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Abstract
We present a family of nucleon-nucleon (NN) plus three-nucleon (3N) interactions up to N3 LO in the chiral expansion that
provides an accurate ab initio description of ground-state energies and charge radii up to the medium-mass regime with quantified
theory uncertainties. Starting from the NN interactions proposed by Entem, Machleidt and Nosyk, we construct 3N interactions
with consistent chiral order, non-local regulator, and cutoff value and explore the dependence of nuclear observables over a range
of mass numbers on the 3N low-energy constants. By fixing these constants using the 3 H and 16 O ground-state energies, we obtain
interactions that robustly reproduce experimental energies and radii for large range from p-shell nuclei to the nickel isotopic chain
and resolve many of the deficiencies of previous interactions. Based on the order-by-order convergence and the cutoff dependence
of nuclear observables, we assess the uncertainties due the interaction, which yield a significant contribution to the total theory
uncertainty.

Introduction. Chiral effective field theory (EFT) has evolved
into the standard approach for the construction of nuclear interactions over the past decade. A large variety of nuclear structure and reaction calculations, ranging from light systems up to
mass numbers of 100 and beyond, have been performed starting
from chiral EFT interactions—some recent highlights are presented in Refs. [1–5]. For a long time, many-body practitioners
employed a few specific chiral Hamiltonians, often based on
the same chiral NN interaction at N3 LO by Entem and Machleidt [6], supplemented with a 3N force at N2 LO with a local regulator [7–9]. Interactions with non-local regulators at
different chiral orders were available [10, 11], but rarely used
in nuclear structure applications beyond the few-body sector
[12]. Although these interactions were successful in many applications, they do exhibit systematic deficiencies, most significantly, a systematic underestimation of nuclear radii, particularly in the regime of medium-mass nuclei starting with the
oxygen isotopic chain [13, 14].
This prompted the development of interactions that included
many-body observables into the construction of the interaction.
One example is the N2 LOSAT interaction [15] that uses additional information on oxygen ground-state energies and radii in
a combined fit of an NN+3N interaction at N2 LO. However, the
improved description of ground-state observables comes at the
price of a degraded reproduction of phase shifts, which affects
the spectroscopy of light and medium-mass nuclei. Other variants of interactions with improved binding energies have been
proposed [16, 17], which, however, do not resolve the problem
with radii. Besides the practical deficiencies, none of these inEmail addresses: huether@theorie.ikp.physik.tu-darmstadt.de
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teraction capitalizes on the systematic character of chiral EFT.
The dependence of nuclear observables on the order of the chiral expansion provides a direct approach to the quantification
of theory uncertainties. This order-by-order uncertainty analysis was established in few-body systems [18–20] and recently
applied in nuclear-matter calculations up to N3 LO [21]. First
applications of this uncertainty analysis for energies of light
and medium-mass nuclei have been disucssed in [20] with NN
interactions and in [22] with NN+3N interactions up to N2 LO.
In this Letter we present a new family of chiral NN+3N
interactions that addresses the aforementioned issues. Starting from a set of chiral NN interactions by Entem, Machleidt
and Nosyk (EMN) for a range of chiral orders and cutoffs [23],
we construct 3N interactions using the same chiral order, the
same regulator scheme, and the same regulator scale as in the
NN sector (as also done in Ref. [24]). We explore the dependence of few and many-body observables on the low-energy
constants (LEC) in the 3N sector. Using the 16 O ground-state
energy to constrain the one-pion two-nucleon-contact constant
cD and the triton ground-state energy to fix three-nucleon contact parameter cE , we establish a family of NN+3N interactions
for all orders up to N3 LO with cutoffs 450, 500, and 550 MeV.
We employ no-core shell model (NCSM), in-medium similarity
renormalization group (IM-SRG), and in-medium no-core shell
model (IM-NCSM) calculations to explore a range of observables up into the nickel isotopic chain. We exploit the orderby-order and cutoff systematics to quantify the uncertainties of
all many-body observables, including the uncertainties of the
many-body scheme. The accuracy of this new family of interactions is remarkable and will certainly prompt a range of future
studies.
July 15, 2020

Computational Framework. For a systematic investigation of
nuclear observables and their dependence on the underlying
chiral NN+3N interaction, we need efficient many-body methods with controlled uncertainties. Since we address a broad
mass range and a variety of observables, from ground-state energies and radii to excitation spectra, we will adopt different
state-of-the-art ab initio methods.
For the description of few-body systems we use a Jacobi
harmonic-oscillator formulation of the NCSM with the bare
Hamiltonian, which allows us to access large model spaces with
little computational effort and small uncertainties. For 3 H we
use model spaces up to Nmax = 48 with frequencies ~Ω ≈
20 − 32 MeV around the variational energy minimum, which
warrants energy convergence to better than 1keV. For the calculation of 4 He ground-state observables we use Nmax = 24
and frequencies ~Ω ≈ 20 − 32 MeV, which leads to typical
many-body uncertainties of 10 keV and 0.001 fm for energies
and radii, respectively.
For surveys of ground-state energies and radii of closedshell nuclei up into the nickel isotopic chain, we employ the
single-reference IM-SRG [25–28] in a Magnus formulation, truncated beyond normal-ordered two-body terms, for an efficient
calculation of radii. We use a consistent free-space SRG evolution of the Hamiltonian (up to three-body terms) and the radius
operator (up to two-body terms) with a typical flow parameter
α = 0.04 fm4 , corresponding to a momentum scale of 2.24 fm−1
[29, 30]. In addition, we use the natural-orbital single-particle
basis extracted for a perturbatively corrected one-body density
matrix of the target nucleus [31].
For the description of open-shell nuclei we employ the IMNCSM introduced in Ref. [32]. It is based on a multi-reference
IM-SRG evolution of the Hamiltonian and all other operators
of interest, starting from a multi-configurational reference state
from an NCSM calculation in a small reference space, typically
ref
Nmax
= 0 or 2. This evolution suppresses pieces of the A-body
Hamiltonian that couple the reference space to the rest of the
model space, thus, leading to an extremely fast convergence of
a subsequent NCSM calculation. As for the single-reference
IM-SRG, we employ a free-space SRG evolution and a naturalorbital basis. For light p-shell nuclei we also show conventional
NCSM calculations with the harmonic-oscillator basis.

Exploring cD in Few-Body Systems. As a first set of observables for this analysis, we consider the ground-state energy E
and point-proton root-mean-square (rms) radius R p,rms of 4 He
obtained in NCSM calculations with the bare NN+3N interactions at N2 LO and N3 LO. In Fig. 1 we present the results
in form of cD -trajectories in the (E, R p,rms )-plane for the three
different cutoffs. All cD trajectories follow rotated parabolic
curves, which shift systematically to lower energies and radii
with increasing cutoff. There is an upper bound for the 4 He
ground-state energy and in some cases, e.g., for the N3 LO interaction at Λ = 500 MeV, this makes it impossible to reproduce
the experimental ground-state energy—for all cD 4 He is overbound. Another interesting implication relates to the Tjon-line,
i.e., the correlation between the 3 H and 4 He ground-state energies [35, 36]. For all interactions and all cD values used here,
the 3 H ground-state energy is fixed to the experimental value
through fitting cE . Nevertheless, the cD variation changes the
4
He energy over a substantial range, thus, departing from the
Tjon-line in a systematic way.

New Family of Non-Local NN+3N Interactions. In a first step
towards the construction of a family of non-local NN+3N interactions up to N3 LO, we consider the few-nucleon systems
3
H and 4 He. We employ the EMN interactions from LO to
N3 LO with non-local regulators and cutoffs Λ = 450, 500, and
550 MeV. They are supplemented with the corresponding 3N
interactions at N2 LO and N3 LO, computed using the framework of Ref. [33, 34], with non-local regulators in the Jacobi
momenta p and q of the form exp(−((p2 + 3/4q2 )/Λ2 )n ) with
the same Λ as in the NN interaction. We will adopt n = 3 in the
following—choosing another value will lead to slight shifts in
the values of the LEC, but will not change many-body results
significantly. Unlike many previous studies, we do not fix cD
in the few-body domain, e.g., by using the triton half-life or the
4
He radius. We keep cD as a free parameter and only fix cE for

Exploring cD in Many-Body Systems. We can repeat this analysis for ground-state energies and point-proton radii of heavier
nuclei, ranging from the oxygen to the nickel isotopic chain.
For simplicity we limit ourselves to selected closed-shell isotopes and use single-reference IM-SRG calculations. The results for a variation of cD at N3 LO with Λ = 500 MeV are
presented in Fig. 2. With increasing cD the ground-state energy is lowered in a very regular fashion for all isotopes and for
cD ≈ 4 we find good agreement with the experimental binding
energies over the full mass range. At the same time, the radii
are practically independent of cD and in remarkable agreement
with experiment in all cases.
We emphasize that there is a clear mismatch between the
optimal cD values extracted from few-body systems, mediummass nuclei, and nuclear-matter saturation. Using the 4 He en-
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Figure 1: Ground-state energy and rms-radius of 4 He as parametric function of
the low-energy constant cD (see labels) for NN+3N interactions at N2 LO (left)
and N3 LO (right) for cutoffs Λ = 450 MeV (blue), 500 MeV (red), 550 MeV
(green). For each cD , the corresponding cE is determined to reproduce the 3 H
ground-state energy.

a range of different cD by fitting the triton ground-state energy.
In this way, we can study different many-body observables and
their dependence on cD , before deciding on a selection criterion
for the optimum cD .
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Figure 2: Ground-state energies and point-proton rms radii for selected
medium-mass isotopes obtained in IM-SRG for NN+3N interaction at N3 LO
with Λ = 500 MeV for a range of cD parameters from −3.0 (blue) to +4.0 (red)
in steps of 1.0. Experimental data is indicated by black bars [5, 37–39].
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N2 LO
N3 LO
N3 LO’
N2 LO
N3 LO
N3 LO’
N2 LO
N3 LO
N3 LO’

cD

cE

10.0
9.0
9.0
5.0
4.0
4.0
2.0
3.0
1.0

0.909
-0.152
0.544
-0.159
-1.492
-1.481
-0.966
-1.745
-3.412

E(4 He)
[MeV]
-29.46
-29.05
-29.50
-29.42
-29.12
-29.41
-29.45
-29.60
-29.64
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Figure 3: Ground-state energies and point-proton radii for selected mediummass isotopes form IM-SRG calculations using the NN+3N interaction at
N3 LO for Λ = 500 MeV. The left-hand panels show different single-particle
basis truncations emax = 12, 14 and 3N matrix element truncations E3max =
14, 16, 18 with α = 0.04 fm4 . The right-hand panels show different SRG flow
parameters α for emax = 12, E3max = 14.

Table 1: Values of the 3N low-energy constants obtained from considering the
16 O ground-state energy. The values for the two-pion LECs are (c , c , c ) =
1 3 4
(−0.74, −3.61, 2.44) GeV−1 for N2 LO and (−1.07, −5.32, 3.56) GeV−1 for
3
3
N LO and N LO’, taken from [23]. We use isospin-averaged values for
CS = (−4.60, −4.78, −4.56) fm2 and CT = (−0.010, −0.163, −0.069) fm2 for
the three cutoffs (450, 500, 550) MeV.

Λ
[MeV]
450
450
450
500
500
500
550
550
550
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fit. Stated differently, the uncertainty of the 16 O ground-state
energy translates to an uncertainty of cD larger than ±1.0. The
resulting values for the low-energy constants are summarized in
Tab. 1. In addition to the interactions with consistent chiral orders in the NN and 3N sector, denoted by N2 LO and N3 LO, we
also considered the case of NN interactions at N3 LO combined
with 3N interaction at N2 LO, denoted by N3 LO’. The optimal
cD values show two interesting systematics: (i) they are similar
for all different orders with a fixed cutoff, (ii) they are rather
large for the smallest cutoff but decrease systematically with
increasing cutoff. Table 1 also reports the ground-state energy
and radius of 4 He obtained with the respective interactions.

Rrms (4 He)
[fm]
1.498
1.475
1.499
1.475
1.453
1.497
1.459
1.437
1.477

Medium-Mass Nuclei and Uncertainties. Based on this set of
interactions we can address the various sources of theory uncertainties. There is already some experience in assessing the
uncertainties of the many-body method itself. Various comparisons of different many-body methods for a fixed SRG-evolved
Hamiltonian, e.g. in Refs. [14, 40–42], typically indicated an
uncertainty of 1–2%, e.g., due to the restriction to normal-ordered two-body terms in the IM-SRG formulation. For a complete quantification of the many-body uncertainties, we explore
the impact of the truncation of the free-space SRG evolution
at the three-body level and of the truncation of three-body matrix elements with respect to the total energy quantum number
E3 max . We investigate these truncations in Fig. 3. Evidently,
the energies and radii are converged already for emax = 12, and
E3max = 16 is sufficient up into the nickel isotopic chain—up
to 40 Ca even E3max = 14 would be enough. The dependence
on the SRG flow parameter is surprisingly small, i.e., SRGinduced many-body forces beyond the 3N level play a minor
role. Based on these findings, we estimate the total many-body
uncertainty in IM-SRG calculations to be 2%.
More significant are the uncertainties resulting from the chi-

ergy and radius as a guideline (cf. red lines in Fig. 1), we would
arrive at cD ≈ 2 corresponding to the green symbols in Fig. 2.
The deviation of the cD = 2 ground-state energies from experiment is larger than the expected theory uncertainties at this order (cf. Fig. 4). The nuclear-matter studies reported in Ref. [21]
extract cD ≈ −3 from the saturation behaviour for the N3 LO interaction with the same cutoff, but for a regulator with n = 4.
This value leads to a significant underbinding of medium-mass
nuclei, as was also shown in Ref. [24]. Understanding the apparent discrepancy between nuclear matter and medium-mass
nuclei will be an important task for future studies.
Selecting cD in Many-Body Systems. We can repeat the above
analysis for the N2 LO and N3 LO interactions with all three cutoff values and we always find the same basic behavior discussed
in Fig. 2. We can select an optimal cD for each chiral order and
cutoff, such that the ground-state energy of 16 O is reproduced
in simple IM-SRG calculations. Note that we only vary cD in
steps of 1.0 for this selection, since the many-body uncertainty
of the IM-SRG calculations does not allow for a more precise
3

-�

�� � �� � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

�� � �� � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

�� � �� � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

�/� [���]

-�
-�
-�
-��
�
������ [��]

���
�

���

Λ = 450 MeV
�

�� � �� � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

Λ = 500 MeV
�� � �� � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

Λ = 550 MeV
�� � �� � �� �� �� �� �� �� �� �� �� �� �� �� �� �� �� ��

Figure 4: Ground-state energies (top panels) and point-proton rms radii (bottom panels) obtained in IM-SRG calculations for the NLO (solid gray diamonds), N2 LO
(blue circles), N3 LO (red boxes), and N3 LO’ (open green boxes) interactions with Λ = 450 MeV (left), 500 MeV (center), and 550 MeV (right). The error bands
for N2 LO (blue) and N3 LO (red) are derived from the order-by-order behavior and include the many-body uncertainties (see text). Experimental data is indicated
by black bars [5, 37–39].
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ral interaction itself. As we have a sequence of interactions
from LO to N3 LO for three different cutoff values each, we can
explicitly quantify the uncertainties due to the chiral interactions. We use the order-by-order behavior of the observables
at fixed cutoff to determine an uncertainty following Refs. [18–
20]. The uncertainty of an observable XN3 LO at order N3 LO
e.g., is given by max(Q |XN3 LO − XN2 LO |, Q2 |XN2 LO − XNLO |,
Q3 |XNLO − XLO |, Q5 |XLO |). The expansion parameter Q is estimated by the ratio of a typical momentum scale in the mediummass regime over the breakdown scale, which results in Q ≈
1/3. A detailed discussion of these scale estimates can be found
in Ref. [20]. The cutoff dependence is used to validate the uncertainty estimate—ideally, we expect the different cutoffs to
give results compatible within uncertainties. An investigation
of more comprehensive schemes, e.g., in a Bayesian framework
along the lines of Ref. [43, 44], will be subject of future work.
The ground-states energies and point-proton radii of closedshell isotopes from oxygen to nickel obtained for the different cutoffs and different chiral orders with uncertainty bands
indicating the combined interaction and many-body uncertainties are presented in Fig. 4. The general picture is remarkable
for a number of reasons: (i) the results at N2 LO and N3 LO
agree extremely well, even without considering the uncertainties; (ii) consequently, the uncertainty bands are nested and generally shrink systematically; (iii) at N3 LO the interaction and
many-body uncertainties are comparable, while at N2 LO the
interaction uncertainties dominate; (iv) results are very stable
across the different cutoffs and agree within uncertainties; (v)
ground-state energies and point-proton radii agree with experiment within uncertainties for all isotopes considered here.
The agreement of energies and radii among the different orders and the different cutoffs, and the agreement with experiment, is far from trivial. As we discussed earlier, the majority
of existing chiral interactions are not able to reproduce these

�� �� �� �� �� �� ��
�

Figure 5: Ground-state energies, point-proton rms radii, and mass rms radii of
even oxygen isotopes obtained in the IM-NCSM for the LO (open gray diamonds), NLO (solid gray diamonds), N2 LO (blue circles), N3 LO (red boxes),
and N3 LO’ (open green boxes) interactions at Λ = 500 MeV. Experimental
data is indicate by black bars, where two sets of data with error bars are shown
for the radii: For proton radii experimental data is taken from [38] (left-hand
symbols) and [13] (right-hand symbols), for mass radii data extracted from interaction cross-sections (left) and from proton scattering (right), discussed in
Ref. [13], is shown.

systematics. As a further cross-check, Fig. 4 also shows the results with the mixed-order N3 LO’ interactions. They also agree
with the consistent N2 LO and N3 LO interactions within uncertainties, which highlights the robustness of this family of interactions.
Oxygen Isotopes. As an example for applications to open-shell
nuclei, we consider the even oxygen isotopes from 14 O to 26 O
as shown in Fig. 5. For these calculations we use the IMref
NCSM with an Nmax
= 0 reference state and the same uncertainty quantification protocol as for the medium-mass isotopes
4

7Li
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8Be
�+

�

�/�-
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�/�-

N3LO

experiment

�

pattern. This family of interactions will enable a large variety
of ab initio nuclear structure calculations with fully quantified
uncertainties and it promises superior accuracy for many different nuclear observables compared to previous generations of
interactions. It also highlights remaining challenges, e.g., the
incompatibility of the optimum cD for nuclear matter, mediummass nuclei, and few-body systems. We will explore the origin
of this mismatch further, e.g., by including the theory uncertainties for the triton ground-state energy into the fit procedure
and by performing a simultaneous fit of few and many-body
observables.
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Figure 6: Excitation spectra of selected p-shell nuclei from NCSM calculations
up to Nmax = 10 with ~Ω = 20 MeV for the N2 LO and N3 LO interactions
at Λ = 500 MeV. The uncertainty bands show the combined interaction and
many-body uncertainties for each state (see text).

including interaction and many-body uncertainties. As before,
the ground-state energies and radii at N2 LO, N3 LO, and N3 LO’
agree very well with each other and with experiment. The
dripline at 24 O is clearly reproduced with all interactions starting from N2 LO. We have included both, point-proton and matter rms radii in order to compare to evaluations of the matter rms
radii for the neutron-rich oxygen isotopes from Ref. [13]. Taking into account the difference between matter radii extracted
from interaction cross-sections and proton scattering as well
as the experimental and the theory uncertainties, we find good
agreement with the available data.
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