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1

|k⟩

|k⟩ ≡ |nk, jk, lk, tk,mk⟩ ≡ |nk(lk
1

2
)jkmk, (

1

2
tk)⟩

nk jk

lk tk mk

sk =
1
2

τk =
1
2

Ĥ =
ˆ⃗p 2

2m
+

1

2
mΩ2 ˆ⃗r

2

m Ω

nk lk



ϵk =
(
2nk + lk +

3

2

)
!Ω

ek = (2nk + lk),

e

Ve ≡
{
|k⟩ ∈ H1 : ek ≤ e

}
,

e

H1

E3

e1 + e2 + e3 ≤ E3

E3

N

A |ψ⟩ |ψI⟩

N e

N

m

Ĵ1

Ĵ2

Ĵ



[Ĵ1k, Ĵ2l] = 0 k, l = 1, 2, 3,

k, l

Ĵ2
n|jnmn⟩ = jn(jn + 1)!2|jnmn⟩,

Ĵnz|jnmn⟩ = mn!|jnmn⟩.

Ĵ1 + Ĵ2 Ĵ1

Ĵ2

|j1m1j2m2⟩ ≡ |j1m1⟩ ⊗ |j2m2⟩,

⊗

{Ĵ2
1 , Ĵ1z, Ĵ

2
2 , Ĵ2z}.

{|j1m1j2m2⟩}

|j1m1j2 m2⟩a ≡
1√
2
(|j1m1j2m2⟩ − |j2m2j1m1⟩).

|j1m1j2 m2⟩a = −|j2m2j1m1⟩a,

Ĵ = Ĵ1 + Ĵ2

Ĵ2

{Ĵ2
1 , Ĵ

2
2 , Ĵ

2, Ĵz}.

{|j1j2JM⟩}

Ĵ†
k = Ĵk, k = 1, 2, 3 [Ĵi, Ĵj ] = i!

∑

k

ϵijkĴk,

ϵijk



|(j1j2)JM⟩a = (−1)j1+j2−J |(j2j1)JM⟩a.

|(j1j2)JM⟩ =
∑

m1m2

|j1m1j2m2⟩⟨j1m1j2m2|(j1j2)JM⟩.

(
j1 j2 J

m1 m2 M

)
≡ ⟨j1m1j2m2|(j1j2)JM⟩

∑

m1m2

(
j1 j2 J

m1 m2 M

)(
j1 j2 J ′

m1 m2 M ′

)
= δJJ ′δMM ′ ,

∑

JM

(
j1 j2 J

m1 m2 M

)(
j1 j2 J

m1′ m2′ M

)
= δm1m1′δm2m2′ .

(
j1 j2 J

m1 m2 M

)
≡ (−1)j1−j2−M Ĵ−1

(
j1 j2 J

m1 m2 M

)

3j

,

Ĵ ≡
√
2J + 1.

{
j1 j2 j12

j3 j j23

}
≡

∑

m1m2m3
m12m23

(−1)j3+j+j23−m3−m−m23

(
j1 j2 j12

m1 m2 m12

)

3j

×
(

j1 j j23

m1 −mm23

)

3j

(
j3 j2 j23

m3 m2 −m23

)

3j

(
j3 j j12

−m3 mm12

)

3j



Ô

m

Ok1k2k3k4 ≡ a⟨nk1lk1jk1tk1mk1nk2lk2jk2tk2mk2 |Ô|nk3lk3jk3tk3mk3nk4lk4jk4tk4mk4⟩a.

Ōk1k2k3k4 = Ōk3k4k1k2 = −Ōk3k4k2k1 = −Ōk2k1k3k4 .

Ok̃1k̃2JM ;k̃3k̃4J ′M ′ ≡
∑

mk1
mk2

mk3
mk4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 M
′

)
Ōk1k2k3k4 ,

k̃ ≡ (nk, lk, jk, tk)

mk

Ōk1k2k3k4 =
∑

JJ ′

∑

MM ′

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 M
′

)
Ok̃1k̃2JM ;k̃3k̃4J ′M ′ .

M M ′

J = J ′ Ô

Ĥ [2] J



H [2]

k̃1k̃2JM ;k̃3k̃4J ′M ′ ≡ δJJ ′δMM ′
JH [2]

k̃1k̃2k̃3k̃4
.

|Φ⟩ |0⟩

|Φ⟩ = |k1k2 · · · kN⟩a ≡ ĉ†k1 ĉ
†
k2
. . . ĉ†kN |0⟩.

ĉ†k
ĉk

ĉk|0⟩ = 0

|Φ⟩

|Φa1
i1 ⟩ = ĉ†a1 ĉi1 |Φ⟩,

|Φa1a2
i1i2 ⟩ = ĉ†a1 ĉ

†
a2 ĉi2 ĉi1 |Φ⟩,

|Φa1...ap
i1...ip ⟩ = ĉ†a1 ...ĉ

†
ap ĉip ...ĉi1 |Φ⟩. p

|Φ⟩

(i, j, k, ...)

(a, b, c, ...)

(p, q, r, ...)



Â, B̂, Ĉ, ...

|0⟩

n[ÂB̂Ĉ...].

⟨0|n[ÂB̂Ĉ...]|0⟩ = 0,

[ÂB̂Ĉ...]

ÂB̂ ≡ ÂB̂ − n[ÂB̂].

n[ÂB̂Ĉ · · · R̂ · · · Ŝ · · · T̂ · · · Û · · · ] = (−1)σR̂T̂ ŜÛ · · ·n[ÂB̂Ĉ · · · ]

σ

(
ÂB̂Ĉ · · · R̂ · · · Ŝ · · · T̂ · · · Û · · ·

R̂T̂ ŜÛ · · · ÂB̂Ĉ · · ·

)
.

R̂, T̂ Ŝ, Û



|Φ⟩
|Φ⟩

b̂†i ≡ ĉi,

b̂i ≡ ĉ†i ,

b̂†a ≡ ĉ†a,

b̂a ≡ ĉa.

i a

b̂p|Φ⟩ = 0 ⟨Φ|b̂†p = 0,

p

{ÂB̂Ĉ · · · }|Φ⟩ = (−1)σ b̂†p1 b̂
†
p2 · · · b̂q2 b̂q1 ,

n[· · · ] σ ÂB̂Ĉ... b̂†p1 b̂
†
p2 · · · b̂q2 b̂q1

Â, B̂, Ĉ, ...

ÂB̂ ≡ ÂB̂ − {ÂB̂},

ĉ†i ĉj = δij, ĉa ĉ
†
b = δab.

N [· · · ]



|Φ⟩

{ÂB̂Ĉ · · · R̂ · · · Ŝ · · · T̂ · · · Û · · · }|Φ⟩ = (−1)σR̂T̂ ŜÛ · · · {ÂB̂Ĉ · · · }|Φ⟩.

|Φ⟩
|Φ⟩

ÂB̂ĈD̂ · · · = {ÂB̂ĈD̂ · · · }+
∑

{ÂB̂ĈD̂ · · · }.

⟨Φa1a2...
i1i2... |Ô|Φb1b2...

j1j2...⟩ = ⟨Φ|ĉ†i1 ĉ
†
i2 . . . ĉa2 ĉa1 Ô ĉ†b1 ĉ

†
b2
· · · ĉj2 ĉj1 |Φ⟩,

Ô

{Â1Â2 · · · }{B̂1B̂2 · · · }{Ĉ1Ĉ2 · · · }

= {Â1Â2 · · · B̂1B̂2 · · · Ĉ1Ĉ2 · · · }+
∑

{Â1Â2 · · · B̂1B̂2 · · · Ĉ1Ĉ2 · · · }.



Ĥ

Ĥ = Ĥ [0] + Ĥ [1] + Ĥ [2] + Ĥ [3]

= H [0] +
∑

pq

H [1]
pq ĉ

†
pĉq +

1

4

∑

pqrs

H̄ [2]
pqrs ĉ

†
pĉ

†
q ĉsĉr +

1

36

∑

pqrstu

H̄ [3]
pqrstu ĉ

†
pĉ

†
q ĉ

†
rĉuĉtĉs,

Ĥ = Ĥ [0] +
∑

i

H [1]
ii +

1

2

∑

ij

H̄ [2]
ijij +

1

6

∑

ijk

H̄ [3]
ijkijk

+
∑

pq

H [1]
pq {ĉ†pĉq}+

∑

pqi

H̄ [2]
piqi{ĉ†pĉq}+

∑

pqij

H̄ [3]
pijqij{ĉ†pĉq}

+
1

4

∑

pqrs

H̄ [2]
pqrs {ĉ†pĉ†q ĉsĉr}+

∑

pqrsi

H̄ [3]
pqirsi {ĉ†pĉ†q ĉsĉr}

+
1

36

∑

pqrstu

H̄ [3]
pqrstu {ĉ†pĉ†q ĉ†rĉuĉtĉs}

Ĥ

⟨Φ|Ĥ|Φ⟩

⟨Φ|Ĥ|Φ⟩ = Ĥ [0] +
∑

i

H [1]
ii +

1

2

∑

ij

H̄ [2]
ijij +

1

6

∑

ijk

H̄ [3]
ijkijk,

Ĥ [1]
N ≡

∑

pq

⟨p|Ĥ [1]
N |q⟩{ĉ†pĉq},

Ĥ [2]
N ≡ 1

4

∑

pqrs

⟨pq|Ĥ [2]
N |rs⟩{ĉ†pĉ†q ĉsĉr},



Ĥ [3]
N ≡ 1

36

∑

pqrstu

⟨pqr|Ĥ [3]
N |stu⟩ {ĉ†pĉ†q ĉ†rĉuĉtĉs},

⟨p|Ĥ [1]
N |q⟩ = H [1]

pq +
∑

i

H̄ [2]
piqi +

∑

ij

H̄ [3]
pijqij,

⟨pq|Ĥ [2]
N |rs⟩ = H̄ [2]

pqrs + 4
∑

i

H̄ [3]
pqirsi,

⟨pqr|Ĥ [3]
N |stu⟩ = H̄ [3]

pqrstu.

Ĥ = ⟨Φ|Ĥ|Φ⟩+ Ĥ [1]
N + Ĥ [2]

N + Ĥ [3]
N

ĤN ≡ Ĥ − ⟨Φ|Ĥ|Φ⟩.

Ĥ

ĤN |ψ⟩ = ∆E |ψ⟩,

∆E ≡ E − ⟨Φ|Ĥ|Φ⟩.

N

N

Ĥ N ≡
N∑

i=1

Ĥ [i]
N .



Ĥ = Ĥ [0] + Ĥ [1] + Ĥ [2]

Ĥ ≡ Ĥ [0] + Ĥ [1] + Ĥ [2],

H [0]
N =

1

36

∑

pqrstu

H̄ [3]
pqrstu(γprtqsu − 18γpqγrtsu + 36γpqγrsγtu),

⟨p|Ĥ [1]
N |q⟩ = H [1]

pq +
∑

rs

H̄ [2]
prqsγrs +

∑

rstu

H̄ [3]
prtqsu(γrtsu − 4γrsγtu),

⟨pq|Ĥ [2]
N |rs⟩ = H̄ [2]

pqrs +
∑

tu

H̄ [3]
prtqsuγtu,

γpq = ⟨ψ|ĉ†pĉq|ψ⟩,

γpqrs = ⟨ψ|ĉ†pĉ†q ĉsĉr|ψ⟩,

γpqrstu = ⟨ψ|ĉ†pĉ†q ĉ†rĉuĉtĉs|ψ⟩,

|ψ⟩

Ĥ



2

8

∼ A(A−1)/2

0.17 3 1 − 2



A = 20

L = 2



Q/Λ Q

Λ ≈ 1

3

A
16

3 Λ2N = 500

4
500

2 Λ3N = 400

4
500

3
400





3

Ûα Ĥ0

Ĥα = Û †
αĤ0Ûα,

α α

dĤα

dα
=

dÛ †
α

dα
Ĥ0Ûα + Û †

αĤ0
dÛα
dα

.



Û †
αÛα = 1

dÛ †
α

dα
Ûα = −Û †

α

dÛα
dα

.

Ûα Û †
α

dÛ †
α

dα
= −Û †

α

dÛα
dα

Û †
α,

dÛα
dα

= −Ûα
dÛ †

α

dα
Ûα.

η̂α ≡ −dU †
α

dα
Uα.

η̂α

η̂α = −η̂†α.

d

dα
Ĥα = [η̂α, Ĥα].

η̂α

η̂α

η̂α = [Ĝα, Ĥα]

Ĝα η̂α

Ô

d

dα
Ôα = [η̂α, Ôα].



Ĝα ≡ Ĥα =
∑

I

⟨Φ|Ĥα|ΦI⟩|ΦI⟩⟨ΦI |,

Ĥα

η̂α = [Ĥα , Ĥα]

η̂α Ĥα

Ĥα

η̂α {|ΦI⟩}

Ĥα

η̂α = (2µ)2[T̂ , Ĥα],

µ T̂ = T̂ − T̂

T̂ ≡ 1

Aµ

∑

i<j

ˆ⃗q 2
ij,

ˆ⃗qij =
ˆ⃗pi− ˆ⃗pj

2

η̂α

V

Â



B̂ [Â, B̂]

A

Ĥα = Ĥ(1)
α + Ĥ(2)

α + Ĥ(3)
α + Ĥ(4)

α + ...+ Ĥ(A)
α ,

α

A

α

α → ∞
α

(Â) = m (B̂) = n ([Â, B̂]) = m+ n− 1











G





4

Ĥ|ψ⟩ = E|ψ⟩.

δE[ψ] = 0,



E[ψ]

E[ψ] =
⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩ .

H
H

H ⊂ H.

|ψ ⟩ ∈ H

E[ψ ] ≥ E0,

E0

| ⟩ = |ϕ1, ...,ϕA⟩,

=
A∏

i=1

â†i |0⟩,

{|ϕi⟩}
{â†i}

|ϕi⟩ =
∑

p

Dip|χp⟩,

â†i =
∑

p

Dipĉ
†
a,

Dia = ⟨χa|ϕi⟩



|χa⟩ ĉ†a

ρ(1)pq = ⟨ |ĉ†q ĉp| ⟩ =
∑

ij

DpiD
⋆
qj⟨ |â†j âi| ⟩ =

A∑

i

DipD
⋆
ji.

ρ̂ ≡
∑

pq

ρ(1)pq |χp⟩⟨χq|.

∑

r

ρ(1)pr ρ
(1)
rq = ρ(1)pq ,

ρ(1)⋆pq = ρ(1)qp .

Ĥ =
∑

pq

H [1]
pq ĉ

†
pĉq +

1

4

∑

pqrs

H̄ [2]
pqrs ĉ

†
pĉ

†
q ĉsĉr.

tpq vpqrs

| ⟩

E[| ⟩] =
∑

pq

H [1]
pq ⟨ |ĉ†pĉq| ⟩+ 1

4

∑

pqrs

H̄ [2]
pqrs⟨ |ĉ†pĉ†q ĉsĉr| ⟩.

ρ(2)pqrs = ⟨ |ĉ†pĉ†q ĉsĉr| ⟩,

Ĥ =
1

6

∑

p1p2p3q1q2q3

H̄ [3]
p1p2p3q1q2q3 ĉ

†
p1
ĉ†p2

ĉ†p3
ĉq3 ĉq2 ĉq3



E[| ⟩] =
∑

pq

H [1]
pq ρ

(1)
qp +

1

4

∑

pqrs

H̄ [2]
pqrsρ

(2)
rspq.

ρ(2)pqrs = ρ(1)ps ρ
(1)
qr − ρ(1)pr ρ

(1)
qs .

E[ρ(1)] =
∑

pq

H [1]
pq ρ

(1)
qp +

1

2

∑

pqrs

H̄ [2]
pqrsρ

(1)
ps ρ

(1)
qr .

δρ(1)

δE[ρ(1)] =
∑

pq

H [1]
pq δρ

(1)
qp +

1

2

∑

pqrs

H̄ [2]
pqrs(δρ

(1)
ps ρ

(1)
qr − ρ(1)ps δρ

(1)
qr ),

=
∑

pq

(H [1]
pq+

∑

rs

H̄ [2]
pqrsρ

(1)
pq )δρ

(1)
rs .

hpq[ρ
(1)] = H [1]

pq + upq[ρ
(1)],

upq[ρ
(1)] =

∑

rs

H̄ [2]
prqsρ

(1)
rs ,

∑

ik

hik[ρ
(1)]δρ(1)ki = 0.

ρ(1) + δρ(1)

ρ(1)δρ(1)ρ(1) = 0,

(1− ρ(1))δρ(1)(1− ρ(1)) = 0.

ĥ ρ̂(1)

[ĥ[ρ(1)], ρ̂(1)] = 0.



ĥ[ρ(1)] ρ̂(1)

ĥ[ρ(1)]

ĥ[ρ(1)]|ϕn⟩ = ϵn|ϕn⟩,

{ϵn}
ϵn

∑

r

hpr[ρ
(1)]Dir = ϵiDip.

∑

r

(H [1]
pr +

∑

qs

∑

j

H̄ [2]
pqrsD

⋆
jsDjq)Dir = ϵiDip

ĥ

A

E[| ⟩] = ⟨ |Ĥ| ⟩

=
∑

i

ϵi −
1

2

∑

ij

H̄ [2]
ijij,

{|ϕi⟩} | ⟩

| a
i ⟩

⟨ |Ĥ| a
i ⟩ = H [1]

ia+

∑

j

H̄ [2]
ajij .



hia = 0.

⟨Φa
i |Ĥ|Φab

ij ⟩



5

Ĥ Ĥ0

Ŵ

Ĥ = Ĥ0 + Ŵ ,



Ŵ = Ĥ − Ĥ0

λ

Ĥλ = Ĥ0 + λŴ ,

λ = 0

Ĥ|Ψn⟩ = En|Ψn⟩,

Ĥ0|Φn⟩ = E(0)
n |Φn⟩,

⟨Φm|Φn⟩ = δmn.

En =
∞∑

p=0

E(p)
n λp,

|Ψn⟩ =
∞∑

p=0

|Ψ(p)
n ⟩λp.

⟨Ψ(0)
m |Ψn⟩ = δmn,

|Ψ(0)
n ⟩ = |Φn⟩,

Ĥ0|Ψ(0)
n ⟩+

∞∑

p=1

λp
(
Ŵ |Ψ(p−1)

n ⟩+ Ĥ0|Ψ(p)
n ⟩
)
= E(0)

n |Ψ(0)
n ⟩+

∞∑

p=1

λp
( p∑

j=0

E(j)
n |Ψ(p−j)

n ⟩
)
.



⟨Ψ(0)
n |

⟨Ψ(0)
n |Ĥ0|Ψ(0)

n ⟩+
∞∑

p=1

λp
(
⟨Ψ(0)

n |Ŵ |Ψ(p−1)
n ⟩+ ⟨Ψ(0)

n |Ĥ0|Ψ(p)
n ⟩
)

= E(0)
n +

∞∑

p=1

λp
( p∑

j=0

E(j)
n ⟨Ψ(0)

n |Ψ(p−j)
n ⟩

)
.

Ĥ0

⟨Ψ(0)
n |Ŵ |Ψ(p−1)

n ⟩ = E(p)
n ,

p (p−1)

|Ψ(p)
n ⟩ =

∑

m

|Ψ(0)
m ⟩⟨Ψ(0)

m |Ψ(p)
n ⟩.

⟨Ψ(0)
m | m ̸= n

∞∑

p=1

λp
(
⟨Ψ(0)

m |Ŵ |Ψ(p−1)
m ⟩+ ⟨Ψ(0)

n |Ĥ0|Ψ(p)
n ⟩
)
=

∞∑

p=1

λp
( p∑

j=0

E(j)
n ⟨Ψ(0)

m |Ψ(p−j)
n ⟩

)
,

λ

⟨Ψ(0)
m |Ŵ |Ψ(p−1)

m ⟩+ ⟨Ψ(0)
n |Ĥ0|Ψ(p)

n ⟩ = E(0)
n ⟨Ψ(0)

m |Ψ(p)
n ⟩+

p∑

j=1

E(j)
n ⟨Ψ(0)

m |Ψ(p−j)
n ⟩,

⟨Ψ(0)
m |Ψ(p)

n ⟩

⟨Ψ(0)
m |Ψ(p)

n ⟩ = 1

E(0)
n − E(0)

m

·
(
⟨Ψ(0)

m |Ŵ |Ψ(p−1)
m ⟩ −

p∑

j=1

E(j)
n ⟨Ψ(0)

m |Ψ(p−j)
n ⟩

)
.

⟨Ψ(0)
m |Ψ(p)

n ⟩ = 1

E(0)
n − E(0)

m

·
(
⟨Ψ(0)

m |Ŵ |Ψ(p−1)
m ⟩ −

p∑

j=1

E(j)
n ⟨Ψ(0)

m |Ψ(p−j)
n ⟩

)
,



=
1

E(0)
n − E(0)

m

·
(∑

m′

⟨Ψ(0)
m |Ŵ |Ψ(0)

m′ ⟩⟨Ψ(0)
m′ |Ψ(p−1)

n ⟩ −
p∑

j=1

E(j)
n ⟨Ψ(0)

m |Ψ(p−j)
n ⟩

)
.

C(p)
m,n ≡ ⟨Ψ(0)

m |Ψ(p)
n ⟩,

E(p)
n =

∑

m

⟨Ψ(0)
n |Ŵ |Ψ(0)

m ⟩ · C(p−1)
m,n .

|Ψ(1)
n ⟩ =

∑′

m

⟨Ψ(0)
n |Ŵ |Ψ(0)

m ⟩
E(0)

n − E(0)
m

|Ψ(0)
m ⟩,

E(2)
n = ⟨Ψ(0)

n |Ŵ |Ψ(1)
n ⟩ =

∑′

m

⟨Ψ(0)
n |Ŵ |Ψ(0)

m ⟩⟨Ψ(0)
m |Ŵ |Ψ(0)

n ⟩
E(0)

n − E(0)
m

=
∑′

m

|⟨Ψ(0)
m |Ŵ |Ψ(0)

n ⟩|2

E(0)
n − E(0)

m

,

n 0

(Ĥ0 + Ŵ )|Ψ⟩ = E|Ψ⟩,

Ĥ0|Φ0⟩ = E(0)
0 |Φ0⟩.



P̂ = |Φ0⟩⟨Φ0|, Q̂ =
∑′

I

|ΦI⟩⟨ΦI |.

E(0)
0 |Ψ⟩

(E(0)
0 − Ĥ0)|Ψ⟩ = (Ŵ − E + E(0)

0 )|Ψ⟩.

Q̂

Q̂(E(0)
0 − Ĥ0)|Ψ⟩ = Q̂(Ŵ − E − E(0)

0 )|Ψ⟩,

Ĥ0 Q̂

Q̂(E(0)
0 − Ĥ0)|Ψ⟩ = Q̂(E(0)

0 − Ĥ0)Q̂|Ψ⟩.

Q̂(E(0)
0 − Ĥ0)Q̂

Q̂(E(0)
0 − Ĥ0)Q̂ =

∑′

ij

|Φi⟩⟨Φi|(E(0)
0 − Ĥ0)|Φj⟩⟨Φj|.

Q̂(E(0)
0 − Ĥ0)Q̂

R̂ =
Q̂

E(0)
0 − Ĥ0

≡
∑′

ij

|Φi⟩⟨Φi|(E(0)
0 − Ĥ0)

−1|Φj⟩⟨Φj|,

Ĥ0

Ĥ0

R̂ =
∑′

i

|Φi⟩⟨Φi|
E(0)

0 − E(0)
i

.

Q̂(E(0)
0 − Ĥ0)Q̂|Ψ⟩ = Q̂(Ŵ − E + E(0)

0 )|Ψ⟩.

R̂

Q̂|Ψ⟩ = R̂(Ŵ − E + E(0)
0 )|Ψ⟩.

|Φ0⟩ |Ψ⟩ = |Φ0⟩+ Q̂|Ψ⟩
|Ψ⟩



|Ψ⟩ = |Φ0⟩+ R̂(Ŵ − E + E(0)
0 )|Ψ⟩.

|Ψ⟩ =
∞∑

n=0

[R̂(Ŵ − E + E(0)
0 )]m|Φ0⟩.

⟨Φ0| ∆E = E −E(0)
0

∆E =
∞∑

n=0

⟨Φ0|Ŵ
[
R̂(Ŵ −∆E)

]n|Φ0⟩.

−E + E(0)
0

Ŵ (Ŵ −∆E)

∆E = ⟨Φ0|Ŵ |Φ0⟩+ ⟨Φ0|Ŵ R̂(Ŵ −∆E)|Φ0⟩+

+ ⟨Φ0|Ŵ R̂(Ŵ −∆E)R̂(Ŵ −∆E)|Φ0⟩+ ...

∆E R̂

R̂∆E|Φ0⟩ = 0,

∆E = ⟨Φ0|Ŵ |Φ0⟩+ ⟨Φ0|Ŵ R̂Ŵ |Φ0⟩+ ⟨Φ0|Ŵ R̂(Ŵ −∆E)R̂Ŵ |Φ0⟩+ ...

Ŵ

∆E =⟨Φ0|Ŵ |Φ0⟩+ ⟨Φ0|Ŵ R̂Ŵ |Φ0⟩

+ ⟨Φ0|Ŵ R̂Ŵ R̂Ŵ |Φ0⟩ − ⟨Φ0|Ŵ |Φ0⟩⟨Φ0|Ŵ R̂2Ŵ |Φ0⟩+ ...

E(1) = ⟨Φ0|Ŵ |Φ0⟩,



E(2) = ⟨Φ0|Ŵ R̂Ŵ |Φ0⟩,

E(3) = ⟨Φ0|Ŵ R̂(Ŵ − ⟨Φ0|Ŵ |Φ0⟩)R̂Ŵ |Φ0⟩,

E(4) = ⟨Φ0|Ŵ R̂(Ŵ − ⟨Φ0|Ŵ |Φ0⟩)R̂(Ŵ − ⟨Φ0|Ŵ |Φ0⟩)R̂Ŵ |Φ0⟩ − E(2)⟨Φ0|Ŵ R̂2Ŵ |Φ0⟩.

Ŵ − ⟨Φ0|Ŵ |Φ0⟩

ˆ̃W

ˆ̃Wij = Ŵij − δijE
(1),

E(1) = ⟨Φ0|Ŵ |Φ0⟩,

E(2) = ⟨Φ0|Ŵ R̂Ŵ |Φ0⟩,

E(3) = ⟨Φ0|Ŵ R̂ ˆ̃WR̂Ŵ |Φ0⟩,

E(4) = ⟨Φ0|Ŵ R̂ ˆ̃WR̂ ˆ̃WR̂Ŵ |Φ0⟩ − E(2)⟨Φ0|Ŵ R̂2Ŵ |Φ0⟩.

R̂BW =
∑′

i

|Φi⟩⟨Φi|
E − E(0)

i

.

|Ψ⟩ =
∞∑

m=0

[
R̂Ŵ

]m|Φ0⟩,

Ŵ

E



Ŵ

Ĥ0 Ĥ0

{p̂†}

Ĥ0 =
∑

p

ϵpp̂
†p̂,

ϵp

ϵp = fpp

F̂ =
∑

pq

fpqp̂
†q̂.

Ŵ = Ĥ − Ĥ0

Ŵ = Ŵ [1B] + Ŵ [2B],

Ŵ =
∑

pq

(hpq − ϵpδpq)ĉ
†
pĉq +

1

4

∑

pqrs

H̄ [2]
pqrsĉ

†
pĉ

†
q ĉsĉr.

Ĥ0

{|ϕi⟩}

Ĥ0|ϕ1, ...,ϕA⟩ =
A∑

i

ϵi |ϕ1, ...,ϕA⟩

E(0)
0 =

∑

i

ϵi,



Ĥ0|Φa1···ap
i1···ip ⟩ =

(
E(0)

0 + ϵa1 + · · ·+ ϵap − ϵi1 + · · ·+ ϵip

)
|Φa1···ap

i1···ip ⟩.

Ĥ0

Ĥ0

Ĥ0 =
∑

i

|Φi⟩⟨Φi|Ĥ|Φi⟩⟨Φi|

=
∑

i

|Φi⟩Ei⟨Φi|.

{|Φi⟩} Ĥ0

Ĥ0|Φi⟩ = Ei|Φi⟩.

Ĥ0−Ei

(Ĥ0 + Ŵ )|Ψ⟩ = E |Ψ⟩

⟨Φ|Ĥ|Φ⟩ = ⟨Φ|Ĥ0|Φ⟩+ ⟨Φ|Ŵ |Φ⟩

Ĥ − ⟨Φ|Ĥ|Φ⟩ = (Ĥ0 − ⟨Φ|Ĥ0|Φ⟩) + (Ŵ − ⟨Φ|Ŵ |Φ⟩)

(Ĥ − E ) = (Ĥ0 − E(0)) + ŴN .

E(0) E

E(0) + E(1)



Ĥ0 − E(0) = (Ĥ0)N Ŵ

Ĥ − E

ĤN |Ψ⟩ = ∆E|Ψ⟩,

∆E = E − E .

∆E

∆E

E(2) =
∑′

I

⟨Φ|Ŵ |ΦI⟩⟨ΦI |Ŵ |Φ⟩
E(0)

0 − E(0)
I

|ΦI⟩ |Φ⟩

E(2) =
∑

ai

⟨Φ|Ŵ |Φa
i ⟩⟨Φa

i |Ŵ |Φ⟩
E(0)

0 − E(0)(|Φa
i ⟩)

+
∑

abij

⟨Φ|Ŵ |Φab
ij ⟩⟨Φab

ij |Ŵ |Φ⟩
E(0)

0 − E(0)(|Φab
ij ⟩)

⟨Φa
i |Ŵ |Φb

j⟩ =
1

4

∑

pqrs

H̄ [2]
pqrs⟨Φ|{ĉ

†
i ĉa}{ĉ†pĉ†q ĉsĉr}{ĉ

†
bĉj}|Φ⟩.

⟨Φa
i |Ŵ |Φb

j⟩ =
1

4

∑

pqrs

H̄ [2]
pqrs⟨Φ|{ĉ

†
i ĉa}{ĉ†pĉ†q ĉsĉr}{ĉ

†
bĉj}|Φ⟩

=
1

4

∑

pqrs

H̄ [2]
pqrs

(
⟨Φ|{ĉ†i ĉa}{ĉ†pĉ†q ĉsĉr}{ĉ

†
bĉj}|Φ⟩+ ⟨Φ|{ĉ†i ĉa}{ĉ†pĉ†q ĉsĉr}{ĉ

†
bĉj}|Φ⟩

)



FN :

X = 0 X = 1 X = −1 X = 0

F̂N

+ ⟨Φ|{ĉ†i ĉa}{ĉ†pĉ†q ĉsĉr}{ĉ
†
bĉj}|Φ⟩+ ⟨Φ|{ĉ†i ĉa}{ĉ†pĉ†q ĉsĉr}{ĉ

†
bĉj}|Φ⟩

)

=
1

4

[
−H̄ [2]

ajbi + H̄ [2]
ajib + H̄ [2]

jabi − H̄ [2]
jaib

]

= H̄ [2]
ajib.

X

|Φ⟩

⟨Φ|ŴŴ |Φ⟩.

X

−2 +2



⟨ , |...| , ⟩.

1
2

(−1)h+l h

l

1

4

∑

abij

H̄ [2]
abijH̄

[2]
ijab.



WN

X = +2 X = +1 X = −1 X = 0

X = −1 X = −1 X = −2

ŴN

−1

4

∑

abij

H̄ [2]
abijH̄

[2]
ijba,

⟨Φ|Ŵ 3|Φ⟩

R̂

⟨Φ|Ŵ R̂Ŵ |Φ⟩

⟨Φ|Ŵ 2|Φ⟩

R̂ =
∑′

I

|ΦI⟩⟨ΦI |
E(0)

0 − E(0)
I



R̂ |ΦJ⟩

R̂|ΦJ⟩ =
∑

I

|ΦI⟩⟨ΦI |ΦJ⟩
E(0)

0 − E(0)
I

=
∑

I

|ΦI⟩
δIJ

E(0)
0 − E(0)

I

= |ΦJ⟩
1

E(0)
0 − E(0)

J

ϵa1···api1···ip = E(0) − E(0)
J = ϵi1 + · · ·+ ϵip − ϵa1 + · · ·+ ϵap ,

|J⟩ = |Φa1···ap
i1···ip ⟩

n

n × n

R̂







6

J

E(2) = ⟨Φ|Ŵ R̂Ŵ |Φ⟩.



1

4

∑

abij

⟨ab|Ĥ [2]|ij⟩⟨ij|Ĥ [2]|ab⟩
ϵabij

∑

ai

⟨a|Ĥ [1]|i⟩⟨i|Ĥ [1]|a⟩
ϵai

.

ϵabij

E(3) = ⟨Φ|Ŵ R̂Ŵ R̂Ŵ |Φ⟩.



1
1

8

∑

abcdij

H̄ [2]
ijabH̄

[2]
abcdH̄

[2]
cdij

ϵabij ϵ
cd
ij

2
1

8

∑

abijkl

H̄ [2]
ijabH̄

[2]
abklH̄

[2]
klij

ϵabij ϵ
ab
kl

3 −
∑

abcijk

H̄ [2]
ijabH̄

[2]
kbicH̄

[2]
ackj

ϵabij ϵ
ac
kj

E(2) =
1

4

∑

abij

H̄ [2]
abijH̄

[2]
ijab

ϵabij

E(3) =
1

8

∑

abcdij

H̄ [2]
ijabH̄

[2]
abcdH̄

[2]
cdij

ϵabij ϵ
cd
ij

+
1

8

∑

abijkl

H̄ [2]
ijabH̄

[2]
abklH̄

[2]
klij

ϵabij ϵ
ab
kl

−
∑

abcijk

H̄ [2]
ijabH̄

[2]
kbicH̄

[2]
ackj

ϵabij ϵ
ac
kj

.



4
1

2

∑

abcij

H̄ [2]
abijH̄

[2]
abcjH

[1]
ci

ϵabij ϵ
c
i

5 −1

2

∑

abijk

H̄ [2]
abijH̄

[2]
ijkbH

[1]
ak

ϵabij ϵ
a
k

6 −1

2

∑

abijk

H̄ [2]
abijH

[1]
ik H̄

[2]
abkj

ϵabij ϵ
ab
jk

7
1

2

∑

abijk

H̄ [2]
abijH

[1]
ac H̄

[2]
cbij

ϵabij ϵ
cb
ij

8
1

2

∑

abcij

H [1]
ai H̄

[2]
ajcbH̄

[2]
cbij

ϵai ϵ
bc
ij

9
1

2

∑

abcij

H [1]
ai H̄

[2]
ibkjH̄

[2]
abkj

ϵai ϵ
ab
jk



k = (nk, lk, jk, tk,mk) = (k̃, mk),

k m

k̃ mk k̃

kn nl

jk tk

E(2) =
1

4

∑

abij

H̄ [2]
abijH̄

[2]
ijab

ϵabij

=
1

4

∑

ãb̃̃ij̃

∑

mamb
mimj

∑

JJ ′
MM ′

JH [2]

ãb̃̃ij̃
J ′
H [2]

ĩj̃ãb̃

ϵãb̃
ĩj̃

(
ja jb J

ma mb M

)(
ja jb J ′

ma mb M ′

)(
ji jj J

mi mj M

)(
ji jj J ′

mi mj M ′

)

=
1

4

∑

ãb̃̃ij̃

∑

JJ ′
MM ′

JH [2]

ãb̃̃ij̃
J ′
H [2]

ĩj̃ãb̃

ϵãb̃
ĩj̃

δJJ ′δMM ′

=
1

4

∑

ãb̃̃ij̃

∑

J

Ĵ2

JH [2]

ãb̃̃ij̃
JH [2]

ĩj̃ãb̃

ϵãb̃
ĩj̃

,

J JH [2]

ãb̃̃ij̃

Ĵ =
√
2J + 1

ϵãb̃
ĩj̃
= ϵabij

JHXC
ãb̃c̃d̃

≡ −
∑

J ′

Ĵ2

{
ja jb J

jc jd J ′

}
J ′
H [2]

ãd̃c̃b̃
,

J



E(3) =
1

8

∑

ãb̃c̃d̃̃ij̃

∑

J

Ĵ2

JH [2]

ãb̃̃ij̃
JH [2]

ĩj̃c̃d̃
JH [2]

c̃d̃ãb̃

ϵãb̃
ĩj̃
ϵc̃d̃
ĩj̃

+
1

8

∑

ãb̃̃ij̃k̃l̃

∑

J

Ĵ2

JH [2]

ĩj̃ãb̃
JH [2]

ãb̃k̃l̃
JH [2]

k̃l̃̃ij̃

ϵãb̃
ĩj̃
ϵãb̃
k̃l̃

−
∑

ãb̃c̃̃ij̃k̃

∑

J

Ĵ2
JHXC

ãr̃s̃b̃
JHXC

s̃b̃t̃c̃
JHXC

t̃c̃ãr̃

ϵãb̃
ĩj̃
ϵãc̃
k̃j̃

J

m J

∼ n2
p · n2

h,

np nh

N4

∼ np · nh N2

N6

∼ max{n4
p · n2

h, n
2
p · n4

h},

n n

n

np ≫ nh



10
∑

abij

H̄ [2]
abijH

[1]
jb H

[1]
ai

ϵabij ϵ
a
i

11
∑

abij

H [1]
ai H

[1]
jb H̄

[2]
abij

ϵai ϵ
b
j

12
∑

abij

H [1]
ai H

[1]
jb H̄

[2]
abij

ϵai ϵ
ab
ij

13
∑

abi

H [1]
ai H

[1]
abH

[1]
bi

ϵai ϵ
b
i

14 −
∑

abi

H [1]
ajH

[1]
ij H

[1]
ai

ϵai ϵ
a
j

(n) ∼ N2n,

N8

N7

m

n N3n



∼ 2000

∼ 100

20

∼ 105

J

JAãb̃̃ij̃ ≡
JH [2]

ãb̃̃ij̃
.

JBãb̃̃ij̃ ≡
1

ϵãb̃
ĩj̃

JH [2]

ãb̃̃ij̃
.

M,N

M = (ãb̃) N = (̃ij̃),

JBMN = JBãb̃̃ij̃.

E(2) =
∑

J

Ĵ2
∑

MN

JBMN
JANM ,

M,N

E(2) =
∑

J

Ĵ2
(

(JA ·J B)
)
.



80% 20%

99%



Ĥ0

|Φ⟩, |Φ′⟩
|Φ′⟩ = |Φabcd

ijkl ⟩ |Φ⟩
|Φ⟩ |Φ′⟩



7

Ĥ|ψ⟩ = E0|ψ⟩

E0 |ψ⟩
Ω̂ |Φ⟩

Ω̂|Φ⟩ = |ψ⟩.

Ω

Ω̂( ) = eT̂ ,

|Φ⟩



T̂

|ψ⟩ = eT̂ |Φ⟩

T̂ = T̂1 + T̂2 + T̂3 + · · ·

T̂1 =
∑

ai

tai {ĉ†aĉi},

T̂2 =
1

4

∑

abij

tabij {ĉ†aĉ
†
bĉj ĉi},

T̂3 =
1

36

∑

abcijk

tabcijk{ĉ†aĉ
†
bĉ

†
cĉkĉj ĉi},

|Φ⟩

T̂n =
1

(n!)2

∑

a1···an
i1···in

ta1···ani1···in {ĉ†a1 ...ĉ
†
an ĉin ...ĉi1},

ta1···ani1···in

(ĤN −∆E)eT̂ |Φ⟩ = 0.

e−T̂

(e−T̂ ĤNe
T̂ −∆E)|Φ⟩ = 0.

∆E



H = e−T̂ ĤNe
T̂ .

H

e−B̂ÂeB̂ = Â+ [Â, B̂] +
1

2
[[Â, B̂], B̂] +

1

3!
[[[Â, B̂], B̂], B̂] + ...

H

H = ĤN + [ĤN , T̂ ] +
1

2
[[ĤN , T̂ ], T̂ ] +

1

3!
[[[ĤN , T̂ ], T̂ ], T̂ ]

+
1

4!
[[[[ĤN , T̂ ], T̂ ], T̂ ], T̂ ],

H = e−T̂ ĤNe
T̂

= (ĤNe
T̂ )C ,

(ĤNe
T̂ )C |Φ⟩ = ∆E|Φ⟩.

⟨Φ|(ĤNe
T̂ )C |Φ⟩ = ∆E.

⟨Φa1
i1 |(ĤNe

T̂ )C |Φ⟩ = 0

⟨Φa1a2
i1i2 |(ĤNe

T̂ )C |Φ⟩ = 0



T̂

T̂ = T̂1 + T̂2

|ψ( )⟩ = eT̂1+T̂2 |Φ⟩.

⟨Φ|ĤN(T̂2 + T̂1 +
1

2
T̂ 2
2 )C |Φ⟩ = ∆E,

⟨Φa
i |ĤN(1 + T̂2 + T̂1 + T̂1T̂2 +

1

2
T̂ 2
2 +

1

3!
T̂ 3
1 )C |Φ⟩ = 0,

⟨Φab
ij |ĤN(1 + T̂2 +

1

2
T̂ 2
2 + T̂1 + T̂1T̂2 +

1

2
T̂ 2
2 +

1

2
T̂ 2
1 T̂2 +

1

3!
T̂ 3
1 +

1

4!
T̂ 4
1 )C |Φ⟩ = 0,

T̂3 N6 N

T̂3

Λ

T̂3



T̂4





8

500

Λ3N = 400

ĥ =
p̂2

2m
+

1

2
mΩ2r̂2

Ĥ0 =
A∑

i=1

ĥi ,



ĥi i

ĥ |ϕk⟩ = ϵk|ϕk⟩

|ϕk⟩ = |nklkjktkmk⟩

ϵk = !Ω(2nk + lk +
3

2
),

nk

lk

Ĥ0 =
∑

p

ϵp p̂†p̂.

Ĥ0 =
∑

p

fpp p
†p

fpp = tpp +
∑

i

H̄ [2]
pipi,

i

ϵp = fpp

p

E(p) =
p∑

i=1

E(i),

p = 30



16

N = 2, 4, 6

α = 0.08 4 !Ω = 24
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�100

�80

�60

�40

E
(p

)
su

m
[
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e
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(a)

10�3

10�1
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103

105

|E
(p

)
0

|
[
M

e
V

]

(c)

2 6 10 14 18 22 26 30

�140

�120

�100

�80

�60

perturbation order p

E
(p

)
su

m
[
M

e
V

]

(b)

2 6 10 14 18 22 26 30

10�7

10�5

10�3

10�1

10

103

perturbation order p

|E
(p

)
0

|
[
M

e
V

]

(d)

16 α = 0.08 4

N = 2 ● 4 " 6 ⋆
!Ω = 24

α

α

p

N = 6

α = 0.02 4

α = 0.08 4 4 16

24



�30

�28

�26

�24

�22

�20

�18

�16

E
(p

)
su

m
[
M

e
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9
A

|ψ ⟩ = |Φ⟩+
∑

a,i

Ca
i |Φa

i ⟩+
∑

a<b,i<j

Cab
ij |Φab

ij ⟩+
∑

a<b<c,i<j<k

Cabc
ijk |Φabc

ijk⟩+ ...,

|Φ⟩
|Φ⟩

A A
4



208 208

DSP

V ≡
{
|Φk⟩ = ĉ†k1 · ... · ĉ

†
kA
|0⟩ : k1 < ... < kA = 1, ...,DSP

}
.

dim(V ) =
(DSP )!

A!(DSP − A)!
.

A

DSP

n n

Ĉn =
1

(n!)2

∑

i1,...,in
a1,...,an

Ca1,...,an
i1,...,in ĉ†a1 · · · ĉ

†
an ĉi1 · · · ĉin ,

Ca1,...,an
i1,...,in |ψ0⟩ Ĉn n n

|ψ ⟩ = (1 + Ĉ1 + Ĉ2 + Ĉ3 + ...)|Φ⟩.

|ψ ⟩ = (1̂ + Ω̂(FCI))|Φ⟩, Ω̂(FCI) ≡
A∑

n=1

Ĉn,

Ĉn

m



Ω̂ (m) =
m∑

n=1

Ĉn.

m = 3

A B AB

E(AB) = E(A) + E(B),

A B



|Φ⟩

|Φa1,...,an
i1,...,in ⟩ |Φ⟩

ea1,...,ani1,...,in ≡
n∑

k=1

(eak − eik),

ek = (2nk + lk)

Ĉ ≡
A∑

n=1

Ĉn ,

Ĉn ≡
∑

a1,...,an
i1,...,in

Ca1,...,an
i1,...,in ĉ†a1 · · · ĉ

†
an ĉi1 · · · ĉin

ea1,...,ani1,...,in ≤ N ,

N

|ψ ⟩ = |ψ ⟩ ⊗ |ψ ⟩,

|ψ ⟩ |ψ ⟩

Ĥ = Ĥ + βĤ ,

Ĥ

ea1,...,an
i1,...,in



N

M

Ĥ|ψ ⟩ = ϵ |ψ ⟩.

|φµ⟩ /∈ M
κµ

κµ ≡ −⟨φµ|Ĥ|ψ ⟩
ϵµ − ϵ

.

V ≡ {|φµ⟩ ∈ ( ) : |κµ| ≥ κ },

κ

V ( ) ⊂ V ( ).

N



κ → 0

|ψ ⟩ = lim
κ →0

|ψ ⟩.

κ

κ = 0 κ

100



10

M



|ψ ⟩ =
∑

|Φν⟩∈M

Cν |Φν⟩,

cν

{|Φν⟩} M

Ĥ0

Ĥ0 =
∑

I

EI |ψI⟩⟨ψI |+
∑

|Φµ⟩/∈M

E(0)
µ |Φµ⟩⟨Φµ|,

{|Φµ⟩} M⊥

M |ψI⟩
|ψ ⟩ |ψI⟩

Ĥ0|ψ ⟩ = E |ψ ⟩,

E

E =
∑

p

ϵpγpp,

ϵp γ

γpq = ⟨ψ |ĉ†pĉq|ψ ⟩.

γpp ∈ [0, 1]

|Φµ⟩ ∈ M⊥

E(0)
µ =

∑

i |Φµ⟩

ϵi.

fpq = H [1]
pq +

∑

rs

H̄ [2]
prqsγrs,



ϵp = fpp.

E(0) = ⟨ψ |Ĥ0|ψ ⟩ = E ,

E(1) = ⟨ψ |Ŵ |ψ ⟩ = ⟨ψ |Ĥ|ψ ⟩ − E ,

E(0) + E(1) = ⟨ψ |Ĥ|ψ ⟩,

Ĥ M

E(2) =
∑

|Φν⟩/∈M

|⟨ψ |Ŵ |Φν⟩|2

E − E(0)
ν

,

{|Φν⟩} /∈ M
M⊥

Ĥ

∑

|ψI⟩∈M
|ψ ⟩≠|ψI⟩

|⟨ψ |Ŵ |ψI⟩|2

E − E(0)
I

,

|ψI⟩

⟨ψ |Ŵ |ψI⟩ = ⟨ψ |Ĥ|ψI⟩ − ⟨ψ |Ĥ0|ψI⟩

= ⟨ψ |E |ψI⟩ − ⟨ψ |EI |ψI⟩ = 0,

EI |ψI⟩
|ψ ⟩ M

P



Ĥ0

|ψ ⟩
γpq p q

E

E =
∑

p

ϵpγpp =
∑

i

ϵi,

i

|ψ ⟩

fpq = H [1]
pq +

∑

rs

H̄ [2]
psqsγrs

= H [1]
pq +

∑

i

H̄ [2]
piqi,

Ĥ0

{|Φν⟩} H
⟨ψ |Ŵ |Φν⟩



(x, y, ...)

(u, v, ...)

(a, b, ...)

(i, j, ...)

E(2) =
∑

|Φµ⟩,|Φ′
µ⟩∈M

cµ′c⋆µ
∑

|Φν⟩/∈M

⟨Φµ′ |Ŵ |Φν⟩⟨Φν |Ŵ |Φµ⟩
E − E(0)

ν

.

(µ ̸= µ′)

∑

|Φν⟩/∈M

⟨Φµ′ |Ŵ |Φν⟩⟨Φν |Ŵ |Φµ⟩
E − E(0)

ν

.

|Φµ⟩

|Φµ⟩

⟨Φµ′ | = ⟨Φµ|{i†1 · · · i†pap · · · a1}|Φµ⟩.



|ψ ⟩

Ŵ

|Φµ⟩

W (µ) = ĥ(µ)
0 + ĥ(µ)

1 + ĥ(µ)
2

= ĥ(µ)
0 +

∑

pq

⟨p|ĥ(µ)
1 |q⟩{ĉ†pĉq}|Φµ⟩ +

∑

pqrs

⟨pq|ĥ(µ)
2 |rs⟩{ĉ†pĉ†q ĉsĉr}|Φµ⟩,

⟨p|ĥ(µ)
1 |q⟩ = (H [1]

pq − ϵp)δpq +
1

2

∑

i∈|Φµ⟩

H̄ [2]
piqi

⟨pq|ĥ(µ)
2 |rs⟩ = H̄ [2]

pqrs.

|Φµ⟩ |Φµ⟩



E(0)

E(0) − E(0)
ν = E(0) − E(0)

µ + E(0)
µ − E(0)

ν

∆µ ≡ E(0) − E(0)
µ .

|Φµ⟩ |Φν⟩

p p− 1

P(pq)

p q

P(p/qr) ≡ 1− P(pq)− P(pr),

P (a/bc)
(i/jk) ≡ P(a/bc)P(i/jk).



⟨ , |...| , ⟩

1
2

(−1)h+l h

l

ϵa1···aki1···ik +∆µ =
k∑

n=1

(ϵan − ϵin) + E(0) − E(0)
µ

|Φµ⟩

|Φµ′⟩ = |Φxyz
uvw⟩

H̄ [2]
xyui H̄ [2]

vwiz

ϵxyui +∆µ

x y v w



1
1

4

∑

abij

H̄ [2]
abijH̄

[2]
ijab

ϵabij +∆µ

2
∑

ai

H [1]
ai H

[1]
ia

ϵai +∆µ

1
4 h = 4 u, v, w, i

(x, u) (y, v, i) (z, w)

l = 3

−P (z/xy)
(u/vw)(−1)σ

1

4

∑

i

H̄ [2]
xyuiH̄

[2]
vwiz

ϵxyui +∆µ
,

σ

µ = µ′

∆µ

|Φµ⟩

µ ̸= µ′

4 4

p



3 −1

2

∑

aij

H̄ [2]
xaijH̄

[2]
ijua

ϵaxij +∆µ

4
1

2

∑

abi

H̄ [2]
uibaH̄

[2]
baxj

ϵabiu +∆µ

5
∑

abi

H̄ [2]
xauiH

[1]
ai

ϵaxui +∆µ

6
∑

ai

H̄ [2]
uaxiH

[1]
ai

ϵai +∆µ

7
∑

a

H [1]
auH

[1]
ax

ϵau +∆µ

8
∑

i

H [1]
xi H

[1]
ui

ϵxi +∆µ

p · (Ĥ),

(Ĥ)

|Φµ⟩
(3 − 8)

x, u



9
1

8

∑

ij

H̄ [2]
xyijH̄

[2]
ijuv

ϵxyij +∆µ

10 −P (xy)
(uv)

∑

ai

H̄ [2]
xaivH̄

[2]
iyua

ϵaxiv +∆µ

11
1

8

∑

ab

H̄ [2]
uvabH̄

[2]
abxy

ϵabub +∆µ

12 P (xy)1

2

∑

a

H̄ [2]
uvayH

[1]
ax

ϵaxuv +∆µ

13 −P(uv)
1

2

∑

a

H̄ [2]
xyivH

[1]
ui

ϵxyiv +∆µ

|Φµ′⟩ |Φµ⟩

|Φµ⟩
9−16

P (xy)
(uv)

(17 − 20)

(21)

P (xyz)
(uvw) P (x1x2x3x3)

(u1u2u3u4)



14 −P (xy)1

2

∑

i

H̄ [2]
uviyH

[1]
ix

ϵxi +∆µ

15 P(uv)
1

2

∑

a

H̄ [2]
avxyH

[1]
ua

ϵau +∆µ

16 P (xy)
(uv)

H [1]
uxH

[1]
vy

ϵxu +∆µ

m

0+ m

nh

np

∼ n2
p · n2

h.

D ≡ dim(M )

|ψ ⟩
1

1 ∼ D · n2
p · n2

h.



17 −P (z/xy)
(u/vw)

1

4

∑

i

H̄ [2]
xyuiH̄

[2]
vwiz

ϵxyui +∆µ

18 −P (x/yz)
(w/uv)

1

4

∑

a

H̄ [2]
xauvH̄

[2]
yzaw

ϵxauv +∆µ

19 P (z/xy)
(w/uv)

1

4

H̄ [2]
xyuvH

[1]
wz

ϵxyuv +∆µ

20 P (x/yz)
(u/vw)

1

4

H̄ [2]
yzvwH

[1]
xu

ϵxu +∆µ

21 x1 u1 x2 u2

x3 u3x4 u4

P (x1x2/x3x4)
(u1u2/u3u4)

1

16

∑

i

H̄ [2]
x1x2u1u2H̄

[2]
x3x4u3u4

ϵx1x2
1u2 +∆µ

D · np · nh

2

2 ∼ D · np · n3
h.

np ≫ nh 1

2



D

(µ, µ′)

3 4

(µ, µ′) D2

∼ D2 · n2
p · nh.

(µ, µ′)

|Φµ′⟩ |Φµ⟩ |Φµ′⟩

(2) ∼ max{D · n2
p · n2

h,D2 · n2
p · nh.},

D

D · np · nh

np ≫ nh



|ψ ⟩

M
N ( )

N ( ) → ∞

E(p) = 0, p ≥ 2.



(N ( ) = 0, p = 2).

N = 0

N ( ) = 2

12

α



11

G (V,E, I) V E

I



p p

AG G |V | × |V |

(AG)ij = i j.

i = 1

1

2

3

4

⎛

⎜⎜⎜⎜⎝

0 2 0 0

1 0 1 0

1 0 0 1

0 0 1 0

⎞

⎟⎟⎟⎟⎠
.



(AG)ii = 0

(v) = 1, ..., 6

(v) v

k n

(a1, ..., ak) ai ∈ N

k∑

i=1

ai = n.

S 4

S = {(2, 0, 0, 0), (0, 2, 0, 0), (0, 0, 2, 0), (0, 0, 0, 2), (1, 1, 0, 0), (1, 0, 1, 0),

(1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 1), (0, 1, 1, 0)}.

rank(Ŵ )
p rank(Ŵ ) · p p = 3

rank(Ŵ ) = 2
k



p p + 1

(vi) = 1, 2 i = 1, ..., p vp

(vp) = 1, ..., 2p p

2p p

(p+ 1)× (p+ 1)

R(p) = ( (v1), ..., (vp), (vp+1)),

vp+1

D RD

R(3)
D = (2, 2, 2, 3).

R(3) = (1, 2, 1, 6)

R̃(3)
4 = 6

p∑

i=1

(vi) ≥ (vp+1).

p (vp+1)

(2, 2, 2, 1)

(vp+1) = 0



{

⎛

⎜⎜⎜⎜⎝

2

2

2

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

1

2

2

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

2

1

2

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

2

2

1

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

1

1

2

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

1

2

1

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

2

1

1

1

⎞

⎟⎟⎟⎟⎠
,

⎛

⎜⎜⎜⎜⎝

1

1

1

1

⎞

⎟⎟⎟⎟⎠

}
.

R(p) p

R(p)
i p Pi

p

P = {P1, ...,Pp+1}.

i Pi

p Pi i = 1, ..., p+ 1

(1, 2, 1, 1) p

P1 = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)},

P2 = {(2, 0, 0, 0), (0, 2, 0, 0), (0, 0, 2, 0), (0, 0, 0, 2), (1, 1, 0, 0), (1, 0, 1, 0),

(1, 0, 0, 1), (0, 1, 0, 1), (0, 0, 1, 1), (0, 1, 1, 0)},

P3 = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)},

P4 = {(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1)}.

Pi i

⎛

⎜⎜⎜⎜⎝

1 0 0 0

2 0 0 0

0 0 0 1

0 0 1 0

⎞

⎟⎟⎟⎟⎠
.

|P1| · |P2| · |P3| · |P4| = 640

AG

(AG)ii = 0 i = 1, ..., p+ 1



i = 1, ..., p+ 1

∑

j

(AG)ij = (vi)

j = 1, ..., p+ 1

∑

i

(AG)ij = (vj)

G |E| < ∞ |V | < ∞
| · | |E| × |V | BG

(BG)ij =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

1, eij vi

−1, eij vi

0,

.

BG =

⎛

⎜⎜⎜⎜⎝

−1 −1 1 1 0 0 0

1 1 −1 0 −1 0 0

0 0 0 −1 1 −1 1

0 0 0 0 0 1 −1

⎞

⎟⎟⎟⎟⎠
.



1 −1

1 −1

j sj

c⃗ −1

1

cp+1 ̸= 0

i = 1, ..., p

Bij = −1

Bij = 1

n
1
n!

Di i = 1, ..., p− 1

(ri, ri+1) i = 1, ..., p− 1 sj Di



i∑

k=1

Bkj ̸= 0.

Di =
∑

j

sgn(sj)ϵsj +∆,

sgn(sj) ∆

P (x1···xp)
(u1···up)

BG =

a b i j c x u
⎛

⎜⎜⎜⎝

⎞

⎟⎟⎟⎠

−1 −1 1 1 0 0 0

1 1 −1 0 −1 0 0

0 0 0 −1 1 −1 1

0 0 0 0 0 1 −1

M1 = H̄ [2]
abij

M2 = H̄ [2]
abic

M3 = H̄ [2]
jxcu.

a b
1
2 D1, D2

D1 = ϵabij +∆µ,

B1j ̸= 0 j = 1, ..., 4.



D2 = ϵcj +∆µ.

1

2

∑

abcij

H̄ [2]
abijH̄

[2]
abicH̄

[2]
jxcu

(ϵabij +∆µ)(ϵcj +∆µ)
.

(−1)h+l

h l

h = 3 i, j, u

l = det(AG),

A

Ri ∈ {1, ..., A} i = 1, ..., p

Rp+1 ∈ {1, ..., p · A}

p



T̂n



12

Λ3 = 400
6 7

Nmax = 0

N = 4 p

p

JΠ

7
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β†
k =

∑

l

(Ulkĉ
†
l + Vlkĉl),

βk =
∑

l

(U⋆
lkĉl + V ⋆

lkĉ
†
l ),



c† c

{β̂k, β̂†
l } = δkl,

{β̂k, β̂l} = 0,

{β̂†
k, β̂

†
l } = 0.

W =

(
U V ⋆

V U⋆

)
.

WW† = W†W = 1

UU † + V ⋆V T = 1, UV † + V ⋆UT = 0,

V U † + U⋆V T = 0, V V † + U⋆UT = 1,

U †U + V †V = 1, U †V ⋆ + V †U⋆ = 0,

V TU + UTV = 0, V TV ⋆ + UTU⋆= 1.

|ψ⟩

β̂k|ψ⟩ = 0.

R |ψ⟩

R =

(
ρ κ

−κ⋆ 1− ρ⋆

)
,

ρkl = ⟨ψ|ĉ†l ĉk|ψ⟩,

κkl = ⟨ψ|ĉlĉk|ψ⟩,

R = R2 = R†

ρ κ



ρk1k2 = ρ⋆k2k1 ,

κk1k2 = −κ⋆k2k1 .

R

R ≡ W†RW ,

R =

⎛

⎝
⟨Φ|β†

pβq |Φ⟩
⟨Φ|Φ⟩

⟨Φ|βpβq |Φ⟩
⟨Φ|Φ⟩

⟨Φ|β†
pβ

†
q |Φ⟩

⟨Φ|Φ⟩
⟨Φ|βpβ†

q |φ⟩
⟨Φ|Φ⟩

⎞

⎠ ≡
(
R+−

pq R−−
pq

R++
pq R−+

pq

)
=

(
0 0

0 1

)
,

E[ρ,κ,κ⋆] =
⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩

=
∑

k1k2

H [1]
k1k2

ρk1k2 +
1

2

∑

k1k2q1q2

H̄ [2]
k1q2k2q1

ρk2k1ρq1q2 −
1

4

∑

k1k2q1q2

H̄ [2]
k1k2q1q2

κk2k1κ
⋆
q1q2 .

|ψ⟩
|ψ⟩ Â

ρ = A,

δ(E − λ ρ) =
∑

k1k2

( ∂E

∂ρk1k2
− λδk1k2

)
+

1

2

∑

k1k2

( ∂E

∂κ⋆k1k2
δκ⋆k1k2 +

∂E

∂κk1k2
δκk1k2

)
.



h ∆

hk1k2 =
∂E

∂ρk1k2
= tk1k2 +

∑

q1q2

v̄k1q1k2q2ρk1k2 ,

∆k1k2 =
∂E

∂κk1k2
=

1

2

∑

q1q2

v̄k1q1k2q2κk1k2 .

H

H
(
U

V

)
=

(
h− λ ∆

−∆⋆ −h⋆ + λ

)(
U

V

)
= E

(
U

V

)
,

[H,R] = 0,

(
h− λ ∆

−∆⋆ −h⋆ + λ

)(
V ⋆

U⋆

)
= −E

(
V ⋆

U⋆

)
.

(U, V )T H E

(V ⋆, U⋆)T −E

N 2N

(U, V )T N

{β̂†
k}

W



W =

(
D 0

0 D⋆

)(
Ū V̄

V̄ Ū

)(
C 0

0 C⋆

)

U = DŪC,

V = D⋆V̄ C,

D C

â†k =
∑

l

Dlkĉ
†
l

α̂†
k =

∑

l

Clkβ̂
†
l .

Ū V̄

α̂†
p = upâ

†
p − vâp̄

α̂†
p̄ = upâ

†
p̄ + vâp̄,

(p, p̄)

W

u2
k + v2k = 1.

(uk > 0, vk > 0)

Ūkl = +uk̄δkl, uk̄= +uk,

V̄kl = −vk̄δk̄l, vk̄ = −vk.

|Φ⟩ =
∏

p

α̂†
p|0⟩ =

∏

p>0

(
up + vpâ

†
pâ

†
p̄

)
|0⟩,



Ĥ = T̂ − T̂ + V̂ = T̂ + V̂ .

T̂ − T̂

T̂ (a) =
(
1− 1

Â

)∑

i

p̂2i
2m

− 1

Âm

∑

i<j

p̂i · p̂j,

T̂ (b) =
2

Â

∑

i<j

q̂2ij
2m

=
1

2Â

∑

i<j

(p̂i − p̂j)2

m
.

U(1)

Â
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U(1)

SU(2) U(1)



U(1)

U(1)

U(1) ≡ {Ŝ(φ), φ ∈ [0, 2π]}

Ĥ Â

Ô

[Ĥ, Ŝ(φ)] = 0,

[Â, Ŝ(φ)] = 0,

[Ô, Ŝ(φ)] = 0,

Ô Â Ĥ Ĥ

[Ĥ, Â] = 0.

U(1) F

Ŝ(ϕ) = eiÂϕ.

Ĥ|ψA
µ ⟩ = EA

µ |ψA
µ ⟩,

EA
µ A µ = 0, 1, 2, ...

|ψA
µ ⟩ Â

Â|ψA
µ ⟩ = A|ψA

µ ⟩.

⟨ψA
µ |Ŝ(ϕ)|ψA′

µ′ ⟩ = eiAϕδAA′δµµ′ .

(U(1)) ≡
∫ 2π

0

dϕ = 2π.



1

(U(1))

∫ 2π

0

dϕe−iAϕe+iA′ϕ = δAA′ ,

Ω̂ ≡ Ĥ − λÂ,

Ĥ Ĥ

Â

Ω̂|ψA
µ ⟩ = ΩA

µ |ψA
µ ⟩,

ΩA
µ = EA

µ − λA.

λ

Û(τ) ≡ e−τ Ω̂,

τ

|ψ(τ)⟩ = Û(τ)|Φ⟩

Ω̂− λN N̂ − λZẐ,

N̂ , Ẑ Â



|Φ⟩

1 =
∑

A∈N

∑

µ

|ψA
µ ⟩⟨ψA

µ |

|ψ(τ)⟩ =
∑

A∈N

∑

µ

e−τΩ
A
µ |ψA

µ ⟩⟨ψA
µ |Φ⟩.

τ

τ

τ ≫ ∆E−1,

∆E

Ω

lim
τ→∞

τ

|ψA0
0 ⟩ ≡ lim

τ→∞
|ψ(τ)⟩

= e−τΩ
A0
0 |ψA0

0 ⟩⟨ψA0
0 |,

λ A0 ΩA0
0

Ω̂|ψA0
µ ⟩ = ΩA0

0 |ψA0
µ ⟩.

A0

ΩA0
0

A0



Ô Ĥ Â

Ô

O(τ) ≡ ⟨ψ(τ)|Ô|Φ⟩.

N(τ) ≡ ⟨ψ(τ)|1|Φ⟩,

H(τ) ≡ ⟨ψ(τ)|Ĥ|Φ⟩,

A(τ) ≡ ⟨ψ(τ)|Â|Φ⟩,

Ω(τ) ≡ ⟨ψ(τ)|Ω̂|Φ⟩,

Ω(τ) = H(τ)− λA(τ).

Ô

O(τ) ≡ O(τ)

N(τ)
,

N (τ) = 1

N(τ) =
∑

A∈N

∑

µ

e−τΩ
A
µ |⟨Φ|ψA

µ ⟩|2,

H(τ) =
∑

A∈N

∑

µ

EA
µ e

−τΩA
µ |⟨Φ|ψA

µ ⟩|2,

A(τ) =
∑

A∈N

∑

µ

A e−τΩ
A
µ |⟨Φ|ψA

µ ⟩|2,

Ω(τ) =
∑

A∈N

∑

µ

ΩA
µ e

−τΩA
µ |⟨Φ|ψA

µ ⟩|2.

τ

O(∞) ≡ lim
τ→∞

O(τ)



N(∞) = e−τΩ
A0
0 |⟨Φ|ψA0

0 ⟩|2,

H(∞) = EA0
0 e−τΩ

A0
0 |⟨Φ|ψA0

0 ⟩|2,

A(∞) = A0 e−τΩ
A0
0 |⟨Φ|ψA0

0 ⟩|2,

Ω(∞) = ΩA0
0 e−τΩ

A0
0 |⟨Φ|ψA0

0 ⟩|2.

H(∞) = EA0
0 N(∞),

A(∞) = A N(∞),

Ω(∞) = ΩA0
0 N(∞),

H(∞) = EA0
0 ,

A(∞) = A0,

Ω(∞) = ΩA0
0 .

U(1)

N ≡
∑

A∈Z

NA ,

A ≡
∑

A∈Z

AA NA ,

H ≡
∑

A∈Z

HA NA .

A

|Φ⟩



Ô

O ≡ O[0] +O[2] +O[4]

≡ O00 +
[
O11 + {O20 +O02}

]
+
[
O22 + {O31 +O13}+ {O40 +O04}

]

= O00

+
1

1!

∑

k1k2

O11
k1k2β

†
k1
βk2

+
1

2!

∑

k1k2

{
O20

k1k2β
†
k1
β†
k2
+O02

k1k2βk2βk1

}

+
1

(2!)2

∑

k1k2k3k4

O22
k1k2k3k4β

†
k1
β†
k2
βk4βk3

+
1

3!

∑

k1k2k3k4

{
O31

k1k2k3k4β
†
k1
β†
k2
β†
k3
βk4 +O13

k1k2k3k4β
†
k1
βk4βk3βk2

}

+
1

4!

∑

k1k2k3k4

{
O40

k1k2k3k4β
†
k1
β†
k2
β†
k3
β†
k4
+O04

k1k2k3k4βk4βk3βk2βk1

}
,

Ôij i (j)

Ô[k] Ôij i+ j = k

Ô[0] ≡ Ô00 =
⟨Φ|Ô|Φ⟩
⟨Φ|Φ⟩

Oij
k1,...,ki,ki+1,...,ki+j

= (−1)σ(Π)Oij
Π(k1,...,ki,ki+1,...,ki+j)

,

σ(Π) Π



Ω̂ = Ω̂0 + Ω̂1 ,

Ω̂0 ≡ Ω̂00 + ˆ̄Ω11 ,

Ω̂1 ≡ Ω̂20 + ˆ̆Ω11 + Ω̂02

+ Ω̂40 + Ω̂31 + Ω̂22 + Ω̂13 + Ω̂04 ,

ˆ̆Ω11 ≡ Ω̂11 − ˆ̄Ω11 ˆ̄Ω11 Ω̂11

ˆ̄Ω11

Ω̂0

[Ω̂0, Ŝ(ϕ)] ̸= 0,

ϕ ∈ [0, 2π]

[Ω̂1, Ŝ(ϕ)] ̸= 0.

{Ek}

Ω̂0 ≡ Ω̂00 +
∑

k

Ekβ̂
†
kβ̂k,

Ek > 0 k

|Φk1···kp⟩ ≡ β̂†
k1
· · · β̂†

kp
|Φ⟩,

p

Ω̂0

Ω̂0|Φ⟩ = Ω00|Φ⟩+
∑

k

Ekβ̂
†
kβ̂k|Φ⟩

= Ω00|Φ⟩,



{β̂k} Ω̂0

Ω̂0|Φk1···kp⟩ = Ω00|Φk1···kp⟩+
∑

k

Ekβ̂
†
kβ̂k|Φ

k1···kp⟩,

= Ω00|Φk1···kp⟩+
∑

k

Ekβ̂
†
kβ̂kβ̂

†
k1
β̂k1 · · · β̂

†
kp
β̂kp |Φ⟩,

= Ω00|Φk1···kp⟩+
∑

k

Ek

(∑

ki

δkki

)
|Φk1···kp⟩,

=
(
Ω00 + Ek1 + · · ·+ Ekp

)
|Φk1···kp⟩.

β̂k(τ) ≡ e+τΩ0 β̂ke
−τΩ0 = e−τE0 β̂k,

β̂†
k(τ) ≡ e+τΩ0 β̂†

ke
−τΩ0 = e+τE0 β̂†

k.

2× 2

G0 =

(
G+−(0) G−−(0)

G++(0) G−+(0)

)
,

G+−(0)
k1k2

(τ1, τ2) ≡
⟨Φ|T [β̂†

k1
(τ1)β̂k2(τ2)]|Φ⟩
⟨Φ|Φ⟩ ,

G−−(0)
k1k2

(τ1, τ2) ≡
⟨Φ|T [β̂k1(τ1)β̂k2(τ2)]|Φ⟩

⟨Φ|Φ⟩ ,

G++(0)
k1k2

(τ1, τ2) ≡
⟨Φ|T [β̂†

k1
(τ1)β̂

†
k2
(τ2)]|Φ⟩

⟨Φ|Φ⟩ ,

G−+(0)
k1k2

(τ1, τ2) ≡
⟨Φ|T [β̂k1(τ1)β̂

†
k2
(τ2)]|Φ⟩

⟨Φ|Φ⟩ .



T

G+−(0)
k1k2

(τ1, τ2) = −e−(τ2−τ1)Ek1θ(τ2 − τ1)δk1k2 ,

G−−(0)
k1k2

(τ1, τ2) = 0,

G++(0)
k1k2

(τ1, τ2) = 0,

G−+(0)
k1k2

(τ1, τ2) = +e−(τ1−τ2)Ek1θ(τ1 − τ2)δk1k2 ,

θ(τ) =

⎧
⎨

⎩
1, τ > 0

0,

θ

G−+(0)
k1k2

(τ, τ) = 0,

G+−(0)
k1k2

(τ, τ) = 0,

R+−

U(τ) Ω1

U(τ) ≡ e−τΩ0U1(τ)

U1(τ) = eτΩ0e−τ(Ω0+Ω1).

∂τU1(τ) = −eτΩ0Ω1e
−τΩ0U1(τ)



U1(τ) = Te−
∫ τ
0 dtΩ1(t).

Ω1(τ) ≡ eτΩ0Ω1e
−τΩ0

U(τ) = e−τΩ0Te−
∫ τ
0 dtΩ1(t).

O(τ)

O(τ) = ⟨ψ(τ)|O|Φ⟩,

= ⟨Φ|U(τ)O|Φ⟩,

= ⟨Φ|e−τΩ0Te−
∫ τ
0 dtΩ1(t)O|Φ⟩.

O(τ) = e−Ω00⟨Φ|
(
O(0)−

∫ τ

0

dτ1T [Ω1(τ1)O(0)] +
1

2!

∫ τ

0

dτ1dτ2T [Ω1(τ1)Ω(τ2)O(0)] + · · ·
)
|Φ⟩

= e−Ω00
( ∞∑

p=0

(−1)p

p!

∑

i1+j1=2,4

∫ τ

0

dτ1 · · · dτp

×
∑

k1,...,ki1
ki1+1,...,ki1+j1

l1···lip
lip ···lip+jp

Ωi1j1
k1...ki1 ,ki1+1...ki1+j1

(i1)!(j1)!
· · ·

Ωipjp
l1...li1 ,li1+1...li1+j1

(ip)!(jp)!

× ⟨Φ|T [β̂k1(τ1) · · · β̂
†
ki1

(τ1)β̂ki1+j1
(τ1) · · · β̂ki1+1(τ1) · · ·

· · · β̂†
l1
(τp) · · · β̂†

lip
(τp)β̂lip+jp

(τp) · · · β̂lip+1(τp)]|Φ⟩
)
.



e−Ω00

p = 1

N (1)(τ) = −
∫ τ

0

dτ1⟨Φ|Ω1(τ1)|Φ⟩

= −
∫ τ

0

dτ1
(∑

k1k2

Ω̆11
k1k2

1! 1!
⟨Φ|

[
β†
k1
(τ1)βk2(τ1)

]
|Φ⟩.

+
∑

k1k2

Ω20
k1k2

2! 0!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)

]
|Φ⟩

+
∑

k1k2

Ω02
k1k2

0! 2!
⟨Φ|

[
βk2(τ1)βk1(τ1)

]
|Φ⟩

+
∑

k1k2k3k4

Ω22
k1k2k3k4

2! 2!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)βk4(τ1)βk3(τ1)

]
|Φ⟩

+
∑

k1k2k3k4

Ω31
k1k2k3k4

3! 1!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)β

†
k3
(τ1)βk4(τ1)

]
|Φ⟩

+
∑

k1k2k3k4

Ω13
k1k2k3k4

1! 3!
⟨Φ|

[
β†
k1
(τ1)βk4(τ1)βk3(τ1)βk2(τ1)

]
|Φ⟩

+
∑

k1k2k3k4

Ω40
k1k2k3k4

4! 0!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)β

†
k3
(τ1)β

†
k4
(τ1)

]
|Φ⟩

+
∑

k1k2k3k4

Ω04
k1k2k3k4

0! 4!
⟨Φ|

[
βk4(τ1)βk3(τ1)βk2(τ1)βk1(τ1)

]
|Φ⟩
)

N (1)(τ) = −
∫ τ

0

dτ1
{∑

k1k2

Ω̆11
k1k2G

+−(0)
k1k2

(τ1, τ1) +
1

2

∑

k1k2

Ω20
k1k2G

++(0)
k1k2

(τ1, τ1)

+
1

2

∑

k1k2

Ω02
k1k2G

−−(0)
k2k1

(τ1, τ1)

+
1

4

∑

k1k2k3k4

Ω22
k1k2k3k4

(
G++(0)

k1k2
(τ1, τ1)G

−−(0)
k4k3

(τ1, τ1) −G+−(0)
k1k4

(τ1, τ1)G
+−(0)
k2k3

(τ1, τ1)



+G+−(0)
k1k3

(τ1, τ1)G
+−(0)
k2k4

(τ1, τ1)
)

+
1

3!

∑

k1k2k3k4

Ω31
k1k2k3k4

(
G++(0)

k1k2
(τ1, τ1)G

+−(0)
k3k4

(τ1, τ1)−G++(0)
k1k3

(τ1, τ1)G
+−(0)
k2k4

(τ1, τ1)

+G+−(0)
k1k4

(τ1, τ1)G
++(0)
k2k3

(τ1, τ1)
)

+
1

3!

∑

k1k2k3k4

Ω13
k1k2k3k4

(
G+−(0)

k1k4
(τ1, τ1)G

−−(0)
k3k2

(τ1, τ1)−G+−(0)
k1k3

(τ1, τ1)G
−−(0)
k4k2

(τ1, τ1)

+G+−(0)
k1k2

(τ1, τ1)G
−−(0)
k4k3

(τ1, τ1)
)

+
1

4!

∑

k1k2k3k4

Ω40
k1k2k3k4

(
G++(0)

k1k2
(τ1, τ1)G

++(0)
k3k4

(τ1, τ1)−G++(0)
k1k3

(τ1, τ1)G
++(0)
k2k4

(τ1, τ1)

+G++(0)
k1k4

(τ1, τ1)G
++(0)
k2k3

(τ1, τ1)
)

+
1

4!

∑

k1k2k3k4

Ω04
k1k2k3k4

(
G++(0)

k4k3
(τ1, τ1)G

++(0)
k2k1

(τ1, τ1)−G++(0)
k4k2

(τ1, τ1)G
++(0)
k3k1

(τ1, τ1)

+G++(0)
k4k1

(τ1, τ1)G
++(0)
k3k2

(τ1, τ1)
)}

= 0 ,

N (2)(τ) = N (1)(τ) +
1

2!

∫ τ

0

dτ1dτ2⟨Φ| [Ω1(τ1)Ω1(τ2)] |Φ⟩

= N (1)(τ)

+
1

2!

∫ τ

0

dτ1dτ2

{
∑

k1k2l1l2

Ω̆11
k1k2

1! 1!

Ω̆11
l1l2

1! 1!
⟨Φ|

[
β†
k1
(τ1)βk2(τ1)β

†
l1
(τ2)βl2(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω02
k1k2

0! 2!

Ω20
l1l2

2! 0!
⟨Φ|

[
βk2(τ1)βk1(τ1)β

†
l1
(τ2)β

†
l2
(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω20
k1k2

2! 0!

Ω02
l1l2

0! 2!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)βl2(τ2)βl1(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω̆11
k1k2

1! 1!

Ω02
l1l2

0! 2!
⟨Φ|

[
β†
k1
(τ1)βk2(τ1)βl2(τ2)βl1(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω̆11
k1k2

1! 1!

Ω20
l1l2

2! 0!
⟨Φ|

[
β†
k1
(τ1)βk2(τ1)β

†
l1
(τ2)β

†
l2
(τ2)

]
|Φ⟩



+
∑

k1k2l1l2

Ω20
k1k2

2! 0!

Ω̆11
l1l2

1! 1!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)β

†
l1
(τ2)βl2(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω02
k1k2

0! 2!

Ω̆11
l1l2

1! 1!
⟨Φ|

[
βk2(τ1)βk1(τ1)β

†
l1
(τ2)βl2(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω02
k1k2

0! 2!

Ω02
l1l2

0! 2!
⟨Φ|

[
βk2(τ1)βk1(τ1)βl2(τ2)βl1(τ2)

]
|Φ⟩

+
∑

k1k2l1l2

Ω20
k1k2

2! 0!

Ω20
l1l2

2! 0!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)β

†
l1
(τ2)β

†
l2
(τ2)

]
|Φ⟩

+ . . .

}
,

Ω̂02Ω̂20

N (2)
02.20(τ) ≡

1

2!

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω02
k1k2

0! 2!

Ω20
l1l2

2! 0!
⟨Φ|

[
βk2(τ1)βk1(τ1)β

†
l1
(τ2)β

†
l2
(τ2)

]
|Φ⟩

=
1

8

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω02
k1k2Ω

20
l1l2

{
G−−(0)

k2k1
(τ1, τ1)G

++(0)
l1l2

(τ2, τ2)

−G−+(0)
k2l1

(τ1, τ2)G
−+(0)
k1l2

(τ1, τ2) +G−+(0)
k2l2

(τ1, τ2)G
−+(0)
k1l1

(τ1, τ2)
}

=
1

8

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω02
k1k2Ω

20
l1l2

{
−G−+(0)

k2l1
(τ1, τ2)G

−+(0)
k1l2

(τ1, τ2)

+G−+(0)
k2l2

(τ1, τ2)G
−+(0)
k1l1

(τ1, τ2)
}

=
1

8

∑

k1k2l1l2

Ω02
k1k2Ω

20
l1l2

∫ τ

0

dτ1dτ2
{
−θ(τ1 − τ2)δk2l1δk1l2e

−(τ1−τ2)(Ek1
+Ek2

)

+θ(τ1 − τ2)δk2l2δk1l1e
−(τ1−τ2)(Ek1

+Ek2
)
}

=
1

8

∑

k1k2l1l2

Ω02
k1k2Ω

20
l1l2 (−δk2l1δk1l2 + δk2l2δk1l1)

∫ τ

0

dτ1dτ2θ(τ1 − τ2)e
−(τ1−τ2)(Ek1

+Ek2
)

=
1

8

∑

k1k2

(
−Ω02

k1k2Ω
20
k2k1 + Ω02

k1k2Ω
20
k1k2

) [ τ

Ek1 + Ek2

+
e−τ(Ek1

+Ek2
) − 1

(Ek1 + Ek2)2

]

=
1

4

∑

k1k2

Ω02
k1k2Ω

20
k1k2

Ek1 + Ek2

[
τ − 1− e−τ(Ek1

+Ek2
)

Ek1 + Ek2

]
,

Ω̂20Ω̂02

N (2)
20.02(τ) ≡

1

2!

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω20
k1k2

2! 0!

Ω02
l1l2

0! 2!
⟨Φ|

[
β†
k1
(τ1)β

†
k2
(τ1)βl2(τ2)βl1(τ2)

]
|Φ⟩



=
1

8

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω20
k1k2Ω

02
l1l2

{
G++(0)

k1k2
(τ1, τ1)G

−−(0)
l2l1

(τ2, τ2)

−G+−(0)
k1l2

(τ1, τ2)G
+−(0)
k2l1

(τ1, τ2) +G+−(0)
k1l1

(τ1, τ2)G
+−(0)
k2l2

(τ1, τ2)
}

=
1

8

∑

k1k2l1l2

Ω20
k1k2Ω

02
l1l2 (−δk2l1δk1l2 + δk2l2δk1l1)

∫ τ

0

dτ1dτ2θ(τ2 − τ1)e
−(τ2−τ1)(Ek1

+Ek2
)

=
1

4

∑

k1k2

Ω20
k1k2Ω

02
k1k2

Ek1 + Ek2

[
τ − 1− e−τ(Ek1

+Ek2
)

Ek1 + Ek2

]
.

Ω̆11Ω02

N (2)
11.02(τ) ≡

1

2!

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω̆11
k1k2

1! 1!

Ω02
l1l2

0! 2!
⟨Φ|

[
β†
k1
(τ1)βk2(τ1)βl2(τ2)βl1(τ2)

]
|Φ⟩

=
1

4

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω̆11
k1k2Ω

02
l1l2

{
G+−(0)

k1k2
(τ1, τ1)G

−−(0)
l1l2

(τ2, τ2)

−G+−(0)
k1l2

(τ1, τ2)G
−−(0)
k2l1

(τ1, τ2) +G+−(0)
k1l1

(τ1, τ2)G
−−(0)
k2l2

(τ1, τ2)
}

= 0 ,

Ω̆11Ω̆11

N (2)
11.11(τ) ≡

1

2!

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω̆11
k1k2

1! 1!

Ω̆11
l1l2

1! 1!
⟨Φ|

[
β†
k1
(τ1)βk2(τ1)β

†
l1
(τ2)βl2(τ2)

]
|Φ⟩

=
1

2!

∫ τ

0

dτ1dτ2
∑

k1k2l1l2

Ω̆11
k1k2Ω̆

11
l1l2

{
G+−(0)

k1k2
(τ1, τ1)G

+−(0)
l1l2

(τ2, τ2)

−G++(0)
k1l1

(τ1, τ2)G
−−(0)
k2l2

(τ1, τ2) +G+−(0)
k1l2

(τ1, τ2)G
−+(0)
k2l1

(τ1, τ2)
}

= − 1

2!

∑

k1k2l1l2

Ω̆11
k1k2Ω̆

11
l1l2δk1l2δk2l2

∫ τ

0

dτ1dτ2θ(τ2 − τ1)θ(τ1 − τ2)e
−(τ2−τ1)(Ek1

−Ek2
)

= 0 ,



θ(τ2 − τ1)θ(τ1 − τ2) = 0.

p p

Ωij(τk)

Ggg′(0)

Ωij
k1...kiki+1...ki+j

Ggg′(0)
k1k2

(τk, τk′) g, g′ = ±

N(τ) p

p

Ω̂1(τk)

0 ∞

(−1)p+nc p

nc

1
(ne)!

ne

g g′



1
ns

na ≡
p∑

k=1

(jk − ik) ̸= 0 ⇒ ⟨Φ|Ωi1j1(τ1)Ω
i2j2(τ2) · · ·Ωikjk(τk)|Φ⟩ = 0.

Γc
i(τ)

Γ(τ)

Γ(τ) ∝ Γc
1(τ)

n1Γc
2(τ)

n2 · · ·

Γ(τ) =
1

n1!
Γc
n1
(τ)n1

1

n2!
Γc
n2
(τ)n2 · · ·

⟨Φ|U1|Φ⟩ =
∑

Γ

Γ(τ)



=
∑

Γ

1

n1!
Γc
1(τ)

n1
1

n2!
Γc
2(τ)

n2 · · ·

= eΓ
c
1(τ)+Γc

2(τ)+···

N(τ) = e−τΩ
00+n(τ)⟨Φ|Φ⟩,

n(τ) ≡
∑∞

n=1 n
(n)(τ) n(n)(τ)

n

2.2 = +
1

4!

∑

k1k2k3k4
k5k6k7k8

Ω40
k1k2k3k4Ω

04
k5k6k7k8

×
τ∫

0

dτ1dτ2G
+−(0)
k1k5

(τ1, τ2)G
+−(0)
k2k6

(τ1, τ2)G
+−(0)
k3k7

(τ1, τ2)G
+−(0)
k4k8

(τ1, τ2)

= +
1

4!

∑

k1k2k3k4
k5k6k7k8

Ω40
k1k2k3k4Ω

04
k5k6k7k8δk1k5δk2k6δk3k7δk4k8

×
τ∫

0

dτ1dτ2 θ(τ2 − τ1)e
−(τ2−τ1)(Ek1

+Ek2
+Ek3

+Ek4
)

=+
1

4!

∑

k1k2k3k4

Ω40
k1k2k3k4Ω

04
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4

[
τ − 1− e−τ(Ek1

+Ek2
+Ek3

+Ek4
)

Ek1 + Ek2 + Ek3 + Ek4

]
.

2.2 = +
1

4!

∑

k1k2k3k4

Ω40
k1k2k3k4Ω

04
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4

[
τ − 1

Ek1 + Ek2 + Ek3 + Ek4

]
.

N(∞) = e−τΩ
0

0 |⟨Φ|Ψ 0
0 ⟩|2



lim
n→∞

n(τ) ≡ −τ∆ΩA0
0 + ln |⟨Φ|ψA0

0 ⟩|2,

∆ΩA0
0 ≡ Ω̂A0

0 − Ω̂00

= ⟨Φ|Ω̂1

∞∑

k=1

( 1

Ω̂00 − Ω̂0

)k−1

|Φ⟩c

Ô Ô Ĥ Â

O(τ) = ⟨Φ|e−τΩ0 e−
∫ τ
0 dtΩ1(t)O|Φ⟩

= e−τΩ
00⟨Φ|

{
O(0)−

∫ τ

0

dτ1 [Ω1 (τ1)O(0)]

+
1

2!

∫ τ

0

dτ1dτ2 [Ω1 (τ1)Ω1 (τ2)O(0)] + ...
}
|Φ⟩ ,

O(0) t = 0

O(τ) ≡ e−τΩ
00
∑

i+j=0,2,4

∞∑

n=0

Oij (n)(τ)⟨Φ|Φ⟩ ,

Oij (n)(τ) n

τ = 0

Ô Oij (n)(τ)

Oij(0)

Oij(τ) ≡ oij(τ)N(τ) .



0

O00

0.1

0
O20

1.1

τ1
Ω02

0
O40

1.2

τ1
Ω04

o(τ)

Oij(τ) = oij(τ) ,

oij(τ) ≡
∞∑

n=0

oij (n)(τ)

o(τ) Ω1(τ1) τ1 > 0

O(0) t = 0

0
+O40

k5k6k7k8

τ1
+Ω04

k1k2k3k4

k7

k3

k8

k4

k6

k2

k5

k1



O20

2.1

Ω11

Ω02

O20

2.2

Ω11

Ω02

O20

2.3

Ω04

Ω20

O20

2.4

Ω02

Ω40

O40

2.5

Ω13

Ω02

O40

2.6

Ω04

Ω11

O20

2.7

Ω31

Ω04

O40

2.8

Ω22

Ω04

Ô

(−1)p+nc = −1

ns = 1

1.2 = (−1)1
1

4!

∑

k1k2k3k4
k5k6k7k8

O40
k1k2k3k4Ω

04
k5k6k7k8

×
τ∫

0

dτ1G
−+(0)
k5k1

(τ1, 0)G
−+(0)
k6k2

(τ1, 0)G
−+(0)
k7k3

(τ1, 0)G
−+(0)
k8k4

(τ1, 0)

=− 1

4!

∑

k1k2k3k4
k5k6k7k8

O40
k1k2k3k4Ω

04
k5k6k7k8δk5k1δk6k2δk7k3δk8k4

τ∫

0

dτ1θ(τ1)e
−τ1(Ek1

+Ek2
+Ek3

+Ek4
)

=− 1

4!

∑

k1k2k3k4

O40
k1k2k3k4Ω

04
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4

[
1− e−τ(Ek1

+Ek2
+Ek3

+Ek4
)
]
,



1.2 = − 1

4!

∑

k1k2k3k4

O40
k1k2k3k4Ω

04
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4

.

p

O

O20 O40

p

{Oi0j0 ,Ωi1j1 , · · · ,Ωip−1jp−1}

p−1∑

k=0

(ik − jk) = 0.

O

A(∞) = lim
τ→∞

⟨Ψ(τ)|Â|Φ⟩
⟨Ψ(τ)|Φ⟩

= a(∞)



= 0,

A0

a(∞) ≡
∑

i+j=0,2

∞∑

n=0

aij (n)(∞) ,

aij (n)(∞) n

Aij t = 0

N Z A

∆A2 ≡ a2(∞)− a(∞)2

a2(∞)

a(∞)2 ≡ (a(∞))2

A2 =

(
∑

pq

δpq ĉ
†
pĉq

)(
∑

rs

δrsĉ
†
rĉs

)

=
∑

pq

a(1)pq c
†
pcq +

1

2

∑

pqrs

a(2)pqrsĉ
†
pĉ

†
q ĉsĉr.

A2

A2



ā(2)pqrs ≡ a(2)pqrs − a(2)pqsr

= 2δprδqs − 2δpsδqr

= 2(δprδqs − δpsδqr) ,

A2 =
∑

pq

a(1)pq ĉ
†
pĉq +

1

4

∑

pqrs

ā(2)pqrsĉ
†
pĉ

†
q ĉsĉr .

(
h ∆

−∆⋆ −h⋆

)(
Uk

Vk

)
= Ek

(
Uk

Vk

)
,

|Φ⟩
Ω̂0

{Uk, Vk, Ek ≥ 0}.

⟨Φ|Â|Φ⟩ = A00 ≡ A

Ωij
k1,...,ki+j

, Aij
k1,...,ki+j

, H ij
k1,...,ki+j

, A2 ij
k1,...,ki+j

O(∞) = o(∞)



p

o(n)(∞) =
∑

i,j=0,2,4

p∑

l=0

oij(l)(∞).

a(∞)

a(∞) = A0.

a(∞) ̸= A0 λ

ω(∞), a(∞), a2(∞), h(∞)

∆A2 = a2(∞)− a(∞)2.

a(∞)

A

a(∞)

m

Uk1k2 Vk1k2 t

l j

n (ljt)

m

Ek m



Ω̂ij
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SU(2)

G Ĥ

r α G = {R(α)} α ≡ {αi ∈ Di : i =

1, ..., r}



DG ≡ {Di : i = 1, ..., r}.

[R(α), H] = 0 R(α) ∈ G.

G dm(α)

(G) =

∫

DG

dm(α).

C ≡ {Ci : i = 1, ..., r}
G R(α)

Sλab(α)

Λ̂

∑

c

Sλ⋆ca (α
′)Sλcb(α) =

∑

c

Sλ⋆ac (−α′)Sλcb(α) = Sλab(a− α′).

∫

G

dm(α)Sλ⋆ab (α)S
λ′

a′b′(α) =
(G)

dλ
δλλ′δaa′δbb′ .

dλ

f(α) DG

f(α) ≡
∑

λab

fλabS
λ
ab(α),

{fλab}

U(1)

SU(2)

N(g′; g)

H(g′; g)



α dm(α) (G) Λ̂ Sλab(α) dλ

U(1) ϕ dϕ 2π Â2 eimϕ 1

SU(2) α, β, γ sin βdαdβdγ 16π2 Ĵ2 DJ
MK(Ω) 2J + 1

U(1) SU(2) SU(2)
DJ

MK(Ω) Ω ≡ (α,β, γ) ∈ [0, 4π]× [0,π]× [0, 2π]

|g| arg(g)

U(1) ||κ|| ϕ

SU(2) ρλµ α, β, γ

U(1) SU(2) ρλµ

N(g′; g) ≡ ⟨Φ(g′)|Φ(g)⟩

|Φ(g)⟩ = C
∏

µ

β(g)
µ |0⟩

β(g)
µ =

∑

k

U (g)⋆
kµ ĉk + V (g)⋆

kµ ĉ†k,

β(g)†
µ =

∑

k

V (g)⋆
kµ ĉk + U (g)⋆

kµ ĉ†k,

U (g) V (g) g ≡ |g|eiα

U(1) SU(2)

H(g′; g) ≡ h(g′; g)N(g′; g),



h(g′; g) ≡ h(ρg
′g,κg

′g,κg
′g⋆),

ρg
′g

k1k2
≡

⟨Φ(g′)|ĉk2 ĉ
†
k1
|Φ(g)⟩

⟨Φ(g′)|Φ(g)⟩ ,

κg
′g

k1k2
≡ ⟨Φ(g′)|ĉk2 ĉk1 |Φ(g)⟩

⟨Φ(g′)|Φ(g)⟩ ,

κg
′g⋆

k1k2
≡

⟨Φ(g′)|ĉ†k1 ĉ
†
k2
|Φ(g)⟩

⟨Φ(g′)|Φ(g)⟩ .

Ĥ ≡ T̂ + V̂ [2] + V̂ [3]

=
∑

pq

tpq ĉ
†
q ĉq +

1

4

∑

pqrs

v̄pqrsĉ
†
pĉ

†
q ĉsĉr +

1

36

∑

pqrstu

v̄pqrstuĉ
†
pĉ

†
q ĉ

†
rĉuĉtĉs

tpq v̄pqrs v̄pqrstu

Ĥ

h (Ω) ≡ ⟨Φ(0)|Ĥ |Φ(Ω)⟩
⟨Φ(0)|Φ(Ω)⟩ ,

=
∑

pq

tpqρ
0Ω
qp +

1

2

∑

pqrs

v̄pqrsρ
0Ω
rp ρ

0Ω
sq +

1

6

∑

pqrstu

v̄pqrstuρ
0Ω
sp ρ

0Ω
tq ρ

0Ω
ur ,

Ĥ



H(g; g) = h(g; g),

|g| E |g|

E |g| ≡ min
{|Φ(g)⟩}

E|g|

E|g| ≡ h(g; g)− λ(A− ⟨Φ(g)|Â|Φ(g)⟩)− λ|g|(|g|− ⟨Φ(g)|Ĝ|Φ(g)⟩)

Ĝ

|g|

(
h− λ1 ∆

−∆⋆ −h⋆ + λ1

)(g)(
U

V

)(g)

µ

= E(g)
µ

(
U

V

)(g)

µ

,

h(g) − λ1 ≡
δE|g|
δρgg⋆

∆(g) ≡
δE|g|
δκgg⋆

α g

N(|g′|,α′; |g|,α) = N(|g′|, 0 ; |g|,α′ − α)

h(|g′|,α′; |g|,α) = h(|g′|, 0 ; |g|,α′ − α).



E

N(|g′|, 0; |g|,α) ≡
∑

abλ

N λ
ab(|g′|, |g|)Sλab(α)

E(|g′|, 0; |g|,α)N(|g′|, 0; |g|,α) ≡
∑

λab

Eλab(|g′|, |g|)N λ
ab(|g′|, |g|)Sλab(α).

N λ
ab(|g′|; |g|) =

dλ
(G)

∫

DG

dm(α)Sλ⋆ab (α)N(|g′|, 0; |g|,α)

Eλab(|g′|; |g|)N λ
ab(|g′|, |g|) =

dλ
(G)

∫

DG

dm(α)Sλ⋆ab (α)E(|g′|, 0; |g|,α)N(|g′|, 0; |g|,α),

α = 0 Sλab(0) = δab

N(|g′|, 0; |g|, 0) =
∑

λa

N λ
aa(|g′|; |g|) ,

E(|g′|, 0; |g|, 0)N(|g′|, 0; |g|, 0) =
∑

λa

Eλaa(|g′|; |g|)N λ
aa|g′|; |g|) ,

|g′| = |g|

1 =
∑

λ

dλN λ(|g|; |g|),

E |g| =
∑

λ

dλEλ(|g|; |g|)N λ(|g|; |g|).

Eλab



Eλk = min
fλ⋆
|g|a

∑
|g′|,|g|

∑
ab f

λk⋆
|g′|af

λk
|g|b Eλab(|g′|, |g|)N λ

ab(|g′|, |g|)∑
|g′|,|g|

∑
ab f

λk⋆
|g′|af

λk
|g|b N λ

ab(|g′|, |g|)
.

{fλk|g|b}

∑

|g|b

Eλab(|g′|, |g|)N λ
ab(|g′|, |g|)fλk|g|b = Eλk

∑

|g|b

N λ
ab(|g′|, |g|)fλk|g|b,

U(1)

1 =
∑

A∈Z

NA(||κ′||, ||κ||).

A ≤ 0

NAEA ̸= A ≤ 0.
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Z
NZ

NZEZ NZEZ

Z = −20

Ĥ

Ĥ



Ĥ





16
4
500

4
500

3
400

S2n(A) ≡ E (A− 1)− E (A),

E (A) A

16

26
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E
0
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A

36 40 44 48 52 56 60

A
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#
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500
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400 e = 12 !Ω = 20
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3
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500
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−5
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A
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500
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e = 12 !Ω = 20 α = 0.08 4

56,78
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−20
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A
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A
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A

ASn

● "
e = 12 !Ω = 20 α = 0.08 4
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500

3
400

118,124,126

4
500

3
400

106,108

A



A = 108
4
500

3
400

120,132

1−2

10−2





Ĥ0

α





JΠ

m

J



N ( ) = 2 N ( ) = 0

A = 20

12



N = 2



Λ

Λ



U(1)

SU(2)

SU(2)

U(1) SU(2)









A
J

k = (k̃, mk)

m

E(3)
pp =

1

8

∑

abcdij

H̄ [2]
ijabH̄

[2]
abcdH̄

[2]
cdij

ϵabij ϵ
cd
ij

=
1

8

∑

ãb̃c̃d̃̃ij̃

∑

mambmc
mdmimj

∑

JJ ′J ′′
MM ′M ′′

JH [2]

ĩj̃ãb̃
J ′
H [2]

ãb̃c̃d̃
J ′′
H [2]

c̃d̃̃ij̃

ϵabij ϵ
cd
ij

×
(

ji jj J

mi mj M

)(
ja jb J

ma mb M

)(
ja jb J ′

ma mb M ′

)(
jc jd J ′

mc md M ′

)(
jc jd J ′′

mc md M ′′

)(
ji jj J ′′

mi mj M ′′

)



=
1

8

∑

ãb̃c̃d̃̃ij̃

∑

JJ ′J ′′
MM ′M ′′

JH [2]

ĩj̃ãb̃
J ′
H [2]

ãb̃c̃d̃
J ′′
H [2]

c̃d̃̃ij̃

ϵãb̃
ĩj̃
ϵc̃d̃
ĩj̃

δJJ ′δJ ′J ′′δJ ′′JδMM ′δM ′M ′′δM ′′M

=
1

8

∑

ãb̃c̃d̃̃ij̃

∑

J

Ĵ2

JH [2]

ĩj̃ãb̃
JH [2]

ãb̃c̃d̃
JH [2]

c̃d̃̃ij̃

ϵãb̃
ĩj̃
ϵc̃d̃
ĩj̃

m

J m

ϵãb̃
ĩj̃
= ϵabij

E(3)
pp =

1

8

∑

abijkl

H̄ [2]
abijH̄

[2]
ijklH̄

[2]
klab

ϵabij ϵ
ab
kl

=
1

8

∑

ãb̃̃ij̃k̃l̃

∑

mambmi
mjmkml

∑

JJ ′J ′′
MM ′M ′′

JH [2]

ãb̃̃ij̃
J ′
H [2]

ĩj̃k̃l̃
J ′′
H [2]

k̃l̃ãb̃

ϵabij ϵ
ab
kl

×
(

ji jj J

mi mj M

)(
ja jb J

ma mb M

)(
ji jj J ′

mi mj M ′

)(
jk jl J ′

mk ml M ′

)(
jk jl J ′′

mk ml M ′′

)(
ja jb J ′′

ma mb M ′′

)

=
1

8

∑

ãb̃̃ij̃k̃l̃

∑

JJ ′J ′′
MM ′M ′′

JH [2]

ãb̃̃ij̃
J ′
H [2]

ĩj̃k̃l̃
J ′′
H [2]

k̃l̃ãb̃

ϵãb̃
ĩj̃
ϵãb̃
k̃l̃

δJJ ′δJ ′J ′′δJ ′′JδMM ′δM ′M ′′δM ′′M

=
1

8

∑

ãb̃̃ij̃k̃l̃

∑

J

Ĵ2

JH [2]

ãb̃̃ij̃
J ′
H [2]

ĩj̃k̃l̃
J ′′
H [2]

k̃l̃ãb̃

ϵãb̃
ĩj̃
ϵãb̃
k̃l̃

,

KH [2]

c̃j̃k̃b̃
=
∑

J

Ĵ2 ·J HXC
k̃c̃j̃b̃

{
jj jc K

jk jb J

}

KH [2]

j̃ĩãb̃
=
∑

J

Ĵ2 ·J HXC
k̃b̃ãj̃

{
ja ji K

jj jb J

}



KH [2]

ĩk̃ãc̃
=
∑

J

Ĵ2 ·J HXC
k̃c̃ãĩ

{
jk jc K

ja ji J

}

E(3)
ph =

∑

abcijk

H̄ [2]
abijH̄

[2]
cikbH̄

[2]
jkac

ϵabij ϵ
ac
jk

Babij ≡
H̄ [2]

abij

ϵabij
,

E(3)
ph =

∑

abcijk

BabijH̄
[2]
cjkbBikac.

J

E(3)
ph =

∑

abcijk

BabijH̄
[2]
cikbBkjac

=
∑

abcijk

∑

JJ ′J ′′

∑

MM ′M ′′

JBabji · J
′
H [2]

ickb ·
J ′′
Bkjac

×
(
ja jb J

mb mb M

)(
jj ji J

mj mi M

)(
ji jc J ′

mi mc M ′

)(
jk jb J ′

mk mb M ′

)(
jk jj J ′′

mk mj M ′′

)(
ja jc J ′′

ma mc M ′′

)

∑

mcmkM ′M ′′

(
ji jc J ′

mi mc M ′

)(
jk jb J ′

mk mb M ′

)(
jk jj J ′′

mk mj M ′′

)(
ja jc J ′

ma mc M ′

)

=
∑

mcmkM ′M ′′

(−1)2(jk−mk)+2(jc+mc)

× Ĵ ′2Ĵ ′′2

ĵaĵbĵiĵj

(
J ′ jc ji

−M ′ mc −mi

)(
jk J ′ jb

mk −M ′ −mb

)(
jk J ′′ jj

mk −M ′′ −mj

)(
J ′′ jc ja

−M ′′ mc −ma

)

=
∑

mcmkM ′M ′′

(−1)ji−jc−J ′+jj−jk−J ′′

× Ĵ ′2Ĵ ′′2

ĵaĵbĵiĵj

(
jc J ′ ji

mc −M ′ −mi

)(
jk J ′ jb

mk −M ′ −mb

)(
J ′′ mk jj

jk −M ′′ −mj

)(
J ′′ jc ja

−M ′′ mc −ma

)



=
∑

J ′′′M ′′′

(−1)ji−jc−J ′+jj−jk−J ′′
Ĵ ′2Ĵ ′′2

(
jj ji J ′′′

−mj mi M ′′′

)(
ja jb J ′′′

−ma −mb M ′′′

)⎧⎪⎨

⎪⎩

J ′ jk jb

jc J ′′ ja

ji jj J ′′′

⎫
⎪⎬

⎪⎭

=
∑

J ′′′M ′′′

(−1)ji−jc−J ′+jj−jk−J ′′−ja−jb+2(J ′′′−ji−jk)Ĵ ′2Ĵ ′′2
(

ji jj J ′′′

mi mj M ′′′

)(
ja jb J ′′′

ma mb M ′′′

)⎧⎪⎨

⎪⎩

J ′ jk jb

jc J ′′ ja

ji jj J ′′′

⎫
⎪⎬

⎪⎭

∑

mambmimj

∑

J ′′′M ′′′

(−1)ji−jc−J ′+jj−jk−J ′′−ja−jb+2(J ′′′−ji−jk)Ĵ ′2Ĵ ′′2

×
(

ji jj J

mi mj M

)(
ja jb J

ma mb M

)(
ji jj J ′′′

mi mj M ′′′

)(
ja jb J ′′′

ma mb M ′′′

)⎧⎪⎨

⎪⎩

J ′ jk jb

jc J ′′ ja

ji jj J ′′′

⎫
⎪⎬

⎪⎭

=
∑

J ′′′M ′′′

(−1)ji−jc−J ′′+jj−jk−J ′′−ja−jb Ĵ ′2Ĵ ′′2δJJ ′′′δMM ′′′

⎧
⎪⎨

⎪⎩

J ′ jk jb

jc J ′′ ja

ji jj J ′′′

⎫
⎪⎬

⎪⎭

= (−1)ji−jc−J ′′+jj−jk−J−ja−jb Ĵ ′2Ĵ ′′2

⎧
⎪⎨

⎪⎩

J ′ jk jb

jc J ′′ ja

ji jj J

⎫
⎪⎬

⎪⎭

= (−1)ji−jc−J ′′+jj−jk−J−ja−jb Ĵ ′2Ĵ ′′2

⎧
⎪⎨

⎪⎩

jk jb J ′

J ′′ ja jc

jj J ji

⎫
⎪⎬

⎪⎭

= Ĵ ′2Ĵ ′′2

⎧
⎪⎨

⎪⎩

jk jb J ′

jj J ji

J ′′ ja jc

⎫
⎪⎬

⎪⎭

⎧
⎪⎨

⎪⎩

jk jb J ′

jj J ji

J ′′ ja jc

⎫
⎪⎬

⎪⎭
=
∑

J ′′′

(−1)J
′′′
Ĵ ′′′

{
jk jc J ′′′

ji jb J ′

}{
ja jj J ′′′

jk jc J ′′

}{
ja jb J

ji jj J ′′′

}
.



E(3)
ph =

∑

ãb̃c̃̃ij̃k̃

∑

JJ ′J ′′J ′′′

Ĵ2Ĵ ′2Ĵ ′′2Ĵ ′′′2JBãb̃̃ij̃ ·
J ′
H [2]

ĩc̃k̃b̃
· J ′′

Bk̃j̃ãc̃

{
jk jc J ′′′

ji jb J ′

}{
ja jj J ′′′

jk jc J ′′

}{
ja jb J

ji jj J ′′′

}

=
∑

abcijk

∑

J

Ĵ2JB
XC
ãj̃ĩb̃ ·J

′
HXC

k̃c̃̃ib̃
· J ′′

B
XC

ãj̃k̃c̃

=
∑

K

Ĵ2
(
JBXC · JH̄XC · JBXC

)
.





B
∫ τ

0

dτ1 e
aτ1 =

1

a

(
eτa − 1

)
,

∫ τ

0

dτ1dτ2 θ (τ1 − τ2) e
a(τ1−τ2) =

∫ τ

0

dτ1 e
aτ1

∫ τ1

0

dτ2 e
−aτ2

= −τ
a
+

1

a2

(
eτa − 1

)
,

∫ τ

0

dτ1dτ2 θ (τ1 − τ2) e
aτ1+bτ2 =

∫ τ

0

dτ1 e
aτ1

∫ τ1

0

dτ2 e
bτ2

=
1

b (a+ b)

(
eτ(a+b) − 1

)
− 1

ab

(
eτa − 1

)
.

a < 0 a+ b < 0

lim
τ→∞

∫ τ

0

dτ eaτ = −1

a
,

lim
τ→∞

∫ τ

0

dτ1dτ2 θ (τ1 − τ2) e
a(τ1−τ2) = −τ

a
− 1

a2
,

lim
τ→∞

∫ τ

0

dτ1dτ2 θ (τ1 − τ2) e
aτ1+bτ2 =

1

a(a+ b)
.

a a+ b





C

Ô

Ô[6]

Oij
k1k2k3k4k5k6

i + j = 6 Ô

Ô[4]

Ô ≡ Ô[0] + Ô[2] + Ô[4]

≡ Ô00 +
[
Ô11 + {Ô20 + Ô02}

]
+
[
Ô22 + {Ô31 + Ô13}+ {Ô40 + Ô04}

]
,

O1N O2N O3N U V

O00 =
∑

l1l2

[
Λ1N

l1l2ρl2l1 +
1

2
Λ2N

l1l2ρl2l1 +
1

3
Λ3N

l1l2ρl2l1 −
1

2
Υ2N

l1l2κ
∗
l2l1 +

1

3
Υ3N

l1l2κ
∗
l2l1

]
,

O11
k1k2 =

∑

l1l2

[
U †
k1l1

Λl1l2Ul2k2 − V †
k1l1

ΛT
l1l2Vl2k2 + U †

k1l1
Υl1l2Vl2k2 − V †

k1l1
Υ∗

l1l2Ul2k2

]
,

O20
k1k2 =

∑

l1l2

[
U †
k1l1

Λl1l2V
∗
l2k2 − V †

k1l1
ΛT

l1l2U
∗
l2k2 + U †

k1l1
Υl1l2U

∗
l2k2 − V †

k1l1
Υ∗

l1l2V
∗
l2k2

]
,

O02
k1k2 =

∑

l1l2

[
− V T

k1l1Λl1l2Ul2k2 + UT
k1l1Λ

T
l1l2Vl2k2 − V T

k1l1Υl1l2Vl2k2 + UT
k1l1Υ

∗
l1l2Ul2k2

]
,



O22
k1k2k3k4 =

∑

l1l2l3l4

[
Θl1l2l3l4

(
U∗
l1k1U

∗
l2k2Ul3k3Ul4k4 + V ∗

l3k1V
∗
l4k2Vl1k3Vl2k4 + U∗

l1k1V
∗
l4k2Vl2k3Ul3k4

− V ∗
l4k1U

∗
l1k2Vl2k3Ul3k4 − U∗

l1k1V
∗
l4k2Ul3k3Vl2k4 + V ∗

l4k1U
∗
l1k2Ul3k3Vl2k4

)

+ Ξl1l2l3l4

(
U∗
l1k1U

∗
l2k2Ul4k3Vl3k4 + U∗

l1k1V
∗
l4k2Vl3k3Vl2k4

− U∗
l1k1U

∗
l2k2Vl3k3Ul4k4 − V ∗

l4k1U
∗
l1k2Vl3k3Vl2k4

)

− Ξ∗
l1l2l3l4

(
V ∗
l3k1U

∗
l4k2Ul1k3Ul2k4 + V ∗

l3k1V
∗
l2k2Vl4k3Ul1k4

− U∗
l4k1V

∗
l3k2Ul1k3Ul2k4 − V ∗

l3k1V
∗
l2k2Vl4k4Ul1k3

)]
,

O31
k1k2k3k4 =

∑

l1l2l3l4

[
Θl1l2l3l4

(
U∗
l1k1V

∗
l4k2V

∗
l3k3Vl2k4 − V ∗

l4k1U
∗
l1k2V

∗
l3k3Vl2k4 − V ∗

l3k1V
∗
l4k2U

∗
l1k3Vl2k4

+ V ∗
l3k1U

∗
l2k2U

∗
l1k3Ul4k4 − U∗

l2k1V
∗
l3k2U

∗
l1k3Ul4k4 − U∗

l1k1U
∗
l2k2V

∗
l3k3Ul4k4

)

+ Ξl1l2l3l4

(
U∗
l1k1U

∗
l2k2U

∗
l3k3Ul4k4 + V ∗

l4k1U
∗
l2k2U

∗
l1k3Vl3k4

− U∗
l2k1V

∗
l4k2U

∗
l1k3Vl3k4 + U∗

l2k1U
∗
l1k2V

∗
l4k3Vl3k4

)

+ Ξ∗
l1l2l3l4

(
U∗
l4k1V

∗
l3k2V

∗
l2k3Ul1k4 − V ∗

l3k1U
∗
l4k2V

∗
l2k3Ul1k4

+ V ∗
l3k1V

∗
l2k2U

∗
l4k3Ul1k4 − V ∗

l3k1V
∗
l2k2V

∗
l1k3Vl4k4

)]
,

O13
k1k2k3k4 =

∑

l1l2l3l4

[
Θl1l2l3l4

(
V ∗
l4k1Ul3k2Vl2k3Vl1k4 − V ∗

l4k1Vl2k2Ul3k3Vl1k4 − V ∗
l4k1Vl1k2Vl2k3Ul3k4

+ U∗
l1k1Vl2k2Ul3k3Ul4k4 − U∗

l1k1Ul3k2Vl2k3Ul4k4 + U∗
l1k1Ul3k2Ul4k3Vl2k4

)

+ Ξl1l2l3l4

(
U∗
l1k1Vl2k2Vl3k3Ul4k4 − V ∗

l4k1Vl1k2Vl2k3Vl3k4

+ U∗
l1k1Ul4k2Vl2k3Vl3k4 − U∗

l1k1Vl2k2Ul4k3Vl3k4

)

+ Ξ∗
l1l2l3l4

(
V ∗
l3k1Vl4k2Ul1k3Ul2k4 − V ∗

l3k1Ul1k2Vl4k3Ul2k4

+ V ∗
l3k1Ul1k2Ul2k3Vl4k4 − U∗

l4k1Ul1k2Ul2k3Ul3k4

)]
,

O40
k1k2k3k4 =

∑

l1l2l3l4

[
Θl1l2l3l4

(
U∗
l1k1U

∗
l2k2V

∗
l4k3V

∗
l3k4 − U∗

l1k1V
∗
l4k2U

∗
l2k3V

∗
l3k4 − V ∗

l4k1U
∗
l2k2U

∗
l1k3V

∗
l3k4

+ U∗
l1k1V

∗
l4k2V

∗
l3k3U

∗
l2k4 + V ∗

l4k1U
∗
l2k2V

∗
l3k3U

∗
l1k4 + V ∗

l4k1V
∗
l3k2U

∗
l1k3U

∗
l2k4

)

+ Ξl1l2l3l4

(
U∗
l1k1U

∗
l2k2U

∗
l3k3V

∗
l4k4 − U∗

l1k1U
∗
l2k2V

∗
l4k3U

∗
l3k4

+ U∗
l1k1V

∗
l4k2U

∗
l2k3U

∗
l3k4 − V ∗

l4k1U
∗
l1k2U

∗
l2k3U

∗
l3k4

)

+ Ξ∗
l1l2l3l4

(
V ∗
l1k1V

∗
l2k2V

∗
l3k3U

∗
l4k4 − V ∗

l1k1V
∗
l2k2U

∗
l4k3V

∗
l3k4

+ V ∗
l1k1U

∗
l4k2V

∗
l2k3V

∗
l3k4 − U∗

l4k1V
∗
l1k2V

∗
l2k3U

∗
l3k4

)]
,

O04
k1k2k3k4 =

∑

l1l2l3l4

[
Θl1l2l3l4

(
Ul3k1Ul4k2Vl2k3Vl1k4 − Ul3k1Vl2k2Ul4k3Vl1k4 + Ul3k1Vl2k2Vl1k3Ul4k4



Ω̂

− Vl2k1Ul3k2Vl1k3Ul4k4 + Vl2k1Vl1k2Ul3k3Ul4k4 + Vl2k1Ul3k2Ul4k3Vl1k4

)

+ Ξl1l2l3l4

(
Vl1k1Vl2k2Vl3k3Ul4k4 − Vl1k1Vl2k2Ul4k3Vl3k4

+ Vl1k1Ul4k2Vl2k3Vl3k4 − Ul4k1Vl1k2Vl2k3Vl3k4

)

+ Ξ∗
l1l2l3l4

(
Vl4k1Ul3k2Ul2k3Ul1k4 − Ul3k1Vl4k2Ul2k3Ul1k4

+ Ul3k1Ul2k2Vl4k3Ul1k4 − Ul3k1Ul2k2Ul1k3Vl4k4

)]
.

Λpq ≡ Λ1N
pq + Λ2N

pq + Λ3N
pq

= o1Npq +
∑

rs

ō2Npsqrρrs +
1

2

∑

rstu

ō3Nprsqtu

(
ρusρtr +

1

2
κ∗rsκtu

)
,

Υpq ≡ Υ2N
pq +Υ3N

pq

=
1

2

∑

rs

ō2Npqrsκrs +
1

2

∑

rstu

ō3Nrpqstuρsrκtu ,

Θpqrs ≡ ō2Npqrs +
∑

tu

ō3Npqtrsuρut ,

Ξpqrs ≡
1

2

∑

tu

ō3Npqrstuκtu .

Λ2N
pq = Λ2N∗

qp ,

Λ3N
pq = Λ3N∗

qp ,

Υ2N
pq = −Υ2N

qp ,

Υ3N
pq = −Υ3N

qp ,

Θpqrs = −Θpqsr = Θqpsr = −Θqprs ,

Θpqrs = Θ∗
rspq ,

Ξpqrs = −Ξqprs = Ξqrps = −Ξprqs = Ξrpqs = −Ξrqps ,

Ω̂

O Ω



Λpq ≡ hpq

≡ tpq − λ δpq + Γ2N
pq + Γ3N

pq

= tpq − λ δpq +
∑

rs

v̄psqrρrs +
1

2

∑

rstu

w̄prsqtu

(
ρusρtr +

1

2
κ∗rsκtu

)
,

Υpq ≡ ∆2N
pq +∆3N

pq

=
1

2

∑

rs

v̄pqrsκrs +
1

2

∑

rstu

w̄rpqstuρsrκtu ,

Θpqrs ≡ v̄pqrs +
∑

tu

w̄pqtrsuρut ,

Ξpqrs ≡
1

2

∑

tu

w̄pqrstuκtu .

Ĥ

Λpq ≡ tpq + Γ2N
pq + Γ3N

pq

= tpq +
∑

rs

v̄psqrρrs +
1

2

∑

rstu

w̄prsqtu

(
ρusρtr +

1

2
κ∗rsκtu

)
,

Υpq ≡ ∆2N
pq +∆3N

pq

=
1

2

∑

rs

v̄pqrsκrs +
1

2

∑

rstu

w̄rpqstuρsrκtu ,

Θpqrs ≡ v̄pqrs +
∑

tu

w̄pqtrsuρut ,

Ξpqrs ≡
1

2

∑

tu

w̄pqrstuκtu .

Â

Â

Λpq ≡ apq

= δpq ,

Υpq ≡ 0 ,

Θpqrs ≡ 0 ,

Ξpqrs ≡ 0 .



Â2

Â2

Â2

Λpq ≡ a(1)pq +
∑

rs

ā(2)psqrρrs

= δpq +
∑

rs

2(δprδqs − δpsδqr)ρrs ,

Υpq ≡
1

2

∑

rs

ā(2)pqrsκrs

=
∑

rs

(δprδqs − δpsδqr)κrs ,

Θpqrs ≡ ā(2)pqrs

= 2(δprδqs − δpsδqr) ,

Ξpqrs ≡ 0 .





D

G0 =

(
G+−(0) G−−(0)

G++(0) G−+(0)

)
.

R =

⎛

⎝
⟨Φ|β†

pβq |Φ⟩
⟨Φ|Φ⟩

⟨Φ|βpβq |Φ⟩
⟨Φ|Φ⟩

⟨Φ|β†
pβ

†
q |Φ⟩

⟨Φ|Φ⟩
⟨Φ|βpβ†

q |φ⟩
⟨Φ|Φ⟩

⎞

⎠ ≡
(
R+−

pq R−−
pq

R++
pq R−+

pq

)
=

(
0 0

0 1

)
,

G+−(0) G−+(0)

G+−(0)
k1k2

(τ1, τ2) =
⟨Φ| [β†

k1
(τ1)βk2(τ2)]

⟨Φ|Φ⟩

= +θ(τ1 − τ2)
⟨Φ|β†

k1
(τ1)βk2(τ2)|Φ⟩
⟨Φ|Φ⟩

− θ(τ2 − τ1)
⟨Φ|βk2(τ2)β

†
k1
(τ1)|Φ⟩

⟨Φ|Φ⟩

= +θ(τ1 − τ2)e
τ1Ek1e−τ2Ek2

⟨Φ|β†
k1
βk2 |Φ⟩

⟨Φ|Φ⟩



− θ(τ2 − τ1)e
τ1Ek1e−τ2Ek2

⟨Φ|βk2β
†
k1
|Φ⟩

⟨Φ|Φ⟩
= +θ(τ1 − τ2)e

τ1Ek1e−τ2Ek2R+−
k1k2

− θ(τ2 − τ1)e
τ1Ek1e−τ2Ek2R−+

k2k1

= −θ(τ2 − τ1)e
τ1Ek1e−τ2Ek2δk2k1

= −θ(τ2 − τ1)e
−(τ2−τ1)Ek1δk1k2 .

G−+(0)
k1k2

(τ1, τ2) =
⟨Φ| [βk1(τ1)β

†
k2
(τ2)]

⟨Φ|Φ⟩

= +θ(τ1 − τ2)
⟨Φ|βk1(τ1)β

†
k2
(τ2)|Φ⟩

⟨Φ|Φ⟩

− θ(τ2 − τ1)
⟨Φ|β†

k2
(τ2)βk1(τ1)|Φ⟩
⟨Φ|Φ⟩

= +θ(τ1 − τ2)e
−τ1Ek1eτ2Ek2

⟨Φ|βk1β
†
k2
|Φ⟩

⟨Φ|Φ⟩

− θ(τ2 − τ1)e
−τ1Ek1eτ2Ek2

⟨Φ|β†
k2
βk1 |Φ⟩

⟨Φ|Φ⟩
= +θ(τ1 − τ2)e

−τ1Ek1eτ2Ek2R−+
k1k2

− θ(τ2 − τ1)e
τ1Ek1e−τ2Ek2R+−

k2k1

= −θ(τ1 − τ2)e
−τ1Ek1eτ2Ek2δk1k2

= −θ(τ1 − τ2)e
−(τ1−τ2)Ek1δk1k2 .

G−−(0) G++(0)

G−−(0)
k1k2

(τ1, τ2) =
⟨Φ| [βk1(τ1)βk2(τ2)]

⟨Φ|Φ⟩

= +θ(τ1 − τ2)
⟨Φ|βk1(τ1)βk2(τ2)|Φ⟩

⟨Φ|Φ⟩

− θ(τ2 − τ1)
⟨Φ|βk2(τ2)βk1(τ1)|Φ⟩

⟨Φ|Φ⟩

= +θ(τ1 − τ2)e
−τ1Ek1e−τ2Ek2

⟨Φ|βk1βk2 |Φ⟩
⟨Φ|Φ⟩

− θ(τ2 − τ1)e
−τ1Ek1e−τ2Ek2

⟨Φ|βk2βk1 |Φ⟩
⟨Φ|Φ⟩

= +θ(τ1 − τ2)e
−τ1Ek1e−τ2Ek2R−−

k1k2
− θ(τ2 − τ1)e

−τ1Ek1e−τ2Ek2R−−
k2k1

= 0



G++(0)
k1k2

(τ1, τ2) =
⟨Φ| [β†

k1
(τ1)β

†
k2
(τ2)]

⟨Φ|Φ⟩

= +θ(τ1 − τ2)
⟨Φ|β†

k1
(τ1)β

†
k2
(τ2)|Φ⟩

⟨Φ|Φ⟩

− θ(τ2 − τ1)
⟨Φ|β†

k2
(τ2)β

†
k1
(τ1)|Φ⟩

⟨Φ|Φ⟩

= +θ(τ1 − τ2)e
τ1Ek1eτ2Ek2

⟨Φ|β†
k1
β†
k2
|Φ⟩

⟨Φ|Φ⟩

− θ(τ2 − τ1)e
τ1Ek1eτ2Ek2

⟨Φ|β†
k2
β†
k1
|Φ⟩

⟨Φ|Φ⟩
= +θ(τ1 − τ2)e

τ1Ek1eτ2Ek2R++
k1k2

− θ(τ2 − τ1)e
τ1Ek1eτ2Ek2R++

k2k1

= 0.

Rqq′ q = q′





E

β̂†
k =

∑

a

Uakc
†
a + Vakĉa.

a = (n, l, j,m, t)

a = (n, π, j,m, t) π = (−1)l

β̂†
nkπkjkmktk

=
∑

nπjmt

Unπjmtnkπkjkmktk ĉ
†
nπjmt + Vnπjmtnkπkjkmktk ĉnπjmt



m

m

ô

õ(πjt)1n1n2
≡ õ(π1j1t1)n1n2

.

0=

U, V

Un1π1j1m1t1n2π2j2m2t2 = δ̃12δm1m2Ũ
(πjt)2
n1n2

Vn1π1j1m1t1n2π2j2m2t2 = (−1)j1−m1 δ̃12δm1−m2 Ṽ
(πjt)2
n1n2

,

δ̃12 ≡ δπ1π2δj1j2δt1t2 .

ρn1π1j1m1t1;n2π2j2m2t2 = δ̃12 δm1m2 ρ̃
(πjt)2
n1n2

,

κn1π1j1m1t1;n2π2j2m2t2 = δ̃12 δm1−m2(−1)j1−m1κ̃(πjt)2n1n2
,

Γn1π1j1m1t1;n2π2j2m2t2 = δ̃12 δm1m2Γ̃
(πjt)2
n1n2

,

∆n1π1j1m1t1;n2π2j2m2t2 = δ̃12 δm1−m2(−1)j1−m1∆̃(πjt)2
n1n2

.

ρ κ

hn1π1j1m1t1;n2π2j2m2t2 = tn1π1j1m1t1;n2π2j2m2t2 + Γn1π1j1m1t1;n2π2j2m2t2 − λ1

= δ̃12δm1m2h̃
(πjt)2
n1n2

.



Ô

TL1 TL2 L1 L2

TLM

TLM =
∑

M1M2

(
L1 L2 L

M1 M2 M

)
TL1M1TL2M2 ≡ [TL1TL2 ]LM .

[TLSL]00 =
∑

M1M2

(
L L 0

M1 M2 0

)
TLM1SLM2

=
∑

M1

(
L L 0

M1 −M1 0

)
TLM1SL−M1

=
∑

M

(−1)L−M L̂−1TLMSL−M

TL · SL ≡ (−1)LL̂[TLSL]00 =
∑

M

(−1)MTLMSL−M ,

Ĵ =
√
2J + 1

|k⟩ (nklkjkmktk)

ĉ†nklkjkmktk
≡ Bjkmk

mk jk

(−1)mk ĉnklkjk−mktk = B̄jkmk .



(−1)jk−mk ĉnklkjk−mktk ≡ B̄jkmk
,

mk

ĉ†nk1
πk1jk1mk1

tk1
ĉnk2

πk2jk2mk2
tk2

= (−1)jk2−mk2Bjk1mk1
B̄jk2−mk2

= (−1)jk2−mk2

∑

JM

(
jk1 jk2 J

mk1 −mk2 M

)[
Bjk1

B̄jk2

]

JM
,

[
Bk1B̄k2

]

JM
M J

ĉ†nk1
πk1jk1mk1

tk1
ĉ†nk2

πk2jk2mk2
tk2

= Bjk1mk1
Bjk2mk2

=
∑

JM

(
jk1 jk2 J

mk1 mk2 M

)[
Bjk1

Bjk2

]

JM
,

ĉnk1
πk1jk1mk1

tk1
ĉnk2

πk2jk2mk2
tk2

= (−1)jk1+jk2−mk1
−mk2 B̄jk1−mk1

B̄jk2−mk2

= (−1)jk1+jk2−mk1
−mk2

∑

JM

(
jk1 jk2 J

−mk1 −mk2 M

)[
B̄jk1

B̄jk2

]

JM
,

∑

m1m2m3m4M ′

(−1)j1+j2+j3+j4+J ′−m1−m2−m3−m4−M ′

(
j2 J j1

m2 −M m1

)

3j

(
j1 j4 J ′

−m1 m4 M ′

)

3j

×
(

j4 J ′′ j3

−m4 M ′′ m3

)

3j

(
j3 j2 J ′

−m3 −m2 −M ′

)

3j

= (−1)J−M Ĵ−2δJJ ′′δMM ′′

{
j1 j2 J

j3 j4 J ′

}

3j 6j



m

(M,Π) Ô[4]

mk1 +mk2 +mk3 = mk4 πk1πk2πk3 = πk4

O31
k1k2k3k4

mk1 +mk2 = mk3 +mk4 πk1πk2 = πk3πk4

O22
k1k2k3k4

Ô[2] Ô[4]

Õ40
k1k2k3k4 ≡ O40

k1k2k̄3k̄4
,

Õ04
k1k2k3k4 ≡ O04

k̄1k̄2k3k4
,

Õ22
k1k2k3k4 ≡ O22

k1k2k3k4 ,

Õ31
k1k2k3k4 ≡ O31

k1k2k̄3k4
,

Õ13
k1k2k3k4 ≡ O13

k1k̄2k3k4
,

Õ11
k1k2 ≡ O11

k1k2 ,

Õ20
k1k2 ≡ O20

k1k̄2
,

Õ02
k1k2 ≡ O02

k̄1k2
,

k̄ ≡ (nk, lk, jk,−mk, tk).

Õij ij = 40, 04, 22,

31, 13 (Π,M)

M = mk1 +mk2 = mk3 +mk4 ,

Π = πk1πk2 = πk3πk4 .

Õij ij = 20, 11, 02

mk1 = mk2 ,

πk1 = πk2 .



O22
k1k2k3k4 O11

k1k2

M Π

ōl1l2l3l4

Ô[22]

m Ô[22]

Õ22
k1k2k3k4 =

∑

l1l2l3l4

ōl1l2l3l4

(
U∗
l1k1U

∗
l2k2Ul3k3Ul4k4 + V ∗

l3k1V
∗
l4k2Vl1k3Vl2k4 + U∗

l1k1V
∗
l4k2Vl2k3Ul3k4

− V ∗
l4k1U

∗
l1k2Vl2k3Ul3k4 − U∗

l1k1V
∗
l4k2Ul3k3Vl2k4 + V ∗

l4k1U
∗
l1k2Ul3k3Vl2k4

)
.

O

Ô[22] =
1

4

∑

k1k2k3k4

O[22]
k1k2k3k4

β̂†
k1
β̂†
k2
β̂k4 β̂k3

= −1

4

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

(−1)jk3−mk3
+jk4−mk4O[22]

k1k2k3k4
Bk1mk1

Bk2mk2
B̄jk3−mk3

B̄jk4−mk4

= −1

4

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk3−mk3
+jk4−mk4O[22]

k1k2k3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)
[Bk1Bk2 ]JM [B̄k3B̄k4 ]J ′M ′

= −1

4

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′
MM ′

Õ[22]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)

× (−1)J
′+M ′

[Bk1Bk2 ]JM [B̄k3B̄k4 ]J ′M ′

= −1

4

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′
MM ′

Õ[22]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 M
′

)

× (−1)J
′+M ′

[Bjk1
Bjk2

]JM [B̄k3B̄k4 ]J ′−M ′ ,

m ol1l2l3l4



Õ[22]

k̃1k̃2JM ;k̃3k̃4J ′′M ′′ ≡
∑

mk1
mk2

mk3
mk4

(−1)J
′′+M ′′+1Õ[22]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)
.

1Õ[22]
k1k2JM ;k3k4J ′′M ′′ = (−1)J

′′+M ′′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4U
∗
l1k1U

∗
l2k2U

∗
l3k3U

∗
l4k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)

= (−1)J
′′+M ′′+1

∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk2nl3
ljtk3nl4

ljtk4

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk1 jk2 J ′

mk1 mk2 M
′

)(
jk3 jk4 J ′

mk3 mk4 M
′

)

= (−1)J+M+1
∑

nl1
nl2

nl3
nl4

ōJnl1
ljtk1nl2

ljtk2nl3
ljtk3nl4

ljtk4

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4
δJJ ′′δMM ′′ ,

2Õ[22]
k1k2JM ;k3k4J ′′M ′′ = (−1)J

′′+M ′′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Vl3k1Vl4k2Vl1k3Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk4nl3
ljtk1nl4

ljtk2

× (−1)J
′′+M+1+jk1+jk2+jk3+jk4+M ′+M ′′

Ṽ
(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl2

nk4
Ṽ

(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl4

nk2

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)(
jk1 jk2 J ′

−mk1 −mk2 M
′

)

=
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk4nl3
ljtk1nl4

ljtk2
Ṽ

(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl2

nk4
Ṽ

(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl4

nk2

× δJJ ′′δMM ′′(−1)J+M+1,



3Õ[22]
k1k2JM ;k3k4J ′′M ′′ = (−1)J

′′+M ′′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Ul1k1Vl4k2Vl2k3Ul3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk3nl3
ljtk4nl4

ljtk2

× (−1)J
′′+M ′′+1+jk2+jk3−mk2

−mk3 Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl3

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk1 jk3 J ′

mk1 −mk3 M
′

)(
jk4 jk2 J ′

mk4 −mk2 M
′

)

= (−1)jk3+jk4+1+M
∑

J ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk3nl3
ljtk4nl4

ljtk2

× Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl3

nk4
Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δMM ′′ ,

4Õ[22]
k1k2JM ;k3k4J ′′M ′′ = (−1)J

′′+M ′′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Vl4k1Ul1k2Vl2k3Ul3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk2nl2

ljtk3nl3
ljtk4nl4

ljtk1

× (−1)J
′′+M ′′+1+jk1+jk3−mk1

−mk3 Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl1

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl3

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)(
jk2 jk3 J ′

mk2 −mk3 M
′

)(
jk4 jk1 J ′

mk4 −mk1 M
′

)

=
∑

J ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk2nl2

ljtk3nl3
ljtk4nl4

ljtk1
Ṽ

(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl1

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl3

nk4

× Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
(−1)J+M+1+jk1+jk2+jk3+jk4δJJ ′′δMM ′′ ,

5Õ[22]
k1k2JM ;k3k4J ′′M ′′ = (−1)J

′′+M ′′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Ul1k1Vl4k2Ul3k3Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk4nl3
ljtk3nl4

ljtk2



× (−1)J
′′+M ′′+1+jk2+jk4−mk2

−mk4 Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ũ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)(
jk1 jk4 J ′

mk1 −mk4 M
′

)(
jk3 jk2 J ′

mk3 −mk2 M
′

)

= (−1)J+M+1
∑

J ′

∑

nl1
nl2

nl3
nl4

oJ
′

nl1
ljtk1nl2

ljtk4nl3
ljtk3nl4

ljtk2

× Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ũ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4
Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δMM ′′ ,

6Õ[22]
k1k2JM ;k3k4J ′′M ′′ = (−1)J

′′+M ′′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Vl4k1Ul1k2Ul3k3Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk2nl2

ljtk4nl3
ljtk3nl4

ljtk1

× (−1)J
′′+M ′′+1+jk1+jk4−mk1

−mk4 Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl1

nk2
Ũ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)(
jk2 jk4 J ′

mk2 −mk4 M
′

)(
jk3 jk1 J ′

mk3 −mk1 M
′

)

=
∑

J ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk2nl2

ljtk4nl3
ljtk3nl4

ljtk1
Ṽ

(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl1

nk2
Ũ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4

× Ĵ ′2(−1)jk1+jk2+1+M

{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δMM ′′ ,

J

Õ[22]

k̃1k̃2JM ;k̃3k̃4J ′′M ′′ ≡ (−1)MδJJ ′′δMM ′′
JÕ

[22]

k̃1k̃2k̃3k̃4

Ô[22] = −1

4

∑

k̃1k̃2k̃3k̃4

∑

JM

JÕ
[22]

k̃1k̃2k̃3k̃4
(−1)M [Bjk1

Bjk2
]JM [B̄jk3

B̄jk4
]J−M ,

= −1

4

∑

k̃1k̃2k̃3k̃4

∑

J

JÕ
[22]

k̃1k̃2k̃3k̃4
[Bjk1

Bjk2
]J · [B̄jk3

B̄jk4
]J ,

Ô[22]



Ô40

m

Õ40
k1k2k3k4 = O40

k1k2k̄3k̄4

=
∑

l1l2l3l4

Θl1l2l3l4

(
U∗
l1k1U

∗
l2k2V

∗
l4k̄3

V ∗
l3k̄4

− U∗
l1k1V

∗
l4k2U

∗
l2k̄3

V ∗
l3k̄4

− V ∗
l4k1U

∗
l2k2U

∗
l1k̄3

V ∗
l3k̄4

+ U∗
l1k1V

∗
l4k2V

∗
l3k̄3

U∗
l2k̄4

+ V ∗
l4k1U

∗
l2k2V

∗
l3k̄3

U∗
l1k̄4

+ V ∗
l4k1V

∗
l3k2U

∗
l1k̄3

U∗
l2k̄4

)
.

Ô[40] =
1

24

∑

k1k2k3k4

O[40]
k1k2k3k4

β̂†
k1
β̂†
k2
β̂†
k3
β̂†
k4

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′
MM ′

O[40]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 M
′

)

× [Bjk1
Bjk2

]JM [Bjk3
Bjk4

]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′
MM ′

Õ[40]
k1k2k̄3k̄4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 M
′

)

× [Bjk1
Bjk2

]JM [Bjk3
Bjk4

]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′
MM ′

Õ[40]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)

× [Bjk1
Bjk2

]JM [Bjk3
Bjk4

]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′
MM ′

Õ[40]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)

× (−1)jk3+jk4+J ′
[Bjk1

Bjk2
]JM [Bjk3

Bjk4
]J ′M ′

Õ[40]

k̃1k̃2JM ;k̃3k̃4J ′M ′ ≡
∑

mk1
mk2

mk3
mk4

(−1)jk3+jk4+J ′
Õ[40]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
.

1Õ[40]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk3+jk4+J ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4U
∗
l1k1U

∗
l2k2V

∗
l4k̄3

V ∗
l3k̄4



×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk2nl3
ljtk4nl4

ljtk3
(−1)mk3

+mk4
+J ′′

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl3

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk1 jk2 J ′

mk1 mk2 M
′

)(
jk4 jk3 J ′

mk4 mk3 M
′

)

=
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk2nl3
ljtk4nl4

ljtk3
Ũ

(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl3

nk4

× (−1)jk3+jk4+MδJJ ′′δM−M ′′ ,

2Õ[40]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk3+jk4+J ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4U
∗
l1k1V

∗
l4k2U

∗
l2k̄3

V ∗
l3k̄4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk3nl3
ljtk4nl4

ljtk2

× (−1)jk2+jk3+mk2
−mk4

+1+J ′′
Ũ

(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ũ

(πjt)k3
nl2

nk3
Ṽ

(πjt)k4
nl3

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk1 jk3 J ′

mk1 −mk3 M
′

)(
jk4 jk2 J ′

mk4 −mk2 M
′

)

=
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk3nl3
ljtk4nl4

ljtk2
Ũ

(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ũ

(πjt)k3
nl2

nk3
Ṽ

(πjt)k4
nl3

nk4

× (−1)jk3+jk4+M+1Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

3Õ[40]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk3+jk4+J ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4V
∗
l4k1U

∗
l2k2U

∗
l1k̄3

V ∗
l3k̄4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk4nl4

ljtk1

× (−1)jk1+jk3+mk1
−mk4

+J ′′+1Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl3

nk4



×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk3 jk2 J ′

−mk3 mk2 M
′

)(
jk4 jk1 J ′

mk4 −mk1 M
′

)

=
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk4nl4

ljtk1
Ṽ

(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl3

nk4

× (−1)jk1+jk4+J ′+J ′′+M+1δJJ ′′δM−M ′′ Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}

=
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk3nl2

ljtk2nl4
ljtk1nl3

ljtk4
Ṽ

(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl3

nk4

× (−1)J+M Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ ,

4Õ[40]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk3+jk4+J ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4U
∗
l1k1V

∗
l4k2V

∗
l3k̄3

U∗
l2k̄4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk4nl3
ljtk3nl4

ljtk2

× (−1)jk2+jk4+mk2
−mk3

+J ′′+1Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk1 jk4 J ′

mk1 −mk4 M
′

)(
jk3 jk2 J ′

mk3 −mk2 M
′

)

=
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk1nl2

ljtk4nl3
ljtk3nl4

ljtk2
Ũ

(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl2

nk4

× (−1)J+M+1Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ ,

5Õ[40]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk3+jk4+J ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4V
∗
l4k1U

∗
l2k2V

∗
l3k̄3

U∗
l1k̄4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk4nl2

ljtk2nl3
ljtk3nl4

ljtk1

× (−1)jk1+jk4+mk1
−mk3

+J ′′+1Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl1

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk2 J ′

−mk4 mk2 M
′

)(
jk3 jk1 J ′

mk3 −mk1 M
′

)



=
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk4nl2

ljtk2nl3
ljtk3nl4

ljtk1
Ṽ

(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl1

nk4

× (−1)jk1+jk4+J ′+MδJJ ′′δM−M ′′ Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}

=
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk4nl2

ljtk2nl4
ljtk1nl3

ljtk3
Ṽ

(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl1

nk4

× (−1)jk3+jk4+M Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

6Õ[40]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk3+jk4+J ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4V
∗
l4k1V

∗
l3k2U

∗
l1k̄3

U∗
l2k̄4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk4nl3
ljtk2nl4

ljtk1

× (−1)jk1+jk2+jk3+jk4+mk1
+mk2

+J ′′+1Ṽ
(πjt)k1
nl4

nk1
Ṽ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)(
jk2 jk1 J ′

−mk2 −mk1 M
′

)

=
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk4nl3
ljtk2nl4

ljtk1
Ṽ

(πjt)k1
nl4

nk1
Ṽ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl2

nk4

× (−1)jk1+jk2+MδJJ ′′δM−M ′′ .

Õ[40]
k1k2JM ;k3k4J ′′M ′′ ≡ (−1)MδJJ ′′δM−M ′′

JÕ[40]

k̃1k̃2k̃3k̃4
,

O[40] =
1

24

∑

k̃1k̃2k̃3k̃4

∑

JM

JÕ
[40]

k̃1k̃2k̃3k̃4
(−1)M [Bjk1

Bjk2
]JM [Bjk3

Bjk4
]J−M

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

J

JÕ
[40]

k̃1k̃2k̃3k̃4
[Bjk1

Bjk2
]J · [Bjk3

Bjk4
]J .

J

JÕ
[40]

k̃1k̃2k̃3k̃4
=

∑

mk1
mk2

mk3
mk4

Õ[40]
k1k2k3k4

(−1)jk3+jk4+J+M

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)
,



Õ[40]
k1k2k3k4

=
∑

JM

JÕ[40]

k̃1k̃2k̃3k̃4
(−1)jk3+jk4+J+M

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)
.

Ô31

Õ31
k1k2k3k4 =

∑

l1l2l3l4

Θl1l2l3l4

(
U∗
l1k1V

∗
l4k2V

∗
l3k̄3

Vl2k4 − V ∗
l4k1U

∗
l1k2V

∗
l3k̄3

Vl2k4 − V ∗
l3k1V

∗
l4k2U

∗
l1k̄3

Vl2k4

+ V ∗
l3k1U

∗
l2k2U

∗
l1k̄3

Ul4k4 − U∗
l2k1V

∗
l3k2U

∗
l1k̄3

Ul4k4 − U∗
l1k1U

∗
l2k2V

∗
l3k̄3

Ul4k4

)
.

Ô[31] =
1

6

∑

k1k2k3k4

O[31]
k1k2k3k4

β̂†
k1
β̂†
k2
β̂†
k3
β̂k4

=
1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

(−1)jk4−mk4O[31]
k1k2k3k4

Bk1mk1
Bk2mk2

Bk3mk3
B̄jk4−mk4

=
1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk4−mk4O[31]
k1k2k3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 −mk4 M
′

)
[Bjk1

Bjk2
]JM · [Bjk3

B̄jk4
]J ′M ′ ,

=
1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk4−mk4 Õ[31]

k1k2k̄3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 −mk4 M
′

)
[Bjk1

Bjk2
]JM · [Bjk3

B̄jk4
]J ′M ′ ,

=
1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk4−mk4 Õ[31]
k1k2k3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)
[Bjk1

Bjk2
]J · [Bjk3

B̄jk4
]J ′M ′

Õ[31]

k̃1k̃2JM ;k̃3k̃4J ′M ′ =
∑

mk1
mk2

mk3
mk4

(−1)jk4−mk4 Õ[31]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)
.



1Õ[31]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk4−mk4

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4U
∗
l1k1V

∗
l4k2V

∗
l3k̄3

Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk4nl3
ljtk3nl4

ljtk2

× (−1)jk2+jk3+mk2
−mk3

+1Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)(
jk1 jk4 J ′

mk1 −mk4 M
′

)(
jk3 jk2 J ′

mk3 −mk2 M
′

)

=
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk1nl2

ljtk4nl3
ljtk3nl4

ljtk2
Ũ

(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4

× (−1)J+M Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δMM ′′ ,

2Õ[31]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk4−mk4

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Vl4k1Ul1k2Vl3k̄3Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk2nl2

ljtk4nl3
ljtk3nl4

ljtk1

× (−1)jk1+jk3+mk1
−mk3

+1Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl1

nk2
Ṽ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)(
jk2 jk4 J ′

mk2 −mk4 M
′

)(
jk3 jk1 J ′

mk3 −mk1 M
′

)

= (−1)jk1+jk2+M
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk2nl2

ljtk4nl3
ljtk3nl4

ljtk1

× Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k2
nl1

nk2
Ṽ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl2

nk4
Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

3Ō[31]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk4−mk4

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Vl3k1Vl4k2Ul1k̄3Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk4nl3
ljtk1nl4

ljtk2



× (−1)jk1+jk2−mk1
−mk2

+1Ṽ
(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl4

nk2
Ũ

(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl2

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)(
jk1 jk2 J ′

−mk1 −mk2 M
′

)

= (−1)J+M+1δJJ ′′δM−M ′′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk4nl3
ljtk1nl4

ljtk2

× Ṽ
(πjt)k1
nk3

nk1
Ṽ

(πjt)k2
nl4

nk2
Ũ

(πjt)k3
nl1

nk3
Ṽ

(πjt)k4
nl2

nk4
δJJ ′′δM−M ′′ ,

4Õ[31]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk4−mk4

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Vl3k1Ul2k2Ul1k̄3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk1nl4

ljtk4

× (−1)jk1+jk4+mk1
−mk4 Ṽ

(πjt)k1
nl3

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)(
jk3 jk2 J ′

−mk3 mk2 M
′

)(
jk1 jk4 J ′

−mk1 mk4 M
′

)

= (−1)M+J+1
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk1nl4

ljtk4

× Ṽ
(πjt)k1
nl3

nk1
Ũ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4
Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ ,

5Õ[31]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk4−mk4

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Ul2k1Vl3k2Ul1k̄3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 −mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× (−1)jk2+jk4+mk2
−mk4 Ũ

(πjt)k1
nl2

nk1
Ṽ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)(
jk3 jk1 J ′

−mk3 mk1 M
′

)(
jk2 jk4 J ′

−mk2 mk4 M
′

)

= (−1)jk1+jk2+M+1
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4



× Ṽ
(πjt)k1
nl3

nk1
Ũ

(πjt)k1
nl2

nk1
Ṽ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4
Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

6Õ[31]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk4−mk4

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Ul1k1Ul2k2Vl3k̄3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk2nl3
ljtk3nl4

ljtk4

× (−1)jk3−mk3
+jk4−mk4 Ũ

(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

−mk3 −mk4 M
′′

)(
jk1 jk2 J ′

mk1 mk2 M
′

)(
jk3 jk4 J ′

mk3 mk4 M
′

)

= (−1)J+M
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk1nl2

ljtk2nl3
ljtk3nl4

ljtk4

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4
δJJ ′′δM−M ′′ .

O[31]
k1k2JM ;k3k4J ′′M ′′ ≡ (−1)MδJJ ′′δM−M ′′

JÕ[31]

k̃1k̃2k̃3k̃4
,

Õ[31] =
1

6

∑

k̃1k̃2k̃3k̃4

∑

JJ ′MM ′

JÕ
[31]

k̃1k̃2k̃3k̃4
(−1)M [Bjk1

Bjk2
]JM [Bjk3

B̄jk4
]J−M

=
1

6

∑

k̃1k̃2k̃3k̃4

∑

J

JÕ
[31]

k̃1k̃2k̃3k̃4
[Bjk1

Bjk2
]J · [Bjk3

B̄jk4
]J .

JÕ[31]

k̃1k̃2k̃3k̃4
=

∑

mk1
mk2

mk3
mk4

(−1)jk4−mk4
+M Õ[31]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

−mk3 −mk4 −M

)

=
∑

mk1
mk2

mk3
mk4

(−1)jk3−mk4
−J+M+1Õ[31]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)



Õ[31]
k1k2k3k4

=
∑

JM

(−1)jk3−mk4
−J+M+1 × JÕ[31]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)
.

Ô13

m

Õ13
k1k2k3k4 =

∑

l1l2l3l4

Θl1l2l3l4

(
V ∗
l4k1Ul3k̄2Vl2k3Vl1k4 − V ∗

l4k1Vl2k̄2Ul3k3Vl1k4 − V ∗
l4k1Vl1k̄2Vl2k3Ul3k4

+ U∗
l1k1Vl2k̄2Ul3k3Ul4k4 − U∗

l1k1Ul3k̄2Vl2k3Ul4k4 + U∗
l1k1Ul3k̄2Ul4k3Vl2k4

)
.

Ô[13] =
1

6

∑

k1k2k3k4

O[13]
k1k2k3k4

β̂†
k1
β̂k4 β̂k3 β̂k2

= −1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

(−1)jk2−mk2
+jk3−mk3

+jk4−mk4O[13]
k1k2k3k4

× Bk1mk1
B̄jk2−mk2

B̄jk3−mk3
B̄jk4−mk4

= −1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk2−mk2
+jk3−mk3

+jk4−mk4 Õ[13]
k1k̄2k3k4

×
(

jk1 jk2 J

mk1 −mk2 M

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)
[Bjk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

= −1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk2−mk2
+J ′+M ′

Õ[13]
k1k̄2k3k4

×
(

jk1 jk2 J

mk1 −mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
[Bjk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

= −1

6

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk2+mk2
+J ′+M ′

Õ[13]
k1k2k3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
[Bjk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

J

Õ[13]

k̃1k̃2JM ;k̃3k̃4J ′M ′ =
∑

mk1
mk2

mk3
mk4

(−1)jk2+mk2
+J ′+M ′+1Õ[13]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
.



1Õ[13]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk2+mk2

+J+M ′+1
∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4V
∗
l4k1Ul3k̄2Vl2k3Vl1k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk4nl2

ljtk3nl3
ljtk̄2nl4

ljtk1

× (−1)jk2+jk3+jk4+mk2
+mk3

−mk4 Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k̄2
nl3

nk̄2
Ṽ

(πjt)k3
nl2

nk3
Ṽ

(πjt)k4
nl1

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk3 J ′

−mk4 −mk3 M
′

)(
jk2 jk1 J ′

−mk2 −mk1 M
′

)

= (−1)jk3+jk4+MJ′′
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk4nl2

ljtk3nl3
ljtk̄1nl4

ljtk̄2

× Ṽ
(πjt)k1
nl4

nk1
Ũ

(πjt)k̄2
nl3

nk̄2
Ṽ

(πjt)k3
nl2

nk3
Ṽ

(πjt)k4
nl1

nk4
δJJ ′′δM−M ′′ ,

2Õ[13]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk2+mjk2+J ′+M ′+1

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4V
∗
l4k1Vl2k̄2Ul3k3Vl1k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk4nl2

ljtk2nl3
ljtk1nl4

ljtk3

× (−1)jk1+jk4+mk2
−mk4

−M+M ′′+J ′′+1Ṽ
(πjt)k1
nl4

nk1
Ṽ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl1

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk2 J ′

−mk4 mk2 M
′

)(
jk1 jk3 J ′

−mk1 mk3 M
′

)

= (−1)jk3+jk4+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk4nl2

ljtk2nl3
ljtk1nl4

ljtk3

× Ṽ
(πjt)k1
nl4

nk1
Ṽ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl3

nk3
Ṽ

(πjt)k4
nl1

nk4
Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

3Õ[13]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk2+mjk2+J ′+M ′+1

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Vl4k1Vl1k̄2Vl2k3Ul3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)



=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk1nl4

ljtk4

× (−1)jk1+jk3+mk2
−mk3

+J ′′−M+M ′′+1Ṽ
(πjt)k1
nl4

nk1
Ṽ

(πjt)k2
nl1

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl3

nk4

×
(

jk1 jk2 J

mk1 mk2 −M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk3 jk2 J ′

−mk3 mk2 M
′

)(
jk1 jk4 J ′

−mk1 mk4 M

)

= (−1)J+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk1nl4

ljtk4

× Ũ
(πjt)k1
nl3

nk1
Ṽ

(πjt)k1
nl4

nk1
Ṽ

(πjt)k2
nl1

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl3

nk4
Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ ,

4Õ[13]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk2+mjk2+J ′+M ′+1

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Ul1k1Vl2k̄2Ul3k3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× (−1)jk2+jk3+M ′′+J ′′+1Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk3 jk1 J ′

−mk3 mk1 M
′

)(
jk2 jk4 J ′

−mk2 mk4 M

)

= (−1)jk1+jk2+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× Ũ
(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4
Ĵ ′2
{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

5Õ[13]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk2+mjk2+J ′+M ′+1

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Ul1k1Ul3k̄2Vl2k3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk2nl2

ljtk1nl3
ljtk3nl4

ljtk4

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl3

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl4

nk4
(−1)J

′′+M ′′

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk2 jk1 J ′

mk2 mk1 M
′

)(
jk3 jk4 J ′

mk3 mk4 M

)



= (−1)jk1+jk2+M
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl3

nk2
Ṽ

(πjt)k3
nl2

nk3
Ũ

(πjt)k4
nl4

nk4
δJJ ′′δM−M ′′ ,

6Õ[13]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk2+mjk2+J ′+M ′+1

∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Ul1k1Ul3k̄2Ul4k3Vl2k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk4nl2

ljtk1nl3
ljtk2nl4

ljtk3

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl2

nk4
(−1)jk2+jk4+M+M ′+M ′′+J ′′

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk1 J ′

−mk4 mk1 M
′

)(
jk2 jk3 J ′

−mk2 mk3 M

)

= (−1)jk1+jk2+jk3+jk4+J+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk4nl2

ljtk1nl3
ljtk2nl4

ljtk3

× Ũ
(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl2

nk4
Ĵ ′2
{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ .

O[13]
k1k2JM ;k3k4J ′′M ′′ ≡ (−1)MδJJ ′′δM−M ′′

JÕ[13]

k̃1k̃2k̃3k̃4
,

Õ[13] =
1

6

∑

k̃1k̃2k̃3k̃4

∑

JJ ′MM ′

JÕ
[13]

k̃1k̃2k̃3k̃4
(−1)M [Bjk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J−M

=
1

6

∑

k̃1k̃2k̃3k̃4

∑

J

JÕ
[13]

k̃1k̃2k̃3k̃4
[Bjk1

B̄jk2
]J · [B̄jk3

B̄jk4
]J .

J M

JÕ[13]

k̃1k̃2k̃3k̃4
≡

∑

mk1
mk2

mk3
mk4

(−1)jk2+mk2
+J+1 × Õ[13]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)

Õ[13]
k1k2k3k4

≡
∑

JM

(−1)jk2+mk2
+J+1 × JÕ[13]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)
.



Ô04

m

Õ04
k1k2k3k4 =

∑

l1l2l3l4

Θl1l2l3l4

(
Ul3k̄1Ul4k̄2Vl2k3Vl1k4 − Ul3k̄1Vl2k̄2Ul4k3Vl1k4 + Ul3k̄1Vl2k̄2Vl1k3Ul4k4

− Vl2k1Ul3k2Vl1k3Ul4k4 + Vl2k̄1Vl1k̄2Ul3k3Ul4k4 + Vl2k̄1Ul3k̄2Ul4k3Vl1k4

)
.

Ô[04] =
1

24

∑

k1k2k3k4

O[04]
k1k2k3k4

β̂k1 β̂k2 β̂k3 β̂k4

=
∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

(−1)jk1−mk1
+jk2−mk2

+jk3−mk3
+jk4−mk4O[04]

k1k2k3k4

× B̄jk1−mk1
B̄jk2−mk2

B̄jk3−mk3
B̄jk4−mk4

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk1+jk2+jk3+jk4+M+M ′
O[04]

k1k2k3k4

×
(

jk1 jk2 J

−mk1 −mk2 M

)(
jk3 jk4 J ′

−mk3 −mk4 M
′

)
[B̄jk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk1+jk2+J+M+M ′
O[04]

k1k2k3k4

×
(

jk1 jk2 J

−mk1 −mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
[B̄jk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk1+jk2+J−mk1
−mk2

−mk3
−mk4 Õ[04]

k̄1k̄2k3k4

×
(

jk1 jk2 J

−mk1 −mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
[B̄jk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk1+jk2+J+mk1
+mk2

−mk3
−mk4 Õ[04]

k1k2k3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
[B̄jk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

mk1
mk2

mk3
mk4

∑

JJ ′MM ′

(−1)jk1+jk2+J−M+M ′
Õ[04]

k1k2k3k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
[B̄jk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J ′M ′



J

Õ[04]
k1k2JM ;k3k4J ′M ′ =

∑

k̃1k̃2k̃3k̃4

(−1)jk1+jk2+J ′−M+M ′
Õ[04]

k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 −M ′

)
.

1Õ[04]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk1+jk2+J ′′−M+M ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ōl1l2l3l4Ul3k̄1Ul4k̄2Vl2k3Vl1k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk4nl2

ljtk3nl3
ljtk̄1nl4

ljtk̄2

× (−1)jk2+jk3+jk4+mk2
+mk3

−mk4 Ũ
(πjt)k1
nl3

nk1
Ũ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl2

nk3
Ṽ

(πjt)k4
nl1

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk3 J ′

−mk4 −mk3 M
′

)(
jk1 jk2 J ′

−mk1 −mk2 M
′

)

= (−1)jk3+jk4+M ′′∑

J ′

∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk4nl2

ljtk3nl3
ljtk̄1nl4

ljtk̄2

× Ũ
(πjt)k1
nl3

nk1
Ũ

(πjt)k2
nl4

nk2
Ṽ

(πjt)k3
nl2

nk3
Ṽ

(πjt)k4
nl1

nk4
δJJ ′′δM−M ′′ ,

2Õ[04]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk1+jk2+J ′′−M+M ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Ul3k̄1Vl2k̄2Ul4k3Vl1k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk4nl2

ljtk2nl3
ljtk1nl4

ljtk3

× (−1)jk1+jk4+mk2
−mk4

−M+M ′′+J ′′+1Ũ
(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl1

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk2 J ′

−mk4 mk2 M
′

)(
jk1 jk3 J ′

−mk1 mk3 M
′

)

= (−1)jk3+jk4+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk4nl2

ljtk2nl3
ljtk1nl4

ljtk3

× Ũ
(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl2

nk2
Ũ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl1

nk4
Ĵ ′

{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,



3Õ[04]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk1+jk2+J ′′−M+M ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Ul3k̄1Vl2k̄2Vl1k3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk1nl4

ljtk4

× (−1)jk1+jk3+mk2
−mk3

+J ′′−M+M ′′+1Ũ
(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 −M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk3 jk2 J ′

−mk3 mk2 M
′

)(
jk1 jk4 J ′

−mk1 mk4 M

)

= (−1)J+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk3nl2

ljtk2nl3
ljtk1nl4

ljtk4

× Ũ
(πjt)k1
nl3

nk1
Ṽ

(πjt)k2
nl2

nk2
Ṽ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4
Ĵ ′

{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ ,

4Õ[04]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk1+jk2+J ′′−M+M ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Vl2k̄1Ul3k̄2Vl1k3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× (−1)jk2+jk3+M ′′+J ′′+1Ṽ
(πjt)k1
nl2

nk1
Ũ

(πjt)k2
nl3

nk2
Ṽ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk3 jk1 J ′

−mk3 mk1 M
′

)(
jk2 jk4 J ′

−mk2 mk4 M

)

= (−1)jk1+jk2+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× Ṽ
(πjt)k1
nl2

nk1
Ũ

(πjt)k2
nl3

nk2
Ṽ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4
Ĵ ′

{
jk1 jk2 J

jk4 jk3 J ′

}
δJJ ′′δM−M ′′ ,

5Õ[04]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk1+jk2+J ′′−M+M ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Vl2k̄1Vl1k̄2Ul3k3Ul4k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk2nl2

ljtk1nl3
ljtk3nl4

ljtk4



× Ṽ
(πjt)k1
nl2

nk1
Ṽ

(πjt)k2
nl1

nk2
Ũ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4
(−1)J

′′+M ′′

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk2 jk1 J ′

mk2 mk1 M
′

)(
jk3 jk4 J ′

mk3 mk4 M

)

= (−1)jk1+jk2+M
∑

nl1
nl2

nl3
nl4

ōJ
′

nl1
ljtk3nl2

ljtk1nl3
ljtk2nl4

ljtk4

× Ṽ
(πjt)k1
nl2

nk1
Ṽ

(πjt)k2
nl1

nk2
Ũ

(πjt)k3
nl3

nk3
Ũ

(πjt)k4
nl4

nk4
δJJ ′′δM−M ′′ ,

6Õ[04]
k1k2JM ;k3k4J ′′M ′′ = (−1)jk1+jk2+J ′′−M+M ′′ ∑

mk1
mk2

mk3
mk4

∑

l1l2l3l4

ol1l2l3l4Vl2k̄1Ul3k̄2Ul4k3Vl1k4

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)

=
∑

mk1
mk2

mk3
mk4

∑

nl1
nl2

nl3
nl4

∑

J ′M ′

ōJ
′

nl1
ljtk4nl2

ljtk1nl3
ljtk2nl4

ljtk3

× Ṽ
(πjt)k1
nl2

nk1
Ũ

(πjt)k2
nl3

nk2
Ũ

(πjt)k3
nl4

nk3
Ṽ

(πjt)k4
nl1

nk4
(−1)jk2+jk4+M+M ′+M ′′+J ′′

×
(

jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 −M ′′

)(
jk4 jk1 J ′

−mk4 mk1 M
′

)(
jk2 jk3 J ′

−mk2 mk3 M

)

= (−1)jk1+jk2+jk3+jk4+J+M+1
∑

nl1
nl2

nl3
nl4

∑

J ′

ōJ
′

nl1
ljtk4nl2

ljtk1nl3
ljtk2nl4

ljtk3

× Ṽ
(πjt)k1
nl2

nk1
Ũ

(πjt)k2
nl3

nk2
Ṽ

(πjt)k3
nl1

nk3
Ũ

(πjt)k4
nl4

nk4
Ĵ ′

{
jk1 jk2 J

jk3 jk4 J ′

}
δJJ ′′δM−M ′′ .

O[04]
k1k2JM ;k3k4J ′′M ′′ ≡ (−1)MδJJ ′′δM−M ′′

JÕ[04]

k̃1k̃2k̃3k̃4
,

Õ[04] =
1

24

∑

k̃1k̃2k̃3k̃4

∑

JJ ′MM ′

JÕ
[04]

k̃1k̃2k̃3k̃4
(−1)M [B̄jk1

B̄jk2
]JM [B̄jk3

B̄jk4
]J−M

=
1

24

∑

k̃1k̃2k̃3k̃4

∑

J

JÕ
[04]

k̃1k̃2k̃3k̃4
[B̄jk1

B̄jk2
]J · [B̄jk3

B̄jk4
]J .

J M

JÕ[04]

k̃1k̃2;k̃3k̃4
≡

∑

mk1
mk2

mk3
mk4

(−1)jk1+jk2+J × Õ[04]
k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)



Õ[04]
k1k2k3k4

≡
∑

JM

(−1)jk1+jk2+J × JÕ[04]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)
.

m

Õ[04]
k1k2k3k4

=
∑

JM

(−1)jk1+jk2+J+M × JÕ[04]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)

Õ[13]
k1k2k3k4

=
∑

JM

(−1)jk2+mk2
+J+1 × JÕ[04]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 −M

)

Õ[22]
k1k2k3k4

=
∑

JM

JÕ
[22]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′

mk3 mk4 M
′

)

Õ[31]
k1k2k3k4

=
∑

JM

(−1)jk4−mk4
+M × JÕ[31]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

−mk3 −mk4 −M

)

Õ[40]
k1k2k3k4

=
∑

JM

(−1)jk3+jk4+J+M × JÕ[40]

k̃1k̃2k̃3k̃4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk3 mk4 M

)

Ã[20]
k1k2

=
∑

l1l2

U †
k1l1

Vl1k̄2 − V †
k1l1

U⋆
l1k̄2

=
∑

l1

Ul1k1Vl1k̄2 − Vl1k1Ul1k̄2

=
∑

nl1

(
(−1)jl1−ml1 δ̃l1k1Ũ

(πjt)k1
nl1

nk1
δ̃l1k2Ṽ

(πjt)k2
nl1

nk2
δmk1

mk2

− (−1)jl1−ml1 δ̃l1k1Ṽ
(πjt)k1
nl1

nk1
δ̃l1k2Ũ

(πjt)k2
nl1

nk2
δmk1

mk2

)



= (−1)jk1−mk1 δ̃k1k2δmk1
mk2

∑

nl1

(
Ũ

(πjt)k1
nl1

nk1
Ṽ

(πjt)k2
nl1

nk2
+ Ṽ

(πjt)k1
nl1

nk1
Ũ

(πjt)k2
nl1

nk2

)
,

n

ā(2)pqrs = 2(δprδqs − δpsδqr).

ā(2)p̃q̃JM ;r̃s̃J ′′M ′′ ≡
∑

mpmqmrms

ā(2)pqrs

(
jp jq J

mp mq M

)(
jr js J ′′

mr ms M ′′

)

= 2
∑

mpmq

{(
jp jq J

mp mq M

)(
jp jq J ′′

mp mq M ′′

)
−
(

jp jq J

mp mq M

)(
jq jp J ′′

mq mp M ′′

)}

= 2
∑

mpmq

{
δprδqs

(
jp jq J

mp mq M

)(
jp jq J ′′

mp mq M ′′

)

− (−1)jp+jq−Jδpsδqr

(
jp jq J

mp mq M

)(
jp jq J ′′

mp mq M ′′

)}

= δJJ ′′δMM ′′2
(
δp̃r̃δq̃s̃ − (−1)jp+jq−Jδp̃s̃δq̃r̃

)
,

J

J ā
(2)
p̃q̃r̃s̃ ≡ 2

(
δp̃r̃δq̃s̃ − (−1)jp+jq−Jδp̃s̃δq̃r̃

)
.

J

Ô

PO1.2 = − 1

24

∑

k1k2k3k4

O04
k1k2k3k4O

40
k1k2k3k4

Ek1 + Ek2 + Ek3 + Ek4

= − 1

24

∑

k1k2k3k4

O04
k1k2k3k4O

40
k3k4k1k2

Ek1 + Ek2 + Ek3 + Ek4



= − 1

24

∑

k1k2k3k4

Ω̃04
k̄1k̄2k3k4

Õ40
k3k4k̄1k̄2

Ek1 + Ek2 + Ek3 + Ek4

= − 1

24

∑

k1k2k3k4

Ω̃04
k1k2k3k4Õ

40
k3k4k1k2

Ek1 + Ek2 + Ek3 + Ek4

= − 1

24

∑

k1k2k3k4

∑

JJ ′
MM ′

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J

mk4 mk4 M

)(
jk1 jk2 J ′

mk1 mk2 M
′

)(
jk3 jk4 J ′

mk4 mk4 M
′

)

× (−1)2jk1+2jk2+J+J ′
JΩ̃04

k̃1k̃2k̃3k̃4
J ′
Õ40

k̃3k̃4k̃1k̃2

Ek1 + Ek2 + Ek3 + Ek4

= − 1

24

∑

k̃1k̃2k̃3k̃4

∑

J

Ĵ2
JΩ̃04

k̃1k̃2k̃3k̃4
JÕ40

k̃3k̃4k̃1k̃2

Ek̃1
+ Ek̃2

+ Ek̃3
+ Ek̃4

,

Ô = Ô

mk Ek = Ek̃

PA2.1 =
1

6

∑

k1k2k3k4k5

A[20]
k1k2

Ω[31]
k3k4k5k1

Ω[04]
k3k4k5k2

(Ek1 + Ek2)(Ek2 + Ek3 + Ek4 + Ek5)

=
1

6

∑

k1k2k3k4k5

Ã[20]
k1k̄2

Ω̃[31]
k3k4k̄5k1

Ω̃[04]
k̄5k̄2k3k4

(Ek1 + Ek2)(Ek2 + Ek3 + Ek4 + Ek5)

=
1

6

∑

k1k2k3k4k5

Ã[20]
k1k2

Ω̃[31]
k3k4k5k1

Ω̃[04]
k5k2k3k4

(Ek1 + Ek2)(Ek2 + Ek3 + Ek4 + Ek5)

=
1

6

∑

k1k2k3k4k5

∑

JJ ′
MM ′

(
jk3 jk4 J

mk4 mk4 M

)(
jk5 jk1 J

−mk5 −mk1 −M

)(
jk5 jk1 J ′

mk5 mk1 M
′

)(
jk3 jk4 J ′

mk4 mk4 M
′

)

× (−1)jk1−mk1 (−1)jk5+jk2+J ′
(−1)jk1−mk1

˜A[20]
(πjt)k2
nk1

nk2

JΩ̃[31]
k3k4k5k1

J
′
Ω̃[04]

k3k4k5k2

(Ek1 + Ek2)(Ek2 + Ek3 + Ek4 + Ek5)

=
1

6

∑

k̃1k̃2k̃3k̃4k̃5

∑

J

Ĵ2
˜A[20]

(πjt)k2
nk1

nk2

JΩ̃[31]
k3k4k5k1

JΩ̃[04]
k3k4k5k2

(Ek1 + Ek2)(Ek2 + Ek3 + Ek4 + Ek5)
.



Bk1k2k3k4 ≡
∑

u

Ã[20]
uk1

(Eu + Ek1)
Ω̃[31]

k3k4k2u

B̄k1k2k3k4 ≡
1

2

∑

u

(
Ã[20]

uk1

(Eu + Ek1)
Ω̃[31]

k3k4k2u
−

Ã[20]
uk2

(Eu + Ek2)
Ω̃[31]

k3k4k1u

)

B̄k1k2k3k4 = −B̄k2k1k3k4 = −B̄k1k2k4k3 = B̄k2k1k4k3 .

Cuk1 ≡
Ã[20]

uk1

(Eu + Ek1)
.

m

PA2.1 =
1

6

∑

k1k2k3k4

B̄k1k2k3k4

Ω̃[04]
k1k2k3k4

(Ek1 + Ek2 + Ek3 + Ek4)
.

Bk̃1k̃2JM ;k̃3k̃4J ′′M ′′ ≡
∑

mk1
mk2

mk3
mk4

B̄k1k2k3k4

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)

=
∑

mk1
mk2

mk3
mk4

∑

J ′M ′

∑

u

(
jk1 jk2 J

mk1 mk2 M

)(
jk3 jk4 J ′′

mk3 mk4 M
′′

)
(−1)M

×
(
C[20]
uk1

J ′
Ω[31]

k̃3k̃4k̃2ũ

(
jk3 jk4 J ′

mk3 mk4 M
′

)(
jk2 ju J ′

−mk2 −mu −M ′

)
(−1)jk1−mk1

− C [20]
uk2

J ′
Ω[31]

k̃3k̃4k̃1ũ

(
jk3 jk4 J ′

mk3 mk4 M
′

)(
jk1 ju J ′

−mk1 −mu −M ′

)
(−1)jk2−mk2

)

=
∑

mk1
mk2

∑

u

(
jk1 jk2 J

mk1 mk2 M

)
(−1)M

×
(
C[20]
uk1

J ′
Ω[31]

k̃3k̃4k̃2ũ

(
jk2 ju J ′′

−mk2 −mu −M ′′

)
(−1)jk1−mk1

− C [20]
uk2

J ′
Ω[31]

k̃3k̃4k̃1ũ

(
jk1 ju J ′′

−mk1 −mu −M ′′

)
(−1)jk2−mk2

)



=
∑

mk1
mk2

∑

nu

(
jk1 jk2 J

mk1 mk2 M

)
(−1)M

×
(
C(ljt)[20]

ũk̃1

J ′
Ω[31]

k̃3k̃4k̃2ũ

(
jk2 jk1 J ′′

−mk2 −mk1 −M ′′

)
(−1)jk1+ju−mk1

−mu

− C(ljt)[20]

ũk̃2

J ′
Ω[31]

k̃3k̃4k̃1ũ

(
jk1 jk2 J ′′

−mk1 −mk2 −M ′′

)
(−1)jk2+ju−mk2

−mu

)

= (−1)M
∑

nu

(
(−1)jk1−jk2+JC(ljt)[20]

ũk̃1

JΩ[31]

k̃3k̃4k̃2ũ
− C(ljt)[20]

ũk̃2

JΩ[31]

k̃3k̃4k̃1ũ

)
δJJ ′′δMM ′′

PA2.1 =
1

6

∑

k̃1k̃2k̃3k̃4

∑

J

Ĵ2 × J ′
B̄k̃1k̃2k̃3k̃4

J ′
Ω̃[04]

k̃1k̃2k̃3k̃4

(Ek̃1
+ Ek̃2

+ Ek̃3
+ Ek̃4

)
.
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