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Summary

The explicit treatment of short-range correlations generated by realistic and chiral po-
tentials is the main goal of the Unitary Correlation Operator Method (UCOM) and the
Similarity Renormalization Group (SRG) approach. Both methods use unitary trans-
formations to derive phase-shift equivalent nucleon-nucleon interactions. Even if both
methods are conceptually completely different, the underlying unitary transformation
can be traced back to generators with the same structure.

The first part of the thesis discusses the basic concepts of the UCOM and the SRG. Ex-
ploiting the connection of the generators of these two methods, correlation functions
that define the unitary transformation in the UCOM are extracted from SRG calcula-
tions, leading to improved convergence in No-Core Shell Model (NCSM) calculations
and improved Hartree-Fock results. Alternatively, UCOM correlation functions are
obtained by parameterizations whose parameters are determined by energy minimi-
sation. Correlation functions with structures adapted to the SRG-generated UCOM
correlation functions produce good results in many-body calculations for realistic and
chiral interactions.

Alternative choices of the SRG generator are explored in the second part, with the aim
to optimize the balance between induced many-body forces and good convergence be-
haviour. One choice adds an explicit scale parameter to the square of the momentum,
while other choices change the power of momentum. The first choice increase the ef-
fect of three- and higher-body contributions and the convergence behaviour becomes
worse. In case of the different powers of momentum in the generator, the results are
very similar for all flow parameters. Therefore, the choice of the generator used so
far provides a good balance between convergence behaviour and induced many-body
forces.

The unitary SRG and UCOM transformation of other observables is the topic of the
third part. It is performed in a consistent way for radii and multipole operators, which
are long-ranged operators. Hartree-Fock calculations for SRG-transformed charge
radii deviate only little from the calculations using the bare operators, leading to
changes less than 1%. The same holds for UCOM transformed radii. Consistent tran-
sition strengths obtained from Random Phase Approximation calculations show more
significant deviations from the untransformed strengths for the monopole case with
SRG transformation. The UCOM transformation leads to much smaller effects here.
In the case of quadrupole transitions smaller effects due to the unitary transformation
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are observed for both, the UCOM and the SRG transformation. These results are con-
firmed in case of the SRG-transformed quadrupole transition in NCSM calculations.
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Zusammenfassung

Die explizite Behandlung lang- und kurzreichweitiger Korrelationen, die von realisti-
schen und phänomenologischen Potentialen erzeugt werden, ist das Hauptziel der Me-
thode der unitären Korrelatoren (UCOM) und der Similarity Renormalization Group
(SRG). Beide Verfahren basieren auf unitären Transformationen um streuphasenäqui-
valente Nukleon-Nukleon Wechselwirkungen zu erhalten. Obwohl beide Verfahren sich
konzeptionell unterscheiden ist es möglich die unitäre Transformation auf Generato-
ren ähnlicher Struktur zurückzuführen.

Im ersten Teil der Arbeit werden die grundlegenden Konzepte der UCOM und des
SRG Verfahrens diskutiert. Unter Ausnutzung der Ähnlichkeit der Generatoren der
beiden Verfahren werden Korrelationsfunktionen, die die unitäre Transformation mit
der UCOM beschreiben, aus SRG Berechnungen extrahiert. Dies führt auf verbesser-
tes Konvergenzverhalten in No-Core Schalenmodell (NCSM) Rechnungen sowie ver-
besserte Ergebnisse in Hartree-Fock Rechnungen. Alternativ werden die Korrelations-
funktionen auch mit Hilfe von Parametrisierungen angegeben deren Parameter durch
Energieminimierung bestimmt werden. Korrelationsfunktionen deren Struktur an die
Form der SRG-generierten UCOM Korrelationsfunktionen angepasst wurden liefern
gute Ergebnisse in Vielteilchenrechnungen für realistische und phänomenologische
Potentiale.

Im zweiten Teil der Arbeit werden andere mögliche SRG Generatoren betrachtet um
einen Mittelweg zwischen induzierten Vielteilchenbeiträgen und gutem Konvergenz-
verhalten zu finden. Eine Wahl addiert einen Skalenparameter auf den quadratischen
Impuls im Generator, bei anderen Generatoren wird die Potenz des Impulses verän-
dert. Der erste Generator führt zu stärkeren induzierten Drei- und Mehrteilchenbei-
trägen sowie schlechterem Konvergenzverhalten. Die Generatoren mit den verschie-
denen Potenzen des Impulses zeigen in allen Fällen sehr ähnliches Verhalten. Daher
bietet die bisherige Wahl des Generators einen guten Mittelweg zwischen induzierten
Vielteilchenkräften und guten Konvergenzverhalten liefert.

Im dritten Teil werden unitäre Transformation von anderen Observablen mit den SRG
und UCOM Verfahren diskutiert. Die Transformation wird konsistent für Radien und
Multipoloperatoren durchgeführt. Hartree-Fock Rechnungen mit SRG transformier-
ten Ladungsradien liefern nur geringe Abweichungen von den nicht transformierten
Ergebnissen. Die Änderungen liegen im Bereich von etwa einem Prozent. Das selbe
Verhalten wird auch bei der Transformation der Ladungsradien mit der UCOM beob-
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achtet. Konsistent berechnete Übergangsstärken die aus Rechnungen mit der Random
Phase Approximation zeigen, im Fall des SRG transformierten Monopols, signifikante
Abweichungen von den nicht transformierten Ergebnissen. Die UCOM führt in die-
sem Fall auf wesentlich geringere Abweichungen. Für Quadrupolübergänge werden
bei beiden Verfahren wesentlich geringere Abweichungen vom nicht transformierten
Fall erzielt. Diese Ergebnisse werden, unter Verwendung der SRG, für den Quadrupol-
übergang in NCSM Rechnungen bestätigt.
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Introduction

The Standard Model of particle physics was introduced as a theoretical model for
the description of elementary particles and their interactions. It consists of quarks,
leptons and the gauge bosons which carry the weak, strong and electromagnetic in-
teraction as well as the Higgs boson, where the Higgs mechanism explains the masses
of the gauge bosons of the weak interaction and the fermionic elementary particles
[1]. The included particles and their respective interactions are displayed in Figure 1.

Recently, the ATLAS and CMS experiments at the Large Hadron Collider have discov-
ered a Higgs-like particle [3], which at the present time is the only missing ingredi-
ent from the Standard Model. It remains to be seen whether the discovered particle
matches Standard Model predictions for its properties, or whether extensions of the
Standard Model need to be considered. Even in the latter case, the Standard Model
will remain a powerful effective model, because it has been extremely successful in
describing many experimental results.

On the theoretical side, the Standard Model is an example of a quantum field theory
(QFT). Quantum Chromo Dynamics (QCD) is the quantum field theory responsible for
the description of the strong interaction between quarks and gluons in the Standard
Model. An interesting property of QCD is asymptotic freedom, i.e., at high momen-
tum transfers, the coupling between quarks and gluons decreases, and a perturbative
treatment is possible [4]. At low momentum transfers, however, the theory is non-
perturbative because in this regime confinement occurs, i.e., quarks and gluons ap-
pear only in bound states. This non-perturbative character makes direct solutions for
nuclei very difficult (cf. [5]).

Nuclear physics, and nuclear structure in particular, is dominated by the strong in-
teraction at comparatively low momentum transfers and energies, deep in the non-
perturbative regime. A description of nuclear structure phenomena in a quark picture
is beyond our capabilities. One can ask, however, whether such a description would be
desirable in the first place, i.e., whether nuclear phenomena really depend on details
of the strong interaction at the quark level, given the different scales of the prob-
lem. Typical energy scales for nuclear phenomena are in the MeV or tens of MeV
ranges, whereas quarks can only be resolved by investigating the structure of hadrons
at much higher momenta and energies. For this reason, it is sensible to introduce an
effective theory, which can be connected to QCD more or less rigorously, and attempt
a description in terms of effective degrees of freedom, e.g. nucleons and pions as the
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Figure 1: Elementary particles and interactions of the standard model, taken from [2].

lightest confined baryons and mesons, respectively. This effective theory is not valid
for high energies, because it is restricted to the region of confinement and does not
resolve the substructures included in the underlying fundamental theory, which are
important for calculations in the high-energy regime. The appropriate effective theory
for the construction of a nucleon-nucleon (NN ) interaction is Chiral Effective Field
Theory (χEFT), where nucleons and pions are the degrees of freedom and the chiral
symmetry of QCD is taken into account. Within this framework nucleons interact via
pion exchanges and contact terms that parametrize unresolved short-range physics.
The strength parameters of these contact terms, the so-called low-energy constants,
are determined by fits to experimental data, but in principle they can be calculated
from QCD. Using chiral EFT, one can construct chiral potentials for use in established
nuclear many-body techniques [6, 7]. A very appealing feature of this approach is that
the potential can be improved order by order in the expansion of the chiral Lagrangian
underlying the theory, and that three-body and higher many-body interactions appear
in a natural, hierarchical way and that consistent electromagnetic and weak current
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operators can be deduced [8].

Before the advent of interactions from chiral EFT, semi-phenomenological “realistic”
potentials like Argonne V18 [9] and CD-Bonn [10] have been employed widely. These
interactions are designed to reproduce two-nucleon observables, like phase-shifts ob-
tained from scattering experiments very accurately, with varying degrees of theoret-
ical input. In the case of the Argonne V18, one-pion exchange accounts for the long-
range behaviour of the interaction, and it is supplemented with phenomenological
short-range terms, while the CD-Bonn is based on meson-exchange theory.

The chiral as well as the realistic potentials induce strong short-range correlations
caused by the short-range repulsion of the interaction and tensor forces. In momentum-
space representation the interaction exhibits large off-diagonal matrix-elements, which
are caused by the induced correlations. Consequently, large model-spaces are neces-
sary to obtain converged results with these interactions in a many-body calculation,
which are computationally tractable only for very light nuclei.

One possibility to handle these short-range correlations is the construction of phase-
shift equivalent effective interactions. The Unitary Correlation Operator Method
(UCOM) [11, 12] was constructed as a method to describe these strong short-range
correlations by means of a unitary transformation. For that purpose correlation func-
tions are introduced, which describe the short-range central and tensor correlations
explicitly. They are given in a parameterized form obtained from energy minimiza-
tion. In momentum-space representation the unitary transformation causes a band-
diagonalization and, therefore, a decoupling of low-lying from high-lying momenta re-
sulting in an improved convergence behaviour in smaller model-spaces in many-body
calculations.

The Similarity Renormalization Group (SRG) [13, 14] is another method to construct
an effective interaction by means of a unitary transformation. The generator of the
unitary transformation is obtained by solving a renormalization group flow-equation
in order to pre-diagonalize the Hamiltonian matrix in a given basis. The choice of the
generator is arbitrary and can be adapted to the respective problem [15, 16]. The
comparison of the UCOM and the SRG shows that both diagonalize the interaction
matrix-elements in momentum-space. A closer investigation shows that the generators
of UCOM and SRG have a similar structure, at least at the beginning of the SRG
evolution, i.e., they address the same physics. This motivates attempts to use the SRG
to extract correlation functions for the UCOM, and to investigate the impact of the
restricted parameterizations of the correlation functions [17, 18].

With these effective interactions many-body calculations can now be performed with
an adequate computational effort. For light nuclei the No-Core Shell Model (NCSM)
[19] is applicable, where an exact diagonalization of the Hamiltonian matrix is per-
formed. For heavier nuclei, mean-field approaches like the Hartree-Fock scheme [20]
are a suitable starting point, but it is necessary to go beyond the Hartree-Fock approx-
imation to include long-range correlations that are not described by the UCOM or SRG
transformations. Nevertheless, it is a good tool to investigate the effect of SRG and
UCOM transformations on the interaction and on ground-state observables. For in-
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vestigations of excited states, the Random Phase Approximation (RPA) [21, 22, 23, 24]
based on the Hartree-Fock ground-states can be used.

In order to investigate the effect of short-range correlations on observables other than
the energy, SRG and UCOM transformations must be applied to transform them con-
sistently [20, 21, 25]. For that purpose the unitary operators of both methods have
to be extracted. The unitary transformation can be applied either on the states or on
the operators. During the unitary transformation of an operator induced many-body
forces are generated which have to be considered in further calculations. Since they
are hard to handle, calculations are performed at two- or three-body level. Nuclear
densities are of special interest in the investigations of short-range correlations since
they can be used to visualize these correlations directly. Other observables which can
be compared with experiment are of interest as well.

This thesis is organized as follows. In Chapter 1, the chiral potentials N3LO and
N3LOS, along with the Argonne V18 potential as a representative of the realistic inter-
actions are introduced, and their respective deuteron wave-functions are investigated.

In Chapter 2 UCOM and SRG are introduced as methods to derive effective inter-
actions and treat short-range correlations explicitly. A formal comparison of both
schemes is given at the end of this chapter.

The formal derivation of UCOM correlations functions obtained from a SRG evolu-
tion is presented in Chapter 3. The resulting correlation functions are discussed in
detail. In addition, the determination of correlations functions obtained from energy
minimization is discussed, and the resulting correlation functions are compared with
the UCOM correlation functions throughout SRG calculations. Finally, the effects of
the different correlations functions are discussed in NCSM as well as Hartree-Fock
calculations.

Alternative SRG generators are the subject of Chapter 4. First, SRG transformations
with an additional parameter, which restricts the momentum range the transforma-
tion acts on, are investigated. In this way, we aim to adapt the generator to modify
the low-momentum, long-range components of the interaction as little as possible.
Another straightforward modification is the replacement of the quadratic momentum
operator in the generator by other functions of the momentum. The impact of these
modifications on the momentum-space matrix-elements and deuteron wave-functions
are investigated, and their effect on the convergence behaviour of NCSM calculations
is studied.

In Chapter 5, the general approach of the unitary transformation of observables via
UCOM and SRG is discussed. The transformation of radius and multipole operators
is performed using both transformation methods. The results of many-body calcula-
tions with these transformed operators are compared to results with untransformed
operators in quasi-exact (NCSM) and approximate methods (Hartree-Fock and RPA).

Concluding remarks and an outlook on further fields of study are given in Chapter 6.

In Appendix A the basic concepts of the Hartree-Fock approximation are summarized,
and Appendix B introduces the RPA method. In Appendix C the transformation of the
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two-body density matrix in harmonic oscillator representation is given as a starting
point for unitary transformations.
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Chapter 1

Nucleon-Nucleon Potentials

1.1 Argonne V18 Potential

Realistic nucleon-nucleon (NN ) potentials are fitted to the experimental scattering
data of protons and neutrons. One of these potentials is the Argonne V18 (AV18)
potential [9]. It is designed to reproduce pp and np phase-shifts and deuteron prop-
erties very accurately. AV18 is composed of a one-pion exchange part, describing
the long-range properties, a phenomenological medium- and short-range part, and an
electromagnetic part:

V = Vπ + VR + VEM . (1.1)

The potential can be given in a general operator form

VST =
∑
p

Vp
ST (r) Op (1.2)

with the 14 charge independent operators

OCI
p =

{
1, τ1 · τ2, σ1 · σ2, (σ1 · σ2)(τ1 · τ2), S12, S12(τ1 · τ2), L · S, L · S(τ1 · τ2), L2,

L2(τ1 · τ2), L2(σ1 · σ2)(τ1 · τ2), (L · S)2, (L · S)2(τ1 · τ2)
}
, (1.3)

with the spin σi of the ith particle, the isospin τi of the ith particle, the tensor oper-
ator S12 and the total spin S and total angular momentum L. They act in the same
manner for pp, np and nn interactions. Additional four charge dependent and charge
asymmetric terms

OCD
p = {T12, (σ1 · σ2)T12, S12T12, (τz1 + τz2)} (1.4)

improving the agreement with pp and np scattering data are included as operators Op

1



1.2. CHIRAL POTENTIALS

in equation (1.2). Here T12 = 3τz1τz2 − τ1 · τ2 is the isotensor operator.

Working with the (S, T )-projected part of the potential the phenomenological part is
given by

VR
ST = Vc

ST (r) + Vt
ST (r)S12 + Vls

ST (r)LLL ·SSS + Vls2
ST (r) (LLL ·SSS)2 + Vl2

ST (r)LLL2 (1.5)

a central Vc
ST (r), a tensor Vt

ST (r), a spin-orbit Vls
ST (r), a quadratic spin-orbit Vls2

ST (r)

and a quadratic angular momentum Vl2
ST (r) component are contained. In this equation

S12 =
3

r2
(σσσ1 · rrr) (σσσ2 · rrr)− σσσ1 · σσσ2 (1.6)

is the tensor operator and σσσn is the spin of the nth particle.

The radial dependencies in equation (1.5) can be expressed in a general form

Vi
ST (r) = IiST T

2
µ(r) +

[
P iST + µ rQiST + (µ r)2 RiST

]
W (r) , (1.7)

with the Woods-Saxon function

W (r) =
[
1 + e(r−r0)/a

]−1
(1.8)

for the short-range core, the average pion mass µ = 1
3 (mπ0 + 2mπ±), and the tensor

function

Tµ(r) =

(
1 +

3

µr
+

3

(µr)2

)
e−µr

µr
(1− e−c r

2
)2 . (1.9)

IiST , P iST , QiST and RiST are unknown parameters describing radial dependencies of
each Vi

ST (r). They have to be determined by fits to experimental data.

1.2 Chiral Potentials

In the past decade, Chiral Effective Field Theory (χEFT) has emerged as a more
systematic approach to derive nuclear interactions from Quantum Chromo Dynamics
(QCD). This method is particularly appealing because it provides a consistent set of
NN , 3N , . . . interactions. In general EFTs are systematic low-energy approximations
of more fundamental quantum field theories, which are suitable for the description
of physical effects that do not depend on the substructure of the system. At higher
energies these substructures become relevant and the description of the system with
an EFT is no longer possible.

For the description of a nuclear force the relevant degrees of freedom have to be
identified and the symmetries of QCD have to be fulfilled. Weinberg showed [26, 27]
that the most general Lagrangian consistent with the symmetry principles, especially

2



CHAPTER 1. NUCLEON-NUCLEON POTENTIALS

the chiral symmetry, has to be considered to construct an EFT. The result will be the
most general S-matrix consistent with the symmetries, analycity, unitarity and the
cluster decomposition principle.

In the case of QCD the spontaneous breaking of the chiral symmetry causes the tran-
sition to an effective level. Spontaneous symmetry breaking occurs when the ground-
state has less symmetries than the Hamiltonian or Lagrangian describing the sys-
tem. In QCD for massless systems, the quark fields can be decomposed in left- and
right-handed components which transform independently under unitary rotations, e.g.
under SUL(2)× SUR(2) transformations in the case of up and down quarks. The sym-
metry group can be re-expressed as a product of vectorial and axial transformations,
SUV (2) × SUA(2), by taking linear combinations of left- and right-handed fields. At
low energies the axial SUA(2) symmetry is spontaneously broken in the ground-state
and only SUV (2) remains as the isospin symmetry [6]. The spontaneous symmetry
breaking leads to the emergence of Goldstone bosons with the quantum numbers of
the broken generators. These Goldstone bosons are identified as the lightest mesons
π0 and π± [28]. The explicit breaking of chiral symmetry by the non-zero quark masses
in the QCD Lagrangian is responsible for the experimentally measured non-zero pion
masses.

Pions and nucleons are the relevant degrees of freedom for the description of a nuclear
force. The interactions of Goldstone bosons vanish for zero momentum transfer and
in the chiral limit for vanishing quark masses. This leads to a Lagrangian containing
an infinite number of terms with an increasing number of derivatives, which can be
organized by powers of (Q/Λχ)ν . Here Q is the nucleon three-momentum or the pion
four-momentum and Λχ the chiral symmetry breaking scale (breakdown scale) up to
which the effective theory is valid [27]. The description of the chiral dynamics of
hadrons at low energies is valid up to a scale Λχ, which is considered to be the mass
of the ρ-meson, mρ ≈ 770MeV/c2, which is the lightest meson that cannot be identified
as a Goldstone boson from chiral symmetry breaking.

To treat a two-nucleon system in χEFT, the Lagrangian is expanded in terms of powers
of 1/mN , to account for the problem that the nucleon mass is not small compared to
Λχ. This is the heavy baryon formulation of χEFT. With this formalism a Lagrangian
for the description of a nuclear force can be derived. This Lagrangian contains terms
describing the pion-pion interaction and other terms dealing with the pion-nucleon in-
teraction. The expansion up to next-to-next-to-next-to leading order (N3LO) generates
one pion exchange, two pion exchange and three pion exchange. 3N and 4N forces
appear at N2LO and N3LO, respectively, where the contribution of the 2N force is
much larger than of the 3N force which in turn is much larger than the 4N force, and
so on. This ordering is due to the expansion in powers of Q/Λχ in the χEFT [7]. In [29]
the 4N forces have been applied, using several approximations, to the 4He binding
energy, confirming the prediction that the effect of it is small in comparison to the full
binding energy of this nucleus. A detailed calculation of the 4N force in the N3LO can
be found in [30]. Nevertheless, one cannot extrapolate from the small effects of the
4N force in finite nuclei to nuclear matter [31]. The 3N force have a more significant
effect which is for example shown in [32] for ab initio calculations using the 2N part
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1.3. THE DEUTERON WAVE-FUNCTION

of the N3LO potential as well as the 2N part of the N2LO potential. In this thesis we
will restrict out calculations to two-body potentials.

To obtain the NN potential the interaction terms of the Lagrangian are iterated up
to a certain chiral order by means of a scattering equation. The full potential then
consists of pion exchange terms Vπ and contact terms Vct

V = Vπ + Vct . (1.10)

The potential terms are multiplied with a regulator function [33]

exp

[
−
( p

Λ

)2n
−
(
p′

Λ

)2n
]
. (1.11)

Here Λ is a cutoff parameter, p and p′, the initial and final nucleon momenta in the
center-of-mass system. The exponent 2n is chosen large enough so that the regulator
generates higher orders than the order at which the calculation is carried out.

The charge dependence due to the different pion masses, which is important for the
description of low-energy pp and np data, and the Coulomb potential are included in
the potential as well [27].

1.3 The Deuteron Wave-Function

The deuteron wave-functions are shown in Figure 1.1 for the N3LO potential from the
Idaho group with a cutoff momentum of 500 MeV, the Argonne V18 interaction and
additionally for the N3LO potential with a smoother, gaussian, cutoff (kindly provided
to us by R. Machleidt). The latter will be referred to as N3LOS in the following.

The S-wave of the Argonne V18 and the N3LOS potential have a very similar shape and
height. The N3LO S-wave in contrast is shifted to larger r. In the long-range region all
three potentials have a similar behaviour. In the D-wave the Argonne V18 potential is
higher than the two chiral potentials, which are also shifted towards larger distances.
For the N3LO potential vague oscillations of the D-wave for large r can be observed.
They probably result from the Fourier transform of the sharp form of the momentum
cutoff in momentum space. This is eliminated in the N3LOS potential by construction,
because these oscillations cause some problems in further calculations, as outlined in
the following chapters. The D-wave of the N3LOS potential, however, has a negative
contribution for small r. This observation shows, that the smoother cutoff causes the
oscillations in the D-wave to vanish, but generates other effects. This might result
from the construction of the potential, where the cutoff effects are not shifted towards
higher orders of Q/Λχ.

The N3LOS potential will be used for calculations in Chapter 3.2 to investigate how
its structure, caused by cutoff effects, will affect the calculations.
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Figure 1.1: The deuteron S- (upper curves) and the D-wave-function (lower curves) for
the N3LO ( ), the N3LOS ( ) and the Argonne V18 potential ( ).
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Chapter 2

Effective Interactions

2.1 Unitary Correlation Operator Method

The main task in nuclear structure theory is to solve the nuclear many-body problem.
In the ideal case it is solved ab initio, i.e., without any approximations. The computa-
tional effort restricts such methods to light nuclei. For the treatment of heavier nuclei
the many-body Hilbert space has to be truncated to a much smaller subspaces, the
heavier the nuclei become. This is problematic, because modern realistic interactions
induce strong correlations, which already manifest in the deuteron solution. In the
spin-projected two-body density distribution of the deuteron, shown in Figure 2.1, the
effect of these correlations is illustrated. For small inter-particle distances the short-
range repulsion of the interaction pushes the nucleons apart. Additionally a strong
dependence on the relative distance and the spin alignments of the nucleons can be
observed, which leads to the doughnut and dumbbell shapes for anti-parallel and par-
allel spins, respectively. This effect is caused by the action of the tensor force leading
to a mixing of different orbital angular momenta.
In the Unitary Correlation Operator Method (UCOM) [34, 11, 35, 12] these correla-
tions are imprinted onto a many-body state by means of a unitary transformation. The
construction of the generators which handle the correlations and of the correlated
interaction will be discussed in the following sections.

2.1.1 Basic Concept

The basic concept of the UCOM is to imprint the strong short-range and tensor corre-
lations onto a many-body state by means of a unitary transformation. For that purpose
a unitary operator C is introduced, transforming the initial many-body state

∣∣Ψ 〉 or a
bare operator O via

〈
Ψ̃
∣∣O ∣∣Ψ̃′ 〉 =

〈
Ψ
∣∣C†OC

∣∣Ψ 〉 =
〈

Ψ
∣∣ Õ ∣∣Ψ 〉 . (2.1)

Depending on the requirements it can be chosen whether the state or the operator

7



2.1. UNITARY CORRELATION OPERATOR METHOD

Figure 2.1: Two-body density of the deuteron calculated with the Argonne V18 poten-
tial projected onto antiparallel (left) and parallel (right) spins. Shown are the isoden-

sity surfaces for ρ
(2)
1MS

= 0.005fm−3, taken from [34].

should be transformed. The initial many-body state can be a Slater determinant in the
simplest case. The resulting correlated state

∣∣Ψ̃ 〉 = C
∣∣Ψ 〉 is then no longer a single

Slater determinant, but a superposition of Slater determinants.

In the UCOM framework the short-range central and the tensor correlations are treated
separately, meaning that the correlation operator is a product of two operators

C = CΩCr . (2.2)

Here CΩ describes the short-range part of the tensor correlations, while Cr is respon-
sible for the short-range central repulsion.

The correlation operators can be expressed as exponential functions with hermitian
two-body generators

C = exp

−i
∑
i<j

gij

 . (2.3)

The detailed structure of the generator g is motivated by the physics of the central and
tensor correlations, as discussed in the following sections.

2.1.2 Central Correlations

The repulsive core of the NN-interaction, which keeps the nucleons apart from each
other, induces the short-range correlations which appear in the two-body density of the
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CHAPTER 2. EFFECTIVE INTERACTIONS

correlated state as a correlation hole at small interparticle distances. To include these
correlations in the many-body state a distance-dependent shift is introduced pushing
nucleons apart whose distance is smaller than the radius of the repulsive core.

Radial shifts are generated by the projection of the relative momentum q = 1
2 [p1 − p2]

onto the distance vector r = x1 − x2 of the nucleons

qr =
1

2

[
q · r

r
+

r

r
· q
]
. (2.4)

The shift should be large for small distances to push the nucleons apart if their dis-
tance is smaller than the range of the repulsive core. For increasing distances, the
generated shift should be small or zero to concentrate the nucleons in the attractive
region of the potential. To achieve this behaviour, the shift-function s(r) is introduced.
Allowing separate shift-functions in the four (S, T )-channels, the generator for the
central correlations now reads [11, 36]

gr =
∑
S,T

1

2
[qrsST (r) + sST (r)qr] ΠST , (2.5)

where the operator ΠST projects onto two-body spin S and isospin T.

2.1.3 Tensor Correlations

The tensor force induces correlations between the spins of two nucleons and their
relative spatial orientation. For the description of the tensor correlations a spatial
shift perpendicular to the radial direction has to be generated. The orbital part of the
relative momentum operator is a suitable choice for that

qΩ = q− r

r
· qr =

1

2r2
(L× r− r× L) , (2.6)

with the relative orbital angular momentum operator L. The ansatz for the tensor
generator including the dependence of the shift on the spin orientation is [35, 37, 11]

gΩ =
∑
T

3

2
ϑT (r) [(σ1 · qΩ)(σ2 · qr) + (σ1 · qr)(σ2 · qΩ)] Π1T = ϑ(r) S12(r,qΩ)Π1T , (2.7)

where S12(a,b) = 3
2 [(σ1 · a)(σ2 · b) + (σ1 · b)(σ2 · a)] − 1

2(σ1 · σ2)(a · b + b · a). The
strength and radial dependence of the transverse shift of the nucleons is described by
the tensor correlation function ϑ(r). It is constructed in analogy to the radial shift-
function of the central correlations.

9



2.1. UNITARY CORRELATION OPERATOR METHOD

2.1.4 Correlated Wave Functions

The effect of the correlation operators can be illustrated by applying them to a two-
body wave-function in coordinate-space representation. By construction only the rel-
ative wave-functions are affected by the correlation operators. For the uncorrelated
states, LS-coupled angular momentum eigenstates are considered. Since the correla-
tion operators do not depend on the magnetic quantum numbers M and MT , they are
omitted in the following.

The action of the central correlation operator Cr = exp(−igr) onto a two-body state in
coordinate representation resembles a norm-conserving transformation of the radial
wave-function [11]:

〈
r (L′S) JT

∣∣Cr

∣∣φ (LS) JT
〉

=
R−(r)

r

√
R′−(r)φ(R−(r))δL′L (2.8)〈

r (L′S) JT
∣∣C†r ∣∣φ (LS) JT

〉
=
R+(r)

r

√
R′+(r)φ(R+(r))δL′L , (2.9)

where the φ(r) are the uncorrelated radial wave-functions in coordinate space.

The correlation function R−(r) and its inverse R+(r) (where R±(R∓(r)) = r) are con-
nected to the shift-function s(r) through

∫ R±(r)

r

dξ

s(ξ)
= ±1 . (2.10)

For slowly varying shift-functions the correlation function can be approximated by
R±(r) ' r ± s(r), i.e., two nucleons at a distance r to each other are shifted apart by
the distance s(r).

Application of the tensor correlation operator CΩ to a LS-coupled two-body state has
no effect for states with L = J . States with L = J ± 1 are connected to states with
L = J ∓ 1. The tensor correlation function ϑ(r) controls the strength of the mixing
[35]:

〈
r (L′S) JT

∣∣CΩ

∣∣φ (LS) JT
〉

=


φ(r) L′ = L = J

cos[θJ(r)]φ(r) L′ = L = J ± 1

± sin[θJ(r)]φ(r) L′ = J ± 1, L = J ∓ 1 ,

(2.11)

with the abbreviation θJ(r) = 3
√
J(J + 1)ϑ(r).

The central and tensor correlated two-body wave-function in coordinate space is then
given by
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CHAPTER 2. EFFECTIVE INTERACTIONS

Figure 2.2: Starting with a uncorrelated trial wave-function (a). Application of the
central correlator (d) leads to the wave-function (b). Supplementary application of the
tensor correlator (e) yields the fully correlated wave-function (c), from [11].

〈
r (L′S) JT

∣∣CΩCr

∣∣φ (LS) JT
〉

=


R−(r)
r

√
R′−(r)φ(R−(r)) L′ = L = J

cos[θJ(r)]R−(r)
r

√
R′−(r)φ(R−(r)) L′ = L = J ± 1

± sin[θJ(r)]R−(r)
r

√
R′−(r)φ(R−(r)) L′ = J ± 1, L = J ∓ 1 .

(2.12)

An uncorrelated state
∣∣φ0(LS)JT

〉
=
∣∣φ0(01)10

〉
, a s-wave state with the spin and

isospin quantum numbers of the deuteron, is chosen as a starting point. In Figure
2.2(a) the uncorrelated L = 0 radial wave-function in this channel is shown. Applying
the central correlator Fig. 2.2(d) leads to a wave-function with a correlation hole for
short interparticle distances, Fig. 2.2(b). The additional application of the tensor cor-
relator Fig. 2.2(e) generates the D-wave admixture in the wave-function, depending
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2.1. UNITARY CORRELATION OPERATOR METHOD

on the tensor correlation function ϑ(r). The fully correlated wave-function is shown in
Fig. 2.2(c). In order to generate a realistic deuteron wave-function the tensor corre-
lation would have to be long-ranged as depicted with the dashed lines in the figure.
The UCOM however, is designed to describe only the state-independent short-range
correlations, while long-range correlations have to be described by the many-body
model-space. This restriction leads to the tensor correlation function and the wave-
function shown with the solid lines in Figure 2.2(e) and (c). The range constraint is
discussed in Section 3.2.1 in detail.

2.1.5 Cluster Expansion

In the previous section correlated two-body states were discussed. The general equa-
tion for the correlation operators in the many-nucleon system contains the generator
of the correlations in all possible nucleon pairs:

Cr = exp

−i
∑
i<j

gr,ij

 , CΩ = exp

−i
∑
i<j

gΩ,ij

 , (2.13)

where i, j = 1, . . . , A. With this definition, the application of these operators to a
state with a arbitrary particle number will generate up to A-body correlations. Such
wave-functions become very complicated with increasing particle number. Therefore
the unitarity of the correlation operators can be used to correlate operators instead
of wave-functions. Transforming an arbitrary operator O gives a correlated operator
containing up to A-body contributions.

Via a cluster expansion [34, 35]

Õ = C†OC =
A∑
k=1

Õ[k] (2.14)

the correlated operator can be decomposed into the irreducible part Õ[k] for particle
number k, where for a n-body operator all irreducible contribution with k < n vanish.

In practical calculations, the cluster expansion is truncated at two-body level, which
will be referred to as the two-body approximation in the remainder of this work. The
two-body approximation is meaningful for small densities and short correlation ranges,
so that the range of the correlations is smaller than the mean particle distance.

2.1.6 Correlated Operators

For further investigations the correlation operators are applied to the many-body
Hamiltonian containing a NN -interaction. The uncorrelated Hamiltonian for the A-
body system is given by the sum of the kinetic energy operator T and a two-body
potential V:
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CHAPTER 2. EFFECTIVE INTERACTIONS

H = T + V =
A∑
i=1

1

2µ
q2
i +

A∑
i>j=1

vij , (2.15)

with the reduced nucleon mass µ.

For the rest of this chapter we will work in two-body space where for theNN -interaction
the form [38]

V =
∑
p

1

2
(vp(r)Op +Opvp(r)) (2.16)

is assumed for the purpose of this discussion, with

Op ∈
{

1, σ1 · σ2, q
2
r , q2

r σ1 · σ2, L
2, L2σ1 · σ2, L · S, S12(

r

r
,
r

r
), S12(L,L)

}
⊗ {1, τ1 · τ2}

(2.17)

(cf. (1.3)). This is sufficient to describe different realistic potentials, as the AV18 for
example. The charge dependence is not considered here for the sake of simplicity.
With this, the Hamiltonian can be written as

H = Tcm + Trel + V , (2.18)

with the kinetic energy split into a relative part

Trel = Tr + TΩ =
1

2µ

(
q2
r +

L2

r2

)
, (2.19)

and a center-of-mass part

Tcm =
1

8µ
(q2

1 + q2
2) , (2.20)

where the latter is not affected by the correlation operators.

Tensor Correlated Hamiltonian

To construct the correlated Hamiltonian in two-body space the application of the ten-
sor correlator has to be accomplished. For that purpose the Baker-Campbell-Hausdorff
expansion [38, 34] in two-body space

C†ΩOCΩ = exp(igΩ)Oexp(−igΩ) = O + i [gΩ, O] +
i2

2!
[gΩ, [gΩ, O]] + . . . (2.21)

can be used. For some basic operators the series produces a finite number of terms,
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but in general the expansion does not terminate.

The distance operator r for example commutes with the generator of the tensor corre-
lations gΩ and, therefore, stays unchanged in the transformation

C†ΩrCΩ = r . (2.22)

For the quadratic radial momentum operator q2
r the first two terms of the Baker-

Campbell-Hausdorff expansion remain. This leads to the correlated operator

C†Ωq2
rCΩ = q2

r −
[
ϑ′(r)qr + qrϑ

′(r)
]

S12(r,qΩ) +
[
ϑ′(r)S12(r,qΩ)

]2
, (2.23)

with S12(r,qΩ) = 9
[
S2 + 3(L · S) + (L · S)2

]
.

For the other operators the full expansion is required. In first order the commutators

[
gΩ,S12

(r
r
,
r

r

)]
= iϑ(r)

[
−24Π1 − 18(L · S) + 3S12

(r
r
,
r

r

)]
(2.24)

[gΩ, (L · S)] = iϑ(r)
[
−S̃12(qΩ,qΩ)

]
(2.25)[

gΩ,L
2
]

= iϑ(r)
[
2S̃12(qΩ,qΩ)

]
(2.26)

[gΩ, S12 (L, L)] = iϑ(r)
[
7S̃12(qΩ,qΩ)

]
, (2.27)

are obtained with the abbreviation

S̃12(qΩ,qΩ) = 2r2S12(qΩ,qΩ) + S12 (L, L)− 1

2
S12

(r
r
,
r

r

)
. (2.28)

This new tensor operator in turn generates further operators in the next order of
the Baker-Campbell-Hausdorff expansion. To obtain a closed representation for the
tensor correlated operators the number of new operators has to be truncated, e.g., by
considering only operators of up to fourth order in momentum of the Baker-Campbell-
Hausdorff expansion [11].

Fully Correlated Hamiltonian and the Correlated Interaction VUCOM

The application of the central correlator to the tensor correlated Hamiltonian is sim-
pler, because it can be evaluated analytically for all relevant operators. With the trans-
formation properties in coordinate space, as introduced in Section 2.1.4, the two-body
approximation of the central correlated operators can be obtained.

Applying the central correlator Cr to the distance operator r gives

C†rrCr = R+(r) , (2.29)
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which resembles a coordinate transformation. Here R+(r) is the correlation function
as introduced in Section 2.1.4. Due to the unitarity of the central correlation operator
the transformation of an arbitrary distance-dependent function reads

C†rf(r)Cr = f
(

C†rrCr

)
= f (R+(r)) . (2.30)

This affects the radial dependencies of the different contributions in the NN -inter-
action. Additionally, the components of the radial momentum q and the quadratic
radial momentum q2

r are modified, where the transformation of the latter generates a
local potential in addition to the state-dependent part

C†rq
2
rCr =

1

2

{
1

R+(r)2
q2
r + q2

r

1

R′+(r)2

}
+

7

4

R′′+(r)2

R′+(r)4
− 1

2

R′′′+(r)

R′+(r)3
(2.31)

All other operators appearing in the Baker-Campbell-Hausdorff expansion are invari-
ant under the transformation with the central correlation operator.

By combining and applying the central and tensor correlated operators discussed be-
fore, a correlated many-body Hamiltonian is obtained. In two-body approximation, see
Section 2.1.5, the Hamiltonian reads:

H̃ = T[1] + T[2] + V[2] = T + VUCOM . (2.32)

The one-body contribution is the uncorrelated kinetic energy T = T[1]. Its two-body
contributions are the correlated kinetic energy T[2] and the correlated potential V[2].
Their sum defines the correlated interaction VUCOM, which can be written in operator
form as [11]

VUCOM =
∑
p

1

2

[
ṽp(r)Õp + Õpṽp(r)

]
, (2.33)

like the underlying bare NN -interaction. Here the operators Õp are

Õp =
{

1, σ1 · σ2, q
2
r , q2

r σ1 · σ2, L
2, L2σ1 · σ2, L · S, S12(

r

r
,
r

r
), S12(L,L),

S̃12(qΩ,qΩ), qrS12(r,qΩ), L2(L · S),L2S̃12(qΩ,qΩ), . . .
}
⊗ {1, τ1 · τ2} . (2.34)

This list includes operators appearing in the Baker-Campbell-Hausdorff expansion up
to the third order. Contributions in higher orders are indicated by the dots. In general
it is sufficient to work with the contributions up to the third order [35, 37].

In general, the UCOM is not restricted to the transformation of the Hamiltonian, it can
be applied to other observables as well. The transformation of these observables has
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to be performed in consistent way. In the Chapter 5 this is discussed for charge radii
and multipole momenta.

2.1.7 Correlated Matrix-Elements

For many-body calculations the two-body matrix-elements of the correlated interaction
are required. These matrix-elements are obtained by calculating the matrix-elements
directly by using the operator representation of the interaction VUCOM. The radial
integrals can be evaluated analytically by expanding the radial dependencies of the
operator channels in sums of gaussians. The tensor correlations are applied to the
states, because then the truncation due to the Baker-Campbell-Hausdorff expansion,
introduced in the previous section, can be avoided. The central correlator in contrast
will be applied to the Hamiltonian.

For the application of the tensor correlator to the states the order of central and tensor
operator in the definition of the correlated matrix-elements have to be interchanged:

C†rC
†
ΩHCrCΩ = (C†rC

†
ΩCr)C

†
rHCr(C

†
rCrCΩ) = C̃†ΩC†rHCrC̃Ω , (2.35)

with the correlated tensor correlation operator

C̃Ω = C†rCrCΩ = exp(−iϑ(R+(r))S12(r,qΩ)) . (2.36)

For LS- coupled states with L = J the correlated tensor operator acts like the identity
operator and the coupling of states with L = J ± 1 with states with L = J ∓ 1 is given
by [11]

〈
r (L′S) JT

∣∣CΩ

∣∣φ (LS) JT
〉

=


φ(r) L′ = L = J

cos[θ̃J(r)]φ(r) L′ = L = J ± 1

± sin[θ̃J(r)]φ(r) L′ = J ± 1, L = J ∓ 1 ,

(2.37)

where

θ̃J(r) = 3
√
J(J + 1)ϑ(R+(r)) . (2.38)

These relations allow for an exact calculations of the two-body matrix-elements.

2.2 Similarity Renormalization Group

The basic concept of the Similarity Renormalization Group (SRG) [39, 13, 14, 40] was
developed by Glazek and Wilson who applied it to light-front field theory [15]. At
the same time Wegner found a method to diagonalize or at least band-diagonalize
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Hamiltonians [39]. As shown by Szpigel and Perry [41], both concepts are equivalent.
In the SRG formalism the short-range properties of an interaction are handled by a
pre-diagonalization of a matrix representation of the Hamiltonian in a given basis,
leading to a band-diagonal interaction. This is achieved by solving a renormalization
group flow-equation.

2.2.1 Formal Derivation

Starting with Wegners flow-equation formulation of the SRG [39], the many-body
Hamiltonian of a system is transformed towards a diagonal form with respect to a
given basis. This transformation has to be performed consistently for other observ-
ables as well. An application of the SRG to the momentum occupation number oper-
ator can be found in [25]. A detailed discussion of the SRG evolution of charge radii
and multipole transition strengths and momenta is worked out in Chapter 5.

For the flow parameter α the evolution of the initial Hamiltonian H0 is governed by the
flow-equation

dHα

dα
= [ηα,Hα] , (2.39)

where Hα = Tint + Vα is the SRG-evolved Hamiltonian with the many-body interaction
Vα and the α-independent intrinsic kinetic energy Tint = T − Tcm. The evolution
of the initial Hamiltonian H0 with a flow parameter α can be written as a unitary
transformation

Hα = U†αH0Uα . (2.40)

From equations (2.39) and (2.40) an equation defining the generator ηα can be ex-
tracted:

ηα =
dUα

dα
U†α = −η†α . (2.41)

The generator has to be chosen appropriately for the application of interest. The
original choice of Wegner [39] for the anti-hermitian generator ηα was

ηα = [diag(Hα),Hα] . (2.42)

If the Hamiltonian commutes with its diagonal part in a given basis, the generator ηα
vanishes and the evolution has reached a fixed point. This is only possible if Hα is
diagonal in that basis.

Another, widely applied, ansatz for the generator was suggested by Szpigel and Perry
[41] and later adopted by Bogner et al. [14]. For the evolution a generator containing
the relative kinetic energy Trel instead of the diagonal part of Hα is used:
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ηα = (2µ)2 [Trel,Hα] . (2.43)

This generator will be used in the following discussion. There are, of course, many
other possibilities for the choice of ηα. Some other generators are investigated in
Chapter 4.

During the flow, the off-diagonal matrix-elements of the Hamiltonian are suppressed
continuously [39, 18]. The side-effect of this diagonalization is, that during the flow
complicated many-body interactions are generated, even for an initial two-body inter-
action. This can be seen by decomposing the Hamiltonian in second-quantized form.
In a very schematic way the SRG flow-equation (2.39) with the generator (2.42) can
be written as

dHα

dα
=
[[∑

a†a†aa,
∑

a†a†aa
]
,
∑

a†a†aa
]

(2.44)

=
∑

a†a†aa +
∑

a†a†a†aaa + · · · , (2.45)

where the initially used two-body Hamiltonian obtains higher-body contributions dur-
ing the evolution. For a more detailed discussion of the SRG flow-equation in second
quantization see for example [42].

Wegner showed [39], by solving the flow-equation for each particle number separately,
that the one-body equation does not depend on the flow parameter, while an A-body
equations depends on particle numbers equal to or less than A.

In this thesis all calculations are performed in a two-body approximation, therefore
the flow-equation (2.44) has to be truncated at this level. This is analogous to the two-
body approximation of the cluster expansion in the UCOM framework (c.f. Section
2.1.5). Calculations with induced three-body contributions are presented in recent
works [43, 44, 45].

2.2.2 Evolution of Two-Body Matrix-Elements in Momentum-Space

Confining the evolution to two-body space, where the higher order contributions are
discarded in the evolved interaction, the generator (2.43) reads

ηα = (2µ)2 [Trel,Hα] = 2µ
[
q 2,Hα

]
= 2µ

[
q 2,Trel + Vα

]
, (2.46)

with the relative kinetic energy Trel = 1
2µq

2. The prefactor (2µ)2 of the commuta-
tor, with the reduced nucleon mass µ, is chosen such that the dimension of the flow
parameter α is fm4. The flow-equation now reads

dHα

dα
= 2µ

[[
q 2,Hα

]
,Hα

]
. (2.47)
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Decomposing the square of the two-body relative momentum operator into a radial
and an angular part leads to

q2 = q2
r +

L2

r2
, with qr =

1

2

(
q · r

r
+

r

r
· q
)
. (2.48)

This shows that one fixed point of the flow given by equation (2.47) is a two-body
Hamiltonian that commutes with q2

r and with L2

r2
. In a partial-wave momentum-space

basis
∣∣q (LS)JT

〉
the Hamiltonian is band-diagonalized with respect to the relative

momentum (q, q′) and the orbital angular momentum (L,L′).

The flow-equation for the uncoupled partial-waves with L = L′ = J reads

dVα(q, q′)

dα
= −(q2 − q′2)2Vα(q, q′)

+ 2µ

∫
dQQ2(q2 + q′2 − 2Q2)Vα(q,Q)Vα(Q, q′) , (2.49)

where

Vα(q, q′) =
〈
q (LS)JT

∣∣Vα ∣∣q′ (LS)JT
〉
. (2.50)

In this case charge-independence and rotational symmetry are assumed for the inter-
action, i.e. the matrix-elements do not depend on M and MT . These quantum numbers
are omitted in the following, but we use MT -dependent matrix-elements for all appli-
cations.

For channels with S = 1 and L,L′ = J ± 2 the mixing of the angular momenta couples
matrix-elements for the different combinations of L = J ± 1 and L′ = J ∓ 1. The flow-
equation of the coupled-channel can be obtained by replacing Vα(q, q′) of equation
(2.49) with a matrix Vα(q, q′), i.e.

dVα(q, q′)

dα
= −(q2 − q′2)2Vα(q, q′)

+ 2µ

∫
dQQ2(q2 + q′2 − 2Q2)Vα(q,Q)Vα(Q, q′) , (2.51)

with

Vα(q, q′) =

(
V LL
α (q, q′) V LL′

α (q, q′)

V L′L
α (q, q′) V L′L′

α (q, q′)

)
, (2.52)

where V LL′
α (q, q′) =

〈
q (LS)JT

∣∣Vα ∣∣q′ (L′S)JT
〉
. The SRG-evolution is performed for

each non-coupled partial-wave and each set of coupled partial-waves separately.
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2.3. SRG AND UCOM

2.2.3 SRG and the Deuteron

The SRG evolution has a strong impact on the deuteron wave-function. This effect
can be seen in Figure 2.3 in case of the AV18 interaction and in Figure 2.4 for the
N3LO interaction, where the wave-functions and for comparison also the momentum-
space matrix-elements are shown for the unevolved and the SRG-evolved effective
interaction for α = 0.08 fm4.

In the matrix-elements of the initial potential the strong off-diagonal contributions
couple low- and high-momentum components in the wave-functions. During the flow
the large off-diagonal matrix-elements are suppressed and pushed towards the diag-
onal with increasing flow parameter. In the 3S1 partial-wave the attraction in the
low-momentum region has increased significantly. One effect, which can be observed
more strongly for the AV18 interaction than for the N3LO interaction, is the accumula-
tion of repulsive strength on the diagonal in the high-momentum area, see for example
[46, 17].

The band-diagonalization of the matrix, reducing the contributions of the short-range
correlations has a significant effect on the wave-functions. During the flow the corre-
lation hole in the L = 0 radial wave-function is completely removed by the evolution.
The L = 2 admixture is reduced, i.e., the effect of the short-range correlations is di-
minished.

Comparing the SRG-evolved wave-functions with the UCOM correlated wave-functions
for the AV18 potential in Figure 2.2 shows, that both methods describe short-range
correlations by means of a unitary transformation. In the UCOM the correlations are
imprinted onto the many-body state, while in the SRG the correlations are obtained by
the transformation of the Hamiltonian.

The suppression of the tensor part and the elimination of the correlation hole are gen-
eral effects in both methods which occur for both SRG-evolved interactions. A UCOM
transformation of the N3LO potential is not possible with the usual parameterizations
for the correlation functions used so far. This procedure and some proposals for new
parameterizations, which allow the construction of correlation functions for the N3LO
potential, are discussed in Chapter 3.2. The suppression of the D-wave also leads to
smaller quadrupole moments. A consistent unitary transformation of this observable
is necessary to correct for the effects caused by the transformation of the interaction.
The discussion and results are summarized in Chapter 5.

2.3 SRG and UCOM

Both, the UCOM and the SRG make use of unitary transformations of the Hamitonian
to decouple low-lying and high-lying momenta and to handle the short-range corre-
lations which are induced by the underlying potential. In the UCOM generators for
the central and the tensor correlations are constructed explicitly. The SRG on the
other hand aims for a pre-diagonalization of the momentum-space matrix-elements in
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Figure 2.3: Momentum-space matrix-elements (in units of MeV fm3) and deuteron
wave-functions of the SRG-evolved AV18 potential for α = 0.0 fm4 (top) and 0.08 fm4

(bottom).Note the different scale for the matrix-elements of the unevolved 3S1 partial-
wave.
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CHAPTER 2. EFFECTIVE INTERACTIONS

a partial-wave representation by solving a renormalization group flow-equation.

Because both methods exhibit many similarities, a comparison and a study of their
connection on a formal level is in order.

2.3.1 Comparison of the Methods

The relation of the generators of the UCOM and of the SRG are examined in more
detail in the following.

The operator form of the AV18 potential (see Section 1.1)

V =
∑
p

Vp(r)Op , (2.53)

is chosen for the following investigations, but the charge-dependent operators are
omitted for the sake of simplicity. Evaluating the SRG generator (2.46) at α = 0.0 fm4

and splitting the relative kinetic energy in a radial and an angular part, the initial
generator is given by

η0 =
1

2µ

[
q2
r +

L2

r2
, V

]
. (2.54)

This commutator can be split into one commutator for the operator q2
r and one for L2

r2
.

The first is given by

[
q2
r , V

]
=
∑
p

[
q2
r , Vp(r)Op

]
= −i

∑
p

(qrV
′
p(r) + V

′
p(r)qr)Op , (2.55)

because qr commutes with all operators Op. In the angular part only the tensor com-
ponent of the interaction does not commute with L2, leading to

[
L2

r2
, V

]
=

[
L2

r2
, Vt(r)S12(

r

r
,
r

r
)

]
= −4i

Vt(r)

r2
S12(r,qΩ) . (2.56)

With these results the initial SRG-generator

η0 =
i

2
(qrS(r) + S(r)qr) + iΘ(r)S12(r,qΩ) (2.57)

is obtained, with

S(r) ≡ − 1

µ

(∑
p

V
′
p(r)Op

)
(2.58)

and
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2.3. SRG AND UCOM

Θ(r) ≡ − 2

µ

Vt(r)

r2
. (2.59)

The generator η0 has the same structure as the sum of the UCOM generators gr (2.5)
and gΩ (2.7). The symmetrized radial momentum qr and the momentum-dependent
tensor operator S12(r,qΩ), which are constructed in the UCOM framework to mimic
the structure of the short-range correlations, result from the commutation relation
that defines the generator of the flow. This connects the intuitive picture of central
and tensor correlation of the UCOM framework with the one of the SRG flow.

A difference of the methods is, that in the SRG transformation the operator valued
function S(r) depends on the spin-isospin channel as well as the partial-wave, while
in the UCOM the function s(r) does not depend on the partial-wave. A UCOM trans-
formation for each partial-wave with a corresponding correlation function would be
necessary to emulate the behaviour of the SRG. Another difference is that the UCOM
transformation of the Hamiltonian is static, performed in a single step. In contrast, the
SRG transformation is dynamical and adapts the generator at each step of the flow,
which obliterates the structural similarity of the generators which acquires a more
and more complicated structure throughout the evolution. Moreover, the UCOM in-
troduces separate generators for central and tensor correlations, while the SRG does
not distinguish between the types of the correlations. In the SRG method the two
types of correlations are entangled which may cause a shift to larger scales on which
the central correlations are transferred from the potential to the wave-function.
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Chapter 3

Determination of UCOM
Correlation Functions

3.1 SRG-Generated UCOM

The formal connection of UCOM and SRG, derived in the previous chapter shows that
the SRG can reproduce the generators included in the UCOM approach. A next logical
step is to derive the UCOM correlation functions from the SRG evolution [18, 47, 17,
11]. To achieve this, the SRG flow-equation is solved for a given interaction up to a flow
parameter α. This leads to momentum-space matrix-elements Vα(q, q′) for a certain
partial-wave. With these matrix-elements the two-body problem is solved to determine
eigenstates. The lowest two-body eigenstate of the SRG-evolved interaction is mapped
onto the corresponding state of the initial interaction in the respective partial-wave by
a UCOM transformation and thus, UCOM correlation functions are obtained.

3.1.1 Extracting UCOM Correlation Functions from SRG

We start with the two-body eigenstates
∣∣Φ(0)

〉
of the initial potential, and

∣∣Φ(α)
〉

of the
SRG-evolved one, both with the same energy eigenvalue. The idea is now to construct
a UCOM correlation function mapping the SRG-evolved state onto the initial state:

∣∣Φ(0)
〉

= C
∣∣Φ(α)

〉
= CΩCr

∣∣Φ(α)
〉
. (3.1)

Considering non-coupled partial-waves with L = J , where only the central correlator
acts, the two-body states for the initial and the SRG-evolved interaction can be written
as

∣∣Φ(0)
〉

=
∣∣φ(0) (LS) JT

〉∣∣Φ(α)
〉

=
∣∣φ(α) (LS) JT

〉
,

(3.2)

25



3.1. SRG-GENERATED UCOM

respectively.

From equations (2.9) and (3.1) an equation for determining the central correlation
function R−(r) is obtained, with real-valued wave-functions:

φ(0)(r) =
R−(r)

r

√
R′−(r)φ(α)(R−(r)) . (3.3)

Since the wave-functions are known, R−(r) can be evaluated by integrating equation
(3.3):

R3
−(r) = 3

∫ r

0
dr′r′2

[φ(0)(r′)]2

[φ(α)(R−(r′))]2
. (3.4)

This integral equation for R−(r) can be solved in an iterative way for any considered
partial-wave.

For coupled partial-waves with L = J + 1 and L′ = J − 1 central and tensor correla-
tions appear simultaneously. The two-body eigenstates of the initial and SRG-evolved
interaction

∣∣Φ(0)
〉

=
∣∣φ(0)
L (LS) JT

〉
+
∣∣φ(0)
L′ (L′S) JT

〉∣∣Φ(α)
〉

=
∣∣φ(α)
L (LS) JT

〉
+
∣∣φ(α)
L′ (L′S) JT

〉 (3.5)

are used as an ansatz. For the correlation functions in coordinate-space representation
(2.12), a set of coupled equations is obtained

(
φ

(0)
L (r)

φ
(0)
L′ (r)

)
=
R−(r)

r

√
R′−(r)

(
cos θJ(r) sin θJ(r)

− sin θJ(r) cos θJ(r)

)(
φ

(α)
L (R−(r))

φ
(α)
L′ (R−(r))

)
, (3.6)

with the correlation functions R−(r) and θJ(r) = 3
√
J (J + 1)ϑ(R−(r)). Formal inte-

gration of this equation, as for the uncoupled partial-waves, will not lead to a satisfying
result, because the equations depend on the unknown central and tensor correlation
functions. Therefore the correlation functions will be extracted separately in the fol-
lowing.

The θJ(r)-part is affected by the central correlation function R−(r) in the same manner
for each equation. To eliminate it, the sum of the squares of the wave-functions is
considered

[φ
(0)
L (r)]2 + [φ

(0)
L′ (r)]

2 =
R2
−(r)

r2
R′−(r)

(
[φ

(α)
L (R−(r))]2 + [φ

(α)
L′ (R−(r))]2

)
. (3.7)

In analogy to the uncoupled case, the central correlation function can now be deter-
mined by a formal integration:
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R3
−(r) = 3

∫ r

0
dr′r′2

[φ
(0)
L (r′)]2 + [φ

(0)
L′ (r

′)]2

[φ
(α)
L (R−(r′))]2 + [φ

(α)
L′ (R−(r′))]2

. (3.8)

Inserting this relation for the central correlation function into the equations (3.6),
which have to be fulfilled simultaneously, the tensor correlation function can be ex-
tracted

φ
(0)
L (r) =

R−(r)

r

√
R′−(r)

{
cos (θJ(r)) φ

(α)
L (R−(r))

+

[
−

φ
(0)
L′ (r) r

R−(r)
√
R′−(r)

+ cos (θJ(r)) φ
(α)
L′ (R−(r))

]
φ

(α)
L′ (R−(r))

φ
(α)
L (R−(r))

}
. (3.9)

This equation has pairs of symmetric solutions due to the symmetry properties of the
cosine function. The correct value for θJ(r) is obtained by reinserting the solution of
equation (3.9) into equation (3.6) to check the agreement between the UCOM trans-
formed wave-functions and the SRG-evolved ones.

For the implementation of this mapping procedure, discretized wave-functions are
used. The SRG transformation of a two-body momentum-space Hamiltonian for a given
partial-wave is performed on the sufficiently large grid. With these discretized matrix-
elements the two-body problem is solved on the same grid in momentum-space for
the respective partial-wave. After transforming the ground-state wave-functions to
coordinate space they can be inserted in equation (3.4) in case of uncoupled states
and in equation (3.8) for coupled states, to calculate the discretised central correlation
function R−(r). Numerical inversion leads to the correlation function R−(r). The
tensor correlation functions are then obtained by evaluating equation (3.9).

For the determination of the correlation functions only the two-body ground-state for
the given partial-wave has been used. This is an arbitrary choice, in practice other
states in the two-body spectrum can be used here. However, it shows that using a
low-lying excited state instead of the ground-state does not change the correlation
functions significantly [17].

3.1.2 SRG-Generated UCOM Correlation Functions

To stay close to the UCOM framework the SRG-generated correlation functions are cal-
culated for different channels of spin S and isospin T , rather than for each partial-wave
separately. They are optimized for a given (S, T )-channel for the lowest J partial-wave,
because these partial-waves are affected most by short-range correlations, while the
relative wave-functions are strongly suppressed by the centrifugal barrier for higher
L.

For the determination of the central correlation function R+(r) in the spin-singlet
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Figure 3.1: SRG-generated UCOM central correlation functions for the AV18 potential
for different spin and isospin channels. The curves correspond to the flow parameters
α = 0.02 fm4 ( ), 0.04 fm4 ( ), and 0.06 fm4 ( ).

channels the 1S0 partial-wave is used for T = 0 and the 1P1 partial-wave for T = 1. The
central and tensor correlation functions in the spin-triplet channels are extracted from
the deuteron solution in the coupled 3S1 - 3D1 partial-wave for T = 0. For T = 1 the
lowest possible orbital angular momentum is L = 1, so the total angular momentum
can be J = 0, 1, 2. One possibility to handle this channel is to use only the coupled 3P2-
3F2 partial-wave as done in [18, 17]. In this case the central correlation functions are
not adapted to the partial-waves with small J very well. Therefore, a scheme dealing
with all possible J values is required to determine the central correlation functions. In
practice they are obtained by averaging the 3P0, 3P1 and 3P2 partial-waves weighted
with 2J + 1.

The SRG-generated UCOM central correlation functions for the AV18 potential for
the different (S, T )-channels are shown in Figure 3.1 for different values for α. The
corresponding tensor correlation functions for these flow parameters are shown in
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Figure 3.2: SRG-generated UCOM tensor correlation functions for the AV18 potential
for different isospin channels. The curves correspond to the flow parameters α = 0.02
fm4 ( ), 0.04 fm4 ( ), and 0.06 fm4 ( ). Note the different scales for the
two channels.

Figure 3.2. The range of the correlation functions is connected to the flow parameter
α, the larger the value of α the longer is the range of the correlation functions. In the
flow picture this can be understood intuitively. The SRG evolution starts with the sup-
pression of matrix-elements for high momenta, i.e., small inter-particle distances, and
as the flow progresses, matrix-elements for smaller momenta are affected as well and
driven towards the diagonal. In coordinate space this means that the wave-functions
are modified at intermediate and longer distances, leading to longer ranged correla-
tion functions. For the (S, T ) = (0, 1) and (S, T ) = (1, 0)-channels the correlation
functions have a negative contribution, where the effect of increasing flow parameter
is more significant than in the positive part at small distances. In the (S, T ) = (1, 1)-
channel the central correlation function is much weaker than in the other channels.
The tensor correlation function in this channel is completely negative and very weak.

The SRG-generated correlation functions for the N3LO potential are shown in Figure
3.3 for the central correlation function and in Figure 3.4 for the tensor correlation
function. In comparison to the AV18 potential the correlation functions are much
weaker, except for the central correlation functions of the (S, T ) = (1, 0)-channel. A
possible explanation for this effect is that the N3LO potential is softer than the AV18 to
begin with. In the matrix-elements the off-diagonal parts of the N3LO potential are not
as strong as for the AV18 potential, but this cannot explain why the central correlation
function for (S, T ) = (1, 0) is not weaker than for the AV18 potential. Moreover, we
observe α-dependence in all regions of the correlation function, not just in the long-
range part as for the AV18 potential. Another significant difference are the strong
oscillations, especially in the (S, T ) = (1, 0)-channel. The tensor correlation functions
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Figure 3.3: SRG-generated UCOM central correlation functions for the N3LO potential
for different spin and isospin channels. The curves correspond to the flow parameters
α = 0.02 fm4 ( ), 0.04 fm4 ( ), and 0.06 fm4 ( ). Note the different plot
range for the (S, T ) = (1, 1)-channel.

in this channel also show a dip in the middle of the first peak besides the long-ranged
oscillations. In fact, the first peak seems to consist of two fragments which merge
during the flow. The long-ranged oscillations are an unwanted effect, because the
aim of a UCOM effective interaction is to describe only the short-range corrections.
These oscillations for large distances originate from the oscillations observed in the
wave-functions of the N3LO potential which are mentioned in Section 1.2.

The correlation functions for the N3LOS potential are shown in Figure 3.5 for the cen-
tral part and in Figure 3.6 for the tensor part. For (S, T ) = (0, 0) the correlation func-
tion has a similar structure as the correlation functions of the other potentials, but for
small distances there is a kink in the function, directly after a very sharp increase. This
artifact is caused by the construction of the mapping, which has problems handling the
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Figure 3.4: SRG-generated UCOM tensor correlation functions for the N3LO poten-
tial for different isospin channels. The curves correspond to the flow parameters
α = 0.02 fm4 ( ), 0.04 fm4 ( ), and 0.06 fm4 ( ). Note the different
plot ranges.

rapid changes of the gradients of the obtained curves in that region. The slope of the
curve negative part central of the correlation function for (S, T ) = (0, 1) decreases at
about 2 fm. This is an effect generated by the wave-function of the N3LOS potential,
see Section 1.2, which is strongly oscillating in the D-wave. The central correlation
functions in the other two channels show more similarities to the correlation functions
for the N3LO potential. The tensor correlation function for the (S, T ) = (1, 0)-channel
is strongly oscillating, for the (S, T ) = (1, 1)-channel the tensor correlation function is
very weak and has a very broad peak which again may be caused by the oscillations of
the wave-function.

These correlation functions show, that both, the N3LOS potential and the N3LO po-
tential generate correlation functions which are long-ranged with an oscillatory be-
haviour. Looking at the discussion in Chapter 1 for the behaviour of the wave-functions,
the oscillations are not surprising, because in both cases they occur already in the
wave-functions. Since the N3LOS does not provide any systematic improvement to
the N3LO potential it will not be used for further investigations in this thesis.

3.2 Optimization of UCOM Correlation Functions

The UCOM correlation functions introduced in Section 2.1, should be constructed in
such a way that they are state-independent, i.e., that they only depend on the un-
derlying bare potential but not on specific nuclei or many-body states [35, 48]. For
that purpose the state-dependent and state-independent features have to be disen-
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Figure 3.5: SRG-generated UCOM central correlation functions for the N3LOS po-
tential for different spin and isospin channels. The curves correspond to the flow
parameters α = 0.02 fm4 ( ), 0.04 fm4 ( ), and 0.06 fm4 ( ).

tangled, i.e., the long- and short-range correlations have to be resolved. Additionally
they should only describe short-range correlations, while the long-range correlations
should be described by the many-body method. In Figure 2.2 the tensor correlations in
the (S, T ) = (1, 0)-channel are long ranged which is against the idea of the UCOM. In
that case a tensor correlation function has to be found which disentangles short-range
and long-range correlations where the latter should be described by the many-body
states.

In case of the AV18 potential, the central correlations are restricted to short ranges
automatically, because of the repulsive core which provides a short-ranged scale. For
the tensor correlations there is no such separation of scales and, therefore, the UCOM
transformation has to disentangle the short ranges from the long ranges by construc-
tion [38]. The N3LO potential is softer than the AV18 leading to a less pronounced,
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Figure 3.6: SRG-generated UCOM tensor correlation functions for the N3LOS po-
tential for different isospin channels. The curves correspond to the flow parameters
α = 0.02 fm4 ( ), 0.04 fm4 ( ), and 0.06 fm4 ( ). Note the different plot
ranges in the two channels.

broader core region. Therefore there is no natural decoupling scale of short- and long-
range central and tensor correlations for this potential. This is similar for the SRG,
where only one parameter is used for the evolution of the interaction. Here the central
and tensor correlations are coupled in the generator and it is not possible to decouple
them. Nevertheless, it was shown in [49] for the AV18 and the N3LO potential, that
during the SRG evolution the repulsive core is eliminated first and later, with higher
flow parameter, the long-range contributions become modified.

3.2.1 Correlation Functions by Energy Minimization

A method to determine the correlation functions is based on energy-minimization in
the two-body system. The correlated energy expectation value for the lowest partial-
wave in each spin-isospin channel is calculated with a trial state for each (S, T )-
channel separately. As the uncorrelated trial state should be independent of the
short-range correlations, a possible choice is the free zero-energy scattering solution
φL(r) ∝ rL [38, 11].

For the central correlation functions two different parameterization have proven ap-
propriate in the past [34, 11]:
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S T Param. α [fm] β [fm] γ [fm] η

0 0 II 0.7971 1.2638 0.4621 -
0 1 I 1.3793 0.8853 - 0.3724
1 0 I 1.3265 0.8342 - 0.4471
1 1 II 0.5665 1.3888 0.1786 -

Table 3.1: Parameter set A0 of the central correlation functions R+(r) in the different
spin-isospin channels for the AV18 potential [11].

RI
+(r) = r + α

(
r

β

)η
exp

{
− exp

{
r

β

}}
, (3.10)

RII
+(r) = r + α

(
1− exp

{
r

γ

})
exp

{
− exp

{
r

β

}}
. (3.11)

For the four different (S, T )-channels the parameterization of R+(r) leading to the
lower energy expectation value will be used. Since the potential is purely repulsive
in the (S, T ) = (0, 0)-channel, leading to long-ranged correlation functions, the con-
straint

IR+ =

∫
dr r2(R+(r)− r) (3.12)

is introduced. It is fixed to IR+ = 0.1 fm4 in this channel for the AV18 potential to
restrict the range of the correlation function to a similar value as in the other (S, T )-
channels. Table 3.1 summarizes the parameters for the central correlation functions
for the AV18 potential. These parameters will be referred to as parameter set A0 in
the following.

The tensor correlation function for the S = 1 channels is parameterized by

ϑ(r) = α

(
1− exp

{
− r
γ

})
exp

{
− exp

(
r

β

)}
. (3.13)

The range of the tensor correlation function is controlled by using

Iϑ =

∫
dr r2 ϑ(r) (3.14)

to restrict the correlation to short ranges, to ensure that only the short-range correla-
tions are covered by the UCOM transformation, while the long-range correlations are
treated by the many-body state.

As already discussed for the SRG-generated UCOM correlation functions in Section
3.1, the optimization in the (S, T ) = (1, 1) channel is carried out by a superposition of
three energy expectation values with relative weights of 2J + 1 [11].
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S T Iϑ [fm3] α β [fm] γ [fm]

1 0 0.09 536.67 1.2608 1000.0
1 1 -0.09 -0.0569 2.1874 1.4761

Table 3.2: Parameter set A0 of the tensor correlation functions ϑ(r) in the different
spin-isospin channels for the AV18 potential [11].

The parameters for the tensor correlation functions for the AV18 potential for param-
eter set A0 are given in Table 3.2.

In Figure 3.7 the correlation functions for the AV18 potential obtained with parameter
set A0 are plotted. The correlation functions in the (S, T ) = (0, 0) and (S, T ) = (1, 1)

channels are weaker and longer ranged than the correlation functions in the (S, T ) =

(0, 1) and (S, T ) = (1, 0) channels. This effect is caused by the centrifugal barrier.
In Figure 3.8 the corresponding tensor correlation functions are shown. The tensor
correlation functions are weaker than the central correlation functions. In the (S, T ) =

(1, 1) channel the correlation function is very weak and also negative.

3.2.2 Other Parameterizations for UCOM Correlation Functions

The parameterizations for the UCOM correlation functions described in Section 3.2.1
work quite well for the AV18 potential. But comparing the structure of these cor-
relation functions with the SRG-generated UCOM correlation functions, pictured in
Figures 3.1 and 3.2, shows a significant difference: the shown SRG-generated UCOM
central correlation functions R+(r)−r and the tensor correlation functions have nega-
tive contributions in some channels. Such structures cannot be produced with the pa-
rameterizations (3.10) and (3.11) for the central correlations and (3.13) for the tensor
part. To investigate the effect of the negative contributions, these parameterizations
have to be adapted to allow such structures. One possible parameterization to mimic
the behavior of the SRG-generated UCOM correlation functions is

Rcos
+ (r) = r + α

(
r

β

)η
exp

{
− exp

{
r

β

}}
cos

(r
δ

)
(3.15)

for the central correlations. The tensor correlation function is then given by

ϑcos(r) = α

(
1− exp

{
− r
γ

})
exp

{
− exp

(
r

β

)}
cos

(r
δ

)
. (3.16)

The correlation functions are now determined by energy minimization with these pa-
rameterizations. In the (S, T ) = (0, 0) channel none of the considered potentials pro-
duce SRG-generated UCOM correlation functions which show a negative contribution,
therefore parameterization (3.10) is used for this channel to stay close to the SRG-
generated UCOM correlation functions. The range constraints IR+ and Iϑ can be ex-
tracted from the SRG-generated UCOM correlation functions via equation (3.12) and
(3.14). These values are chosen as a vague reference for the beginning. The results
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Figure 3.7: UCOM central correlation functions for the AV18 potential for different
spin and isospin channels.

differ significantly from the SRG-generated UCOM approach, which might be caused
by the SRG transformation which does not distinguish between central and tensor cor-
relations in contrast to the UCOM. As already mentioned in Section 2.3, the scale on
which the central correlations are shifted from the potential into the wave-function is
given by the core in the UCOM scheme, where there is no scale for the tensor cor-
relations. In the SRG there is no such constraint on the scale and, therefore, central
correlations can be taken from the potential to the wave-function on longer length
scales. The determination of the UCOM correlation functions via the SRG mapping
procedure then leads to correlation functions with longer ranges than in the UCOM
scheme using the parameterized correlation functions. This conflicts with the philoso-
phy of the UCOM and is a subject for further studies.

In Table 3.3 three sets of parameters (A1-A3) for the AV18 potential in the different
spin-isospin channels are listed. The parameters for the corresponding tensor corre-
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Figure 3.8: UCOM tensor correlation functions for the AV18 potential for different
spin and isospin channels.

S T IR+ [fm4] α [fm] β [fm] γ [fm] δ [fm] set
0 0 0.195 0.9619 1.4436 0.4640 - A1
0 0 0.1 0.9384 1.1689 0.6126 - A2
0 0 0.3 0.9660 1.6617 0.3960 - A3
0 1 0.2 1.2029 1.6600 0.2527 0.8027 A1
0 1 0.111 1.2759 1.4267 0.2885 0.9127 A2
0 1 0.3 1.1475 1.8565 0.2271 0.8027 A3
1 0 0.3 1.1417 1.8348 0.2797 0.7261 A1
1 0 0.1 1.3118 1.0973 0.3442 2.0800 A2
1 0 0.2 1.1244 1.4417 0.2220 2.8097 A3
1 1 0.079 0.7323 1.2806 0.3325 1.8689 A1
1 1 0.2 0.5436 1.8463 0.0960 3.2098 A2
1 1 0.1 0.6891 1.3796 0.2671 2.2717 A3

Table 3.3: Parameters of the central correlation functions R+(r) in the different spin-
isospin channels for the AV18 potential with the cosine parameterization.

lation functions are given in Table 3.4.

For illustration the central correlation functions R+(r) − r with these parameters
are plotted in Figure 3.9. In addition the UCOM correlation functions with param-
eter set A0 and the SRG-generated UCOM correlation functions are shown. In the
(S, T ) = (0, 0) channel the variation of the range constraint leads to correlation func-
tions with different strength. Here the correlation functions are somewhat longer
ranged than for the SRG-generated UCOM correlation functions. In the (S, T ) = (0, 1)

channel the correlation functions with the cosine-parameterizations have a very simi-
lar range and form of the negative contribution as the SRG-generated UCOM correla-
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S T Iϑ [fm3] α β [fm] γ [fm] δ [fm] set
1 0 0.3 0.7581 2.1796 0.7408 2.4742 A1
1 0 0.2 0.8281 1.8466 0.9052 2.1545 A2
1 0 0.2 0.8081 1.8618 0.8880 2.1670 A3
1 1 -0.02 -0.0885 1.8679 1.1347 2.3001 A1
1 1 -0.2 -0.0634 4.3546 0.4890 4.7080 A2
1 1 -0.09 -0.0840 3.0483 0.7885 3.4544 A3

Table 3.4: Parameters of the tensor correlation functions ϑ(r) in the different spin-
isospin channels for the AV18 potential with the cosine parameterization.
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Figure 3.9: UCOM central correlation functions for parameter set A1 ( ), pa-
rameter set A2 ( ), parameter set A3 ( ), SRG-generated UCOM correlation
functions ( ) and the UCOM correlation functions obtained with parameter set A0
( ) for the AV18 potential for different spin and isospin channels.

tion functions. Also in the (S, T ) = (1, 0) channel a parameterization is obtained that
stays close to the SRG-generated UCOM results. In this channel the SRG-generated
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Figure 3.10: UCOM tensor correlation functions for parameter set A1 ( ), pa-
rameter set A2 ( ), parameter set A3 ( ), SRG-generated UCOM correlation
functions ( ) and the UCOM correlation functions obtained with parameter set
A0 ( ) for the AV18 potential for different spin and isospin channels. Note the
different plot ranges in the two channels.

correlation function has a zero and becomes negative in the attractive intermediate
range of the NN interaction, i.e., it pulls nucleons in this region. The range of the
negative contribution is a bit longer than for the correlation functions obtained with
parameter set A1, where no negative shifts are allowed by construction. For the
(S, T ) = (1, 1) channel the parameter sets A0-A3 show higher peaks than the SRG-
generated UCOM correlation functions. In addition, parameter set A2 has a very steep
slope for small radii, which would rather be expected for a hard core potential.

The tensor correlation functions with the parameter sets A0-A3 and the SRG-generated
UCOM correlation functions are shown in Figure 3.10. Surprisingly in the (S, T ) =

(1, 0) channel no parameterization with a negative contribution is found. In both (1, T )

channels the obtained parameterized correlation functions differ significantly from the
SRG-generated UCOM correlation functions. A parameterization which reproduces
the height leads to a much broader curve while one with a similar width produces a
much lower amplitude.

For further investigations the correlator set A1 is chosen.

This procedure can be carried out for the N3LO potential as well. The obtained param-
eter sets N1-N3 are listed in Table 3.5 for the central correlation functions and in Table
3.6 for the tensor correlation functions. For S = 0 only one parameter set is given,
because it was not possible to find further parameterizations by energy minimization.

The central correlation functions of these parameter sets and of the SRG-generated
UCOM ones are shown in Figure 3.11. The parameterizations N1-N3 show completely
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S T IR+ [fm4] α [fm] β [fm] γ [fm] δ [fm] set
0 0 - 1.1130 1.5825 1.4453 - N1
0 1 - 1.7660 1.8640 0.9290 1.3623 N1
1 0 0.6 2.2566 2.0356 0.8283 1.1924 N1
1 0 0.3 2.2044 1.6875 0.8143 1.4856 N2
1 0 0.2 1.9719 1.5343 0.9333 1.3745 N3
1 1 -0.1 -0.2044 1.6801 4.3185 0.820454 N1
1 1 0.3 0.4798 1.8216 5.5799 2.6907 N2
1 1 0.1 0.1876 1.9422 3.8664 0.4246 N3

Table 3.5: Parameters of the central correlation functions R+(r) in the different spin-
isospin channels for the N3LO potential with the cosine parameterization

S T Iϑ [fm3] α β [fm] γ [fm] δ [fm] set
1 0 0.2 0.4968 1.5081 3.9490 13245.1 N1
1 0 0.08 0.3989 1.4288 4.6586 1.9689 N2
1 0 0.2 0.4871 1.5074 4.0128 4470.1 N3
1 1 0.1 0.0510 3.5882 0.9753 0.8464 N1
1 1 0.08 0.0561 3.2216 1.1282 0.8425 N2
1 1 0.2 0.0365 5.0512 0.5996 0.8558 N3

Table 3.6: Parameters of the tensor correlation functions ϑ(r) in the different spin-
isospin channels for the N3LO potential with the cosine parameterization.

different structures as the SRG-generated UCOM correlation functions. The positive
effect of this is the lack of the unphysical long-range oscillations that plagued the lat-
ter (see Figures 3.3 and 3.4). In all channels the peak of the correlation functions
with parameter sets N1-N3 is shifted a little towards larger radii in comparison to
the SRG-generated UCOM correlation functions. The tensor correlation functions for
parameter sets N1-N3 are displayed in Figure 3.12. They are quite different from the
SRG-generated UCOM correlation functions, which are included for comparison. For
T = 0 the correlation functions for the three parameter sets are completely positive,
as for the AV18 potential. In this channel the artifacts of the cutoff in the N3LO po-
tential show in the SRG-generated UCOM correlation functions as a dip in the positive
contribution to the correlation function at short ranges, and long-ranged oscillations.
Therefore, it is not astonishing that the UCOM correlation functions N1-N3 look com-
pletely different, because they cannot reproduce such structures by construction. A
problem occurs for T = 1, where even a range constraint is not able to restrict the cor-
relation functions N1-N3 to short ranges. This may be explained by the cutoff effects
in the N3LO potential, which manifest here and are stronger than the constraint.

For this potential the correlator set N1 is chosen for further calculations, they seem to
be the most reasonable set with regard to their range.
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Figure 3.11: UCOM central correlation functions for parameter set N1 ( ), pa-
rameter set N2 ( ), parameter set N3 ( ) and the SRG-generated UCOM
correlation functions ( ) for the N3LO potential for different spin and isospin
channels.

3.2.3 Few Body Systems with the Different Correlation Functions

The No-Core Shell Model (NCSM) [19, 50, 51] is a powerful many-body method for
investigations of light nuclei. It is a quasi-exact method for the solution of the nuclear
many-body problem. It is not possible to solve this problem in the complete Hilbert
space, therefore a truncation to a smaller subspace is necessary. In order to obtain
good convergence to the exact binding energies, large Hilbert spaces have to be used.
This leads to a limitation to light nuclei due to computational resources.

Starting with a two-body Hamiltonian in an A-body system

41



3.2. OPTIMIZATION OF UCOM CORRELATION FUNCTIONS

0 1 2 3 4 5
r [fm]

-0.01

0

0.01

0.02

0.03

0.04

.

ϑ
(r

)
[f

m
]

S=1
T=0

0 1 2 3 4 5 6
r [fm]

-0.004

-0.002

0

0.002

0.004

.

ϑ
(r

)
[f

m
]

S=1
T=1

Figure 3.12: UCOM tensor correlation functions for parameter set N1 ( ), pa-
rameter set N2 ( ), parameter set N3 ( ) and the SRG-generated UCOM
correlation functions ( ) for the N3LO potential for different spin and isospin
channels. Note the different plot ranges in the two channels.

Hint = Tint + V =
2

mA

A∑
i<j

qij +
A∑
i<j

VNN
ij (3.17)

with the NN -interaction VNN .

The calculations are performed in harmonic oscillator basis using the basis states

∣∣ψn 〉 =
∑
i

Cni
∣∣φi 〉 , (3.18)

where the Cni are evolution coefficients and the
∣∣φi 〉 = a†α1 · · · a

†
αA

∣∣0 〉 Slater determi-
nants.

The model-space is truncated in this basis to a Nmax~Ω space, where ~Ω is the har-
monic oscillator frequency and Nmax the maximum harmonic oscillator excitation en-
ergy. In this basis the eigenvalue problem

Hint

∣∣ψn 〉 = En
∣∣ψn 〉 (3.19)

leads to the matrix-elements of the Hamiltonian:

Hij =
〈
φj
∣∣Hint

∣∣φi 〉 . (3.20)
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Figure 3.13: Convergence behavior of the NCSM calculations for the 4He ground-
state as a function of ~Ω for model-space sizes Nmax = 0 . . . 14 for the AV18 interac-
tion, UCOM with parameter set A0, UCOM with parameter set A1 and SRG-generated
UCOM with α = 0.04 fm4. The exact ground-state energy for the potential is denoted
by the black line, taken from [52].

The eigenvalues of this matrix are then obtained by diagonalization. Since the descrip-
tion of short-range repulsion needs large model-spaces, effective interactions, as SRG
or UCOM transformed interactions, are used to reduce the required model-space size.

In the following the NCSM will be used to study the effects of the central and tensor
correlations beyond the deuteron level using effective interactions resulting from SRG
and UCOM transformations.

In Figure 3.13 the ground-state energy of 4He as a function of the oscillator parameter
~Ω and the model-space size is shown, obtained from NCSM calculations with the AV18
potential, the VUCOM from parameter set A0 (where the tensor correlator is set to zero
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Figure 3.14: Convergence behavior of the NCSM calculations for the 4He ground-state
as a function of ~Ω for model-space sizes Nmax = 0 . . . 14 for the N3LO interaction,
UCOM with parameter set N1 and SRG-generated UCOM with α = 0.04 fm4. The
exact ground-state energy for the potential is denoted by the black line, taken from
[53].

in the (S, T ) = (1, 1) channel), A1 and the SRG-generated UCOM correlators. The
bare AV18 interaction is not converged even for model-space sizes Nmax = 12 − 14.
This convergence behavior changes when one of the UCOM interactions is used. All
of these interactions have bound states even for model-spaces with Nmax = 0. In this
case the model-space consists of one Slater determinant, i.e., no correlations can be
described by the state. This implies that the pre-diagonalization of the Hamiltonian
in momentum-space reduces the induced short-range correlations in the many-body
state. For VUCOM obtained with correlator set A0 convergence is obtained at about
8−10~Ω and for a wide range of oscillator parameters in contrast to the untransformed
AV18 interaction. The NCSM calculations with the SRG-generated UCOM interaction
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exhibit a somewhat faster convergence than the VUCOM with correlator set A0 and
depend very weakly on ~Ω.

For VUCOM with correlator set A1 the convergence is much faster, already starting at
about 4 − 6~Ω and for a wider range than with correlator set A0. The two-minima
structure for lager model-space sizes is a well known feature of NCSM calculations for
3H with the VUCOM with correlator set A0 [18]. This second minimum in the region of
about 10 ~Ω can be explained by the resolution of structures, i.e., the oscillations of in
the wave-functions, of the interaction for large model-space sizes. The converged en-
ergy is below the exact ground-state energy for the AV18 potential, which is obtained
with Faddeev-Yakubovsky calculations [52], in all cases. This is caused by the omis-
sion of three- and four-body interactions in the cluster expansion. If the full cluster
expansion would be performed, the energy eigenvalues of the Hamiltonian would not
change because of the unitarity of the transformation.

In general, the correlation operators in Section 2.1 are constructed such that they
treat only short-range correlations while the long-range correlations are described by
the model-space. This can be observed in the convergence behaviour of the NCSM cal-
culations, where the description of long-ranged correlations improves with increasing
model-space size leading to additional binding energy.

The results of NCSM calculations for the pure N3LO interaction, the VUCOM from pa-
rameter set N1 and with the SRG-generated UCOM are shown in Figure 3.14. In
contrast to the AV18 interaction the N3LO interaction shows convergence, starting
at model-space sizes of about Nmax = 10 in a broad range of ~Ω. For the interac-
tion VUCOM with parameter set N1 the minimum of the curve with model-space size
Nmax = 0 lies much lower in comparison to the pure interaction. With increasing Nmax

the curves move closer together, but are not fully converged to one fixed energy. This
may be caused by the correlation functions which are very long ranged and therefore
handling long-range correlations which should, by construction, be described by the
many-body state only. Again, as for the VUCOM interaction with correlator set A1 and
the AV18 potential, a two-minima structure occurs. The SRG-generated UCOM corre-
lation functions for this interaction show an improved convergence behavior in com-
parison to the untransformed interaction starting for model-space sizes of Nmax = 8

over a broad range of ~Ω. As for the calculations with VUCOM interaction with correla-
tor set N1 the curves converge to a lower energy compared to the exact ground-state
energy for this potential, which is obtained with Faddeev-Yakubovsky calculations.

3.2.4 Many-Body Systems with the Different Correlation Functions

The NCSM is restricted to light nuclei due to computational requirements, because
the dimension of the many-body basis at a given Nmax~Ω increases factorially with
the particle number. The Hartree-Fock method [54] provides a possibility to perform
approximate many-body calculations for any isotope on the nuclear chart. It uses
a single Slater determinant to describe the ground-state, corresponding to the 0~Ω

space in the NCSM calculations. This simple concept does obviously not allow for the
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Figure 3.15: Ground-state energies per nucleon (top) and charge radii (bottom) for
nuclei with closed j-shell obtained from Hartree-Fock calculations for UCOM with
correlator set A0 ( ), with correlator set A1 (�) and SRG-generated UCOM (�). The
black bars indicate the experimental values, from [57].

description of correlations, but gives a variational estimate and an upper bound for
the exact ground-state energy and can be used for investigations of systematics of the
binding energy as a function of mass numbers, for example. To account for the missing
correlations other approximations as low-order perturbation theory, Random Phase
Approximation or Padè resummation can be applied, see for example [47, 55, 56]. A
derivation of the Hartree-Fock equations for a two-body Hamiltonian and application
for correlated interactions can be found in Appendix A.

In the Hartree-Fock method the many-body state is represented by a single Slater
determinant of single-particle states

∣∣φν 〉
∣∣Φ[ν]

〉
= A(

∣∣φν1

〉
⊗
∣∣φν2

〉
⊗ · · · ⊗

∣∣φνA 〉) , (3.21)

where A denotes the antisymmetrization operator. The variational solution of the
many-body problem with this trial state leads to Hartree-Fock equations, which have
to be solved self consistently [38].

The Hamiltonian used for the Hartree-Fock calculations consists of the intrinsic kinetic
energy Tint = T − Tcm and the two-body interaction including charge-dependent and
Coulomb terms,

46



CHAPTER 3. DETERMINATION OF UCOM CORRELATION FUNCTIONS

-9

-8

-7

-6

.

E
/A

[M
eV

]

4He
16O

24O
34Si

40Ca
48Ca

48Ni
56Ni

60Ni
68Ni

78Ni
88Sr

90Zr
100Sn

114Sn
132Sn

146Gd
208Pb

2

3

4

5

.

R
ch

[f
m

]

Figure 3.16: Ground-state energies per nucleon (top) and charge radii (bottom) for
nuclei with closed j-shell obtained from Hartree-Fock calculations for UCOM with
correlator set N1 ( ) using the N3LO interaction and correlator set A1 (�) for the
AV18 interaction. The black bars indicate the experimental values, from [57]

Hint = Tint + VNN . (3.22)

The Hartree-Fock single-particle states are expanded in spherical harmonic oscillator
single-particle states

∣∣nljmmt

〉
, with the radial quantum number n, the orbital an-

gular momentum l, the total angular momentum j with projection m and the isospin
projection quantum number mt

∣∣φν 〉 =
∣∣νljmmt

〉
=
∑
n

Cνljmmtn

∣∣nljmmt

〉
. (3.23)

It is assumed that only harmonic oscillator states with the same quantum numbers l
and j contribute in the expansion, and the magnetic substates given by m are degen-
erate due to spherical symmetry. In the following all calculations will be restricted to
closed-shell nuclei, where Cνljmmtn = Cνljmtn .

In this chapter, as well as in the next chapter for the SRG, the Hartree-Fock calcula-
tions are performed with untransformed radii. A detailed discussion of unitary trans-
formed radii with the UCOM as well as the SRG method is presented in Chapter 5.

In Figure 3.15 the Hartree-Fock ground-state energies and the charge radii for closed-
shell nuclei ranging from 4He up to 208Pb. For all three UCOM interactions the binding
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energy per nucleon follows the structure of the experimental results, but the binding
energy per nucleon is too small by an almost A-independent amount, because long-
range correlations are not included in the calculation. This can be corrected for by
applying many-body perturbation theory [47]. In general the charge radii are too
small and they deviate linearly for increasing mass number.

Interactions derived from correlation functions with negative contributions give larger
binding energies per nucleon. VUCOM from SRG-generated correlation functions leads
to slightly lower energies in comparison to VUCOM with correlator set A0. For VUCOM

with correlator set A1 the energies are much closer to the experimental values than
for the other two cases. The radii for correlator set A1 are near the results for the
SRG-generated case. Correlator set A0 leads to results much closer to the experimen-
tal results. In the Hartree-Fock method a single Slater determinant is chosen as the
reference state which means that no correlations can be described by the state. The
results compare to the Nmax = 0~Ω model-space of the NCSM. The improvement of
the binding energies with correlator set A1 are caused by induced many-body contri-
butions.

For the N3LO potential only Hartree-Fock calculations of VUCOM with correlator set
N1 lead to bound states. The binding energy and the charge radii are displayed in
Figure 3.16. They are very similar to the Hartree-Fock results for VUCOM obtained
with correlator set A1 for the AV18 interaction, which are shown in this figure in ad-
dition. The binding energy mimics the structure of the experimental results, but with
higher values and the charge radii are smaller than the experiment and the difference
increases for heavier nuclei.

The discussion in this section has shown that the new parameterizations for the UCOM
correlation functions lead to good convergence in NCSM calculations, showing an os-
cillating structure, and reasonable Hartree-Fock wave-functions, which are the start-
ing point for more sophisticated methods like Many-Body Perturbation Theory [20, 56]
or Coupled Cluster theory [58], as well as RPA calculations for collective modes [47,
21]. In the case of the AV18 potential the correlation functions show structures which
are in good agreement with the idea of the UCOM, but unfortunately the correlation
functions for the N3LO potential are very long-ranged. This implies that they describe
not only the short-range correlations as requested in the construction of the UCOM,
but also long-range correlations. In addition the range constraint of the tenor cor-
relation functions, used to control the contribution of induced three-body interactions
[38], is not applicable in the case of the N3LO potential. Therefore, it is not possible to
control their effect in subsequent calculations. In the philosophy of the UCOM scheme
the parameterizations are a possible choice for the AV18 interactions, but not for the
N3LO interaction, because it produces long ranged correlation functions, which are
caused by the oscillations in the wave-function. In general both, correlator set A1
and N1, contain strong induced many-body forces, which will lead to problems when
including three-body forces in the interaction.
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Chapter 4

SRG with Alternative Generators

4.1 Λ-SRG

In Section 2.2 the generator of the SRG transformation is defined as the commutator
of the relative kinetic energy and the SRG-evolved Hamiltonian. This is a commonly
used choice that works quite well. Other choices of generators are suggested in the
field of condensed matter theory [59] and nuclear structure physics [42]. Most of these
methods use a commutator of diagonal parts of the Hamiltonian and the Hamiltonian
itself. A detailed discussion on other generators commuting a function of the kinetic
energy with the Hamiltonian is given in [60].

In practice the generator can be adapted to the respective problem [15, 16]. Wegners
original choice, using the commutator of the diagonal part of the Hamiltonian with the
Hamiltonian itself, is used for example for in-medium SRG calculations [61, 62]. It was
shown [63] that this choice of the generator leads to a better decoupling of scales and
flow towards diagonal when using initial interactions from EFTs with large cutoffs,
than the generator containing the relative kinetic energy.

During the SRG evolution the diagonalization of the momentum-space matrix-elements
is driven forward, leading to a decoupling of scales. But during the evolution, induced
many-body contributions are obtained, which are neglected for many-body calcula-
tions since we consider only one- and two-body terms. For these calculations the trans-
formations leads to simpler states which improve the convergence, where the simpler
the state is, the better is the convergence. But this also leads to increasing contri-
butions of the many-body effects and therefore the neglected contributions become
larger. The idea is now to search for a generator which leads to good convergence
in many-body calculations and generates only small induced many-body contributions.
In the following some choices for the generator are tested how they fit in this scheme.
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4.1.1 Basic Idea

0
q [fm−1]

0
.

f
(q

)
[f

m
−

2
]

↓

Λ

Figure 4.1: Secmatic plot of the function q2

( ) and a partial-wave representation of
f(q) appearing in the modified SRG generator
ηΛ
α ( ).

As already discussed in Section 2.2 the
SRG evolution of an Hamiltonian with
the generator (2.46) leads to a band-
diagonalization of the momentum-
space matrix-elements. As shown in
in Figure 2.4 two major effects can
be observed: a suppression of the
off-diagonal matrix-elements and, for
L = 0 partial-waves, an increase of
the attraction of the low-momentum
matrix-elements. The first effect, the
suppression of the off-diagonal matrix-
elements for large q − q′ signals the
diminution of the short-range corre-
lations. In the deuteron solution of
the interaction it is responsible for the
elimination of the short-range corre-
lation hole and the reduction of the
L = 2 admixture [46]. The enhance-
ment of the low-momentum attraction
on the other hand means that longer-
ranged parts of the tensor interaction are generated during the evolution [38].

As for the UCOM one is interested in the effect of the short-range correlations, while
the long ranged part should be described by the many-body state. Therefore, the
SRG generator (2.46) has to be adapted to band-diagonalize the momentum-space
matrix but leave the low-momentum attractive region unchanged as much as possible,
and thereby minimize the contribution of longer-ranged tensor interactions during
the evolution. To achieve this behavior an additional parameter, the momentum scale
parameter Λ, is introduced in the generator, leading to

ηΛ
α = 2µ[f(q),Hα] with f(q) =

{
0 ; q ≤ Λ

(q− Λ)2 ; q > Λ .
(4.1)

SRG transformations with this generator will be referred to as Λ-SRG in the following.
A sketch of the function f(q), and the function q2 for comparison, is shown in Figure
4.1. For the generator ηΛ

α the transformation of the Hamiltonian for small momenta
q ≤ Λ is suppressed and higher momenta are transformed as with ηα. Note that the
generator adapts during the SRG flow and consequently the matrix-elements in the
region of q ≤ Λ are changed as well, but less than for the generator ηα.

For Λ = 0 the flow-equation is identical to the one with the generator ηα and for large
Λ the evolution leads to the unevolved potential, because the original potential has
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contributions up to a certain momentum and decays to zero afterwards.

The SRG flow-equation can be rewritten with generator (4.1), considering just the part
for q > Λ, since the generator is zero otherwise:

dHα

dα
= [[(q− Λ)2, Hα], Hα] (4.2)

= q2HαHα − 2Hαq2Hα + HαHαq2 − 2ΛqHαHα + 4ΛHαqHα − 2ΛHαHαq

= [[q2, Hα], Hα]− 2Λ[[q, Hα], Hα] . (4.3)

We see that the flow-equation with generator ηα is included in the one with generator
ηΛ
α , but an extra Λ-dependent term is contained in the latter. Note that this similarity

does not imply that the two parts of (4.3) can be evolved separately.

In a partial-wave momentum-space basis the flow-equation for the modified generator
can be written as

dVΛ
α (q, q′)

dα
= −

[
(q − Λ)2 − (q′ − Λ)2

]2 VΛ
α (q, q′)

+ 2µ

∫
dQQ2

[
(q − Λ)2 + (q′ − Λ)2 − 2(Q− Λ)2

]
VΛ
α (q, Q)VΛ

α (Q, q′) , (4.4)

with

VΛ
α (q, q′) = V Λ, LL

α (q, q′) (4.5)

for L = L′ = J and

VΛ
α (q, q′) =

(
V Λ, LL
α (q, q′) V Λ, LL′

α (q, q′)

V Λ, L′L
α (q, q′) V Λ, L′L′

α (q, q′)

)
. (4.6)

for the coupled channels, where V Λ, LL′
α (q, q′) =

〈
q (LS)JT

∣∣V Λ
α

∣∣q′ (L′S)JT
〉
.

In Figure 4.2 the momentum-space matrix-elements of the Λ-SRG-evolved N3LO po-
tential with the generator ηΛ

α in the flow-equation are shown for two different val-
ues of the flow parameter (α = 0.04 fm4 and α = 0.5 fm4) and three values of Λ

(Λ = 0, 1, 2 fm−1). For a fixed value of Λ the matrix is driven towards the diagonal
during the evolution. The negative part for small momenta becomes more attractive
and the off-diagonal matrix-elements decrease, the diagonal is more pronounced and
the matrix-elements for large (q, q′) are eliminated. For a fixed value of α and with
increasing parameter Λ, the band-diagonalization of the matrix seems to be driven
backwards and the repulsive part at low momenta becomes larger. Assuming a fixed
value for Λ, the matrix-elements for q ≤ Λ are affected less for an evolution with the
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Figure 4.2: Momentum-space matrix-elements in units of MeV fm3 for the 1S0 channel
of the Λ-SRG-evolved N3LO potential for the flow parameters α = 0.04 fm4 and α = 0.5
fm4 with Λ = 0, 1, 2 fm−1.
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Figure 4.3: Off-diagonal matrix-elements of the evolved N3LO interaction V Λ
α (q, 0) for

the flow parameter α = 0.04 fm4 with Λ = 0 fm−1 ( ), Λ = 1 fm−1 ( ) and for
Λ = 2 fm−1 ( ). In addition, the unevolved matrix-elements are shown ( ).

generator ηΛ
α than for the evolution with the generator ηα. The function in the genera-

tor then begins to act with increasing strength leading to a band-diagonalization, but
with shifted starting point. Therefore, it is necessary to evolve the potential up to a
higher value of α to obtain results which are comparable to the ones for Λ = 0 fm−1.

The off-diagonal matrix-elements V Λ
α (q, 0) for the N3LO potential are shown for fixed

α = 0.04 fm4 and Λ = 0 fm−1, Λ = 1 fm−1 and Λ = 2 fm−1 in Figure 4.3. For com-
parison the unevolved matrix-elements are shown as well. Comparing the results for
Λ = 0 fm−1 and Λ = 1 fm−1, the matrix-element for (q, q′) = (0, 0) is very similar,
it decreases just a tiny bit. The width of the repulsive region for these two cases
is a bit greater for Λ = 1 fm−1 due to the form of the generator. For Λ = 2 fm−1

the matrix-elements increase and almost coincide with the matrix-elements of the un-
evolved potential for larger values. As already described in the discussion of Figure
4.2, the positive, repulsive matrix-elements increase for larger values of Λ and are
smallest for the evolution with ηα.

4.1.2 Λ-SRG and the Deuteron

The deuteron wave-functions for α = 0.04 fm4 and Λ = 0 fm−1, Λ = 1 fm−1 and
Λ = 2 fm−1 as well as the deuteron wave-function for the unevolved N3LO potential
are shown in Figure 4.4. The D-wave for Λ 6= 0 fm−1 is almost identical to the one of the
unevolved potential , as desired by construction. The D-wave of the evolved potential
with Λ = 0 fm−1 in contrast is much weaker and the maximum shifted towards larger
distances. The correlation hole of the unevolved S-wave vanishes with decreasing Λ.
The correlation hole, which is largest for the unevolved wave-function, as expected, is
reduced with decreasing scale parameter. For Λ = 0 fm−1 it is completely disappeared
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Figure 4.4: Deuteron wave-function φL(r) for the flow parameter α = 0.04 fm4 with
Λ = 0 fm−1 ( ), Λ = 1 fm−1 ( ) and for Λ = 2 fm−1 ( ). In addition, the
wave-function for the unevolved potential is shown ( ).

from the wave-function. The difference in the D-wave for the evolved potential with
Λ = 0 fm−1 and for Λ > 0 fm−1 shows, that momentum-space matrix-elements in the
region q ≤ Λ = 1.0 fm−1 have to be responsible for the change in the D-wave. The form
of the function f(q) surely plays an important role for this behaviour, as well.

4.1.3 Few- and Many-Body Calculations

NCSM Results for Λ-SRG

For further investigations of the effects the parameter Λ has in the SRG transformation
NCSM and Hartree-Fock calculations can be used.

In Fig. 4.5, the convergence of the 4He ground-state energy in the NCSM with Λ-SRG
interactions for a fixed value of the flow parameter α = 0.04 fm4 and Λ = 0 fm−1,
1 fm−1 , 1.5 fm−1 and 3 fm−1 is studied. For Λ = 0 fm−1, the energy for optimal ~Ω is
practically converged for an Nmax = 6 model-space, and the ~Ω-dependence is rapidly
flattened as the model-space is increased. With increasing Λ, larger model-space sizes
are necessary to obtain convergence. For the Nmax = 0 model-space the two cases for
the smaller Λ have very similar results, while for Λ = 1.5 fm−1 the energy becomes
higher, i.e., the short-ranged repulsive parts of the interaction are not transformed as
strongly, as Λ is increased. For Λ = 1 fm−1 the binding energy increases in comparison
to Λ = 0 fm−1, but for the larger value of Λ it becomes slightly smaller again. With
the drastic gain of binding energy for Λ 6= 0 fm−1 the minimum of the curves moves
towards larger values of ~Ω. This implies much smaller rms-radii in this case than
for the calculations with Λ = 0 fm−1. Another point to note here is the effect of
induced many-nucleon forces, which are stronger for Λ 6= 0 fm−1 and whose strength
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Figure 4.5: Convergence behavior of the NCSM calculations for the 4He ground-state
as a function of ~Ω for model-space sizes Nmax = 0 . . . 16 for the SRG-evolved N3LO
interaction with α = 0.04 fm4 and Λ = 0 fm−1, Λ = 1 fm−1, Λ = 1.5 fm−1, and the bare
interaction, respectively. The exact ground-state energy for the potential is denoted
by the black line, taken from [53].

is modified by changing the generator.

In Figure 4.6 the evolution of the converged energy from NCSM calculations as a
function of the flow parameter α is shown for Nmax = 16 and ~Ω = 50 MeV in the 4He
ground-state for different values of Λ ranging from 0 fm−1 up to 3 fm−1. A detailed view
of the region for smaller flow parameters up to α = 0.16 fm4 is shown in Figure 4.7. For
Λ = 0 fm−1 the energy depends on the flow parameter which leads to changes of a few
MeV over the whole α-range. Increasing the scale parameter leads to a very strong
dependence on the flow parameter. For Λ = 3 fm−1 the results are the same as for the
unevolved interaction and show only a weak dependence on the flow parameter.

Comparing the obtained energies for the different scale parameter for α = 0.1 fm4 with
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Figure 4.6: Evolution of the energy as a function of the flow parameter α from NCSM
calculations withNmax = 16 and ~Ω = 50 MeV for the 4He ground-state with Λ = 0 fm−1

( ), Λ = 0.5 fm−1 (�), Λ = 1 fm−1 (N), Λ = 1.5 fm−1 (�), Λ = 2 fm−1 (:), Λ = 2.5 fm−1

(m), and Λ = 3 fm−1 (♦).

the energy at α = 0.0 fm4, the effect of the Λ-SRG is significant. For the unevolved
case (α = 0.0 fm4) the energy is identical for all scale parameters. For α = 0.1 fm4

the interaction obtained with Λ = 3 fm−1 has the closest value compared to the un-
evolved energy. For Λ = 1.5 fm−1 and Λ = 2 fm−1 the initial energy is overestimated
by about 25 MeV, which means a deviation of 100%. This strong dependence on the
flow parameter is caused by the induced three- and four nucleon forces which appear
during the evolution. This appearance leads to much lower energies in comparison to
the Λ = 0 fm−1 generator.

Hartree-Fock Calculations for Λ-SRG

Next the effect of the Λ-SRG in Hartree-Fock calculations is studied. As already men-
tioned in Section 3.2.4 in this section only untransformed radii are considered. Fig-
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Figure 4.7: Evolution of the energy as a function of the flow parameter α from NCSM
calculations withNmax = 16 and ~Ω = 50 MeV for the 4He ground-state with Λ = 0 fm−1

( ), Λ = 0.5 fm−1 (�), Λ = 1 fm−1 (N), Λ = 1.5 fm−1 (�), Λ = 2 fm−1 (:), Λ = 2.5 fm−1

(m), and Λ = 3 fm−1 (♦).

ure 4.1.3 summarizes the ground-state binding energies and charge radii for a set of
closed-shell nuclei ranging from 4He to 208Pb for α = 0.04 fm4 and Λ = 0 . . . 3 fm−1.
For all values of Λ the binding energy per nucleon mimics the structure of the experi-
mental values, but this curve is tilted to lower energies for heavier nuclei in the case
of the smaller Λ. As Λ increases, the curve is shifted upwards until it is parallel to the
experimental curve for Λ = 2 fm−1. Further increasing Λ tilts the curve into the other
direction, and leads to smaller binding energies per nucleon.

The Hartree-Fock results compare with theNmax = 0 model-space in the NCSM. There-
fore it is obvious that the changes in the Hartree-Fock energies are much less pro-
nounced for the different scale parameter as in the case of the NCSM for higher Nmax,
as shown in Figure 4.6 and Figure 4.7. The effect of the induced many-nucleon forces,
a lowering of the energies in comparison to the unevolved case, can be observed here
as well but not that strong as in the NCSM.
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Figure 4.8: Ground-state energies per nucleon (top) and charge radii (bottom) for
nuclei with closed j-shell obtained from HF calculations for Λ-SRG with Λ = 0 fm−1

( ), Λ = 0.5 fm−1 (�), Λ = 1 fm−1 (�), Λ = 1.5 fm−1 (N) , Λ = 2 fm−1 (:) and
Λ = 2.5 fm−1 (m) and with the flow parameter α = 0.04 fm4 in all cases. The black bars
indicate the experimental values.

The charge radii for the three smallest values of Λ are very similar, they mimic the
behavior of the experimental values, but they are much lower than the experimental
results and the difference to the experimental values increases for higher mass num-
bers. For higher values of Λ the offset to the experimental results becomes smaller.
But the whole curve of the radii is shifted upwards, leading to unbound states for
lighter nuclei.

The calculations with the Λ-SRG generator lead to significant changes in the wave-
functions in comparison to the generator used in the previous chapter. Calculations
with the NCSM and Hartree-Fock show that induced three- and four-nucleon forces,
which are generated during the evolution of the interaction, are very prominent for
these generators. These many-body contributions are of a very larger order and hard
to handle.
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4.2 Generators Containing Different Powers of the Momen-
tum

To decouple long- and short-range properties of an interaction the Hamiltonian is
band-diagonalized in momentum-space by means of a SRG transformation. So far
this transformation was performed using a SRG generator containing q2. In principle
an arbitrary function of |q| has the same feature. Therefore, such functions can be
chosen to investigate how the decoupling can be improved. In [60] a discussion can be
found, where an exponential and a geometric function containing the kinetic energy
are chosen as generators.

4.2.1 Formulation of the Generators

As a simple alternative to the standard generator with q2, we can allow other powers
of |q| for instance:

ηqα = ~c(2µ)2 [q,Hα] and (4.7)

ηq3α =
1

~c
[
q3,Hα

]
. (4.8)

Inserting these generators in the general SRG flow-equation (2.39) and transforming
it in a partial-wave momentum-space basis, the resulting equations for generators
containing q to the power of n are

dVnα(q, q′)

dα
= −(2µ)−(n−2)(~c)2−n

[
q(n+2) +−q′ (n+2) − q2q′n − qnq′ 2

]
Vnα(q, q′)

+ (2µ)−(n−3)(~c)2−n
∫

dQQ2
[
qn + q′n − 2Qn

]
Vnα(q, Q)Vnα(Q, q′) , (4.9)

with

Vnα(q, q′) = V n,LL
α (q, q′) (4.10)

for channels with L = L′ = J and

Vnα(q, q′) =

(
V n,LL
α (q, q′) V n,LL′

α (q, q′)

V n,L′L
α (q, q′) V n,L′L′

α (q, q′)

)
. (4.11)

for the coupled channels, where V n,LL′
α (q, q′) =

〈
q (LS)JT

∣∣Vα ∣∣q′ (L′S)JT
〉
.

With these generators, the SRG transformation of the N3LO potential is performed for
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Figure 4.9: Momentum-space matrix-elements in units of MeV fm3 for the 1S0 channel
of the SRG-evolved N3LO potential for the flow parameters α = 0.04 fm4 and α = 0.5
fm4 using the generators ηqα, ηα and ηq3α .
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Figure 4.10: Deuteron wave-function φL(r) for the flow parameter α = 0.02 fm4

( ), α = 0.04 fm4 ( ), for α = 0.08 fm4 ( ), α = 0.16 fm4 ( )and
the unevolved ( ) with ηqα on the left, ηα in the middle and ηq3α on the right.

two different values of the flow parameter, α = 0.04 fm4 and α = 0.5 fm4, leading to the
momentum-space matrix-elements shown in Figure 4.9 for SRG transformations with
ηqα, ηα and ηq3α . All generators lead to a band-diagonalization which is driven forward
for increasing flow parameter. For a fixed flow parameter the structure of the matrix-
elements is similar for all generators and driven a bit faster to the diagonal for smaller
powers of momentum in the generator.

4.2.2 The Transformed Deuteron Wave-Function

Looking at the deuteron wave-functions shown in Figure 4.10 for flow parameters
ranging from α = 0.02 fm4 up to 0.16 fm4 and generators ηqα, ηα and ηq3α , the behavior
of the matrix-elements is reflected here. The correlation hole is suppressed in case
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Figure 4.11: Convergence behavior of the NCSM calculations for the 4He ground-state
as a function of ~Ω for model-space sizes Nmax = 0 . . . 16 for the SRG-evolved N3LO
interaction with α = 0.04 fm4 for the generators ηqα, ηα, and ηq3α , respectively. The exact
ground-state energy for the potential is denoted by the black line, taken from [53].

of all three considered generators, where the flow parameter necessary to obtain this
effect increases slightly for increasing power of momentum in the generator. In case
of the generator ηqα the correlation hole is removed completely for α = 0.04 fm4 while
the other generators need larger flow parameters. The suppression of the D-wave is
achieved the faster the smaller the power of momentum in the generator. For ηq3α the
effect on the D-wave is smaller in comparison to the effect of the transformation using
ηqα.
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Figure 4.12: Evolution of Energy as a function of the flow parameter α from NCSM
calculations with Nmax = 16 and ~Ω = 40 MeV for the 4He ground-state with ηα ( ),
ηqα (�) and ηq3α (N). The black line indicates the exact ground-state energy for the
potential.

4.2.3 Few-Nucleon System

The NCSM results for the SRG evolved N3LO interaction using the three generators
ηqα = ~c(2µ)2[q,Hα], ηα = (2µ)2[q2,Hα], and ηq3α = (~c)−1[q3,Hα] are shown in Figure
4.11 for a fixed flow parameter α = 0.04 fm4. All three generators lead to convergence
where the resulting energy lies below the exact value. In case of the generator ηqα
the difference between the minimum of the Nmax = 0 curve and the converged energy
is about 5 MeV. For increasing power of momentum in the generator this difference
increases up to about 15 MeV for the calculations with ηq3α . As already observed for
the matrix-elements and the deuteron wave-function, the results converge better the
smaller the power of momentum in the generator.

The dependence of the binding energy on the flow parameter for the three different
generators is shown in Figure 4.12 forNmax = 16 and ~Ω = 40 MeV for the ground state
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of 4He. For all generators the converged energies are below the exact value for the
initial interaction. All three generators lead to a similar behaviour of the converged
energy. The curves have a minimum which is only shown for ηqα in this figure. It is
shifted towards larger flow parameters for increasing powers of momentum.

The NCSM results for the generators containing different powers of momentum show,
that all generators lead to similar results. Since no clear improvement is obtained
when using the generators ηqα and ηq3α , the standard generator ηα will be used in the
remainder of this thesis.
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Chapter 5

Transformed Observables

5.1 Unitary Transformation of Operators

In the previous chapters the UCOM and SRG approaches were used to obtain effec-
tive interactions. As already mentioned in Chapter 2, these unitary transformations
must be consistently applied to other observables as well. In the following sections, ra-
dius and electromagnetic transition operators, are unitarily transformed to investigate
their dependence on short-range correlations.

In general, such unitary transformations are performed by application of a unitary
operator U to an operator O leading to a transformed operator Õ:

Õ = U†OU . (5.1)

In the case of the UCOM, the correlation operators CrCΩ introduced in Section 2.1,
take the role of the U in this transformation and can be applied directly to the observ-
able under consideration:

Õ = C†ΩC†rOCrCΩ . (5.2)

In the SRG framework the operator Uα, used in equation (2.40) for the transformation
of the Hamiltonian, takes the place of the unitary operator U. To obtain the unitary
operator, equation (2.41) is rearranged leading to a flow-equation for Uα:

dUα

dα
= −Uαηα . (5.3)

In contrast to the UCOM, where the correlation operators are calculated directly for
one set of parameters, this equation contains the generator ηα which depends on the
Hamiltonian Hα. Therefore, equation (5.3) has to be solved simultaneously with the
SRG flow-equation for the Hamiltonian (equation (2.39)) to obtain the unitary operator
Uα for a fixed value of the flow parameter α.
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5.1. UNITARY TRANSFORMATION OF OPERATORS

In practice the unitary transformation is performed in a two-body harmonic oscillator
basis. The matrix-elements of the unitary operator and the observables are evaluated
in this basis and the transformation is performed via matrix multiplication. To obtain
accurate results the matrix of the observable has a much larger maximum oscillator
quantum number, i.e., a larger dimension as the resulting matrix. This value is chosen
to be about ten times the oscillator quantum number as for the resulting matrix.

For the description of a transition one assumes an exact spectrum at α = 0 with a well
known transition operator O(α = 0). The transition from an initial state

∣∣i, α = 0
〉

to a
final state

∣∣f, α = 0
〉

is then given by

〈
i, α = 0

∣∣O(α = 0)
∣∣f, α = 0

〉
=
〈
i, α = 0

∣∣UU†O(α = 0)UU†
∣∣f, α = 0

〉
(5.4)

=
〈
i, α
∣∣ Õ(α)

∣∣f, α 〉 ∀α . (5.5)

Here the transformed operator Õ(α) and the transformed states
∣∣i/f, α 〉 are evolved

up to a flow parameter α. This equation has to be fulfilled since the expectation value
should be invariant under unitary transformation. For a SRG transformation the initial
states include many correlations and other details, depending on the underlying inter-
action. Throughout the evolution the resolution is lowered to obtain simpler states.
But with this simplification of the states the evolved operators may become more com-
plicated, because one- or two-body operators are transformed to A-body operators,
where for an exact treatment all of these contributions would have to be considered
[64].

Many-body methods like Hartree-Fock or the Random Phase Approximation (RPA)
make a simple ansatz for the states. Within the unitary transformation informations
from the states are included in the operator and therewith taken from the states. This
leads to simpler states which are better suited for many-body calculations than the
initial states. In exact methods like NCSM smaller model-space sizes are required to
reach convergence, when working with these transformed states. But one has to note
that the more the state is simplified, the more complicated becomes the transformed
operator, including many-body contributions (2-,3- or higher body-contributions) which
are not negligible in further calculations. Therefore, it is necessary to evolved the
state so far that a description with many-body methods is possible, but the many-body
contributions in the operator are manageable.

In case of the UCOM the information of equation (5.5) has to be fulfilled as well,
i.e., the expectation value should stay unchanged within the UCOM transformation.
It is not depending on the SRG flow parameter but on the parameterizations of the
correlation functions and their range constraints. This, as well, will lead to simpler
states and therefore better input for many-body methods, where a balance between
simple states and operators with manageable induced many-body contributions has to
be found.

An initial investigation of the transformed radius operator in the UCOM found only
small changes in the expectation values compared to the untransformed operator [20].
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Likewise, the response functions of UCOM-correlated monopole and quadrupole op-
erators are similar to those of the untransformed operators in the RPA [21]. All these
operators are long ranged and thus weakly affected by the short-range correlations
[65], because unitary transformations are designed to affect short-range correlations
and leave the long-range correlations as unaffected as possible.

For the SRG the transformation of observables is discussed extensively in [25], but
only for the deuteron case.

5.2 Radii

The root-mean-square radius of a many-body system is defined by

rms =
1

A

A∑
i=1

(xi −XA)2 , (5.6)

where XA = 1
A

∑A
i xi denotes the center-of-mass coordinate. The pre-factor 1/A is

introduced to average over all particles. Rewritten as a two-particle operator and after
some algebraic transformations, the mean-square radius for nucleons rms, protons rpms

and neutrons rnms are given by [66, 46]

rms =
1

2A2

∑
ij

r2
ij , (5.7)

rpms =
1

AZ

∑
ij

r2
ijΠ

p
ij −

1

2A2

∑
ij

r2
ij , (5.8)

rnms =
1

AN

∑
ij

r2
ijΠ

n
ij −

1

2A2

∑
ij

r2
ij , (5.9)

where i, j run over all nucleons, and Πp
ij and Πn

ij projects on proton and neutron pairs,
respectively. Here rij = xi − xj denotes the relative coordinates of a nucleon pair.

The charge radius Rch is then obtained by also including finite-size corrections for
protons and neutrons [47]

Rch =

√
r2
p,ms + r2

p, ch +
N

Z
r2
n, ch (5.10)

with the proton charge radius rp, ch = 0.87 fm and the neutron charge radius r2
n, ch =

−0.116 fm2 [67].

Like the Hamiltonian, the transformed radius operator is an A-body operator (see Sec-
tion 2.1.5). As before, the following calculations are restricted to operators containing
one- and two-body contributions. Therefore, the two-body approximation of the oper-
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ator has to be calculated.

Following [12] the many-body components of a unitary transformation of an operator
B in A particle space, leading to the transformed operator B̃, can be evaluated by
decomposing it into irreducible n-body operators via

B̃A ≡ U†BAU =

A∑
n=1

A∑
i1<...<in

b̃
[n]
i1,...,in

. (5.11)

The irreducible n-body operator b̃[n] with the n particle indices i1 · · · in is given by

b̃[n] = B̃n −
n−1∑
k=1

B̃[k]
n (5.12)

= U†nBnUn −
n−1∑
k=1

n∑
i1<...<ik

b̃
[k]
i1,...,in

, (5.13)

with the unitary operator Un in n-body space. Applying this expansion to the radius
operator leads to the result that the two-body part of the unitarily transformed radius
operator is given by the difference of the transformed and the untransformed operator
for A = 2 particles:

r̃
[2]
ms = U†rmsU− rms. (5.14)

Assuming the radius operator r = 1/(2A)
∑

ij r2
ij , the two-body contribution in two-body

space evaluates to

r̃
[2]
ms =

U†ij
1

4

∑
ij

r2
ijUij −

1

4

∑
ij

r2
ij

 , (5.15)

with the two-body unitary operator Uij .

To obtain the mean-square radius the averaging over the particle number has to be
performed, i.e., the equation is multiplied with the factor 1/A. The pre-factor 1/4

in equation (5.15) is obtained by evaluating the equation for the radius for A = 2

particles.

The transformed rms-radius operator in two-body approximation is then given by
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Figure 5.1: Charge radii for nuclei with closed j-shell obtained from Hartree-Fock
calculations for the N3LO interaction for α = 0.04 fm4 with untransformed ( ) and
explicitly SRG-transformed (m) radii, for α = 0.08 fm4 with untransformed (�) and
transformed (�) radii and for α = 0.16 fm4 with untransformed (�) and transformed
(♦) radii.

r̃ms = r̃
[1]
ms + r̃

[2]
ms = rms + r̃

[2]
ms (5.16)

=
1

2A2

∑
ij

r2
ij +

1

4A

∑
ij

(
U†r2

ijU− r2
ij

)
, (5.17)

where r̃
[1]
ms = rms is the bare one-body operator and the unitary transformation in the

second term has to be evaluated in two-body space.

5.2.1 Hartree-Fock Calculations with Unitary Transformed Radii

In the previous chapters Hartree-Fock results have been shown for SRG and UCOM
transformed interactions, but untransformed charge radii. In the following the effect
of unitary transformations on radii will be investigated using the unitary operators
obtained from SRG and UCOM calculations, respective.

Figure 5.1 shows SRG-evolved charge radii and the corresponding bare radii for the
N3LO interaction for flow parameters from α = 0.04 fm4 up to α = 0.16 fm4 for a series
of nuclei with closed j-shells. Here and in the following bare calculations denote
unevolved observables but calculations with states evolved up to the respective flow
parameter. All charge radii mimic the trend of the experimental values and for higher
mass numbers the difference to the experimental values increases. For α = 0.04 fm4

the radii are closest to the experimental values. With increasing flow parameter the
difference of the calculated and the experimental measured values increases.

The effect of the transformation is so small that it is not possible to distinguish the
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Figure 5.2: Difference of the untransformed and SRG-transformed charge radii with
closed j-shell nuclei obtained from Hartree-Fock calculations for the N3LO interaction
for α = 0.04 fm4 ( ), α = 0.0625 fm4 (�), α = 0.08 fm4 (�), α = 0.12 fm4 (N) and α = 0.16
fm4 (:). The black bars indicate the experimental values.
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Figure 5.3: Difference of the untransformed and SRG-transformed charge radii with
closed j-shell nuclei obtained from Hartree-Fock calculations for the N3LO interaction
where the flow parameter is set to α = 0.04 fm4 for the interaction and the radii are
transformed with α = 0.04 fm4 ( ), α = 0.0625 fm4 (�), α = 0.08 fm4 (�), α = 0.12 fm4

(N) and α = 0.16 fm4 (:).

corresponding transformed and bare curves in Figure 5.1. Therefore, for further in-
vestigations the difference between the transformed and the bare radii is calculated,
i.e., ∆Rch = [Rch]evolved− [Rch]unevolved. Figure 5.2 shows the ∆Rch for the same values
of the flow parameter α as Figure 5.1. The effect of the SRG transformation on the
charge radii is small compared to the value of the obtained radii. For the three smaller
values of α the SRG transformation of the radii leads to slightly larger charge radii.
For α = 0.12 fm4 the transformed radii are slightly smaller than the bare for light nu-
clei and become larger for heavier nuclei. In the case of α = 0.16 fm4 they are smaller
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for light nuclei and the value of the difference decreases for heavier nuclei and the
transformed radii are larger than the bare only for nuclei with the highest mass num-
bers. An interesting effect one observes here is a dependence on the mass number of
the nucleus under consideration. For the neutron-rich nuclei 24O, 78Ni and 132Sn the
curves show structures which are more pronounced the larger the flow parameter. In
general the deviations of the transformed from the bare radii is very small and does
not exceed 1%.

Figure 5.3 shows the differences of the bare and transformed charge radii for flow
parameters from α = 0.04 fm4 up to α = 0.16 fm4 computed with Hartree-Fock wave-
functions obtained for an interaction evolved with α = 0.04 fm4 in all cases. This
evolution scheme will be referred to as inconsistent in the following. A consistent
treatment is defined as the evolution of the observable and the interaction with the
same α.

For the inconsistent case, there is still some dependency on the nucleus under con-
sideration, but it is less pronounced than in the consistent case. Increasing the flow
parameter leads to a parallel shift of the differences towards smaller radii over the
whole mass region.

In both figures the differences of the bare and transformed radii for α = 0.16 fm4

show the largest effects of the evolution of the operator. For α = 0.12 fm4 the results
shown in Figure 5.4 start to deviate significantly from the results obtained with smaller
flow parameters. To investigate the dependence on α the charge radii obtained from
Hartree-Fock calculations with consistent and inconsistent treatment of the bare and
evolved radii are shown in Figure 5.4. Here the nuclei 4He, 40Ca, 78Ni and 114Sn for
flow parameters ranging from α = 0.04 fm4 up to α = 0.5 fm4 are chosen. In case of
the inconsistent transformation of the bare radius, the results are shown as a straight
line. This is, because the radii are only calculated for this fixed parameter and used as
input for calculations of the transformed radii for all considered flow parameters.

In the region of small flow parameters the curves of transformed and bare radii for
both, consistent and inconsistent treatment of the interaction, are close to each other.
But at a range of about α = 0.1 fm4 to α = 0.16 fm4 the curves cross and then start to
diverge for all nuclei. This shows that the assumption that the transformed and bare
radii do not deviate much is applicable for flow parameters up to about α = 0.15 fm4,
but for larger values the difference increases. Since typically the flow parameters
for SRG calculations are chosen to be α = 0.16 fm4 and below the effect of explicitly
transformed radii is very small. But, as mentioned in Section 5.1, one has to notice
here, that Hartree-Fock is a mean-field approach. Therefore the accuracy of the ap-
proximations becomes better for higher flow parameters where more correlations are
described within the transformed operator. For larger flow parameters the impact
of these correlations as well as neglected induced many-body contributions lead to
increasing differences of the transformed and bare radii. In the consistently trans-
formed case the radii seem to converge for higher flow parameters, except for the 4He
nucleus. This independence on the flow parameter is desired in general, because it
shows that no higher-body contributions are necessary to be included in the transfor-
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Figure 5.4: Hartree-Fock results for charge radii of the 4He, 40Ca, 78Ni and 114Sn
nuclei in dependence on the flow parameter α for bare ( ) and SRG-transformed (�)
radii as well as the results for transformed radii with constant flow parameter for the
evaluation of Hα (N) and the corresponding result for bare radii ( ).

mation. Nevertheless, this effect occurs here at very high flow parameters, i.e., in a
region where higher many-body effects increase. This leads to the conclusion that the
effects observed here are caused by the Hartree-Fock method.

Hartree-Fock results for the bare and UCOM transformed radii for the AV18 interac-
tion using correlator sets A0 and A1 are shown in Figure 5.5 for nuclei with closed
j-shells. Both correlator set are introduced in Chapter 3 and differ in their param-
eterisation, where correlator set A1 includes a cosine-function allowing for negative
contributions in the correlation functions. The obtained results are similar to the SRG
results, i.e., the effect of a UCOM transformation of the radii does not change the
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Figure 5.5: Charge radii with closed j-shell nuclei obtained from Hartree-Fock calcu-
lations for AV18 with correlator set A0 with the bare radii ( ) and the UCOM trans-
formed radii (m) and A1 with bare radii (�) and transformed radii (�).
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Figure 5.6: Difference of the bare and UCOM transformed charge radii for the AV18
interaction with closed j-shell nuclei obtained from Hartree-Fock calculations for the
correlator sets A0 ( ) and A1 (�).

Hartree-Fock results significantly. The differences ∆Rch of both curves are shown in
Figure 5.6. The effect of the transformation is, similar to the SRG transformation,
smaller than 1%.

5.2.2 NCSM Calculations with SRG-Transformed Radii

For further investigations of the effect of the SRG evolution of a radius operator, NCSM
calculations are performed using the N3LO interaction. Figure 5.7 shows the un-
evolved radii (rms) in dependence of the model-space size Nmax for the 4He nucleus
using flow parameters ranging from α = 0.04 fm4 up to α = 0.16 fm4 and additionally
the dependence of the radii on the flow parameter for Nmax = 14.
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Figure 5.7: NCSM results for the 4He nucleus for unevolved mean-square radii (left)
for α = 0.04 fm4 ( ) , α = 0.05 fm4 (�), α = 0.0625 fm4 (N), α = 0.08 fm4 (�), α = 0.1 fm4

(:), α = 0.12 fm4 (m), and α = 0.16 fm4 (♦). The dependence on the flow parameter
for Nmax = 8 for the unevolved ( ) and the evolved (�), as well as the unevovled with
fixed α ( ) and evolved with fixed α in the Hamiltonian (�) is shown on the right.

Figure 5.8 shows results for evolved radii with Hamiltonians evolved up to the same
flow parameter and results for consistent and inconsistent calculations using
α = 0.04 fm4 and for comparison also the differences ∆rms = [rms]

evolved − [rms]
unevolved

for both cases. The plots show that convergence is obtained for larger Nmax in case of
the consistently and inconsistently evolved radii. In both cases the unitary transfor-
mation reduces the radius and leads to similar results. Also the differences are similar
in both cases and show deviations of up to about 10% for the largest flow parameter
considered. The unitary transformation sorts the radii by the flow parameter. In case
of the unevolved radii, the converged results become lower for increasing flow param-
eter but move up again for α ≥ 0.08 fm4. This is caused by the explicit transformation
of the radii and therewith a difference in the handling of induced many-body forces.

The comparison of the α-trend of the radii in Figure 5.7 with the Hartree-Fock re-
sults in Figure 5.4, shows a similar trend of the curves, but the NCSM results do not
produce the crossings of the fully evolved with the unevolved curve as in the Hartree-
Fock calculations. This can be explained by the mean-field approach in Hartree-Fock
where the approximation becomes better with increasing flow parameter because
more long-range correlations are included which cannot be described by the Hartree-
Fock method for small values of the flow parxameter. The general trend, that the
unitary transformation leads to smaller radii and the difference of the transformed
and bare radii increases with increasing flow parameter can be observed for both, the
Hartree-Fock and the NCSM method. Since no convergence behaviour occurs in the
NCSM results in contrast to the Hartree-Fock results, the convergence seems to be an
artifact.
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Figure 5.8: NCSM results for the 4He nucleus for the for N3LO interactions with SRG-
evolved mean-square radii using Hamiltonians which are evolved up to the same flow
parameter (column lower left) or to α = 0.04 fm4 (column lower right), respective, for
α = 0.04 fm4 ( ) , α = 0.05 fm4 (�), α = 0.0625 fm4 (N), α = 0.08 fm4 (�), α = 0.1 fm4

(:), α = 0.12 fm4 (m), and α = 0.16 fm4 (♦).

5.3 Multipole Transition Operators

The reduced transition probability for an electric multipole transition is given by [23,
22, 21]

BT (EJ, Ji → Jf ) =
1

2Ji + 1

∣∣ 〈 i∣∣∣∣QT
J

∣∣∣∣f 〉 ∣∣2 , (5.18)

where J indicates the multipolarity of the transition, T = 0, 1 is the isospin and〈
i
∣∣∣∣QT

J

∣∣∣∣f 〉 is the reduced matrix-element connecting the initial state
∣∣i 〉 and the final

state
∣∣f 〉 by means of the multipole transition operator QT

J . The isoscalar monopole
transition is given by
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Q0
00 =

A∑
i=1

x2
iY00(ϑi, ϕi) , (5.19)

the isovector dipole excitations are described by the transition operator

Q1
1M = e

A∑
i=1

τ
(i)
3 xiY1M (ϑi, ϕi) (5.20)

and the isoscalar quadrupole transition operator is defined as

Q0
2M = e

A∑
i=1

x2
iY2M (ϑi, ϕi) . (5.21)

Here e is the elementary charge, τ3 the third component of the isospin and YJM (ϑ, ϕ)

are the spherical harmonics.

Since the unitary transformation only acts on the relative component of an operator,
we express the isoscalar monopole and quadrupole operator in a decomposition into
two-body relative and center of mass contributions:

Q0
00 =

1

4(A− 1)

A∑
ij

[
r2
ijY00(rij) + 4X2

ijY00(Xij)
]

(5.22)

in case of the monopole and

Q0
2M =

e

4(A− 1)

A∑
ij

[
r2
ijY2M (rij) + 4X2

ijY2M (Xij)
]
, (5.23)

for the quadrupole operator, with the two-body center of mass coordinates Xij =

(xi + xj)/2. The dipole operator can be expressed in a similar form, but the follow-
ing discussions are restricted to monopole and quadrupole operators.

As for the radius operator, the two-body approximation is given by

Q̃ = Q̃[1] + Q̃[2] = Q + Q̃[2], (5.24)

where again Q̃[1] = Q, i.e., the one-body part is given by the one-body transition oper-
ator. The two-body part of the unitarily transformed operator is obtained by applying
equations (5.11)-(5.13) in two-body space and leads to

[Q̃0
00][2] =

1

4

A∑
ij

[
U†ij(r

2
ijY00(rij))Uij − r2

ijY00(rij)
]

(5.25)
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in the case of the isoscalar monopole transition operator and

[Q̃0
2M ][2] =

1

4

A∑
ij

[
U†ij(r

2
ijY2M (rij))Uij − r2

ijY2M (rij)
]

(5.26)

for the isoscalar quadrupole transition operator.

5.3.1 Transition Operators in the RPA Framework

The RPA (see Appendix B for details) is a simple method to calculate excited states
of nuclei. In the following it will be used to investigate the effect of unitary transfor-
mations via UCOM and SRG, respective, on the transitions to the excited states. The
transition amplitude

〈
ω
∣∣QT †

JM

∣∣RPA
〉

(5.27)

has to be evaluated for that purpose. Here
∣∣ω 〉 = Q†ω

∣∣RPA
〉

is the excited state and∣∣RPA
〉

is the RPA ground-state. Rewriting (5.27) leads to

〈
RPA

∣∣QT
JM

∣∣ω 〉 =
〈

RPA
∣∣QT

JMQ†ω
∣∣RPA

〉
=
〈

RPA
∣∣ [QT

JM ,Q
†
ω

] ∣∣RPA
〉

=
〈

HF
∣∣ [QT

JM ,Q
†
ω

] ∣∣HF
〉
, (5.28)

where in the last step the quasi-boson approximation [23] was applied. Here the
Hartree-Fock ground-state is denoted by

∣∣HF
〉
. The commutator could be introduced

because Qω

∣∣RPA
〉

= 0 and therefore the second term will vanish (cf. Appendix A).

The transition matrix-elements for a bare one-body operator QT
JM are given by

∑
M

〈
HF
∣∣ [QT

JM ,Q
†
ν ]
∣∣HF

〉
=
∑
ph

1

Ĵ

〈
p
∣∣∣∣QT

J

∣∣∣∣h 〉 [XνJ
ph + (−1)J+1Y νJ

ph

]
, (5.29)

with Ĵ = 2J + 1. Here p indicates states above the Fermi energy (particles) and h indi-
cates states below the Fermi energy (holes) and the forward and backward amplitudes
Xν
ph and Y ν

ph.

The unitary UCOM or SRG transformation of a multipole operator leads to a structure
with many-body contributions. As in the previous chapters the two-body approxima-
tion will be considered in the following. The matrix-elements of the two-body contri-
bution can be evaluated to
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∑
M

〈
HF
∣∣ [[QT

JM ][2],Q†ωJM

] ∣∣HF
〉

=
∑

phh′J1J2

(−1)1−J+jh′
Ĵ1Ĵ2

Ĵ

{
jp jh J

J1 J2 jh′

}
[
(−1)jh+J1

〈
h′hJ1

∣∣∣∣ [QT
J ][2]

∣∣∣∣h′pJ2

〉
X

(ν,J)
ph

+ (−1)jp+J2
〈
h′pJ1

∣∣∣∣ [QT
J ][2]

∣∣∣∣h′hJ2

〉
Y

(ν,J)
ph

]
, (5.30)

where [QT
JM ][2] is the two-body part of the transition operator. The reduced matrix-

elements
〈
h′hJ1

∣∣∣∣ [QT
J ][2]

∣∣∣∣h′pJ2

〉
connects two-body states via the two-body contribu-

tion of the transition operator. The derivation of this equation can be found in Appendix
B.3. The transition amplitude including the one-body and two-body contribution of the
transition operator is now given by

BT (EJ, Ji → Jf ) =
1

2Ji + 1

∣∣ 〈 i∣∣∣∣QT
J

∣∣∣∣f 〉+
〈
i
∣∣∣∣ [QT

J ][2]
∣∣∣∣f 〉 ∣∣2 . (5.31)

In the following also strength functions will be shown which are obtained by convolv-
ing the calculated discrete strength distributions with a Lorentzian function leading
to a continuous energy-dependent strength function [21, 47]:

RTJ (E) =
∑
ν

BT
J (ων)

1

π

Γ/2

(E − ων)2 + (Γ/2)2
. (5.32)

The width of the Lorentzian distribution is set to the arbitrary value of Γ = 2 MeV.
The form of the continuous strength function is chosen such that energy-weighted
sum of the matrix-elements of the transition strength is equal to the integral over the
continuous energy-dependent strength function

∑
ν

EνB
T
J (ων) =

∫
dEERTJ (E). (5.33)

5.3.2 Giant Multipole Resonances

The effect of the unitary transformation to the multipole transitions obtained with
RPA calculations will be examined in the following. In addition NCSM calculations of
quadrupole transitions are discussed.

Isoscalar Giant Monopole Resonance with SRG-Transformed Operators

The isoscalar giant monopole resonance can be described as a spherically symmetric
oscillation or a compression of a nucleus, which means that protons and neutrons
move in phase.

In Figure 5.9 the isoscalar monopole (ISM) strength function for 16O, 40Ca, 90Zr and
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Figure 5.9: Isoscalar monopole strength distribution for 16O, 40Ca, 90Zr and 208Pb
for the SRG evolved transition operator with flow parameters α = 0.04 fm4 ( ),
α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ) and the unevolved transition operators
with flow parameters α = 0.04 fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4

( ). The arrow indicates the centroid energy from experiment [68, 69, 70].

208Pb is shown for the untransformed and the SRG-transformed monopole transition
operator with flow parameters α = 0.04 fm4, α = 0.08 fm4 and α = 0.16 fm4 for the
N3LO interaction. The arrow indicates the experimental centroid which can be ex-
tracted from experiment. For 16O the main peak of the response function for α =

0.08 fm4 is in good agreement with experiment, for 40Ca the response function for
α = 0.04 fm4 fits very well. For the heavier nuclei the peaks are shifted to higher ener-
gies in comparison to experiment. For all considered nuclei the peaks of the strength
functions are shifted towards higher energies with increasing flow parameter. This
shift is caused by the spreading of the Hartree-Fock single particle spectra for in-
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creasing flow parameters. The shift leading to the higher excitation energies makes a
transition more difficult which leads to smaller strengths. This effect can be observed
in the figure as well, i.e., with increasing flow parameter the peaks are shifted and
the strength decreases. The unitary transformation of the transition operator leads to
higher peaks in the response functions of 16O, 90Zr and 208Pb, but to smaller peaks for
40Ca, where the effect of the transformation becomes larger for increasing flow pa-
rameters. In addition, at high energies additional structures in the strength functions
appear.

The reduced matrix-elements of the one- and two-body contributions to the transition
strength as well as the unevolved and evolved discrete transition strength and their
difference ∆B0

0 = [B0
0 ]evolved − [B0

0 ]unevolved are shown in Figure 5.10 for 16O, in Figure
5.11 for 40Ca, in Figure 5.12 for 90Zr and in Figure 5.13 for 208Pb. The reduced matrix-
elements of the two-body contribution are smaller than the one-body part and have
more strength at higher energies, whereas the one-body matrix-elements have more
strength in the region of the peak in the Lorenzian functions. The increase of the
flow parameter leads to larger matrix-elements of the two-body part and is therefore
in good agreement with the observations made for the strengths functions discussed
before.

The bare and evolved strengths and their differences show that the unitary transfor-
mation leads to an increase of strength for the considered nuclei except 40Ca. The
larger the flow parameter, the larger the difference of the transformed and untrans-
formed strength. In case of 40Ca the transformation leads to smaller values for the
strength for all flow parameters, where the difference is largest for α = 0.08 fm4. The
deviations of the transformed and the untransformed strengths reaches 10% in the
case of 16O with the largest flow parameter, 5% in case of 40Ca, about 30% in case of
90Zr and 13% for 208Pb.

Intuitively one would expect the unitary transformation of the transition operators to
show similar effects as for the charge radii. Since the discussion of the radii is based
on the mean-square radius, which is averaged over the particle number a direct com-
parison is not possible. In order to compare the results one would have to divide the
reduced two-body matrix-elements

〈
ω
∣∣∣∣Q[2]

∣∣∣∣RPA
〉

by the respective particle number
and use them to calculate the response function. This will lead to smaller two-body
contributions due to the unitary transformation.

Isoscalar Giant Monopole Resonance with UCOM Transformed Operators

The ISM strength distribution for the UCOM-transformed transition operator for 16O,
40Ca, 90Zr and 208Pb is shown in Figure 5.14 for the AV18 interaction with correlator
sets A0 and A1. For the three lighter nuclei the experimental centroid is underes-
timated by the results with correlator set A0 and overestimated with correlator set
A1. For 208Pb both response functions have a peak at higher energies than the ex-
perimental value. For all nuclei the difference of the unitary transformed and bare
response function is very small. Correlator set A1 leads to peaks at higher energies
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Figure 5.10: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar monopole transition
of the 16O nucleus and the unevolved (middle, left) and evolved matrix-elements (mid-
dle, right) and their differences (bottom). The flow parameters used are α = 0.04 fm4

( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.11: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar monopole transition
of the 40Ca nucleus and the unevolved (middle, left) and evolved matrix-elements (mid-
dle, right) and their differences (bottom). The flow parameters used are α = 0.04 fm4

( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.12: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar monopole transition
of the 90Zr nucleus and the unevolved (middle, left) and evolved matrix-elements (mid-
dle, right) and their differences (bottom). The flow parameters used are α = 0.04 fm4

( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.13: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar monopole transition
of the 208Pb nucleus and the unevolved (middle, left) and evolved matrix-elements
(middle, right) and their differences (bottom). The flow parameters used are α = 0.04
fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.14: Isoscalar monopole strength distribution for 16O, 40Ca, 90Zr and 208Pb
for the unitary transformed transition operator using UCOM correlator set A0 ( )
and A1 ( ) and the untransformed transition operators for A0 ( ) and A1
( ). The arrow indicates the centroid energy from experiment [68, 69, 70].

than correlator set A0 except for 208Pb, where they are at slightly smaller energies.
The suppression of strength and the shift to higher energies are similar to the obser-
vations for the SRG with increasing flow parameters. But in contrast to the SRG the
effect of the unitary transformation is very small. Since the transition operators are
sensitive to long-range effects and the UCOM is restricted to short ranges, the trans-
formation has only small effects on the operator. In case of the SRG there is no strict
separation of long- and short-range correlations and, therefore, a different behaviour
is expected. Since the SRG calculations are performed with the N3LO interaction
while in the UCOM the AV18 interaction is used it is clear that the results can only
be compared schematically because these two potentials have a completely different
structure and, therefore, lead to different contributions in the states and operators
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during transformation.

Isoscalar Giant Quadrupole Resonance with SRG-Transformed Operators

The isoscalar quadrupole (ISQ) strength distributions are investigated next. The ISQ
distributions for 16O, 40Ca, 90Zr and 208Pb are shown in Figure 5.15 with the unevolved
and SRG-evolved strength operators for the N3LO interaction using the flow parame-
ters α = 0.04 fm4, α = 008 fm4, and α = 0.16 fm4. The peaks of the response functions
are shifted towards larger energies in comparison to the experimental values, except
for the low-lying 2+ state in 208Pb, which is in good agreement with experiment for
the smallest flow parameter while the other flow parameters overestimate this en-
ergy. The effect of the SRG transformation is very small for all four nuclei and all flow
parameters.

The effect of the unitary transformation on the quadrupole transition operator are now
investigated in more detail. The reduced one- and two-body matrix-elements as well
as the unevolved and evolved discrete strength distributions and their differences are
shown in Figure 5.16 for 16O, in Figure 5.17 for 40Ca, in Figure 5.18 in case of 90Zr and
in Figure 5.19 for the 208Pb nucleus. For all nuclei the two-body matrix-elements are
larger for larger flow parameters and their contributions are shifted to higher energies
in comparison to the one-body part. The effect of the transformation cannot be seen
at the unevolved and evolved strength distributions. The difference shows that the
unitary transformation leads to changes of about 1% for all nuclei.

Comparing these observations for the ISQ transitions with the ISM transitions the
effect of the SRG transformation is much smaller in case of the quadrupole. A possible
explanation for this is, that a one-body operator with momentum transfer q → 0 is
chosen as the ansatz for the quadrupole transition operator. In case of the monopole
an additional r2 term is introduced in the equation to obtain results different from zero.
This difference in the operators might be responsible for the difference in the effect of
the transformation.

Isoscalar Giant Quadrupole Resonance with UCOM Transformed Operators

The ISQ strength distributions for the UCOM correlated quadrupole operator are
shown in Figure 5.20 for the 16O, 40Ca, 90Zr and 208Pb nuclei for the AV18 interaction
using correlator sets A0 and A1. For both correlator sets the peaks of the response
functions are at higher energies than the experimental centroid except the low-lying
2+ excitation in 208Pb which is well described by correlator set A1. As in case of the
monopole transitions the peaks of the strength functions are shifted to larger ener-
gies for A1 in comparison to A0 and they have less strength. This means that the
probability for a transition is higher for correlator set A0. The effect of the unitary
transformation is very small, as for the ISM strength distributions. A comparison with
the SRG results is very difficult here because the effect of the UCOM transformation
on the quadrupole transition operator is very small in contrast to the SRG results and

86



CHAPTER 5. TRANSFORMED OBSERVABLES

10 20 30 40 50 60
E [MeV]

0

10

20

30

.

R
0 2
(E

)
[e

2
fm

4
/M

eV
]

16O
ISQ

10 20 30 40 50 60
E [MeV]

0

25

50

75

100

125

.

R
0 2
(E

)
[e

2
fm

4
/M

eV
]

40Ca
ISQ

10 20 30 40 50 60
E [MeV]

0

200

400

600

.

R
0 2
(E

)
[e

2
fm

4
/M

eV
]

90Zr
ISQ

10 20 30 40 50 60
E [MeV]

0

1000

2000

3000

.

R
0 2
(E

)
[e

2
fm

4
/M

eV
]

208Pb
ISQ

Figure 5.15: Isoscalar quadrupole strength distribution for 16O, 40Ca, 90Zr and 208Pb
for the SRG evolved transition operator with flow parameters α = 0.04 fm4 ( ),
α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ) and the unevolved transition operators
with flow parameters α = 0.04 fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4

( ). The arrow indicates the centroid energy from experiment [68]-[71].

therefore the one cannot distinguish between effects of the underlying interaction and
the transformed operator.
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Figure 5.16: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar quadrupole transi-
tion of the 16O nucleus and the unevolved (middle, left) and evolved matrix-elements
(middle, right) and their differences (bottom). The flow parameters used are α = 0.04
fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.17: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar quadrupole transi-
tion of the 40Ca nucleus and the unevolved (middle, left) and evolved matrix-elements
(middle, right) and their differences (bottom). The flow parameters used are α = 0.04
fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.18: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar quadrupole transi-
tion of the 90Zr nucleus and the unevolved (middle, left) and evolved matrix-elements
(middle, right) and their differences (bottom). The flow parameters used are α = 0.04
fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.19: Reduced matrix-elements of the one-body (upper left) and two-body (up-
per right) contribution of the transition operator for the isoscalar quadrupole transi-
tion of the 208Pb nucleus and the unevolved (middle, left) and evolved matrix-elements
(middle, right) and their differences (bottom). The flow parameters used are α = 0.04
fm4 ( ), α = 0.08 fm4 ( ) and α = 0.16 fm4 ( ).
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Figure 5.20: Isoscalar quadrupole strength distribution for 16O, 40Ca, 90Zr and 208Pb
for the unitary transformed transition operator using UCOM correlator set A0 ( )
and A1 ( ) and the untransformed transition operators for A0 ( ) and A1
( ). The arrow indicates the centroid energy from experiment [68]-[71].

5.3.3 NCSM Calculations with SRG-Transformed Quadrupole Transi-
tion Strengths

The ISQ strengths of the transition from the 3+ state to the 1+ ground-state of the 6Li
nucleus obtained with NCSM calculations1 of the bare and SRG-evolved quadrupole
operator as well as their difference are shown in Figure 5.21 for a set of flow param-
eters ranging from α = 0.04 fm4 up to α = 0.16 fm4. As in case of the NCSM calcu-
lations with the radii discussed in Section 5.2.2, the calculations are not converged.
Increasing the flow parameter leads to increasing strength, where the difference of
the α-curves becomes larger for increasing Nmax. The evolution leads to an increase

1The calculations for Nmax = 10 are obtained with the IT-NCSM method [72].
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Figure 5.21: NCSM results for isoscalar quadrupole transition strength in dependency
of the model-space size for the 6Li nucleus for unevolved and SRG-evolved quadrupole
operators, as well as the differences of the evolved and the unevolved transition
strength, with α = 0.04 fm4 ( ) , α = 0.05 fm4 (�), α = 0.08 fm4 (N), α = 0.1 fm4

(�), α = 0.12 fm4 (:), α = 0.16 fm4 (m). And dependency on the flow parameter for
the unevolved ( ) and evolved (�) transition strength as well as the differences (N) at
Nmax = 8 (lower right).

of the strength, the more, the larger the flow parameter. The differences of the evolved
and unevolved strengths show a dependency on Nmax, where the differences become
smaller for fixed flow parameter and increasing Nmax because increasing the model-
space size leads to a better description in the NCSM. In general the effect of the
unitary transformation is very small, much smaller than the effects observed in the
RPA calculations for the nuclei considered in that case.
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The strength as function of the flow parameter is shown in Figure 5.21 for Nmax = 8,
for the bare and the evolved transition strength and their differences. One observes
a very small effect of the transformation which is nearly constant in that range of the
flow parameter.
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Conclusions

The Unitary Correlation Operator Method (UCOM) and the Similarity Renormalization
Group (SRG) are two methods to explicitly treat short-range correlations generated
by chiral as well as realistic potentials. The effects of these transformations have
been investigated by performing many-body calculations like Hartree-Fock and No-
Core Shell Model (NCSM) with the resulting interactions.

Both, the UCOM and the SRG approach are based on a unitary transformation of
an initial nucleon-nucleon potential leading to effective interactions which show sev-
eral similarities in momentum-space. Conceptually these two methods are designed
completely differently. While the UCOM introduces central and tensor correlation
functions that are constructed explicitly, the SRG is based on a renormalization group
flow-equation. Considering the initial SRG flow-equation, a generator leading to a
band-diagonalization of the interaction in momentum-space has the same structure as
the UCOM generators.

UCOM correlation functions can be obtained either by extracting them from SRG cal-
culations or via an explicit parameterization. The SRG-generated UCOM correlation
functions show structures that are not described by the previous parameterizations.
In addition, for the N3LO and the N3LOS potential, strong long-range oscillations
appear which are manifested in the deuteron wave-functions. New choices of param-
eterizations of the UCOM correlation functions, containing a cosine-function, allow
to mimic these structures which are characteristic for the SRG-generated correla-
tion functions. The adapted parameterizations as well as the SRG-generated UCOM
correlation functions lead to improved convergence in NCSM calculations for the Ar-
gonne V18 potential. In case of the N3LO potential a treatment via UCOM was not
possible with the standard parameterizations for the correlation functions. Using the
SRG-generated or the cosine-parameterized correlation functions, NCSM calculations
converge faster, i.e., the difference between the minimum of the Nmax = 0 curve and
the converged energy is smaller in that case. Nevertheless, for the Argonne V18 as
well as for the N3LO potential, the use of the correlation functions obtained with the
cosine-parameterized correlation functions leads to a two-minimum structure in the
NCSM results. Here structures of the interaction are resolved for large model-spaces.
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Hartree-Fock calculations of interactions obtained with all different types of UCOM
correlation functions lead to reasonable results.

The standard SRG generator contains a commutator of the relative kinetic energy
and the evolved Hamiltonian. It leads to a band-diagonalization of the momentum-
space matrix-elements. To investigate this and the effect of induced many-body con-
tributions, the generator can be adapted to leave the low-momentum region as little
affected as possible. The resulting matrix-elements of the so called Λ-SRG transforma-
tion in the 1S0 channel show, that the effect on the low-momentum matrix-elements is
weaker than in the case of the SRG transformation. But the matrix-elements for large
momentum differences obtained with Λ-SRG are changed too. The evolution leads to
a slower diagonalization in comparison to the SRG calculations. The deuteron wave-
function confirms that the attraction in the low-momentum region is controlled by the
tensor correlations, because for Λ-SRG calculations the D-wave does not change much
in comparison to the D-wave of unevolved interaction. The S-wave, in contrast, shows
a shift of the maximum of the wave functions towards smaller distances. The correla-
tion hole is reduced the more, the smaller the scale parameter of the Λ-SRG is chosen.
NCSM calculations with the Λ-SRG interaction lead to worse convergence than when
using the standard SRG. Additionally, the binding energy increases in comparison to
the SRG case and the minimum is shifted towards larger oscillator frequencies. In-
vestigation of the minimum energy as a function of the flow parameter for different
values of the Λ-SRG scale parameter shows a strong dependence on the flow param-
eter. In Hartree-Fock calculations the binding energies mimic the structure of the
experimental values, but for heavier nuclei they become smaller for increasing scale
parameter. The observed effects in the many-body calculations are caused by large in-
duced many-body forces which are neglected in the calculations which are restricted
at the two-body level.

The SRG generator contains the square of the momentum operator which leads to
a decoupling of long- and short-range correlations. In general any function of the
momentum operator should have the same effect. A test using the momentum opera-
tor and the momentum operator to the third power, shows that the momentum-space
matrix-elements in the 1S0 channel behave similarly for all different powers of momen-
tum in the generator. It shows, that with increasing power the diagonalization of the
matrix becomes a bit slower, but the general structure of the matrix is the same. This
is also benchmarked in the deuteron wave-function. The wave-functions have a simi-
lar shape and do not deviate much for a fixed flow parameter. For decreasing power
of momentum the reduction of the correlation hole and of the D-wave admixture be-
comes a bit more pronounced. Investigations in the NCSM show that the convergence
behaviour is improved a little bit for decreasing power of momentum. The energy as
a function of the flow parameter shows, that all three generators lead to similar re-
sults, where the minima of the curves is shifted towards larger flow parameters for
increasing power of momentum in the generator.

The decoupling of long- and short-range correlations as well as the impact of many-
body contributions has to be investigated by applying the unitary SRG or UCOM trans-
formation to other observables than the Hamiltonian for consistency. Both methods
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are constructed such, that they allow to consistently transform any observable. A
possible choice for an other observable is the radius operator which is long-ranged
and one expects only small changes when applying the unitary transformations on it.
Hartree-Fock calculations with the SRG-transformed rms-radii show only small devi-
ations of the transformed and untransformed charge radii for flow parameters in the
relevant region. Larger values of the flow parameter lead to smaller charge radii when
performing the SRG transformation compared to the untransformed radii. The UCOM
transformation of the rms-radii leads to very small deviations from the untranformed
radii, as well.

NCSM calculations with the SRG-evolved radii show similar results as the Hartree-
Fock method. The unitary transformation leads to slightly smaller values for the rms-
radii and the deviation of the transformed and untransformed radii increases with
increasing flow parameter.

The monopole and quadrupole operators are, like the radius operator, long-ranged
operators. Calculations of the monopole transition strengths via the random phase
approximation for a set of nuclei in various mass regions show, that the SRG transfor-
mation has an effect of 5% for 40Ca to about 30% for 90Zr, for the largest considered
flow parameter. For flow parameters in the relevant region the effect of the transfor-
mation of the monopole operater is about 5% and generally increases with increasing
mass number. In case of the quadrupole the transformation with a flow parameter in
the relevant region does not lead to changes larger than 1%. In case of the UCOM
transformation of the monopole operator, the effect of the transformation is much
smaller than within the SRG transformation. NCSM calculations with SRG-evolved
quadrupole operators for the transition from the 3+ to the 1+ state of the 6Li nucleus
lead to comparable results and the effect of the unitary transformation is very small in
comparison to the absolute value of the transition strength.

For further studies on the UCOM transformed Hamiltonians the inclusion of three-
nucleon forces is inevitable. A discussion of phenomenological three-body forces is
given in [47] for the Argonne V18 potential, a consistent treatment of two- and three-
nucleon interactions from chiral interactions is desirable. In the SRG scheme this step
has been applied successfully [73, 74] and SRG transformations with consistent two-
plus three-body interactions with the generators used in this thesis will give further
insight into short-range correlations and the effect of induced many-body forces in the
SRG.

In this work, we have discussed the derivation of effective Hamiltonians and consis-
tent effective operators in the UCOM and SRG approaches. While the transformations
can be visualized rather straightforwardly, it is worthwhile to seek further insight by
investigating other quantities. The many-body coordinate space densities seem par-
ticularly suited for extracting information about the short-range correlations directly.
The two-body density can be used to visualize the effect of the correlations directly.
To include the density in the existing code, the harmonic oscillator representation is
needed, which is given in Appendix C. For consistency also observables like dipole and
Gamow-Teller transition operators can be transformed by means of the SRG or UCOM
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approaches. The unitary transformation of the Gamow-Teller operator is of special in-
terest to investigate if it has an effect on the quenching, i.e., the fact that only about
60% of the theoretical predicted transition strength has been observed in experiment
[75]. In this context the inclusion of three-nucleon forces will also be important, be-
cause the radii, for example, show a dependence on the flow parameter and this effect
should be corrected for with the inclusion of induced many-body interactions.
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Appendix A

The Hartree-Fock Method

The Hartree-Fock method is a many-body method based on the Ritz variational princi-
ple. It provides an approximation for the solution of the full many-body problem.

A.1 The Variational Principle

The Ritz variational principle [76, 23] states that the solution of the Schrödinger equa-
tion

H
∣∣Ψ 〉 = E

∣∣Ψ 〉 (A.1)

is equivalent to the variation

δE[
∣∣Ψ 〉] = E[

∣∣Ψ 〉+
∣∣δΨ 〉]− E[

∣∣Ψ 〉] = 0 , (A.2)

provided we work in a complete many-body Hilbert space.

Here the energy is assumed to be a functional of the states
∣∣Ψ 〉:

E[
∣∣Ψ 〉] =

〈
Ψ
∣∣H ∣∣Ψ 〉〈
Ψ
∣∣Ψ 〉 . (A.3)

Assuming an arbitrary but infinitesimal variation
∣∣δΨ 〉 of the state

∣∣Ψ 〉, with〈
δΨ
∣∣δΨ 〉� 1, the variation of the energy functional is given by

δE[
∣∣Ψ 〉] =

1〈
Ψ
∣∣Ψ 〉

[〈
δΨ
∣∣H ∣∣Ψ 〉+

〈
Ψ
∣∣H ∣∣δΨ 〉−〈Ψ

∣∣H ∣∣Ψ 〉〈
Ψ
∣∣Ψ 〉 (〈

δΨ
∣∣Ψ 〉+

〈
Ψ
∣∣δΨ 〉)] ,

(A.4)

where higher orders in
∣∣δΨ 〉 were discarded, and the stationarity condition leads to
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〈
δΨ
∣∣ (H− E)

∣∣Ψ 〉+
〈

Ψ
∣∣ (H− E)

∣∣δΨ 〉 = 0 . (A.5)

Since the variation is arbitrary, we can also consider variations of the type
∣∣Ψ 〉+i

∣∣δΨ 〉,
and we obtain

−i
〈
δΨ
∣∣ (H− E)

∣∣Ψ 〉+i
〈

Ψ
∣∣ (H− E)

∣∣δΨ 〉 = 0 . (A.6)

Combining these two equations leads to the equation

〈
δΨ
∣∣ (H− E)

∣∣Ψ 〉 = 0 , (A.7)

which is equivalent to the stationary Schrödinger equation due to the arbitrariness of
the state

∣∣δΨ 〉.
The variational principle is used to find approximate solutions of the eigenvalue prob-
lem. For that purpose trial states are chosen which cover a subspace instead of the
whole Hilbert space. If the exact energy eigenvalue is contained in this subspace, the
exact solution of the eigenvalue problem is obtained, otherwise only an approximation.

This method is especially appropriate for the determination of ground-state energies,
because it can be shown that the enery expectation value E[

∣∣Ψ 〉] of an arbitrary trial
state

∣∣Ψ 〉 is greater or equal to the exact value for the ground-state energy E0 [23]:

E[
∣∣Ψ 〉] ≥ E0 . (A.8)

A.2 The Hartree-Fock Equations

For the description of a system of A fermions the Hartree-Fock trial state is a single
Slater determinant

∣∣Φ 〉 = a†1a†2 . . . a
†
A

∣∣0 〉 =
∣∣α1 · · ·αA

〉
a
, (A.9)

where the subscript indicates antisymmetrization of the state.

The minimal energy expectation value E[
∣∣Φ 〉] is obtained by the variation of the single-

particle states
∣∣αi 〉 = a†i

∣∣0 〉. A configuration space basis {
∣∣χk 〉}, where

∣∣χk 〉 = c†k
∣∣0 〉,

is chosen in which the states
∣∣αi 〉 are expanded:

∣∣αi 〉 =
∑
k

Cik
∣∣χk 〉 and a†i =

∑
k

Cikc
†
k . (A.10)

Here the expansion coefficients Cik have to be determined. Slater determinants are
invariant under unitary transformations of the occupied single-particle states. Thus,
the Slater determinant is described by a projection on a subspace in the single-particle
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space by a projection operator ρ. The matrix-elements of this operator, expressed in
terms of the coefficients Cik, define the single-particle density matrix

ρ
(1)
kk′ =

〈
Φ
∣∣ c†k′ck ∣∣Φ 〉 =

∑
j,j′

C∗j′k′Cjk
〈

Φ
∣∣ a†j′aj ∣∣Φ 〉 =

A∑
j

C∗jk′Cjk . (A.11)

The density matrix of a Slater determinant is hermitian

(
(ρ(1))∗k′k = ρ

(1)
kk′

)
(A.12)

and idempotent

(∑
l

ρ
(1)
kl ρ

(1)
lk′ = ρ

(1)
kk′

)
. (A.13)

The Hamiltonian in the basis
∣∣χk 〉 is given by

H =
∑
k1, k2

Tk1,k2c†k1ck2 +
1

4

∑
k1, k2, k3, k4

Vk1k2,k3k4c†k1c†k2ck4ck3 , (A.14)

with the single-particle kinetic energy matrix-elements Tk1,k2 =
〈
χk1
∣∣T ∣∣χk2 〉 and the

two-body matrix-elements of the interaction between the nucleons Vk1k2,k3k4 =

a

〈
χk1χk2

∣∣V∣∣χk3χk4 〉a. Thus, the energy expectation value reads

E[
∣∣Φ 〉] =

〈
Φ
∣∣H ∣∣Φ 〉 =

∑
k1, k2

Tk1,k2
〈

Φ
∣∣ c†k1ck2

∣∣Φ 〉
+

1

4

∑
k1, k2, k3, k4

Vk1k2,k3k4
〈

Φ
∣∣ c†k1c†k2ck4ck3

∣∣Φ 〉 . (A.15)

The expectation values of the annihilation and creation operators are the single-particle
density matrix ρ

(1)
k2,k1

and the two-body density matrix. One then obtains

ρ
(2
k3k4,k1k2

= ρ
(1)
k3,k1

ρ
(1)
k4,k2

− ρ(1)
k3,k2

ρ
(1)
k4,k1

. (A.16)

This can be expressed in terms of single-particle density matrices because the state∣∣Φ 〉 is a Slater determinant, the energy can be expressed as

E[ρ] =
∑
k1, k3

Tk1,k3ρ
(1)
k3,k1

+
1

2

∑
k1, k2, k3, k4

ρ
(1)
k3,k1

Vk1k2,k3k4ρ
(1)
k4,k2

. (A.17)

The variation of the energy functional is given by
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δE[ρ(1)] =
∑
k1, k3

Tk1,k3δρ
(1)
k3,k1

+
∑

k1, k2, k3, k4

δρ
(1)
k3,k1

Vk1k2,k3k4ρ
(1)
k4,k2

, (A.18)

where only linear terms in δρ(1) are taken into account. Introducing a single-particle
Hamiltonian consisting of the kinetic energy and the density matrix-dependent poten-
tial,

Hk1,k3 [ρ(1)] = Tk1,k3 +
∑

k1, k2, k3, k4

Vk1k2,k3k4ρ
(1)
k4,k2

, (A.19)

the variational equation can be written as

δE[ρ(1)] =
∑
i1, i3

Hi1,i3 [ρ(1)]δρ
(1)
i1,i3

= 0 . (A.20)

The variation of the density matrix is constrained to stay in the space of Slater deter-
minants, i.e., it must preserve idempotency. This implies

(ρ+ δρ)2 = ρ+ δρ ⇒ ρδρ+ δρ ρ = δρ , (A.21)

or in terms of matrix-elements:

∑
l

ρklδρlk′ + δρkl ρlk′ = δρkk′ . (A.22)

This is a strong constraint on the variation δρ which can be seen by evaluating the
density matrix in the Hartree-Fock basis, where ρkk′ is diagonal:

ρkk′ = nkδkk′ , nk =

{
1 εk ≤ εF ,
0 εk > εF .

(A.23)

Here nk is the occupation number, where we refers to occupied states (above the fermi
energy εF ) and hole states (below εF ). Equation (A.2) now reads

(nk + nk′)δρkk′ = δρkk′ . (A.24)

It can only be satisfied if k is a particle and k′ a hole index, or vice versa, i.e., variations
are restricted to the particle-hole matrix-elements of the density matrix, otherwise the
space of Slater determinants will be exceeded. To guarantee that the stationarity con-
dition (A.20) is satisfied for such variations, the particle-hole matrix-elements of H[ρ]

must vanish, i.e., it has the same block structure as ρ in the Hartree-Fock representa-
tion. Due to equation (A.20,) the single-particle Hamiltonian consists of non-vanishing
particle-particle and hole-hole matrix-elements in Hartree-Fock basis, i.e. the commu-
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tator of the single-particle Hamiltonian and the single-particle density has to vanish:

[h[ρ(1)], ρ(1)] = 0 . (A.25)

This relation can be converted into a single-particle eigenvalue problem

h[ρ(1)]
∣∣αi 〉 = εi

∣∣αi 〉 , (A.26)

where
∣∣αi 〉 are the Hartree-Fock eigenstates and εi the corresponding Hartree-Fock

single-particle energies. Expanding equation (A.26) in the basis
∣∣χk 〉 gives

∑
k3

hk1,k3 [ρ(1)]Cik3 = εiCik1 . (A.27)

Inserting the explicit form of the Hamiltonian (equation (A.19)) and the single-particle
density (equation (A.11)), the Hartree-Fock equations read

∑
k3

tk1,k3 +
∑
k2, k4

A∑
i′=1

vk1k2,k3k4Ci′k2Ci′k4

Cik3 = εiCik1 . (A.28)

This is a set of non-linear equations for the single-particle energies εi and the expan-
sion coefficients Cik. It has to be solved in an iterative scheme to obtain self-consistent
solutions for the expansion coefficients.

The Hartree-Fock ground-state is a Slater determinant

∣∣HF
〉

=
∣∣Φ 〉 = a†1a†2 . . . a

†
A

∣∣0 〉 , (A.29)

constructed of the A single-particle states with the lowest energies. Its energy expec-
tation value is

E[
∣∣HF

〉
] =

〈
HF
∣∣h ∣∣HF

〉
(A.30)

=

A∑
i=1

〈
αi
∣∣ t ∣∣αi 〉+

1

2

A∑
i,i′=1

a

〈
αiαi′

∣∣v∣∣αiαi′ 〉a (A.31)

=

A∑
i=1

εi −
1

2

A∑
i,i′=1

a

〈
αiαi′

∣∣v∣∣αiαi′ 〉a . (A.32)

This shows that the ground-state energy is not equal to the sum of the single-particle
energies.
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A.3 Hartree-Fock for Interactions in Matrixelement Rep-
resentation

The Hamiltonian entering the Hartree-Fock equations consist of the kinetic energy T

and the transformed interactions VNN:

Hint = T− Tcm + VNN = Tint + VNN . (A.33)

The center-of-mass part of the kinetic energy Tcm is subtracted from the kinetic energy
leading to the intrinsic kinetic energy Tint, which can be written as a pure two-body
operator

Tint = T− Tcm =
2

Aµ

A∑
i<j

q2
ij , (A.34)

where q is the relative two-body momentum.

The eigenstates
∣∣nljmmt

〉
of the spherical harmonic oscillator are chosen as basis

states and used to expand the Hartree-Fock single-particle states:

∣∣νljmmt

〉
=
∑
n

C(νljmmt)
n

∣∣nljmmt

〉
. (A.35)

Here n is the radial quantum number, l the orbital angular momentum, j the total
angular momentum with projection m and mt the isospin projection. Assuming spher-
ical symmetry, only states with the same l and j quantum numbers can contribute
in the Hartree-Fock expansion, and the expansion coefficients are independent of m
(C

(νljmmt)
n = C

(νljmt)
n ). As already mentioned in the former section, these coefficients

are used as variational parameters for the minimization of the energy expectation
value.

In this basis the Hartree-Fock equation can be written as

∑
n̄

hljmtnn̄ C
(νljmt)
n̄ = ε(νljmt)C

(νljmt)
n̄ , (A.36)

with the single-particle energies ε(νljmt). The matrix-elements of the single-particle
Hamiltonian are

h
(ljmt)
nn̄ =

∑
l′,j′,m′t

∑
n′,n̄′

H
(ljmt,l′j′m′t)
nn′,n̄n̄′ ρ

(l′j′m′t)
n′,n̄′ , (A.37)

with the single-particle density matrix

104



APPENDIX A. THE HARTREE-FOCK METHOD

ρ
(l′j′m′t)
n′,n̄′ =

∑
ν

(2j + 1)C
(νljmt)∗
n̄ C(νljmt)

n . (A.38)

Due to spherical symmetry, we can average over the m quantum numbers, and express
the antisymmetrized matrix-elements of the Hamiltonian as [20]

H
(ljmt,l′j′m′t)
nn′,n̄,n̄′ =

1

(2j + 1)(2j′ + 1)

∑
m,m′

〈
nljmmt, n

′l′j′m′m′t
∣∣Hint

∣∣n̄ljmmt, n̄
′l′j′m′m′t

〉
.

(A.39)

Coupling the single-particle angular momenta and carrying out the summations over
magnetic quantum numbers, we obtain

H
(ljmt,l′j′m′t)
nn′,n̄,n̄′ =

∑
J,MT

(2J + 1)

(2j + 1)(2j′ + 1)
c

(
1
2

1
2 T

mt m′t MT

)2

(A.40)

×
〈
nlj, n′l′j′; JTMT

∣∣Hint

∣∣n̄lj, n̄′l′j′; JTMT

〉
,

where c

(
1
2

1
2 T

mt m′t MT

)
is a Clebsch-Gordan coefficient.

In general the matrix-elements of the effective interactions are calculated in a rela-
tive LS-basis and have to be transformed to the single-particle jj-coupled basis using
Talmi-Moshinsky brackets (see [20] and references therein for details).
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Appendix B

The Random Phase
Approximation

The Random Phase Approximation (RPA) is the simplest approach for investigations
of collective excitations of a mean-field state. RPA can be derived as a harmonic ap-
proximation for a time-dependent mean-field theory, i.e., time-dependent Hartree-Fock
[23]. Another possibility presented here is the Equation-of-Motion (EoM) method. This
method avoids the explicit calculations of the ground-state which is very complicated
and gives it in an implicit form [24, 22, 23, 77].

B.1 Equations of Motion

The exact Schrödinger equation

H
∣∣Ψν

〉
= Eν

∣∣Ψν

〉
(B.1)

can be rewritten by introducing excitations operators

∣∣Ψν

〉
= Q†ν

∣∣Ψ0

〉
and Qν

∣∣Ψ0

〉
= 0 , (B.2)

where

Q†ν =
∣∣Ψν

〉〈
Ψ0

∣∣ and Qν =
∣∣Ψ0

〉〈
Ψν

∣∣ . (B.3)

We obtain the EoM

[H, Q†ν ]
∣∣Ψ0

〉
= (Eν − E0)Q†ν

∣∣Ψ0

〉
. (B.4)

Multiplying this equation with an arbitrary state
〈

Ψ0

∣∣ δQ and inserting additional
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terms of the form
〈

Ψ0

∣∣Q†ν =
〈

Ψ0

∣∣HQ†ν = 0, to obtain a simplified commutator form,
leads to

〈
Ψ0

∣∣ [δQ, [H, Q†ν ]]
∣∣Ψ0

〉
= (Eν − E0)

〈
Ψ0

∣∣ [δQ, Q†ν ]
∣∣Ψ0

〉
. (B.5)

This equation is exact as long as the variation

δQ†
∣∣Ψ0

〉
=
∑
ν 6=0

δcνQ†ν
∣∣Ψ0

〉
=
∑
ν 6=0

δcν
∣∣Ψν

〉
(B.6)

is chosen to be orthogonal to the ground-state and to cover the whole Hilbert space.

B.2 Random Phase Approximation

In the following the notation Akl
mn = a†ka

†
l anam and Ak

l = a†kal, and normal ordering,
where all internal contractions are subtracted, will be used [22]. Contractions of an
upper with an lower index are defined as the one-body density matrix

λkl =
〈

Ψ
∣∣Ak

l

∣∣Ψ 〉 (B.7)

with the reference state
∣∣Ψ 〉. In normal ordering with respect to the Hartree-Fock

solution one obtains:

Ak
l =: Ak

l : +λkl (B.8)

Akl
mn =: Akl

mn : +λkm : Al
n : −λkn : Al

m : +λln : Ak
m : −λlm : Ak

n : +λkmλ
l
n − λknλlm . (B.9)

Wick’s Theorem [22] is used to evaluate pairs of normal-ordered operators, i.e., this
product is expanded in a sum of all externally contracted terms. The contraction
between a lower and an upper index is given by

: Aa
b :: Ak

l := −ξkb : Aa
l : + . . . , (B.10)

with

ξkl = λkl − δkl = −
〈

Ψ
∣∣ ala†k ∣∣Ψ 〉 . (B.11)

In Hartree-Fock basis one obtains

λkl = nkδ
k
l (B.12)

with the occupation number nk defined in (A.23). Contractions between particle and
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hole states must vanish and therefore the creation and annihilation operators can be
replaced by their normal ordered terms:

a†pah =: a†pah : , a†hap =: a†hap : . (B.13)

In the RPA, the excitation operators in the EoM (B.1) are approximated as 1-particle-
1-hole operators

Q†ν =
∑
m,a

X(ν)
maA

m
a −

∑
m,a

Y (ν)
ma Aa

m . (B.14)

In the following the indices a and b indicate states below the Fermi energy εF (holes),
while m and n are used for states above the Fermi energy (particles). Here, the Fermi
energy εF is given by the Hartree-Fock eigenvalue of the highest occupied single-
particle state. The ground-state

∣∣Ψ0

〉
=
∣∣RPA

〉
is defined by Qν

∣∣RPA
〉

= 0. It contains
contributions from particle - hole excitations which are generated by the operator Am

a

and accordingly annihilated by Aa
m.

The forward and backward amplitudes X
(ν)
ma and Y

(ν)
ma are varied independently of each

other:

δQ†
∣∣RPA

〉
=
∑
m,a

δX(ν)
maA

m
a

∣∣RPA
〉
−
∑
m,a

δY (ν)
ma Aa

m

∣∣RPA
〉
. (B.15)

This leads to a set of coupled equations:

〈
RPA

∣∣ [Aa
m, [H, Q†ν ]]

∣∣RPA
〉

= ERPA
ν

〈
RPA

∣∣ [Aa
m, Q†ν ]

∣∣RPA
〉〈

RPA
∣∣ [Am

a , [H, Q†ν ]]
∣∣RPA

〉
= ERPA

ν

〈
RPA

∣∣ [Am
a , Q†ν ]

∣∣RPA
〉
,

(B.16)

where ERPA
ν = Eν−E0. These equations define the excitation operators Q†ν through the

amplitudes X
(ν)
ma and Y

(ν)
ma . Since the state

∣∣RPA
〉

is unknown a priori, the equations
cannot be solved directly. Thus, an additional approximation is introduced: the RPA
ground-state is replaced by the Hartree-Fock state in equation (B.16), and we obtain

〈
RPA

∣∣ [Aa
m, An

b ]
∣∣RPA

〉
= δabδmn + δmn

〈
RPA

∣∣Aa
b

∣∣RPA
〉
−δab

〈
RPA

∣∣An
m

∣∣RPA
〉

≈
〈

HF
∣∣ [Aa

m, An
b ]
∣∣HF

〉
= δabδmn . (B.17)

This is known as the quasi-boson approximation. Within this approximation, the co-
efficients X

(ν)
ma and Y

(ν)
ma can be identified with the matrix-elements of the one-body

transition density ρ(1)
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ρ(1)ν
ma =

〈
RPA

∣∣Aa
m

∣∣Ψν

〉
=
〈

RPA
∣∣ [Aa

m, Q†ν ]
∣∣RPA

〉
≈
〈

HF
∣∣ [Aa

m Q†ν ]
∣∣HF

〉
= X(ν)

ma

ρ(1)ν
am =

〈
RPA

∣∣Am
a

∣∣Ψν

〉
=
〈

RPA
∣∣ [Am

a Q†ν ]
∣∣RPA

〉
≈
〈

HF
∣∣ [Am

a , Q†ν ]
∣∣HF

〉
= Y (ν)

am .
(B.18)

The absolute square of the transition density matrix gives the probability to find a
state Aa

m

∣∣RPA
〉

or Am
a

∣∣RPA
〉

in the excited state
∣∣Ψν

〉
.

In quasi-boson approximation, the RPA equations can be written as a generalized
eigenvalue problem:

(
A B

B∗ A∗

)(
X(ν)

Y (ν)

)
= ERPA

ν

(
1 0

0 −1

)(
X(ν)

Y (ν)

)
(B.19)

with

Ama,nb =
〈

HF
∣∣ [Aa

m, [H, An
b ]]
∣∣HF

〉
= (εm − εa)δmnδab + Vmb,an (B.20)

Bma,nb = −
〈

HF
∣∣ [Aa

m, [H, Ab
n]]
∣∣HF

〉
= Vmn,ab , (B.21)

where the Vmn,ab are interaction matrix-elements for 2-particle 2-hole excitations. The
eigenvalue problem (B.19) is non-hermitian, while the sub-matrix A is hermitian and
B is symmetric. Its eigenvalues are not necessarily real since the eigenvalue problem

contains the metric tensor

(
1 0

0 −1

)
. The coefficients X

(ν)
ma and Y

(ν)
ma that solve the RPA

equations fulfil the orthogonality relation

δνν′ =
∑
m,a

(X(ν′)∗
ma X(ν)

ma − Y (ν′)∗
ma Y (ν)

ma ) (B.22)

as well as the closure relation

δmnδab =
∑
ν

(X(ν)∗
ma X

(ν)
nb − Y

(ν)∗
ma Y

(ν)
nb ) . (B.23)

The RPA ground-state given by Qν

∣∣RPA
〉

= 0 can be constructed as

∣∣RPA
〉

= N0exp

1

2

∑
m,n,a,b

Zma,nbA
m
a An

b

 ∣∣HF
〉
, (B.24)

where the coefficients Zma,nb are defined by

∑
ma

X(ν)
maZma,nb = Y

(ν)∗
nb (B.25)
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and N0 is a normalization constant. Thus, the RPA ground-state is a coherent state of
2-particle-2-hole states, constructed from the Hartree-Fock state in a self-consistent
fashion.

The energy expectation value in the RPA ground-state in quasi-boson approximation is
given by [77]

〈
RPA

∣∣H ∣∣RPA
〉

=
〈

HF
∣∣H ∣∣HF

〉
−
∑
ν

ERPA
ν

∑
m,a

|Y (ν)
ma |2 . (B.26)

Its value is always below the Hartree-Fock energy and can even be lower than the
exact ground-state energy, because the approximations made for the derivation of the
RPA equations are not consistent with the Ritz variational principle.

B.3 Derivation of the Two-Body Contribution to the Tran-
sition Strength

In order to derive equation (5.30) the two-body operator Q has to be inserted in the
commutator of the transition amplitude (equation (5.28) )

〈
HF
∣∣ [Q,Q†ν ]

∣∣HF
〉
. Using

the tensor notation introduced in the former section one obtains:

〈
HF
∣∣ [Q,Q†ν ]

∣∣HF
〉

=
1

4

∑
klmn

∑
ph

Qklmn

(
X

(ν)
ph

〈
HF
∣∣ [Akl

mn, : Ap
h :
] ∣∣HF

〉
−Y (ν)

ph

〈
HF
∣∣ [Akl

mn, : Ah
p :
] ∣∣HF

〉)
. (B.27)

Evaluating the commutator of the first term in the last equation leads to

〈
HF
∣∣ [Akl

mn, : Ap
h :
] ∣∣HF

〉
=
〈

HF
∣∣ [: Akl

mn : +λkm : Al
n : −λkn : Al

m : +λln : Ak
m : −λlm : Ak

n :

+λkmλ
l
n − λknλlm, : Ap

h :
] ∣∣HF

〉
=
〈

HF
∣∣ [λkm : Al

n : −λkn : Al
m : +λln : Ak

m : −λlm : Ak
n : +λkmλ

l
n − λknλlm, : Ap

h :
] ∣∣HF

〉
.

(B.28)

The commutator
[
: Akl

mn :, : Ap
h :
]

does not contribute because it cannot be contracted
completely.

With the relation

〈
HF
∣∣ [: Ak

l :, : Aa
b :
] ∣∣HF

〉
= λkb δ

a
l − λal δkb = (nb − na)δal δkb (B.29)
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equation (B.28) can be simplified to

〈
HF
∣∣ [Akl

mn, : Ap
h :
] ∣∣HF

〉
= λkm(λlhδ

p
n − λpnδlh)− λkn(λlhδ

p
m − λpmδlk) + λln(λkhδ

p
m − λpmδkh)− λlm(λkhδ

p
n − λpnδkh)

= (nh − np︸ ︷︷ ︸
=1

)(λkmδ
p
nδ
l
h − λknδpmδlh + λlnδ

p
mδ

k
h − λlmδpnδkh)

= nkδ
k
mδ

p
nδ
l
h − nkδknδpmδlh + nlδ

l
nδ
p
mδ

k
h − nlδlmδpnδkh , (B.30)

where equation (B.12) was used in the last step. The commutator
〈

HF
∣∣ [Akl

mn, : Ah
p :
] ∣∣HF

〉
can be evaluated analogously leading to

〈
HF
∣∣ [Akl

mn, : Ah
p :
] ∣∣HF

〉
= −nkδkmδhnδlp + nkδ

k
nδ
h
mδ

l
p − nlδlnδhmδkp + nlδ

l
mδ

h
nδ
k
p . (B.31)

With these relations the matrix-elements in equation (B.27) evaluate to

〈
HF
∣∣ [Q,Q†ν ]

∣∣HF
〉

=
1

4

∑
kph

(
X

(ν)
ph (Qkhkpnk −Qkhpknk +Qhkpknk −Qhkkpnk)

+Y
(ν)
ph (Qkpkhnk −Qkphknk +Qpkhknk −Qpkkhnk)

)
=
∑
h′ph

nk

(
X

(ν)
ph Qh′hh′p + Y

(ν)
ph Qh′ph′h

)
, (B.32)

where h′ is an additional hole-state.

The RPA phonon operators can be rewritten as

∑
pmphmh

X
(ν)
pmphmh

a†pmpahmh =
∑

pmphmh

(−1)jh+mha†pmp ãh−mhX
(ν)
pmphmh

=
∑

pmphmh

∑
JM

(−1)jh+mhX
(ν)
pmphmh

〈
jpmpjhm−h

∣∣JM 〉
[a†pã−h]JM

=
∑
ph

∑
JM

X
(νJ)
ph [a†pã−h]JM . (B.33)

with [a†pã−h]JM =
∑

jpjh
(−1)jh+mh

〈
jpmpjhm−h

∣∣JM 〉
a†pmp ãh−mh , following the notation

of [22]. Here ãα ≡ (−1)jα+mαa−α is an annihilation operator which behaves like a

spherical tensor operator of rank jα. The reduced amplitude X
(νJ)
ph is defined via
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X
(ν)
pmphmh

=
∑
JM

(−1)jh+mh
〈
jpmpjhm−h

∣∣JM 〉
X

(νJ)
ph . (B.34)

The reduced amplitude does not depend on M because of spherical symmetry. In case
of the backward amplitude one obtains

∑
pmphmh

Y
(ν)
pmphmh

a†hmhapmp =
∑

pmphmh

(−1)jp+mpa†hmh ãp−mpY
(ν)
pmphmh

=
∑

pmphmh

∑
JM

(−1)jp+mpY
(ν)
pmphmh

〈
jhmhjpm−p

∣∣JM 〉
[a†hã−p]

J
M

=
∑
ph

∑
JM

Y
(νJ)
ph [a†hã−p]

J
M (B.35)

with

Y
ν)
pmphmh

=
∑
JM

(−1)jp+mp
〈
jhmhjpm−p

∣∣JM 〉
Y

(νJ)
ph . (B.36)

The matrix-elements of the forward-going part of equation (B.32), where the summa-
tion over M on the left hand side leads to a M -independent right hand side, then read

∑
h′mh′pmphmh

∑
M

X
(ν)
pmphmh

〈
h′mh′hmh

∣∣Q(J)
M

∣∣h′mh′pmp

〉
=

∑
h′mh′pmphmh

∑
MJ1M1J2M2

(−1)jh+mh
〈
jpmpjhm−h

∣∣JM 〉
X

(νJ)
ph〈

jh′mh′jhmh

∣∣J1M1

〉 〈
jh′mh′jpmp

∣∣J2M2

〉 〈
h′hJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
=

∑
h′mh′pmphmh

∑
MJ1M1J2M2

(−1)jh+mh(−1)J−jp−jh
〈
jp −mpjhmh

∣∣J −M 〉
X

(νJ)
ph

〈
jh′mh′jhmh

∣∣J1M1

〉
(−1)jp+mp Ĵ2

Ĵh′

〈
jp −mpJ2M2

∣∣jh′mh′
〉 〈
h′hJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
=
∑
h′ph

∑
MJ1M1J2M2

(−1)J−M+1 Ĵ2

Ĵh′
X

(νJ)
ph

〈
h′hJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
(B.37)

∑
mh′mpmh

〈
jp −mpjhmh

∣∣J −M 〉 〈
jh′mh′jhmh

∣∣J1M1

〉 〈
jp −mpJ2M2

∣∣jh′mh′
〉

[78]
=
∑
h′ph

∑
MJ1M1J2M2

(−1)J−M+1 Ĵ2

Ĵh′
X

(νJ)
ph

〈
h′hJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
(−1)jh+J+jh′+J2 Ĵ ĵh′

〈
J −MJ2M2

∣∣J1M1

〉{jp jh J

J1 J2 jh′

}
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=
∑
h′ph

∑
MJ1M1J2M2

(−1)1−M+jh+jh′+J2 Ĵ2ĴX
(νJ)
ph

〈
h′hJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
〈
J −MJ2M2

∣∣J1M1

〉{jp jh J

J1 J2 jh′

}
. (B.38)

Here the abbreviation Ĵ =
√

2J + 1 is used and in (B.37) the relation (−1)mp+mh =

(−1)2mp−mp+mh = (−1)1−M which can be written in that form because the m quantum
numbers are half-integers.

The backward-going contribution to the matrix-elements can be evaluated analogously
and we obtain

∑
h′mh′pmphmh

∑
M

Y
(ν)
pmphmh

〈
h′mh′pmp

∣∣Q(J)
M

∣∣h′mh′hmh

〉
=
∑
h′ph

∑
MJ1M1J2M2

(−1)1−M+jp+jh′+J2 Ĵ2ĴY
(νJ)
ph

〈
h′pJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
〈
J −MJ2M2

∣∣J1M1

〉{jh jp J

J1 J2 jh′

}
. (B.39)

Using the Wigner-Eckart theorem [22] the matrix-elements of the transition operator
can be rewritten as

〈
h′pJ1M1

∣∣QJ
M

∣∣h′pJ2M2

〉
= Ĵ−1

1

〈
J2M2JM

∣∣J1M1

〉 〈
h′hJ1

∣∣∣∣QJ
∣∣∣∣h′pJ2

〉
. (B.40)

The Clebsch-Gordan coefficients in (B.38) and (B.40) can be rewritten as

〈
J2M2JM

∣∣J1M1

〉 〈
J −MJ2M2

∣∣J1M1

〉
= (−1)J1+J2−J Ĵ

2
1

Ĵ2

〈
J1M1J2 −M2

∣∣JM 〉 〈
J1M1J2 −M2

∣∣J −M 〉
. (B.41)

Carrying out the summation over M1 and M2 leads to

∑
M1M2

〈
J1M1J2 −M2

∣∣JM 〉 〈
J1M1J2 −M2

∣∣J −M 〉
= δJJδM,−M = δM,0 . (B.42)

Using all the previous steps one obtains for the forward part of the matrix-elements
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∑
h′mh′pmphmh

∑
M

X
(ν)
pmphmh

〈
h′mh′hmh

∣∣Q(J)
M

∣∣h′mh′pmp

〉
=
∑
h′ph

∑
J1J2

(−1)1+jh+jh′+J1−J Ĵ1Ĵ2

Ĵ
X

(νJ)
ph

{
jp jh J

J1 J2 jh′

}〈
h′hJ1

∣∣∣∣QJ
∣∣∣∣h′pJ2

〉
. (B.43)

In case of the backward component of the matrix-elements we have

∑
h′mh′pmphmh

∑
M

Y
(ν)
pmphmh

〈
h′mh′pmp

∣∣Q(J)
M

∣∣h′mh′hmh

〉
=
∑
h′ph

∑
J1J2

(−1)1+jp+jh′+J1−J Ĵ1Ĵ2

Ĵ
Y

(νJ)
ph

{
jh jp J

J1 J2 jh′

}〈
h′pJ1

∣∣∣∣QJ
∣∣∣∣h′hJ2

〉
. (B.44)

Renaming J1 and J2 in equation (B.44) and using the symmetry of the 6j-symbol which
is invariant under arbitrary permutations of the columns, the two-body contribution to
the transition operator (5.30) is obtained:

∑
M

〈
HF
∣∣ [[QT

JM ][2],Q†ω

] ∣∣HF
〉

=
∑

phh′J1J2

(−1)1−J+jh′
Ĵ1Ĵ2

Ĵ

{
jp jh J

J1 J2 jh′

}
[
(−1)jh+J1

〈
h′hJ1

∣∣∣∣ [QT
J ][2]

∣∣∣∣h′pJ2

〉
X

(ν,J)
ph

+ (−1)jp+J2
〈
h′pJ1

∣∣∣∣ [QT
J ][2]

∣∣∣∣h′hJ2

〉
Y

(ν,J)
ph

]
. (B.45)
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Appendix C

Unitariy Transformed Densities

C.1 Motivation

The unitary transformation of the density operator should give insight into the effects
of the different treatment of short-range correlations by SRG and UCOM transforma-
tions. The unitary operators are chosen in an analogous way as for the transition
operators discussed in Chapter 5. Again, the unitary operator is represented by the
correlation operators CrCΩ in case of the UCOM and Uα for the SRG transformation,
respectively:

U =

{
CrCΩ UCOM
Uα SRG

(C.1)

C.1.1 Two-Body Density in Harmonic Oscillator Basis

The unitary operators used for the transformation are given in harmonic oscillator
representation. Therefore it is sensible to calculate the transformed density in that
basis and transform to coordinate or momentum representation afterwards.

The two-body density operator in harmonic oscillator representation in second quan-
tized form is defined as

R(n1n2, n
′
1n
′
2) = c†n1

c†n2
cn′2cn′1 , (C.2)

with the operators c†ni creating a particle in oscillator state ni and cnj annihilating a
particle in state nj . The matrix elements in harmonic oscillator basis

{ ∣∣α 〉} are then
given by
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〈
ᾱ1ᾱ2

∣∣R(n1n2, n
′
1n
′
2)
∣∣ ¯̄α1 ¯̄α2

〉
=

a

〈
ᾱ1ᾱ2

∣∣c†n1
c†n2

cn′2cn′1

∣∣ ¯̄α1 ¯̄α2

〉
a

(C.3)

= δn1ᾱ1δn2ᾱ2δn′1 ¯̄α1
δn′2 ¯̄α2

+ δn1ᾱ2δn2ᾱ1δn′1 ¯̄α1
δn′2 ¯̄α1

− δn1ᾱ2δn2ᾱ1δn′1 ¯̄α1
δn′2 ¯̄α2

− δn1ᾱ1δn2ᾱ2δn′1 ¯̄α2
δn′2 ¯̄α1

, (C.4)

where in the last step the creation and annihilation operators, c and c†, are applied to
the harmonic oscillator states.

Taking the unitary operator (C.1) in harmonic oscillator representation to unitarily
transform the two-body density in harmonic oscillator representation gives

〈
α1α2

∣∣U†R(n1n2, n
′
1n
′
2)U

∣∣α′1α′2 〉
=

1

4

∑
ᾱ1ᾱ2 ¯̄α1 ¯̄α2

〈
α1α2

∣∣U† ∣∣ᾱ1ᾱ2

〉
aa

〈
ᾱ1ᾱ2

∣∣ c†n1
c†n2

cn′2cn′1

∣∣ ¯̄α1 ¯̄α2

〉
aa

〈
¯̄α1 ¯̄α2

∣∣U ∣∣α′1α′2 〉 .
(C.5)

Evaluation of this equation using (C.4) leads to a quite simple form for the unitarily
transformed two-body densities:

=
1

4

〈
α1α2

∣∣U† ∣∣n1n2

〉〈
n′1n

′
2

∣∣U ∣∣α′1α′2 〉+
1

4

〈
α1α2

∣∣U† ∣∣n2n1

〉〈
n′2n

′
1

∣∣U ∣∣α′1α′2 〉
− 1

4

〈
α1α2

∣∣U† ∣∣n2n1

〉〈
n′1n

′
2

∣∣U ∣∣α′1α′2 〉−1

4

〈
α1α2

∣∣U† ∣∣n1n2

〉〈
n′2n

′
1

∣∣U ∣∣α′1α′2 〉 (C.6)

=
〈
α1α2

∣∣U† ∣∣n1n2

〉〈
n′1n

′
2

∣∣U ∣∣α′1α′2 〉 . (C.7)

The one-body density matrix can then be calculated by summation over the states n:

∑
n

〈
α1α2

∣∣U†R(n1n, n
′
1n)U

∣∣α′1α′2 〉 =
∑
n

〈
α1α2

∣∣U† ∣∣n1n
〉〈
n′1n

∣∣U ∣∣α′1α′2 〉 . (C.8)

These results can now be transformed in the representation of interest.
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