
10 in dependence of the cut-off parameter e3n: (o) HF, (m) HF+MBPT(2b), ()
HF+MBPT(2b+3bpphh), (Ao) HF+MBPT(2b+3b).
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Figure 5.11: Same as in Figure 5.10 for the S-SRG interaction with o = 0.10fm*, Gy =
2.0 GeV fm®, emay = 10.

Hamiltonian involving 2p2h excitations are supplemented by an expression that results
from a contraction of the third particle index in the three-body matrix elements. The
second additional term results from 3p3h excitations involving the pure three-body
interaction.

In order to disentangle the effects of these different contributions we introduce
three variants of MBPT in the following. The contribution of the two-body Hamilto-
nian, labeled MBPT(2b), provides the starting point. In the next step, the expression
emerging from 2p2h excitations of the three-body interaction is added, i.e. the com-
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Figure 5.12: Same as in Figure 5.10 for the SRG interaction with a = 0.10fm* Gy =
4.3 GeV fm®, emax = 10. Note the different energy scale.

plete first term, labeled MBPT(2b-+3bpphh). Finally, MBPT(2b+3b) indicates the full
expression (5.12). Thus, the difference between MBPT(2b) and MBPT(2b+3bpphh)
indicates the amount of energy correction emerging from the three-body interaction
involving 2p2h excitations, while the step from MBPT(2b+3bpphh) to MBPT(2b+3b)
contains the energy gain due to the 3p3h excitations generated by the three-body in-
teraction. Obviously, the difference between MBPT(2b) and MBPT(2b+-3b) reveals
the overall influence of the three-body interaction.

The different energy contributions are considered exemplarily for the three nuclei
“He, 1°0 and *°Ca as a function of the three-body cut-off e3y. The ground-state
energies resulting from HF, MBPT(2b), MBPT(2b+3bpphh) and MBPT(2b+3b) are
shown in Figure 5.10 for the S-UCOM(SRG) interaction with o = 0.16 fm* and Gy =
2.2MeVfm®, and in Figure 5.11 for the S-SRG interaction with @ = 0.10 fm* and
Csn = 2.0 MeV fm®. The results are very similar for both interactions. Above ey = 10
the HF energies are independent of the cut-off, which confirms that the choice of
esn = 20 for the previous calculations is justified.

The inclusion of the energy correction emerging from the two-body Hamiltonian
(MBPT(2b)) results in a lowering of the ground-state energies of about 1 MeV per
nucleon for “He and about 2.5MeV for O and “°Ca. This correction has to be
almost constant with respect to the cut-off parameter as the two-body Hamiltonian
is independent of the cut-off, this term is affected only indirectly via high-lying HF
single-particle states. As seen in Figures 5.10 and 5.11 the HF+MBPT(2b) energies
essentially depend on esy via the HF energy, confirming the above consideration.

The energy corrections involving the three-body interaction directly depend on the
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cut-off parameter, because the sums over particle states above the Fermi energy probe
the high-lying matrix elements. Compared to MBPT(2b), MBPT(2b+3bpphh) can
change the ground-state energy in either direction. In contrast, including also the term
containing 3p3h excitations, i.e. MBPT(2b+3b) compared to MBPT(2b+3bpphh),
one always arrives at a lowering of the energy as can be seen in Equation (5.12).

For all three nuclei, the step from MBPT(2b) to MBPT(2b+3b) results in a slight
increase of the ground-state energies for the smallest values of the cut-off parameter
for both the S-UCOM(SRG) and the S-SRG interaction. Considering *He, increasing
the cut-off leads to a significant gain of binding energy of about 2MeV for the S-
UCOM(SRG) interaction and about 1.5MeV for the S-SRG interaction, where the
main contribution results from the matrix elements involving 3p3h excitations. In
contrast, comparing MBPT(2b+3b) to MBPT(2b) for °O and °Ca reveals that the
ground-state energy is slightly increased for small values of the cut-off, but remains
almost unchanged for larger values. These calculations were done in a model space
with enax = 10. If the cut-off is further increased beyond e3n > 3emax = 30 all energies
will become independent of this cut-off.

Figures 5.10 and 5.11 already indicate the systematics of the MBPT(2b+3b) cor-
rections: For most nuclei the contribution emerging from the three-body interaction
compared to the full energy correction is small particularly when compared to other
uncertainties, e.g. the convergence with respect to the model space (cf. Figs. 5.16 and
5.17). Therefore, and due to the fact that the calculation of the full MBPT(2b+3b) is
currently not feasible for heavy nuclei, we will consider only MBPT(2b) using esy = 20
for the following calculations. This restriction allows us to estimate the perturbative
corrections up to 2°8Pb. However, one has to keep in mind that the full second-order
correction MBPT(2b+3b) leads to significant lowering of the ground-state energy com-
pared to MBPT(2b) for very light nuclei, i.e. *“He, which improves the agreement with
experiment (cf. Figs. 5.16 and 5.17).

For the UCOM(SRG) interaction we obtain similar results, therefore, they are not
shown here. For the SRG interaction, however, the picture is somewhat different,
which is demonstrated in Figure 5.12. Including the second-order energy corrections
emerging from the three-body interaction (MBPT(2b+3b)) leads to a substantial en-
ergy gain for larger values of the cut-off e3y compared to MBPT(2b) for all nuclei.
For *He this results in an overbinding. But also for the other nuclei the influence of
the three-body interaction on the second-order energy corrections is not negligible.
Nonetheless, we will only consider MBPT(2b) as the calculation of MBPT(2b+3b) is
not feasible for heavier nuclei, where we have to keep in mind the observed importance
of MBPT(2b+3b).
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Figure 5.13: Ground-state energies per nucleon based on the S-UCOM(SRG) interaction
for & = 0.16fm*, emax = 10, e3y = 20, and different three-body strengths: (+,0) Can =
1.6 GeV fm®, (m,0) Cay = 2.2GeV fm®, (¢,0) Gy = 2.8 GeV fm®. Filled symbols indicate the
HF energies, open symbols include the MBPT corrections. The bars indicate the experimental
values [30].

The dependence of the MBPT(2b) energy corrections on the strength of the three-
body interaction, the flow parameter and the model space size will be discussed in the
following. Figure 5.13 shows the dependence of the perturbative energy corrections
on the strength of the three-body interaction for the S-UCOM(SRG) interaction with
a = 0.16 fm*. The inclusion of long-range correlations via MBPT leads to a substantial
lowering of the ground-state energies across the whole nuclear chart. The energy gain
per nucleon with increasing three-body strength is almost constant for all considered
nuclei. For the heaviest nuclei the energy gain is slightly smaller, which can be explained
by the model space size being not sufficiently large to obtain fully converged results.
Furthermore, the perturbative correction for *He is small compared to the neighboring
nuclei. But for this nucleus it was shown that the perturbative corrections emerging
from the three-body interaction have a significant effect and their inclusion would yield
a further lowering of the ground-state energy. Enhancing the repulsion of the three-
body interaction leads to an increase of the HF ground-state energies as well as the
HF+MBPT(2b) energies. The amount of energy gain is constant for the different
three-body strengths. As they reveal no further insight, the corresponding figures for
the UCOM(SRG), SRG and S-SRG interactions are only shown in Appendix E.

In order to emphasize the differences in the dependencies on the flow parameter,
the corresponding results are shown for all four interactions in Figures 5.14 and 5.15. In
all cases the MBPT(2b) ground-state energies per nucleon are lowered with increasing
flow parameter and differ by about 0.5 to 1 MeV from experiment in case of the larger
value. Thus, choosing the larger flow parameters, i.e. a = 0.16 fm* for UCOM(SRG)
and S-UCOM(SRG) as well as o = 0.10fm* for SRG and S-SRG (cf. Tab. 5.1),
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Figure 5.14: Ground-state energies per nucleon based on the UCOM(SRG) interaction
with Cay = 1.6GeVfm® (upper panel) and the S-UCOM(SRG) interaction with Cay =
2.2GeV fm® (lower panel) for enax = 10, esy = 20, and different flow parameters: (m,0)
a = 0.12fm* (¢,0) a = 0.16fm*. Filled symbols indicate the HF energies, open symbols
include the MBPT corrections. The bars indicate the experimental values [30].
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4He 240 40Ca 48'\“ 60Ni 885r IOOSn 132Sn 208Pb
160 34Si 48(:a 56Ni 78Ni QOZr 114Sn 146Gd

Figure 5.15: Same as in Figure 5.14 for the SRG with Cay = 4.3 GeV fm® (upper panel) and
the S-SRG interaction with Gy = 2.0 GeV fm® (lower panel) with epax = 10, e3y = 20, and
(w,0) a =0.06fm*, (¢,0) a =0.10fm*.
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160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd
Figure 5.16: Ground-state energies per nucleon based on the UCOM(SRG) interaction
with Gay = 1.6GeV fm® (upper panel) and the S-UCOM(SRG) interaction with Gay =
2.2GeV fm® (lower panel) for o = 0.16fm* esy = 20 and different basis sizes: (+,0)
emax = 10; (m,0) emax = 12, Inax = 10; (®,0) emax = 14, lhax = 10. Filled symbols
indicate the HF energies, open symbols include the MBPT corrections. The bars indicate
the experimental values [30].
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4He 240 40Ca 48Ni 60Ni 885r IOOSn 1325n 208Pb
160 34Si 48Ca 56Ni 78Ni QOZr 1145n 146Gd

Figure 5.17: Same as in Figure 5.16 for the SRG interaction with Cay = 4.3 GeV fm® (upper
panel) and the S-SRG interaction with Czy = 2.0 GeV fm® (lower panel) with o = 0.10 fm*,
esn =20 and (+,0) emax = 10; (5,0) €max = 12, hnax = 10; (#.°) emax = 14, nax = 10.
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for further investigations seems appropriate. As already observed on the basis of pure
two-body interactions the perturbative energy corrections decrease with increasing flow
parameter. In contrast to the results obtained with the pure two-body interactions,
the respective three-body interaction compensates for the overbinding observed for the
larger values of the flow parameter (cf. Sec. 3.5, especially Figures 3.9 and 3.10).

Finally, the convergence of the MBPT(2b) energies is examined by increasing the
model space size in Figures 5.16 and 5.17. For the UCOM(SRG), the S-UCOM(SRG)
and the S-SRG interactions with the appropriate three-body interactions the MBPT
energies are not yet converged, even for the largest basis size. But as the considered
nuclei are still slightly underbound an extrapolation to infinite basis sizes would result
in a reasonable agreement with the experimental ground-state energies. However, one
has to keep in mind that the second-order perturbative energy corrections only serve
as an estimate as already discussed in Section 3.5. The picture is somewhat different
for the SRG interaction where the MBPT(2b) energies are converged, but still exhibit
a significant difference to experiment, especially for the light and intermediate nuclei.
But for this interaction we have demonstrated in Figure 5.12 that the influence of
the energy corrections emerging from the three-body interaction is significantly larger.
Therefore, including these terms would improve the agreement with the experimental
ground-state energies.
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Chapter 6

Few-Body Calculations

In the previous chapters we have used the Hartree-Fock method and many-body per-
turbation theory, which both aim at an approximate solution of the nuclear many-body
problem. We will now focus on an exact solution in the famework of the No-Core Shell

Model (NCSM). We will briefly introduce the NCSM in Section 6.1 and calculate the
“He ground-state energy in Section 6.2.

6.1 The No-Core Shell Model

The No-Core Shell Model [12,43] aims at an exact numerical solution of the nuclear
eigenvalue problem
H|wn> = En““n) ' (61)

where we again use the Hamiltonian
H = Tine + Vv + Van (6.2)

consisting of the intrinsic kinetic energy T, the two-nucleon interaction Vyy, and the
three-nucleon interaction V3y. The eigenvalue problem is solved by diagonalizing the
Hamilton matrix. Therefore, we have to choose a many-body basis, which is given by
Slater determinants |®,) built of single-particle harmonic-oscillator eigenstates. The
eigenstates of the Hamiltonian are expanded in these Slater determinants:

W) =D Clo,) . (6.3)
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As the number of Slater determinants is infinite one has to truncate the many-body
basis to obtain a tractable eigenvalue problem in a finite model space. This is achieved
by restricting the maximum number of harmonic-oscillator excitation quanta N.yx
with respect to the configuration with the lowest possible energy. The specific choice
of the basis and the corresponding truncation guarantee that the eigenstates of the
Hamiltonian are free of spurious center-of-mass contaminations. Furthermore, the
NCSM follows the variational principle, i.e. the energies converge monotonically from
above towards the exact value.

The NCSM is a powerful tool to investigate the properties of the applied interactions
regarding convergence behavior as well as the agreement of calculated observables with
experimental data. However, the model space sizes required to obtain converged results
increase factorially with the number of nucleons, which restricts the applicability to light
nuclei.

6.2 “*He Ground-State Energy

We use the No-Core Shell Model to calculate the ground-state energy of “He. The
oscillator frequency defining the single-particle harmonic-oscillator basis is set to {2 =
28 MeV.

In Figure 6.1 we display the *He ground-state energy calculated on the basis of the
S-UCOM(SRG) interaction with « = 0.16 fm* as function of the model space size Npax
for different values of the three-body strength Czy. In these calculations the three-body
cut-off ey is larger than the model space size Ny, i.€. the results are independent of
the three-body cut-off. As expected the energies slightly increase with increasing three-
body strength. For the calculations including the three-body interaction the largest
model space is not sufficient to obtain fully converged results. For comparison the
energies obtained with the pure two-body interaction using the same flow parameter
are shown, which can be performed in larger model spaces and which show a similar
convergence behavior. Thus, the convergence behavior of the energies obtained with
the three-body interaction can be deduced from the results obtained with the pure
two-body interaction. Moreover, an extrapolation towards infinite model spaces based
on the values obtained in the largest three model spaces (N« = 6,8, 10) is carried
out, the resulting values are indicated by horizontal lines. Even the weakest three-body
interaction leads to underbinding of 1.1 MeV. In the framework of the Hartree-Fock
approximation (cf. Sec. 5.2, Tab. 5.1) we have seen, that the charge radii are best
reproduced using Csny = 2.2 GeV fm®. But the difference between the respective “He
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Figure 6.1: Ground-state energy of *He as function of the model space size based on the S-
UCOM(SRG) interaction with o = 0.16 fm*, en.x = 12, and different three-body strengths:
(m) Gan = 2.0GeV fm®, (¢) Gay = 2.2GeV fm®, (A) Gy = 2.4GeV fm®. The horizontal
lines indicate the corresponding energies obtained by extrapolating Nyax — oo. For compar-
ison the results obtained with the pure two-body interaction («) as well as the experimental
value [30] (

) are shown.

ground-state energies is only 120 keV. Adding the second-order perturbative energy
correction resulting from the full two- plus three-body interaction to the HF ground-
state energy, one arrives at an overbinding of 1.1 MeV. Thus, the difference to the
experimental “He ground-state energy is the same in the framework of the NCSM and
HF plus MBPT, but the NCSM leads to an underbinding while HF plus MBPT yields
an overbinding of “He.

Figure 6.2 shows the corresponding results obtained with the S-SRG interaction
using & = 0.10fm*. The energies show a similar behavior as observed for the S-
UCOM(SRG) interaction except that they show a slightly faster convergence resulting
in a larger deviation from the experimental value of 1.9 MeV for the weakest three-
body interaction. In this case, the values obtained in the three largest model spaces
do not exhibit an exponential convergence behavior. Therefore, the extrapolation
was performed using four energies (Nmax = 4, 6,8,10). The *He ground-state energy
obtained from HF plus MBPT differs only slightly from the experimental energy, i.e.
including the full two- plus three-body second-order energy correction leads to an
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Figure 6.2: Same as in Figure 6.1 for the S-SRG interaction with & = 0.10fm*, emax =
12, and (m) Gy = 2.0GeVfm®, (¢) Gy = 2.2GeVfm®, (4) Gy = 2.4GeVfm®. For
) experiment [30].

comparison: () pure two-body interaction, (

overbinding of 130 keV.

For a consistent study one would also have to investigate the dependencies of the
“He ground-state energy on the flow parameter o and the oscillator frequency Q, where
the dependence on the oscillator frequency is expected to be weak [10].

In summary, the *“He ground-state energies obtained with the three-body contact
interaction differ from the experimental value by 1 to 2MeV, which is a promising
result but still leaves room for improvement. In principle, it is possible to choose the
parameters such that the experimental *He ground-state energy is reproduced, but
obviously this would also change the results for the charge radii on the basis of the HF
approximation.
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Collective Excitations

In the previous chapters we have studied ground-state properties of nuclei across the
whole nuclear chart. In this chapter we will focus on excited states, particularly collec-
tive excitations. On the one hand the investigation of collective excitations provides
valuable information about the underlying interaction. On the other hand, a detailed
knowledge especially of giant resonances provides information on properties of nuclear
matter and is important for various applications, e.g. in nuclear astrophysics for the
understanding of supernovae. A suitable method for the investigation of collective
excitation modes is the Random Phase Approximation (RPA) based self-consistently
on a Hartree-Fock calculation. The general RPA equations are derived in Appendix C.
In the following we will outline the RPA on the basis of unitarily transformed two-body
interactions in Section 7.1, where the three-body contact interaction is replaced by a
density-dependent two-body interaction. After introducing multipole transition oper-
ators in Section 7.2, we will discuss the energy-weighted sum rules in Section 7.3 to
ensure the proper implementation of the RPA. Finally, the response functions obtained
for three different excitation modes will be investigated in detail in Section 7.4.

7.1 Random Phase Approximation

The Random Phase Approximation is based on Hartree-Fock single-particle states.
Therefore, as in the HF method, we would prefer to use the intrinsic Hamiltonian H;,;
containing the intrinsic kinetic energy Tt = T — T, the unitarily transformed two-
body interaction Vy as well as the phenomenological three-body interaction V3y. The
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inclusion of the full three-body interaction in RPA calculations is, however, very time-
extensive. Fortunately, for Hartree-Fock calculations of even-even nuclei the three-
body contact interaction (without regularization) is equivalent to a density-dependent
two-body interaction [44, 45]

C ri+r
Vinldl = 2 (14 P2) o M) 69 - ) (7)
with the spin-exchange operator P,. This equivalence holds also for RPA [46]. The
Hamiltonian thus reads

Hine = Tint + Vin + V(o] - (7.2)

Note, that for the HF calculations providing the basis for RPA the density-dependent
two-body interaction is employed instead of the three-body contact interaction for
consistency. The only difference is that in this way the three-body interaction enters
without the cut-off e3y in the HF method. In the following we will refer to the three-
body interaction although it is technically included as density-dependent two-body
interaction.

As already in the previous chapters, we will restrict our studies to spherically sym-
metric nuclei so that the single-particle angular momenta can be coupled to good total
angular momentum J indicating the multipolarity of the respective collective state.
The excited states are generated by the operators QZ’JM (cf. Eq. (C.2)):

QY Vo) = W), Quum|Vo) =0 (7.3)

with the RPA ground-state |W,) = |RPA). The excitation operators are formulated in
the coupled representation [47, 48]

v T _ v _
Q=D _(XUMALM — (1) MY RIMALMY (7.4)

ph

where the summation includes all particle-hole (ph) excitations of the HF ground-state,
and

T o Ji jh— m,
A =3 (kb ) (CP ™l am, (7.5)

mpmy

represents the ph-creation operator built of the single-particle creation and annihilation

operators aT.m and ajn, respectively. The RPA equations are written as

J
AJ BJ XV,JM 1 0 XV,JM
T RO e B
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with the amplitudes X;’HJM and Yp’L’JM, and the RPA eigenvalues hw,. For the derivation
of this eigenvalue problem one has to exploit the quasi-boson approximation, and the
RPA ground-state is approximated by the HF ground-state (cf. Appendix C). Thus,
the matrices A’ and B’ are obtained from

Aore = (HF[[[ARY, Hi] A [HF ) -
77
B = — (HF| [[A, Hiod] (1) MALM] [HF)

7.2 Multipole Transitions

In the following, we will investigate the impact of the three-body contact interaction
on electric multipole transitions. The reduced transition probability

BT(EJ, Jo — J) = Bj (w,) = [(v1Q]]0)/* (7.8)

2Jo+1

describes the response on these excitation modes [14,48]. The reduced matrix element
(v]QT]0) connects the initial state |0), which is the ground-state in our case, with
the final state |v) via the multipole transition operator QJ. In the following we will
consider isoscalar monopole (ISM) excitations for which the transition operator is given
by

A
Qoo = ZX,'2 Yoo(Ji, i) (7.9)

i=1

isovector dipole (IVD) excitations with the transition operator

A
Qly=ed % Yim(¥; ¢1) . (7.10)
i=1

as well as the isoscalar quadrupole (ISQ) excitation operator

A
= GZX,-Q Yom (¥, i) (7.11)

i=1

with the elementary charge e, the third component of the isospin 73 and the spherical
harmonics Yy (¥, ¢). As unitarily transformed NN potentials enter in the Hamiltonian,
the transition operators should be transformed consistently. However, for the UCOM
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Figure 7.1: Cumulative energy-weighted sum of the isoscalar monopole transition strengths
for 0Ca as function of the excitation energy based on calculations including the density-
dependent two-body interaction compared to the classical sum rule (dotted lines).

transformation it was shown that the difference between the response functions calcu-
lated with transformed and initial operators is marginal [14]. It is expected that the
effect of the SRG transformation is small as well. Therefore, we will work with the
bare transition operators (7.9) to (7.11) for the following studies.

7.3 Sum Rules

The transition operators introduced in the previous section satisfy sum rules, which
provide a useful test of the RPA. For electromagnetic transitions the energy-weighted
sum rule [49]
1
SZZhw,,HV}Q]O)F:§<0][Q,[H,Q]]}O> (7.12)
v>0

is of special interest. We will only consider electric multipole transitions for which the
energy-weighted sum rule is given by [14,24]

ST(E)) =) hw,B](w,) . (7.13)

This energy-weighted sum of transition strengths can be compared to the classical
sum rules, which are derived by evaluating the double commutator in Equation (7.12)
under the assumption of a local interaction without any exchange terms. In this case
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UCOM(SRG) | S-UCOM(SRG) SRG S-SRG

@ () | @ () | @ ()| @ (b
a [fm?] 0.04 016 | 004 016 | 0.03 0.10 | 0.03 0.10
Gan [GeVm®] | - 1.6 - 2.2 - 4.3 - 2.0

ISM 160 98.7 90.4 | 98.3 92.2 99.8 947 | 98.8 94.6
*0Ca 97.7 905 | 98.4 93.7 |100.8 951 | 99.1 95.8
07y 99.0 92.8 | 995 954 | 1178 959 |100.1 97.0
208php || 101.7 95.7 | 100.6 97.4 |158.8 97.1 | 1009 98.4
IVD 160 180.1 193.2 | 1754 179.8 | 173.4 160.9 | 1729 174.7
“0Ca 194.1 209.0 | 183.9 1885 | 187.9 168.3 | 180.9 182.4
07r 205.6 2189|1923 195.1 |207.7 173.4|188.9 188.4
208pp | 211.8 223.8|195.4 198.4 | 2357 176.9|191.8 191.3
1ISQ 160 103.0 104.3 | 101.0 100.2 | 102.2 100.3 | 101.3 100.7
“0Ca 102.2 102.9 | 100.8 100.0 | 102.8 100.1 | 101.1 100.6
07y 102.1 102.0 | 100.9 100.0 | 110.1 100.0 | 101.2 100.5
208php |1 101.1  99.9 | 99.6 985 | 1276 984 | 99.7 98.9

Table 7.1: Exhaustion of the energy-weighted sum rules, i.e. ST(EJ)/SI. (EJ) in percent
for (a) the pure two-body interaction, (b) including the three-body interaction.

only the kinetic energy contributes to the commutator and we obtain for isoscalar
monopole excitations

2n%e?,

SI=0(E0) = (N(r2) + Z(r2)) (7.14)

class

m

with the neutron and proton root-mean-square radii r,/,. Considering the isovector
dipole excitation operator one arrives at the Thomas-Reiche-Kuhn sum rule:

h?e?> 9 NZ
T (El)= ——— . 7.1
5class( ) om 41 A ( 5)

Finally, the classical sum rule for isoscalar quadrupole excitations is given by

DI ey 1 2(2) | (7.16)

T=0 E2) =
5class ( ) 47m

The UCOM and SRG transformed interactions are not purely local but contain non-
local contributions as well as exchange terms. This will lead to an enhancement of
the energy-weighted sum rules. Hence, the overestimation of the classical sum rules
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is a measure for the non-locality of the applied interaction. Especially the model-
independent Thomas-Reiche-Kuhn sum rule is expected to be exceeded by 40 — 80%.
On the other hand a significant underestimation of the classical sum rules hints at
instabilities in the RPA, e.g. incomplete convergence with respect to the model space
size or unstable ground-state.

A typical example for the cumulative energy-weighted sum of the transition strengths
is shown in Figure 7.1 for the isoscalar monopole response of “°Ca calculated with the
four different two-body interactions including the three-body interaction and compared
to the classical sum rule. For all four interactions the sums converge to their final values
above 50 MeV but underestimate the classical sum rules by up to 10%.

The exhaustion of the sum rules is listed in Table 7.1 using all four interactions
for the three excitation modes in 10, *°Ca, %°Zr and ?°®Pb. The values obtained
with the pure two-body interactions (columns (a)) are compared to those obtained
after including the three-body interaction (columns (b)). For the isoscalar monopole
excitation the deviation from the classical sum rule does not exceed 2.3% for the
pure two-body UCOM(SRG), S-UCOM(SRG) and S-SRG interactions. For the SRG
interaction, however, the sum rule is significantly overestimated for the heavy isotopes.
For illustration, the cumulative energy-weighted sum of the transition strengths is
shown in Figure 7.2 comparing the four pure two-body interactions for 2%Pb. For
the UCOM(SRG), the S-UCOM(SRG) and the S-SRG interactions the sums converge
above 50 MeV to their final values, which are in nice agreement with the classical sum
rule. For the SRG interaction, however, the cumulative energy-weighted sum increases
far beyond the classical sum rule.

When including the three-body interaction the deviation of the classical monopole
sum rule reaches up to 10%, but on the other hand, the strong overestimation by the
SRG interaction is suppressed. Since density-dependent interactions do not affect the
sum rules [46], this effect is due to the variation of the flow parameter. Increasing
the flow parameter on the one hand generates nonlocal contributions to the respec-
tive interaction, on the other hand the HF single-particle spectra, which provide the
starting point for RPA, obtained with the pure two-body interactions are spread wider,
i.e. discrepancies to experimental data are increased. These effects lead to a larger
deviation of the classical sum rule for the UCOM(SRG), S-UCOM(SRG), and S-SRG
interactions and for the light nuclei calculated with the SRG interaction. For the heavy
nuclei calculated with the SRG interaction the HF calculations yield a strong overbind-
ing of up to 20 MeV per nucleon for o = 0.10 fm*. Therefore, one cannot expect to
obtain a stable ground-state suitable for the application in RPA. The corresponding
values for the ISM sum rule reveal this unphysical behavior [50].
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Figure 7.2: Cumulative energy-weighted sum of the isoscalar monopole transition strengths
for 2%8Pb as function of the excitation energy based on the pure two-body interactions
compared to the classical sum rule (dotted lines). Note the different energy scales.

For the isovector dipole excitations one observes an enhancement of the Thomas-
Reiche-Kuhn sum rule of at least 60% reaching up to more than 100%. As mentioned
above, an enhancement of the isovector dipole sum rule in this magnitude is expected
due to the non-localities of the applied interactions.

Finally, the deviations of the classical isoscalar quadrupole sum rule are small for
the pure two-body interactions as well as for the interactions including the three-
body interaction. The monopole and dipole resonances are excitation modes involving
essential all nucleons, while the giant quadrupole resonance is a vibration of the surface
of the nucleus. Therefore, one expects the dependence on the flow parameter to be
weaker, which is confirmed by the sum rules listed in Table 7.1. The only exceptions
are, like for the monopole excitations, the heavy isotopes calculated with the pure
two-body SRG interaction, which can be explained with the same arguments.

In summary, the cumulative energy-weighted sums of the transition strengths are
mainly in reasonable agreement with the classical sum rules for the monopole and
quadrupole excitations and reproduce the expected enhancement for the dipole reso-

nances.
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Figure 7.3: lIsoscalar monopole response based on the S-UCOM(SRG) interaction with
a = 0.16fm*, emax = 10 for different three-body strengths: ( ) Gan = 1.6 GeV fm®,
(———=) Gn =2.2GeVfm®, (------- ) Csn = 2.8 GeV fm®. Centroid energies extracted from
experiment [51-53] are indicated by arrows.

7.4 Giant Resonances

After the study of sum rules, we will now investigate the corresponding response func-
tions. For ease of presentation, the calculated discrete strength distributions are con-
volved with a Lorentzian function yielding continuous strength functions in dependence
of the excitation energy [14]:

RFE) = 3 B] ) P (717)

where the width ' of the Lorentzian distribution is set arbitrarily to 2MeV. The
Lorentzian function is chosen such that the energy-weighted sum rule is equal for the
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Figure 7.4: Same as in Figure 7.3 for the S-SRG interaction with o = 0.10 fm*, emax = 10,
and ( ) Can = 1.5GeV fm®, (— — —) Gan = 2.0 GeV fm®, (------- ) Can = 2.5 GeV fm®.
discrete distribution and the continuous strength function:
S; =) EBJ(w)= /dE ERJ(E). (7.18)

7.4.1 Isoscalar Giant Monopole Resonance

First, we study the isoscalar giant monopole resonance, which is understood as a spher-
ically symmetric compressional oscillation of the nucleus. As this mode is isoscalar
protons and neutrons move in phase. This excitation mode is also known as breathing
mode and is an important element in the investigation of various astrophysical sce-
narios, such as supernovae and neutron stars, as it is related to the compressibility of

nuclear matter.
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Figure 7.5: Isoscalar monopole response based on the S-UCOM(SRG) interaction with C3y =
2.2GeV fm®, enax = 10 for different flow parameters: ( ) a=0.04fm* (——=) a=
0.12fm*, (------- ) a = 0.16fm*. Centroid energies extracted from experiment [51-53] are

indicated by arrows.

In the following the four nuclei %0, *°Ca, °°Zr, and 2%Pb with the oscillator
parameters listed in Table 3.2 are considered. The optimal parameter set for each of
the four two- plus three-body interactions was determined in Chapter 5. The strength
parameters C3y were chosen on the basis of the three-body contact interaction. As this
interaction is approximately equivalent to the density-dependent two-body interaction
applied in the RPA, we will use the same values for C3y. Nonetheless, we want to
investigate the influence of the parameters on the giant monopole resonance. As the
effects are similar for all four interactions only the S-UCOM(SRG) and the S-SRG
interactions are shown here, the corresponding figures for the UCOM(SRG) and the
SRG interactions can be found in Appendix E.3.
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Figure 7.6: Same as in Figure 7.5 for the S-SRG interaction with Csy = 2.0 GeV fm®,
emax = 10, and ( ) @ = 0.03fm* (———=) a =0.06fm*, (------- ) @ = 0.10fm*.

Figures 7.3 and 7.4 show the isoscalar monopole response for the S-UCOM(SRG)
and the S-SRG interactions for different values of the strength C5y. The arrows indicate
the centroid energies extracted from experiment. The results are very similar for both
interactions. The main peak of the response function of °0 lies slightly below the
experimental centroid with a second smaller peak at higher energies. For the other
three nuclei the experimental centroids lie within the calculated response functions.
Especially for the heavy nuclei °°Zr and 2°Pb the response is concentrated in one
strongly collective peak. In all cases, increasing the strength Czy leads to a shift towards
lower excitation energies, while the response is concentrated in a narrower peak. With
increasing three-body strength the level density of the single-particle spectra increases,
which leads to a lowering of the excitation energies.

The dependencies on the flow parameter are illustrated in Figures 7.5 and 7.6
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Figure 7.7: lsoscalar monopole response based on the UCOM(SRG) interaction with
a = 0.16fm* Gy = 1.6 GeV fm® for different model spaces sizes: ( ) €max = 10;
(===) emax = 12, Inax = 10; (-==---- ) €max = 14, lnax = 10. For comparison: (—) re-

sponse function obtained with the pure transformed two-body interaction with av = 0.04 fm*,
€max = 14, Imax = 10. Calculated centroid energies are indicated by dashed arrows, experi-
mental centroids [51-53] by solid arrows.

for the SSUCOM(SRG) and the S-SRG interactions, which are again similar for both
interactions. For the smallest flow parameters the main peaks lie significantly below
the experimental centroids for all nuclei. With increasing flow parameter the response
is shifted to higher excitation energies and spread over a wider range. The influence
of the flow parameter on single-particle spectra is opposite to the one of the strength:
With increasing flow parameter the level density is reduced, the spectra are spread
wider, which entails an increase of the excitation energy.

Finally, the isoscalar monopole resonance is studied in dependence on the model-
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Figure 7.8: Same as in Figure 7.7 for the S-UCOM(SRG) interaction with a = 0.16fm*,

Can = 2.2 GeV fm®, and ( ) €max = 10; (— — =) €max = 12, hnax = 10; (------- ) €max =
14, Inax = 10. For comparison: (—) o = 0.04fm*, emax = 14, lInax = 10.

space size for all four interactions. In Figure 7.7 the response functions calculated
with the UCOM(SRG) interaction in three different model spaces are compared to the
response obtained with the pure two-body interaction for o = 0.04 fm* in the largest
model space. The monopole resonances obtained with the three-body interaction show
a stronger fragmentation with increasing model-space size, while the centroids remain
essentially unchanged for all considered nuclei. For 1°0 one observes that the second
small peak at higher excitation energies moves towards the main peak. The fragmen-
tation shows that the giant resonance is spread over several RPA excitations and is
not concentrated on one single excitation. This behavior agrees with experimental
observations. Furthermore, the calculated response functions agree nicely with the
experimental centroids. The comparison with the results obtained with the pure two-
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Figure 7.9: Same as in Figure 7.7 for the SRG interaction with o = 0.10fm*, Gy =
4.3 GeV fm6. and ( ) emax = 10; (———) €max = 12, lnax = 10; ( """" ) €max = 14,

Imax = 10. For comparison: (—) a = 0.03fm*, enax = 14, Imax = 10.

body interaction reveals that these response functions are even more fragmented for
all nuclei and the calculated centroids slightly overestimate the experimental ones (cf.
Tab. 7.2).

Figure 7.8 shows the corresponding data obtained with the S-UCOM(SRG) interac-
tion. One can again observe a fragmentation of the response functions with increasing
basis size and the experimental centroids are again reproduced. The response functions
obtained without three-body interaction are again more fragmented and the centroids
nicely reproduce the experimental ones for all nuclei.

In Figures 7.9 and 7.10 the response functions calculated with the SRG and the
S-SRG interactions are shown. For both interactions the already discussed fragmenta-
tion is observed. For the SRG interaction the centroid of the monopole resonance of
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Figure 7.10: Same as in Figure 7.7 for the S-SRG interaction with o = 0.10fm*, Gy =
2.0 GeV fm6, and ( ) emax = 10; (———) €max = 12, nax = 10; ( """" ) emax = 14,

Imax = 10. For comparison: (—) a = 0.03fm*, enax = 14, Inax = 10.

160 is underestimated by 2 MeV but the centroids of 4°Ca, °Zr, and 2°®Pb are almost
perfectly reproduced. In contrast, the response functions obtained with the pure trans-
formed two-body interaction with o = 0.03 fm* overestimate the monopole resonances
of 1°0 and *°Ca. For °Zr the response is weak and lies at very high excitation energies.
Finally, for 2°Pb no collective excitation is found at all. In contrast, the corresponding
response functions obtained with the S-SRG interaction nicely agree with the exper-
imental centroids. After including the three-body interaction the experimental ISM
centroids are underestimated by roughly 2 MeV for all four nuclei (cf. Tab. 7.3).

In summary, the isoscalar giant monopole resonances of the considered nuclei are
nicely reproduced by all four interactions including the three-body contact interaction.
In contrast, considering the pure two-body interactions only the centroids calculated
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Figure 7.11: Isovector dipole response based on the UCOM(SRG) interaction with o =
0.16fm* Gy = 1.6GeVfm® for different model space sizes: ( ) emax = 10;
(===) emax = 12, Inax = 10; (-==---- ) €max = 14, lnax = 10. For comparison: (—) re-
sponse function obtained with the pure transformed two-body interaction with av = 0.04 fm*,

€max = 14, Imax = 10. Calculated centroid energies are indicated by dashed arrows, experi-
mental centroids [54-57] by solid arrows.

with the S-UCOM(SRG) and the S-SRG interactions agree with the experimental data.

7.4.2 Isovector Giant Dipole Resonance

The isovector giant dipole resonance is an excitation mode where protons and neutrons
move out-of-phase. The dependencies of the isovector dipole response functions on the
strength C3y and the flow parameter « are similar to those observed for the isoscalar
monopole excitations, therefore, they are not discussed here.
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Figure 7.12: Same as in Figure 7.11 for the S-UCOM(SRG) interaction with o = 0.16 fm*,
Csn = 2.2GeV fm®, and ( ) €max = 10; (— — =) €max = 12, lmax = 10; (------- ) €max =

14, lnax = 10. For comparison: (—) a = 0.04fm*, emax = 14, lInax = 10.

Beginning with the UCOM(SRG) interaction in Figure 7.11 the isovector dipole
response functions are shown for different model-space sizes. The response functions
of the dipole excitations are broader than for the monopole resonances and divided into
several peaks for all four nuclei. For 1°0O one observes two main peaks and a smaller
one at higher excitation energies. With increasing basis size the high-lying main peak
moves towards the low-lying one, which remains at the same energy. For *°Ca the
response is redistributed with increasing model space size from one main peak with
several smaller maxima into one broader peak without changing the position of the
centroid. The response functions of ?°Zr develop one main peak with one smaller peak
at lower excitation energies with increasing basis size. Finally, the response functions of
208Ph show only minor variations with increasing model space size. For all four nuclei
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Figure 7.13: Same as in Figure 7.11 for the SRG interaction with a = 0.10fm* Gy =
4.3 Germ6. and ( ) emax = 10; (———) €max = 12, lnax = 10; ( """" ) €max = 14,

Imax = 10. For comparison: (—) a = 0.03fm*, enax = 14, Imax = 10.

the experimental centroids lie within the range of the response functions, but the
calculated centroids overestimate the experimental ones by 4 to 5 MeV (cf. Tab. 7.2).
The overestimation of the experimental centroids is even more pronounced on the basis
of the pure two-body interaction.

The isovector dipole strengths obtained with the S-UCOM(SRG) are shown in
Figure 7.12. The response functions exhibit a similar behavior as observed for the
UCOM(SRG) interaction, and their centroids still overestimate the experimental ones
by 2 to 3 MeV. The centroids of the strength distributions obtained with the pure two-
body interaction are closer to experiment than in case of the UCOM(SRG) interaction,

but the overestimation is stronger than for the two- plus three-body S-UCOM(SRG)
interaction.
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Figure 7.14: Same as in Figure 7.11 for the S-SRG interaction with o = 0.10fm* Gy =
2.0 GeV fm®, and ( ) €max = 10; (= = =) emax = 12, fnax = 10; (------- ) emax = 14,

Imax = 10. For comparison: (—) a = 0.03fm*, enax = 14, Inax = 10.

In Figure 7.13 the isovector dipole strengths calculated with the SRG interaction
are shown. Compared to the results obtained with the other interactions the response is
concentrated in one or two strongly collective peaks. For O and *°Ca the experimental
centroids are slightly underestimated while they are reproduced for °°Zr and significantly
overestimated for 2%Pb. The response functions obtained without the three-body
interaction lie at unphysically high excitation energies for all four nuclei.

The isovector dipole resonances of the S-SRG interaction (Fig. 7.14) are very similar
to those obtained with the S-UCOM(SRG) interaction (Fig. 7.12) in all aspects.

In summary, the experimental isovector giant dipole resonance is overestimated by
the pure two-body interactions in most cases, especially by the SRG interaction. The
inclusion of the three-body contact interaction leads to a reasonable overall agreement
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Figure 7.15: lsoscalar quadrupole response based on the UCOM(SRG) interaction with
a = 0.16fm* Gy = 1.6GeVfm® for different model space sizes ( ) emax = 10;
(===) emax = 12, Inax = 10; (-==---- ) €max = 14, lnax = 10. For comparison: (—) re-

sponse function obtained with the pure transformed two-body interaction with av = 0.04 fm*,
€max = 14, Imax = 10. Calculated centroid energies are indicated by dashed arrows, experi-
mental centroids [51,52,58-60] by solid arrows.

for all four interactions and all considered nuclei.

7.4.3 Isoscalar Giant Quadrupole Resonance

Finally, the isoscalar quadrupole response is investigated. The calculated strength
distributions are shown in Figures 7.15 to 7.18 for the four different interactions. For all
nuclei the strength is concentrated in narrow strongly collective peaks. The influence
of increasing model space size is similar for all four interactions. For 10 a slight
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Figure 7.16: Same as in Figure 7.15 for the S-UCOM(SRG) interaction with o = 0.16 fm*,

Can = 2.2 GeV fm®, and ( ) €max = 10; (— — =) €max = 12, hnax = 10; (------- ) €max =
14, lnax = 10. For comparison: (—) a = 0.04fm*, emax = 14, lInax = 10.

fragmentation is observed while the response functions remain essentially unchanged
for 4°Ca, %°Zr and 2%8Pb. For the heavy nuclei one observes a low-lying 2% excitation
in addition to the giant quadrupole resonance.

For the pure two-body UCOM(SRG) interaction only the centroid of the low-lying
2% excitation of 2%®Pb is reproduced, but all giant quadrupole resonances as well as
the low-lying 2F excitation of °°Zr are significantly overestimated. The inclusion of the
three-body interaction leads to a nice description of both low-lying excitations. The
response peaks of the giant resonances move towards lower energies but still lie slightly
above the experimental centroids for 1°0 and “°Ca while they perfectly reproduce the
centroids for °Zr and 2%¢Pb.

The description of the isoscalar quadrupole resonances using the pure two-body
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Figure 7.17: Same as in Figure 7.15 for the SRG interaction with a = 0.10fm* Gy =
4.3 GeV fm6. and ( ) emax = 10; (———) €max = 12, lnax = 10; ( """" ) €max = 14,

Imax = 10. For comparison: (—) a = 0.03fm*, enax = 14, Imax = 10.

S-UCOM(SRG) interaction (Fig. 7.16) is of similar quality as for the UCOM(SRG)
interaction. The excitation energies of the giant resonances are slightly lowered but
they still overestimate the experiment. Including the three-body interaction leads to an
agreement of the calculated giant resonances of *°Zr and 2°Pb with the experimental
centroids. The giant resonances of 1°0 and “°Ca as well as the low-lying excitation of
90Zr are overestimated by about 1.5 to 2 MeV.

For the SRG interaction (Fig. 7.17) the response functions obtained without the
three-body interaction exhibit only weak resonances at very high excitation energies as
was already observed for the isoscalar monopole and the isovector dipole resonances.
In contrast, including the three-body interaction leads to an almost perfect agreement
of all calculated centroids with the experimental ones.
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Figure 7.18: Same as in Figure 7.15 for the S-SRG interaction with o = 0.10fm* Gy =
2.0 GeV fm6, and ( ) emax = 10; (———) €max = 12, nax = 10; ( """" ) emax = 14,
Imax = 10. For comparison: (—) a = 0.03fm*, enax = 14, Inax = 10.

As was already seen in case of the giant dipole resonances, the S-SRG and the
S-UCOM(SRG) interactions (Figs. 7.18 and 7.15) yield very similar response functions
that are in agreement with the experimental centroids for the giant quadrupole res-
onances of ®°Zr and 2%Pb and the low-lying 2* excitation of 2®Pb while the giant
resonances of °0 and “°Ca as well as the low-lying excitation of ®°Zr are only slightly
overestimated.

In summary, the inclusion of the three-body interaction leads to an improved de-
scription of all considered isoscalar quadrupole excitations, compared to the response
functions obtained without the three-body interaction, and in many cases yield nice
agreement with the experimental centroids.
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UCOM(SRG) | S-UCOM(SRG) || Exp.
@ () | @ (b
a [fm?] 004 016 | 0.04 0.16
Gon [GeVIm®] || - 1.6 - 2.2

ISM 160 23.83 21.78|20.87 19.98 |/ 21.13
40Ca |[23.02 19.81|19.40 1857 | 19.18
907r |1 21.02 16.73 | 17.63 16.40 | 17.81
208pp || 17.20 12.88 | 13.87 12.93 | 14.18
IVD %0 33.43 29.17 | 30.24 26.16 | 243
40Ca |[ 31.10 25.86|26.88 23.22 | 21.9
907y |1 28.86 22.20 | 24.94 20.79 | 17.9
208ph || 24.00 17.88|19.91 16.96 | 13.6
1SQ 160 31.17 26.51|27.32 23.05 | 21.67
40Ca | 28.52 2254|2430 20.06 | 17.8
907y 112093 14.74 | 18.15 14.33 | 14.2
208pp || 16.02 10.84 | 13.53  10.67 | 10.9

Table 7.2: Centroid energies in MeV obtained for the UCOM(SRG) and S-UCOM(SRG)
interactions based on (a) the pure two-body interaction, (b) including the three-body inter-
action, compared to experimental values [51-58].

7.4.4 Comparison of Giant Resonances

The inclusion of a simple phenomenological three-body contact interaction leads to a
substantial improvement in the description of collective excitations. For comparison
the centroid energies calculated with the pure two-body and the two- plus three-body
interactions are listed in Tables 7.2 and 7.3 together with the experimental values for all
discussed excitation modes in 1°0, 4°Ca, °°Zr, and 2°8Pb. Considering the agreement or
disagreement with the experiment one finds several connections with earlier discussed
results.

As it is an instructive example, we consider 2°8Pb calculated with the pure two-body
SRG interaction. On the Hartree-Fock level this nucleus is overbound by 11 MeV per
nucleon for o« = 0.03 fm*, with increasing flow parameter the overbinding is even more
enhanced. Considering the single-particle spectra of 2°Pb one observes a strongly
underestimated level density, which is connected to the small charge radius differing
by 1.5fm from the experimental value. The RPA is built on the HF single-particle
spectra, i.e. it is sensitive to the reproduction of the experimental single-particle levels
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SRG S-SRG Exp.
(@ (b) | (@ (b)
o [fm?] 0.03 0.10 | 0.03 0.10
Gon [GeVm®] || - 4.3 - 2.0

ISM 160 27.57 19.12 | 19.85 19.38 || 21.13
40Ca | 31.02 18.91|18.48 17.92 || 19.18
07r | 40.27 17.37 | 16.82 15.81 || 17.81
208ph || 49.56 14.41 | 13.19 12.35 || 14.18
IvD 160 37.88 22.07 | 29.29 25.68 || 24.3
40Ca [/ 39.92 20.34|25.98 22.61 || 21.9
07y | 42.16 18.46 | 24.16 20.27 || 17.9
208ph |1 37.16 15.72 | 19.25 16.44 || 13.6
1SQ 160 36.01 21.04 | 26.70 22.94 || 21.67
40Ca || 37.88 19.02|23.76 19.92 || 17.8
07y 35.80 13.77 | 17.79 14.28 || 14.2
208ph || 34.42 10.65 | 13.23 10.59 || 10.9

Table 7.3: Centroid energies in MeV obtained for the SRG and S-SRG interactions based
on (a) the pure two-body interaction, (b) including the three-body interaction, compared to
experimental values [51-58].

especially in the region of the Fermi energy [50]. Consequently, for 2%2Pb a significant
deviation from the expected exhaustion of the classical sum rules is observed for all
collective excitation modes (cf. Tab. 7.1). Finally, no giant monopole resonance is
generated at all for 2%Pb on the basis of the SRG interaction, and the dipole and
quadrupole resonances are found at unphysically high excitation energies, which is also
reflected in the corresponding centroid energies.

Including the three-body contact interaction, which is the most simple phenomeno-
logical three-body interaction, cures all these effects. It especially improves the de-
scription of the single-particle spectra, which entails a nice reproduction of the giant
resonances.

On the other the experimental ground-state energies are not reproduced by any of
the applied two-body or two- plus three-body interactions on the HF level. Instead a
reasonable agreement is achieved after including the second-order perturbative energy
correction. Hence, an improper description of the ground-state energy on the HF level
does not exclude a good description of giant resonances in RPA [61]. As mentioned
above, a more important measure is the reproduction of single-particle levels in the
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region of the Fermi energy.

The additional repulsion of the three-body interaction increases the level density of
single-particle spectra on the Hartree-Fock level, which entails a lowering of the excita-
tion energies of the isovector dipole and the isoscalar quadrupole giant resonances, and
in part of the isoscalar monopole giant resonance compared to the response functions
obtained with the pure two-body interactions. This results in an improved agreement of
calculated centroid energies with the experimental ones for the dipole and quadrupole
giant resonances. The giant monopole resonances are already nicely reproduced by the
pure two-body S-UCOM(SRG) and S-SRG interactions. This agreement is maintained
after including the three-body interaction.

The impact of the three-body contact interaction is especially pronounced in case
of the SRG interaction. But one has to be careful with these results, because the
three-body strength is roughly twice as large as for the other interactions and might
lead to problems when considering other observables.

Up to now only centroid energies were compared with experimental data. A more
sophisticated insight could be obtained by comparing the experimental response func-
tions with the calculated ones.
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Conclusions

The importance of three-nucleon interactions is demonstrated in various nuclear struc-
ture investigations based on pure nucleon-nucleon interactions. As a first step towards
the consistent inclusion of realistic three-body forces we study simple phenomenolog-
ical three-body interactions. We develop an appropriate scheme for the handling of
three-body matrix elements and derive the formal application of three-body forces in
various many-body methods.

The nuclear interaction induces complex correlations, such as the strong short-
range repulsion and tensor correlations. Due to these correlations large model spaces
are required to reach convergence. To facilitate calculations in tractable model spaces
the Unitary Correlation Operator Method and the Similarity Renormalization Group
are discussed as two different approaches to generate soft phase-shift equivalent in-
teractions via unitary transformations. Although the motivations of both methods
are quite different, the resulting interactions show a number of similarities, e.g. they
exhibit a band-diagonal structure with respect to momentum space matrix elements.
These methods are used to obtain four different classes of two-body interactions out
of the realistic Argonne V18 potential. Beside the standard UCOM(SRG) and SRG
interactions, where all partial waves are transformed consistently, we employ the S-
UCOM(SRG) and S-SRG interactions, where only the S-waves undergo the respective
unitary transformations.

To investigate ground-state energies and charge radii of selected closed-shell nuclei
across the whole nuclear chart the four different two-body interactions are used in the
Hartree-Fock approximation. While the systematics of the experimental ground-state
energies is reproduced by the UCOM(SRG), S-UCOM(SRG) and S-SRG interactions
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except for a constant shift, the SRG interaction leads to a strong overbinding of
intermediate and heavy nuclei. The charge radii are systematically underestimated by
all four interactions. The HF ground-state is described by a single Slater determinant,
which is not capable of describing any correlations. The short-range correlations are
covered by the unitary transformations while the long-range correlations have to be
described by the many-body states, e.g., by applying many-body perturbation theory
on top of the HF results. Including the second-order perturbative corrections leads to a
reasonable agreement with experimental ground-state energies for the UCOM(SRG), S-
UCOM(SRG) and S-SRG interactions, while the perturbative corrections to the charge
radii are negligible. For the SRG interaction most nuclei are already overbound on the
HF level, and second-order perturbation theory cannot improve these results.

On the level of the HF approximation also single-particle spectra are examined. The
general description of the level ordering agrees rather well with experimental spectra,
but the level spacings, and especially the Fermi gap, are significantly overestimated.

The flow parameters used for these calculations are determined for each interaction
such that the experimental “He ground-state energy is reproduced in a No-Core Shell
Model calculation, i.e. the flow parameter is chosen considering a four-nucleon system
only. Therefore, it is a remarkable result, that the systematics of the experimental
ground-state energies is reproduced across the whole nuclear chart on the basis of
HF plus MBPT calculations. Nonetheless, the results obtained with the pure two-
body interactions show some systematic deviations from experimental data, e.g. the
charge radii cannot be accurately reproduced by pure two-body interactions and the
description of single-particle spectra leaves room for improvement. To reduce these
deviations introducing a repulsive three-body interaction is inevitable.

The first ansatz for a phenomenological three-body interaction is a finite-range
interaction of Gaussian shape. The matrix elements are most conveniently calculated
in a basis of cartesian harmonic oscillator eigenstates and subsequently transformed
into a basis of spherical harmonic oscillator eigenstates. Only the S-UCOM and the
S-SRG interactions are supplemented by the Gaussian three-body interaction. The free
parameters, the strength and the range, are determined on the basis of HF calculations
such that the experimental charge radii are approximately reproduced across the whole
nuclear chart. Unfortunately, the matrix element calculation is very time-consuming re-
stricting the applicability of the Gaussian three-body interaction to small model spaces.
Since the influence of the Gaussian interaction on the second-order energy corrections
is only marginal, we consider only the corrections obtained with the two-body interac-
tions. The small model spaces avoid the convergence of the HF plus MBPT results.
But we are able to show that the ground-state energies and charge radii obtained with
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the Gaussian three-body interaction are similar to the corresponding results obtained
with a regularized three-body contact interaction.

The matrix elements of the three-body contact interaction can directly be cal-
culated in a basis of spherical harmonic-oscillator eigenstates. The structure of the
regularized contact interaction entails that the matrix element computation is very ef-
ficient compared to the Gaussian three-body interaction. Thus, the contact interaction
is also manageable in large model spaces. The contact interaction is employed in con-
nection with all four unitarily transformed two-body interactions. For each underlying
two-body interaction the three-body strength is again chosen such that the HF charge
radii are in agreement with the experimental ones. For the SRG interaction the three-
body strength is roughly twice as large as for the other three two-body interactions.
After the inclusion of the three-body interaction the trend of the experimental ground-
state energies is reproduced except for an almost constant shift on the basis of all four
two-body interactions. Furthermore, in the description of single-particle spectra, the
level spacings are reduced due to the additional repulsion. Only for the UCOM(SRG)
interaction some inaccuracies appear in the description of single-particle spectra. The
inclusion of the perturbative corrections yields a reasonable agreement with experi-
mental data, although we have not yet reached complete convergence. However, these
results must not be overstated as the perturbative corrections are only calculated for
the two-body interactions and one has to keep in mind the inherent limitations of
MBPT.

To obtain a reference point from an exact diagonalization of the Hamilton matrix
we include the regularized contact interaction in the No-Core Shell Model. Using
the parameter sets optimized to reproduce experimental charge radii across the whole
nuclear chart, NCSM calculations based on the S-UCOM(SRG) and S-SRG interactions
result in an underbinding of *He of about 1 to 2 MeV.

As giant resonances are of direct interest for applications in nuclear astrophysics,
the influence of the three-body contact interaction on these collective excitation modes
is investigated. The Random Phase Approximation provides a suitable framework for
the investigation of collective excitations. As including the full three-body interac-
tion in the RPA would be too time-consuming we replace it by a density-dependent
two-body contact interaction, which is equivalent in this case except for the regu-
larization. We study extensively isoscalar monopole, isovector dipole, and isoscalar
quadrupole excitations. Considering the pure two-body interactions, especially the
SRG interaction, strongly overestimates the experimental excitation energies of the
considered giant resonances. The giant monopole resonance is generally in agreement
with the experimental centroids for the pure two-body interactions while the giant
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dipole and giant quadrupole resonances are significantly overestimated. The inclusion
of the three-body contact via the density-dependent two-body interaction leads to a
reasonable description of all three excitation modes for all four interactions.

Summarizing the preceding studies one can conclude that the UCOM(SRG) inter-
action shows problems in the description of single-particle spectra and accordingly in
the application of MBPT. The SRG interaction has to be supplemented by a stronger
three-body interaction in order to compensate the strong overbinding observed on the
HF plus MBPT level. As the regularized contact interaction is a phenomenological in-
teraction with a simple structure, e.g. no spin-isospin dependence, one would prefer it
to be as weak as possible. The S-UCOM(SRG) and the S-SRG interactions both yield
very similar results in all aspects of nuclear properties and, furthermore, their results
agree well with experimental data in the framework of various many-body methods
for nuclei across the whole nuclear chart. Therefore, one would choose one of these
interactions for further investigations, e.g. predictions for exotic nuclei. To perform
the next step towards the study of exotic nuclei a number of further important and
interesting investigations remain to be examined.

First of all, there are some minor aspects related to the calculation of charge
radii. The three-body strength can be chosen such that the radii are in almost perfect
agreement with experimental data for all considered nuclei. Therefore, it is worthwhile
to examine also minor corrections to the radii, which are the unitary transformation of
the radius operator and the calculation of the perturbative corrections for the radii.

The studies in the framework of the No-Core Shell Model can be extended to
investigate nuclei beside “He up to the mid p-shell. Beyond this mass region the
Importance Truncated No-Core Shell Model can be applied to examine even heavier
nuclei [62]. Furthermore, the study of the influence of the three-body interaction on
the Tjon line is an interesting aspect.

Throughout this thesis only closed-shell nuclei were examined. For a profound un-
derstanding one has to extend the studies to open-shell nuclei, e.g. in the framework
of the Hartree-Fock-Bogoliubov method and the Quasiparticle Random Phase Approx-
imation [24,48,63]; but also degenerate many-body perturbation theory [64] and the
(Importance Truncated) No-Core Shell Model can be applied.

Already the handling of the most simple three-body interaction requires an enor-
mous computational effort. But one would like to include three-body interactions in
all aspects that are considered on the basis of pure two-body interactions. Further-
more, one would like to study more general three-body interactions, which exhibit a
more complex structure, e.g. the chiral interactions. One possibility to derive of an
effective two-body interaction is provided by the normal ordering [65]. The three-body
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interaction is reformulated into a zero- plus one- plus two-body interaction with a
residual three-body interaction, which is discussed in Appendix D. The influence of
the residual three-body interaction on various observables is expected to be negligible.
This assumption can be verified by using the contact interaction in the framework of
many-body perturbation theory and the No-Core Shell Model.

In summary, the investigation of simple phenomenological three-nucleon interac-
tions proves to be a versatile tool to improve the description of various observables
across the whole nuclear chart using different many-body methods as well as to develop
an efficient procedure for the handling of three-body matrix elements.
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Appendix A

Derivation of the Hartree-Fock Equations

For the derivation of the general Hartree-Fock equations, we first discuss the variational
principle which is used to deduce an average single-particle potential out of the NN
plus 3N interaction.

A.1 The Variational Principle
The solution of the exact Schrédinger equation
HIW) = E|W) (A1)
is equivalent to the variation
SE[|W)] = E[|V) + [oW)] — E[|W)] =0, (A2)

where we regard the energy E as a functional of the state |W) [49, 66]:

(VIH W)
(V|v)

E[lw)] = (A-3)

The state |W) + [0W) denotes an infinitesimal but arbitrary variation of the state |V)
with (0W[6W) <« 1. Discarding higher orders in |[0W) the variation leads to

(VIH[W)
(W)

SE[w)] = #{wwmw T (W[H|sW)

R ((OV|V) + <W|5w>)} . (A4)
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Together with the condition of stationarity the variation reads
(OW|(H — E)|W) + (V|(H — E)|oV) =0. (A.5)
Since |dW) is arbitrary the variation can be carried out over i|dV) as well:
—i{0V|(H— E)|V) + i(V|(H— E)[oW) =0 . (A.6)
Together with Equation (A.5) this yields the operator equation
(OW|(H—E)|W) =0 (A.7)

which is equivalent to the Schrodinger equation since [0W) is an arbitrary state.

In practical applications one is usually restricted to mathematically simple wave
functions for the variation. If the exact solution is not contained in the set of trial
wave functions the variation yields only an approximation. The variational principle is
especially appropriate to determine ground-states since it can be shown that

E[W)] > Eo , (A.8)

i.e. the exact ground state energy Eq is always the lower bound of the variational
calculation. To verify this inequality we only have to expand the trial state |V) in the
eigenbasis |n) of the Hamiltonian:

W)= ciln)  with  Hln) = E,|n) . (A.9)

n

Inserting this expansion in the energy expectation value (A.3) yields
EC:Cm<n|H|m> Z|Cn|2En Z|Cn|2EO
E[Jw)] = == = - >

> lenl? > leal? > lenl?

-5, (A.10)

where we have assumed Ey < E; < E, < .... Hence, for the approximation of the
ground-state we only have to carry out an energy minimization by varying the trial
state.

A.2 The Hartree-Fock Method

In the Hartree-Fock (HF) method, which we use for the description of an A-fermion
system, one uses a single Slater determinant

|®) = alal ...a}|0) (A.11)
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as trial state [49,66]. The energy minimization is performed via the variation of the
single-particle states |¢,) = a}|0). We work on the basis of a complete and orthogonal
set of single-particle states {|y,)} with the corresponding creation operators cj, which
are the spherical harmonic-oscillator states in our case. The HF single-particle states
are expanded in this basis:

k) = Z Dilx)) — and  aj = Z Dic} (A.12)
=1 =1

where we have to determine the expansion coefficients Dj. The transformation D is
unitary since both single-particle bases, {|©x)} and {|x/)}, are complete and orthog-
onal.

It is not possible to determine the expansion coefficients Dy in an unambiguous
way because Slater determinants are — apart from a phase — invariant under unitary
transformations which do not mix particle and hole states. This means that the energy
minimization will only mark a single-particle subspace which can be represented more
conveniently by the single-particle density matrix 95,1/) = (x1]0M|xr). We can express
the single-particle density via the expansion coefficients as

(e’ A
oy = (®]c)ci|®) = DDy (®lal,ar|®) = DD (A.13)
k=1

k, k'

since o) is diagonal in the single-particle basis az with eigenvalues 1 for occupied and
0 for unoccupied states. Since we have an unambiguous relation between the Slater
determinant |®) and the single-particle density o) we will use the density matrix
elements as variational parameters. The density matrix of a Slater determinant is
hermitian and idempotent:

(@)F=e" and (V) =0, (A.14)
i.e. we have to perform the variation under the constraint (A.14).

To carry out the variation we have to express the energy functional via the single-

particle density matrix. Therefore, we start with the Hamiltonian in the basis c|
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[27,49, 66]:

+— Ve 35 chelcleeczes (A.15)

with the one-body matrix elements of the kinetic energy

tiz = <Xa|T|X5> ) (A16)
the antisymmetric two-body matrix elements of the NN interaction
2
Va(b,)aE = (s VP xaxa)a | (A.17)
and the antisymmetric three-body matrix elements of the 3N interaction
V) e = a(xaxoxe VO xaxpxe)s (A.18)

Thus, the energy expectation value reads

Eflo)] = Zfaa (®|cleal®)

+— ZVa(E 5 ¢ (®chcl cpes|®)
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36 Vabc,é[_JE
abc
abc

- Z taa Qaa Z ab, ab ab ab 316 Z Va(ZZ,E[_JE Q(é?l:))(_:,abc (Alg)

abc
abc

+— <¢|clc2cicgc5cg\¢)

with the two-particle density matrix g(2) and the three-particle density matrix o(3) which
can be expressed via the single-particle density matrix, since the state |®) is a Slater
determinant:

2 1 1 1 1
925),3;) = o5 of) — of) ol (A.20)
3 1 1 1 1 1 1 1
o) e = o8l + ool o) + of) ol ok
1 1 1 1
—08) ool — 08 o) o) — o0 o) (A.21)
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Inserting these relations in Equation (A.19) vyields the energy as functional of the
single-particle density matrix:

1 1 1 1
E[oM] = Z ta 0% + Z U Z ©) e 0o (A22)

abc
abc

If we take into account only the linear terms in do(Y) the variation of the energy
functional reads

OE[M] = Ztag S0ty

2) (1 1)
3 Z Va(b ab 5933)953/3 + Qaa 59 )

3 1 1 1
Tz Z Va(bc sbe \0%a anb)g(cc + Qa 5be Qcc + Qaa be5 2 ’)
abc
abe

= Z {taa_'_z ab,ab be Z abcabc leb)Q(clc }5Q . (A23)

aa

In the last equation we can identify the single-particle potential

[e.9]

1)
Uaé[g(l)] = Z a(b ab be +3 Z abc 3be QEJb QCC) (A24)
bb

depending on the single-particle density matrix. Together with the kinetic energy we
get the matrix elements of the single-particle Hamiltonian

haaloW] = tas + uaa[o™] . (A.25)
The variational equation can thus be written as

0E[oM] = Z haa[oM]0es) =0 . (A.26)

aa

Here, we have to remember the constraints (A.14). A small variation of the den-
sity matrix o™ + 5o still has to describe a Slater determinant, hence it has to be
idempotent: (o) + 601)% = o) 4 §o(1) which leads to the following conditions:

oMM =0 and (1— oMM - oM)y=0. (A.27)
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In the Hartree-Fock basis the single-particle density is diagonal, i.e. in order to satisfy
the conditions (A.27) the variation can only take place between occupied (hole) and
unoccupied (particle) states. This means that the variation is restricted to ph (particle-
hole) and hp matrix elements of o) in the HF basis. On the other hand, Equation
(A.26) reveals that the single-particle Hamiltonian can only consist of non-vanishing
pp and hh matrix elements in the HF basis. In other words, the commutator of the
single-particle Hamiltonian and the single-particle density has to vanish:

[h[o™M], oM = 0. (A.28)

This means that the single-particle Hamiltonian and the single-particle density have a
simultaneous eigenbasis. Hence, instead of solving the commutator equation we can
convert Equation (A.28) into the eigenvalue problem:

h[oMlew) = exlei) (A.29)

which defines the single-particle Hartree-Fock states |¢) and the corresponding single-
particle energies . Finally, we transform this eigenvalue problem into the basis |x/):

Z haé[g(l)]Dék =exDay . (A-30)

Inserting the single-particle Hamiltonian (A.25) and the density matrix (A.13) we obtain
the Hartree-Fock equations

Z {taf* + Z Z Ve DD,

a Ilbb

Z Z abc, abcDleZlD J'D:J'}Dﬁk = exDax . (A31)

IJ]_bC

This set of equations represents a nonlinear eigenvalue problem which can be solved
by applying an iterative scheme in order to obtain a self-consistent solution for the
coefficients Dy.

The A single-particle states with the lowest single-particle energies are used for the
construction of the Hartree-Fock ground-state:

IHF) = |®) = alal ...a%|0) , (A.32)
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A.2 - The Hartree-Fock Method

which is again a single Slater determinant. The energy expectation value of the HF
state is given by

E[|HF)] = (HF|H|HF)

1
= D _(@ilTlen +5 D eVl
i=1 ij=1
1 A
+2 > e VOlvigien)s
ij,k=1
A 1 A
= D=5 eVl
i=1 ij=1
1 A
-3 > e VIlpigien)a (A:33)

j,k=1

I

\

which means that the ground-state energy is not equal to the sum of the A lowest
single-particle energies.
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Appendix B

Basic Concepts of Perturbation Theory

Perturbation theory provides a procedure to solve eigenvalue problems of the following
form:

H|®,) = (Ho + W)[®;) = Ei|®;) . (B.1)
The Hamiltonian H can be divided into one part Hg with known eigenvalues E,.(O) and
eigenstates \\Ilfo)): Ho\\ll,(.o)) = E,-(O)|1U§0)>, and the perturbation W which has to be
small compared to Hg with respect to its contributions to the full eigenvalues. In this
case, it is possible to formulate an expansion that approximates the eigenvalues E; and
eigenstates |®;) of the full Hamiltonian step by step starting from E,.(O) and |\IJEO)>,
respectively.

For the formal expansion, the parameter X is introduced [35]:

H=Ho+ AW . (B.2)
Expressing the eigenenergies and eigenstates via power series yields

E = EQ 4 E®D 4 N2EP 4 .
) = W) w2y
The unperturbed states are assumed to be normalized: <\Il,(.0)\\ll,(.0)) = 1. Furthermore,
the following relation is obtained by inserting the power series (B.4) into the normal-

ization condition (\USO)|¢,-> = 1 under the requirement that the resulting equation is
valid for arbitrary values of \:

WOy —0, p>1. (B.5)
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Appendix B - Basic Concepts of Perturbation Theory

Inserting the power series (B.3) and (B.4) into the Schrédinger equation and sorting
in powers of \ yields
A0 Ho|w®) = E©@ w0y (B.6)
A Holw) + W) = BV W) o B W) (B.7)
N Ho) W) = EP )+ ER )+ PV (BB

After multiplication with <\Il,(.0)\ and using Equation (B.5) we obtain the energies

A B0 = (WO H, Wy (B.9)
AL EW = (wlO)w w0y (B.10)
A2 EP = (wOwwity (B.11)

Hence, the first order energy correction is given by the expectation value of the per-
turbation W with the unperturbed states |W§O)>. For the determination of the second
order correction, the first order states \\Il,(.l)) have to expressed via the unperturbed
states. Therefore, Equation (B.7) is multiplied by <\|l$70)\ yielding

< (0)|W‘\U(O)>

W) = (8.12)

E(O) E(O)
which is inserted in the expansion
[wihy Zc D|wO) Z (WO (y Oy (B.13)
n;él

Together with Equation (B.11) the second order energy correction is obtained:

O)W\U(O
Z' " >|. (B.14)
n#l

The third and higher orders can be determined in an analogous manner. However,
they are not needed throughout this thesis.
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Basic Concepts of the Random Phase
Approximation

Collective excitations can be investigated by applying the Random Phase Approxima-
tion (RPA) [47-49,63] on the basis of a HF solution. For the derivation of the general
RPA equations we start from the exact Schrodinger equation

H|Wu> - EV|WV> ’ (Cl)

and define the operators Q, and Q, such that the excited state |W,) is created by the
application of Q! to the ground-state |W):

|\Uu> - QI|\UO> and QV|\UO> =0. (C2)
Formally these operators can be written as
Q) =[V,)(Wo| and Q,=[Wo)(V,]. (C.3)

Using these operators, the Schrodinger equation can be transformed into the equivalent
equation of motion

[H, QI]|Wo) = (E, — Eo)Q}|Wo) - (C.4)

Multiplying this equation from the left with an arbitrary state (V,|6Q and inserting
terms of the form (Wy|Q! = (Wo|HQ! = 0 we arrive at

(Wo|[6Q, [H, Q{]][Wo) = (E, — Eo)(Wo|[0Q, Q}]|Wo) - (C.5)
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This final form of the equation of motion is exact since the variation

0Q[Wo) = " 6c,QfWo) =) dc,|v,) (C.6)
v#0 v#0

exhausting the whole Hilbert space is arbitrary but orthogonal to the ground-state.

A crucial task is the choice of the specific form of the excitation operators Q. If
the exact ground-state is approximated by the HF state and the operators Q/, describe
1plh excitations of the HF state, the resultant equations build the Tamm-Dancoff
method. However, in RPA an improved ansatz for the excitation operators is chosen:

ZX(” fa— ZY”” . (C.7)

Here and in the following, the indices i, j refer to states below the Fermi energy, i.e.
i, €j < ef with respect to the HF single-particle energies, and the indices m, n refer
to states above the Fermi energy, i.e. €,,e, > . Hence, the operators aLa,- and
al
ground-state |Wy) = |RPA) is defined consistently via

an, can be interpreted as ph-creation and ph-annihilation operators, respectively. The

Q,|RPA) =0, (C.8)

which can be understood as the HF ground-state containing additional ph-correlations.
The variation

JQTRPA) =Y~ 6X{)al a/[RPA) — Z(SY”) Ta|RPA) (C.9)

mi

has to be performed independently for the two types of coefficients, X,Sq”,) and Yn(ﬁ),
yielding a set of two coupled equations

(RPA|[ajam, [H, QINIIRPA) = ES™ (RPA|[aan, Q}]|RPA)

(RPA|[al a;, [H, QI]]|IRPA) = ERPA(RPA|[al a;, QT]|RPA) (C.10)

ERPA

with the excitation energy E, —E,. These equatlons that define the excitation

operators QI via the coefficient matrices X ) and Y, cannot be solved directly since

the RPA ground-state is unknown. One can determlne the RPA ground-state and the
coefficient matrices simultaneously by applying an iterative scheme which is known
as extended RPA. However, we will only use the standard RPA where an additional

approximation is made in order to avoid the iteration procedure.
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For the calculation of expectation values we assume that the RPA ground-state
does not differ significantly from the HF state:

(RPA|[alam, afa;]|[RPA) = 6;0mn — 0mn(RPAJajal|RPA) — §;;(RPA|ala,,|RPA)
~ (HF|[alam, ataj]|HF) = 6;0mn . (C.11)

This is known as quasi-boson approximation as it would be exact if the ph-creation and
-annihilation operators were bosonic operators. Within this approximation, the abso-
lute squares of the amplitudes X,S,) and Y( v) directly give the probability of finding the
states af a;|RPA) and ala,,|RPA), respectlvely, in the excited state |W,). Thus, the
matrix elements of the one-body transition density o(*) read

o)

(RPAlafa,|V,) = (RPA|[ala,, Q[]|RPA)

(HF|[alam, Q]IHF) = X\

oV = (RPAJala;|W,) = (RPA|[al a;, Q]|RPA)
( ) =

HF|[a! a;, QI]|HF) = Y.

Q

(C.12)

The RPA is well-suited for the description of collective states which can be under-
stood by looking closer at the quasi-boson approximation (C.11). This approximation

v)

is valid if many coefficients X . are of the same order of magnitude, i.e. for excited

states with collective character. Furthermore, the correlated ground-state |RPA) is
approximated by the HF state which is only justified if the ground-state correlations

are small, i.e. the amplitudes Y( “) have to be small compared to X,SZ).

The RPA equations can now be written in a compact matrix form

( ;* f* ) ( );E; ) = Ef™A ( (1) _01 ) ( )ﬁi ) (C.13)

with the hermitian matrix A
A = (HF|[alam, [H, ala]]IHF) = (em — £1)0mndi + Vimjiin (C.14)

and the symmetric matrix B
Bminj = —(HF|[a}am, [H, a/a,]][HF) = Vinnj . (C.15)

In the RPA equations enter the matrix elements V/,; ;, between 1plh-states of a general
two-body interaction as well as matrix elements V,,, ; between 2p2h states.
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ERPA

The energy eigenvalues are not necessarily real- valued since the non-hermitian

eigenvalue problem (C.13) contains the metric tensor (§ % ). The solutions of the RPA
equations fulfill the orthogonality relation

O = D_(XU XD — Ul v i) (C.16)

mi mi

mi

as well as the closure relation

nj

S0y = > (XWX — vy )y (C.17)

v

The energy expectation value of the RPA ground-state

(RPA[H|RPA) = (HF|H|HF) — ZERF’AZWV) (C.18)

is always lower than the HF energy as it takes into account higher correlations. How-
ever, the RPA-energy can even fall below the exact ground-state energy since it does
not follow from a variational principle due to the approximations that were made during
the derivation of the standard RPA equations.

The RPA ground-state defined by Equation (C.8) can be written as

1
‘RPA) =Ny exp{§ ZZm,-,,,jafna,-aLaj}\HF) (Clg)

minj

with the normalization constant N, and ZX,(TZ.) Lminj = Y(”) , i.e. the RPA ground-

mi
state is a coherent state of 2p2h-excitations of the HF ground-state.
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Appendix D

Normal Ordering

For various applications including a three-body interaction is not feasible. Via the
normal ordering one can derive an effective zero- plus one- plus two-body interaction
with a residual three-body interaction, whose impact is expected to be negligible [65].
The normal ordering is defined with respect to a reference state, which is the Hartree-
Fock ground-state in our case, as

T

—aja, foreq > €F, €3 > €F
T T
aga, = —aha, fore, >cp, eg<ce
{ana} = § oy — e e TR R (D-1)
3,35 = —a32q for e, <er, €3 >¢€F
aaa; foren < er, g <er

where aL and a, create and annihilate a fermion with single-particle energy €5 and ¢,,
respectively, and ¢ indicates the Fermi-energy.

By rearranging the summands the normal ordered form of a general three-body
interaction is obtained [65]:

1
% Z (pqr||stu)alalala,aa, (D.2)
pqrstu
1 . . 1 .. s -i- 1 . . -'- -'-
= ¢ D _(ikllik) + 5 D _iipllija){alagt + 7 > _(ipallirs){a}alasa }
ijk ijpq ipqrs
1
+ % Z <pqr||stu){azagaiauatas} ,
pqrstu

where (pgr||stu) denote the antisymmetrized three-body matrix elements. The indices
i,J, k label occupied orbitals of the reference state while p,q,r,s,t, u refer to all
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orbitals. The normal ordering of four and six creation and annihilation operators
follows directly from the extension of definition (D.1).

In our existing programs for the various many-body methods enter the interactions
not in the normal ordered but in the standard form. In principle, it is possible to
change the program structure, however, it is more convenient to express the one- and
two-body normal ordered interactions via the standard forms.

The normal ordered form of the one-body interaction reads

> lipllia)abag = > (ijkllik) + D _(ijpllija) {ahaq} . (D3)
iipq ijk iipq
and for the two-body interaction we find

1 Y
1 Z(/qu/m}aLaEasa, (D.4)

ipgrs

1 o s 1 .
=5 > _(ikllik) + > _(ipllia){abaq} + 7 Y _ipallirs){ajalasa,} -

ijk ijpq ipqrs

Thus, the normal ordered three-body interaction can be rewritten:

1
26 O (parllstu)alalala,acas (D.5)
pqrstu
1 e 1 e\t 1 4t
=5 > ijk]|ijk) — 1 > ijpllijgyalag + 2 > (ipql|irs)alalasa,
ijk ijpq ipqrs
1
+ 36 Z <pqr||stu){azagaiauatas} .
pqrstu

After discarding the residual three-body term 3¢ > . (pgr||stu){afalala,a;a.} the
effective interaction can be easily included in all existing program codes for various
many-body methods.
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Appendix E

Figures

In this appendix are collected some figures that complete the discussions in Chapters 5
and 7, but reveal no further physical insight.

E.1 Hartree-Fock Results for the Contact
Interaction

The following figures supplement the discussion in Section 5.2.
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240 40Ca 48Ni 60Ni 885r 1005n 1325n 208Plt;
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd

Figure E.1: Ground-state energies per nucleon and charge radii of selected closed-shell nuclei
resulting from HF calculations for the UCOM(SRG) interaction with v = 0.16 fm?*, emax =
10, esy = 20, and different three-body strengths: (+) Gy = 1.0GeVfm®, (m) Gy =

1.6GeVfm®, (¢) Gy =

2.2GeV fm®. The bars indicate the experimental values [30, 31].

S -4+
[0)
=
< or
~
w

ren [ fm]
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Figure E.2: Same as in

240 40Ca 48Ni 60Ni 885r 1005n 1325n 208|:>b-
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd

Figure E.1 for the SRG interaction with o« = 0.10 fm*, enax = 10,

esn = 20, and (+) Can = 3.8GeV fm®, (m) Cay = 4.3GeV fm®, (¢) Cany = 4.8 GeV fm®.
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E/A[MeV]

fen [ fm]

‘;He 240 40Ca 48Ni 60Ni 885r IOOSn 132Sn 208Pb-
160 34Si 48(:a 56Ni 78Ni 9OZr 114Sn 146Gd

Figure E.3: Same as in Figure E.1 for the S-SRG interaction with o = 0.10 fm*, emax = 10,
esn = 20, and (+) Gan = 1.5GeV fm®, (m) Cay = 2.0 GeV fm®, (¢) Cay = 2.5 GeV fm®.
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E.2 Perturbative Energy Corrections for the
Contact Interaction

The following figures supplement the discussion in Section 5.4.

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r IOOSn 1325n 208|:>b
160 34Si 48(:a 56Ni 78Ni QOZr 114Sn 146Gd

Figure E.4: Ground-state energies per nucleon based on the UCOM(SRG) interaction for e =
0.16 fm*, emax = 10, esn = 20, and different three-body strengths: (+,0) Gy = 1.0 GeV fm®,
(m,0) Gy = 1.6GeV fm®, (¢,0) Cay = 2.2GeV fm®. Filled symbols indicate the HF energies,
open symbols include the MBPT corrections. The bars indicate the experimental values [30].

-2

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r IOOSn 1325n 208|:>b
16O 34Si 48(:a 56Ni 78Ni QOZr 114Sn 146Gd

Figure E.5: Same as in Figure E.4 for the SRG interaction with a = 0.10fm*, en.x = 10,
E3N = 20, and (-,D) C3N =38 Germﬁ, (I,D) C3N =43 Germﬁ, (0,0) C3N = 4.8 GeV fm6.

158



E.2 - Perturbative Energy Corrections for the Contact Interaction

E/A[MeV]

4He 240 40Ca 48Ni 60Ni 885r 1005n 132Sn 208Pb
160 34Si 48(:a 56Ni 78Ni QOZr 1145n 146Gd

Figure E.6: Same as in Figure E.4 for the S-SRG interaction with o = 0.10 fm*, emax = 10,
esn = 20, and (+,0) Gy = 1.5GeV fm®, (m,0) Can = 2.0 GeV fm®, (¢,0) Gany = 2.5 GeV fm®.
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E.3 Collective Excitations

The following figures supplement the discussion in Section 7.4.1.
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Figure E.7: lIsoscalar monopole response based on the UCOM(SRG) interaction with
a = 0.16fm*, emax = 10 for different three-body strengths: ( ) Gsn = 1.0GeV fm®,
(——=) Gy = 1.6 GeV fm®, (------- ) Csn = 2.2GeV fm®. Centroid energies extracted from
experiment [51-53] are indicated by arrows.
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1257 1 200l
160 1

100+
300+
75¢

200+
50

9(E) [fm*/ MeV]

25 L 100’

250 1125

902r 208Pb

9(E) x 1073 [fm*/ MeV]
o

20 50 0 10 20 30 40 50
E [MeV]

Figure E.8: Same as in Figure E.7 for the SRG interaction with o« = 0.10 fm*, emax = 10,
and ( ) Can = 3.8GeV fm®, (— — =) Gany = 4.3GeV fm®, (------- ) Csn = 4.8GeV fm®.
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Figure E.9: Isoscalar monopole response based on the UCOM(SRG) interaction with C3y =
) a =0.04fm* (—===) a=
0.12fm*, (------- ) a = 0.16fm*. Centroid energies extracted from experiment [51-53] are

1.6 GeV fm®, emax = 10 for different flow parameters: (

indicated by arrows.
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Figure E.10: Same as in Figure E.9 for the SRG interaction with Gy = 4.3 GeV fm®, emax =
10, and ( ) @ =0.03fm* (= —==) a=006fm* (------- ) a = 0.10 fm*.
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Appendix F

Notation

In the following, some frequently appearing symbols and acronyms are listed.

Quantum Numbers

major harmonic oscillator quantum number
principal harmonic oscillator quantum number

Ny cartesian harmonic oscillator quantum number
I, m single-particle orbital angular momentum

S, Mg single-particle spin

J,m single-particle total angular momentum

t, m; single-particle isospin

L, M, total orbital angular momentum

J M total angular momentum

T, M+ total isospin
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Symbols

N neutron number

Z proton number

A mass number

€F Fermi energy

my nucleon mass

c (,ﬁl ,{32 } AJ/,> Clebsch-Gordan coefficient
Operators

H Hamiltonian

T kinetic energy

VN two-body interaction

V3N three-body interaction

C G, Ca correlation operators: general, central, tensor
o) arbitrary correlated operator
X position operator

qr radial momentum operator

dg orbital angular momentum operator
L orbital angular momentum

S spin

M projection operator
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Acronyms

NN
3N
AV18
UCOM
SRG
HF
MBPT
NCSM
RPA
ISM
IVD

1SQ

nucleon-nucleon

three-nucleon

Argonne V18

Unitary Correlation Operator Method
Similarity Renormalization Group
Hartree-Fock

Many-Body Perturbation Theory
No-Core Shell Model

Random Phase Approximation
Isoscalar Monopole

Isovector Dipole

Isoscalar Quadrupole
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