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Abstract

Chiral effective field theory allows for a systematically improvable construction of nuclear
interactions and currents rooted in quantum chromodynamics (QCD). In this thesis we pro-
pose families of chiral nucleon-nucleon (NN) plus three-nucleon (3N) interactions and develop
a framework to incorporate nuclear exchange-current contributions to the M1 operator in
importance-truncated no-core shell model (IT-NCSM) calculations.

The interaction families base on the Entem, Machleidt and Nosyk NN interactions,
which are supplemented at next-to-next-to-leading order (N2LO) and next-to-next-to-next-
to-leading order (N3LO) with 3N interactions consistent in chiral order, non-local regulator,
and cutoff values. We study the dependence of observables of light- and medium-mass nuclei
on the 3N low-energy constants (LECs). Based on the results, we propose two alternative
optimization procedures for the LECs. One optimizes the ground-state energies of 3H and
4He and the other the ground-state energies of 3H and 16O.

The performance of both interaction families is explored for ground-state energies and
radii of light- and medium-mass nuclei as well as for spectra of p-shell nuclei. In these
calculations, we give a fully estimation of the uncertainties for both the many-body method
and the interaction. The uncertainties due to the chiral truncation are estimated with a
state-of-the-art approach rooted in Bayesian statistics. Both interaction families lead to
robust results for the considered observables. In particular, the inclusion of the ground-state
energy of 16O in the optimization procedure leads to energies and radii, which reproduce the
experimental values up to the nickel isotopes well.

For precision studies of electromagnetic observables like multipole moments and transition
strengths, we need in addition to an accurate interaction also consistent exchange currents.
In this work, we develop the necessary framework to include exchange-current contributions
to the M1 operator in IT-NCSM calculations. This comprises the correct treatment in the
similarity renormalization group (SRG) as well as the transformation into a suitable single-
particle basis representation. This leads to the first fully chiral determination of the magnetic
dipole moment of the ground state of 6Li as well as the magnetic dipole transition strength
from the first 0+ to the 1+ ground state of 6Li including the next-to leading order (NLO)
current contribution to theM1 operator. This study shows that both the consistent treatment
in the SRG and the exchange-current contribution to the M1 operator are important to match
theory and experiment.
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Zusammenfassung

Die chirale effektive Feldtheorie ermöglicht die Konstruktion von systematisch verbesser-
baren Kernwechselwirkungen und -strömen, die in der Quantenchromodynamik verwurzelt
sind. In dieser Arbeit schlagen wir Familien von chiralen Nukleon-Nukleon (NN) plus Drei-
Nukleon (3N) Wechselwirkungen vor und entwickeln einen Rahmen, um Beiträge von Aus-
tauschströmen zum M1-Operator in das Importance-Truncated No-Core Shell Model (IT-
NCSM) mit einzubeziehen.

Diese Wechselwirkungsfamilien basieren auf den Entem, Machleidt und Nosyk NN Wech-
selwirkungen, welche mit nächst-zu-nächst-zu-führender Ordnung (N2LO) und nächst-zu-
nächst-zu-führender Ordnung (N3LO) 3N Wechselwirkungen kombiniert werden. Diese sind
konsistent in chiraler Ordnung, nichtlokalem Regulator und Cutoff-Werten. Wir untersuchen
die Abhängigkeiten von leichten und mittelschweren Kernen von den Niederenergiekonstan-
ten (LECs) der 3N Wechselwirkungen. Basierend auf diesen Ergebnissen schlagen wir zwei
Optimisierungsmöglichkeiten der LECs vor. Eine optimiert die Grundzustandsenergien von
3H und 4He und die andere die Grundzustandsenergien von 3H und 16O.

Die Leistungsfähigkeit beider Wechselwirkungsfamilien wird für Grundzustandsenergien
und -radien von leichten und mittelschweren Kernen sowie für Spektren von p-Schalen Ker-
nen untersucht. Bei diesen Berechnungen geben wir eine vollständige Abschätzung der Un-
sicherheiten sowohl für die Vielteilchenmethode als auch für die Wechselwirkung an. Die
Unsicherheiten aufgrund der chiralen Trunkierung werden mit einem modernen, auf der
Bayes’schen Statistik basierenden Ansatz abgeschätzt. Beide Wechselwirkungsfamilien führen
für die betrachteten Observablen zu robusten Ergebnissen. Insbesondere die Einbeziehung der
Grundzustandsenergie von 16O in das Optimierungsverfahren führt zu Energien und Radien,
die die experimentellen Werte bis zu den Nickelisotopen gut reproduzieren.

Für Präzisionsstudien elektromagnetischer Observablen wie Multipolmomenten und Über-
gangsstärken benötigen wir zusätzlich zu einer genauen Wechselwirkung auch konsistente
Austauschströme. In dieser Arbeit entwickeln wir den notwendigen Rahmen, um Austausch-
strombeiträge zum M1-Operator in IT-NCSM Rechnungen miteinzubeziehen. Dies umfasst
die korrekte Behandlung in der Similarity Renormalization Group (SRG) sowie die Transfor-
mation in eine geeignete Ein-Teilchen-Basisdarstellung. Dies führt zur ersten vollständig
chiralen Bestimmung des magnetischen Dipolmoments des Grundzustands von 6Li sowie
der magnetischen Dipol-Übergangsstärke vom ersten 0+ zum 1+-Grundzustand von 6Li ein-
schließlich des Strombeitrags nächst-zu-führender Ordnung (NLO) zum M1-Operator. Diese
Untersuchung zeigt, dass sowohl die konsistente Behandlung in der SRG als auch der Aus-
tauschstrombeitrag zum M1-Operator wichtig für die Übereinstimmung von Theorie und
Experiment sind.
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1 Introduction

In recent years, many advances have been made in ab initio nuclear structure physics, where
we try to understand properties of nuclei and their reactions. Under an ab initio description of
nuclei we understand a microscopic description of nuclei, where all introduced approximations
can be systematically improved. From a fundamental point of view one might start with the
theoretical framework of quantum chromodynamics (QCD), since it is the theory of the
strong interaction and explains the properties and dynamics of quarks and gluons. The
direct description of many-quark systems beyond the lightest hadrons and nuclei is quite
challenging, because the QCD is non-perturbative in the low-energy regime.

Using nucleons as degrees of freedom with inter-nucleon interactions is a more productive
ansatz to describe many-nucleon systems. Phenomenological high-precision potentials like the
Argonne V18 [1] or CD-Bonn [2] potentials provide an excellent description of experimental
nucleon-nucleon (NN) data with χ2 per degree of freedom of the order of 1.

Discrepancies between many-body calculations based on NN interactions and experiments
indicated that the inclusion of three-nucleon (3N) interactions is necessary [3]. Phenomeno-
logical 3N interactions like the Illionis 3N interactions [4] in combination with the Argonne
V18 NN interactions improved the theoretical description of the investigated systems.

In the spirit of ab initio, interactions based on chiral effective field theory (EFT) [5–8]
have taken over in the recent years. This framework uses nucleons and pions as degrees of
freedom and incorporates the symmetries of QCD. These interactions are not only rooted in
the underlying QCD, but are also systematically improvable. Based on a separation of scales,
a low-momentum expansion is employed. This separation limits the occurring contributions
to a finite number at a given chiral order. With increasing chiral order the interactions
can be improved and many-body interactions as well as nuclear currents emerge naturally.
This so-called chiral expansion orders the importance of the different contributions auto-
matically starting with only NN interactions at leading order (LO), 3N interactions emerge
at next-to-next-to-leading order (N2LO), 4N interactions at next-to-next-to-next-to-leading
order (N3LO) and so on. Different contributions of these interactions come with low-energy
constants (LECs) that need to be determined. Currently, these LECs are fitted to experi-
mental data, but with increasing computational power and ongoing improvements in lattice
QCD [9–12] the matching to the underlying theory is in prospect.

The systematic improvability of the chiral EFT interactions gives the opportunity to esti-
mate theoretical uncertainties for resulting observables. How to estimate these uncertainties
is currently a topical subject in nuclear theory. A first approach based on the chiral expan-
sion proposed by Epelbaum, Krebs, and Meißner (EKM) [13] gives an initial assessment of
these uncertainties and has been used frequently [13–16]. Extended approaches based on
Bayesian statistics have been developed in the BUQEYE collaboration [17–19], which allow
for a statistical interpretation and the quantification of a degree-of-belief interval.

Besides the conceptional improvements in the construction of the interactions, a lot of
advances have been made in the development of many-body methods, which solve the station-
ary A-body Schrödinger equation. At the same time, a significant increase in computational
resources extended the reach of established methods further. Different methods are used in
different nuclear mass regions. For light nuclei within the p-shell we use the powerful no-core
shell model (NCSM) [20, 21] in single-particle as well as in Jacobi formulation. The basic

1



2 Chapter 1: Introduction

idea of the NCSM is to formulate the stationary Schrödinger equation as a matrix eigenvalue
problem and solve it in a suitable finite basis representation. By systematically increasing
the model-space dimension one improves the solution until it converges. The NCSM allows
to calculate besides the energies of the low-lying states, in principle, any observable, since we
explicitly calculate the wave functions and can obtain, for example, radii and electromagnetic
multipole moments via the evaluation of the expectation values of the corresponding oper-
ator with the wave functions. In the importance-truncated no-core shell model (IT-NCSM)
[22] the range of computable nuclei can be extended by using an additional truncation that
probes the importance of a state a priori and excludes states from the model space that do
not fulfill an importance condition motivated by perturbation theory.

The convergence of the NCSM and similar methods with model-space dimension is rel-
atively slow for bare interactions obtained, amongst others, within chiral EFT. This con-
vergence behavior is particularly connected to short-range correlations that are difficult to
represent in typical basis choices. The similarity renormalization group (SRG) [23, 24] ap-
proach is a successfully applied tool to enhance the convergence. The SRG is based on
a unitary transformation of the Hamiltonian carried out with a flow-equation ansatz that
decouples low- and high-momentum states and thereby effectively prediagonalizes the Hamil-
tonian. In contrast to other methods, which aim to accelerate the convergence, like the
Okubo–Lee–Suzuki (OLS) approach [21, 25, 26] or the unitary correlation operator method
(UCOM) [23], the unitary transformation operator does not need to be constructed explicitly,
but can be tailored flexibly to a specific task via a so-called generator. Furthermore, many-
body forces can be treated straight forward in the SRG, even though current applications are
usually restricted up to 3N forces. The use of the SRG introduces induced many-body forces,
which need to be taken into account. By neglecting these forces one introduces uncertainties.
Therefore, the use of the SRG comes with a trade off between a non-converged many-body
calculation and uncertainties due to induced many-body forces, where the uncertainties due
the former one are usually larger.

In addition to the use as a prediagonalization approach, the SRG can be used to solve
the stationary Schrödinger equation. This leads to the in-medium similarity renormalization
group (IM-SRG) [27–32]. In this approach, the Hamiltonian is rewritten in a normal ordered
form with respect to a reference state and the SRG flow equation is used to decouple the
reference state from all excited states, such that the reference state becomes an eigenstate of
the Hamiltonian. In the simplest formulation, the single-reference IM-SRG is restricted to
closed shell nuclei, but this formulation is also computationally affordable and extends the
range of calculable nuclei far into the medium-mass regime [33], which makes the IM-SRG
an excellent method to benchmark interactions.

The many-body methods introduced before are the main methods that we use in this
work. As indicated before, there are additional methods available. For example, the coupled
cluster method [34, 35] is a decoupling method of the Hamiltonian similar to the IM-SRG,
but does not use a unitary transformation. It is also possible to combine the IM-SRG and the
NCSM, which leads to the in-medium no-core shell model [36, 37]. In this method the IM-
SRG is used as an additional intermediate step to enhance the convergence of the NCSM. An
additional class of many-body approaches are quantum Monte Carlo methods [38, 39]. Here,
one focuses on optimizing the many-body wave function. By probing the different many-body
approaches against each other [33], we can learn about sensitivities of these methods and gain
a good understanding of the uncertainties of the different approaches.

With these advances in many-body approaches, we are now in the position to probe
interactions based on chiral EFT. In the past, many applications have not exhausted the
opportunities provided by chiral EFT. A widely used chiral EFT interaction is the NN in-
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teraction at N3LO by Entem and Machleidt [40] complemented with a local 3N interaction
at N2LO [41]. However, with a single interaction at a specific chiral order we cannot per-
form a systematic uncertainty quantification. Furthermore, between the NN and 3N force
the chiral orders as well as the regularization schemes are inconsistent . This interaction also
systematically underestimates nuclear radii, particularly in the medium-mass regime [42–44].

There are other interactions available, for example the NNLOsat interaction [45], which
is a pure N2LO interaction with a consistent regularization scheme. This interaction benefits
from a simultaneous fitting procedure, which takes into account NN phase-shifts as well as
few- and many-body observables. Hence, this interaction also leads to a better description
of radii. However, here also only a single chiral order is available such that a systematic
order-by-order analysis cannot be applied.

At the moment there are three NN interaction families available. A family of interactions
consists of multiple chiral orders and, ideally, of multiple cutoffs. These families are the
semi-local coordinate space (SCS) [13, 14], the semi-local momentum space (SMS), and the
non-local Entem, Machleidt and Nosyk (EMN) [46] interactions. Following the chiral power
counting, starting from N2LO the 3N interactions contribute to the same extent as the NN
interactions. Hence, for a systematic order-by-order analysis of many-body observables, we
need 3N interactions.

Within the low energy nuclear physics international collaboration (LENPIC) [47] we aim
to construct consistent chiral EFT NN and 3N interactions as well as exchange currents for
the semi-local interactions SCS and SMS. The EMN interactions can be complemented with
non-local 3N interactions at N2LO and N3LO [48, 49].

In this thesis, we aim to construct families of NN plus 3N interactions that can accurately
describe nuclear observables. In particular, we supplement the EMN NN with optimized 3N
interactions, such that we can estimate uncertainties of many-body observables originating
from the interactions and from the many-body approaches.

For the comparison of theory with experiment, electromagnetic observables are of special
interest, since electromagnetic observables, like multipole moments and transition strengths,
probe different aspects of the wave functions than the energy or radii. For precision studies
of other observables than the energy, contributions from so-called exchange currents can play
a role. These exchange currents can also be constructed consistently within chiral EFT.
Recently, first explorative results on the impact of electromagnetic currents derived in chiral
EFT have been obtained by Marcucci et al. [50] as well as by Pastore et al. [51]. They
show that these current contributions are not negligible. An additional goal of this work is to
probe the NLO current contributions to the M1 operator in 6Li in a fully chiral framework.

This thesis is organized in 7 chapters. Following this introduction, we start with a dis-
cussion of the chiral EFT in chapter 2, where we introduce its basic concepts as well as
the interactions used in this thesis. Thereafter, we introduce in chapter 3 details of the
different many-body approaches and optimizations that we employ to solve the stationary
Schrödinger equation, in particular the NCSM, SRG, and the IM-SRG. In chapter 4 we ex-
plore the EMN interactions in combination with non-local 3N interactions and introduce two
optimization procedures. These optimizations lead to two interaction families that we probe
in light- and medium-mass nuclei. In chapter 5 we study ground-state energies and radii
of medium-mass nuclei based on the semi-local interactions developed within LENPIC and
investigate the effect of different regularization choices for the 3N interaction. The inclusion
of the exchange-current contributions to the M1 operator is described in chapter 6. Finally,
in chapter 7 we conclude this work with a short summary and outlook.
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2 Chiral Effective Field Theory

In nuclear structure theory one uses nucleons as degrees of freedom to describe nuclei. Nucle-
ons are not fundamental particles and thus have an initrinsic structure. The forces between
nucleons can be regarded as a residual interaction of the subnuclear interaction between
quarks and gluons. Thus, the interaction between the nucleons is only an effective descrip-
tion of the underlying theory of quantum chromodynamics (QCD). Phenomenological high-
precision potential models such as Argonne V18 [1] or CD-Bonn [2] potentials provide an
excellent description of experimental NN data. In recent years, much effort has been put
into the development of interactions based on chiral effective field theory (EFT) to gain a
link to the underlying theory of the strong interaction, the QCD. This framework allows
the construction of consistent many-body forces and nuclear current operators. In addition,
interactions derived in chiral EFT can be systematically improved in terms of dominant dy-
namical contributions, and therefore a systematic uncertainty quantification is possible. In
this chapter we will discuss the basic foundation of chiral EFT and the interactions we are
using in this work. This chapter covers only the basic concepts and for more details the
reader is referred to the extensive literature [5–8].

We start this chapter with a short introduction to QCD and chiral perturbation theory.
This is followed by the description of how the interaction is constructed as well as the chiral
power counting. Thereafter, we give an overview about the NN and 3N interactions we are
using in this thesis. We end this chapter with a discussion of how we obtain theoretical
uncertainties from the chiral EFT.

2.1 Quantum Chromodynamics and
Chiral Perturbation Theory

The fundamental theory of the strong interaction is QCD. QCD uses quarks and gluons as
degrees of freedom to construct composite particles called hadrons. In total, there are six
quark flavors. They are fermions, carry an electric charge and in addition a color charge (red,
green, blue). Their antiparticles are antiquarks, which carry anticolors. The concept of color
has been introduced since isolated quarks are not observed. They exist only as constituents
of color-neutral objects, for instance quark-antiquark pairs (mesons) or three-quark systems
(baryons). This phenomenon is referred to as color confinement. For completeness, also
candidates of four and five quark systems have recently been observed experimentally [52–
54].

Besides the color confinement, asymptotic freedom is the second main property of QCD.
With increasing energy the strong coupling constant decreases [55]

αs(Q
2) ≈ 1

β0 ln
(
Q2/Λ2

QCD

) , (2.1)

where Q is the momentum scale, ΛQCD ≈ 200 MeV is the so called QCD scale and β0 is a
constant, which depends on the number of active flavors. Hence, the coupling constant is
often referred to as a running coupling constant. For high energies the coupling αs goes to

5



6 Chapter 2: Chiral Effective Field Theory

zero and a perturbative treatment of QCD is possible. For the low-energy regime, which is of
interest for nuclear structure calculations, the coupling constant increases and a perturbative
treatment is not applicable. Without a perturbative treatment, in lattice QCD [12] one tries
to solve the problem with a computationally demanding ansatz. Currently, lattice QCD is
limited to unnaturally large quark masses and only the lightest nuclear systems.

Another approach is the construction of an effective theory, which is appropriate for the
energy scale of the process of interest. Chiral perturbation theory (CHPT) is the effective
theory of QCD. It was formulated by Weinberg [56] and further elaborated by Glasser and
Leutwyler [57, 58]. In CHPT the symmetries of QCD play a crucial role, in particular the
approximate chiral symmetry, which is valid for the two and, to some extent, also for the
three lightest quarks.

Lets start with the QCD Lagrangian for the two lightest quark flavors up and down

LQCD = q̄(iγµD
µ −M)q − 1

4
Gµν,aG

µν
a , (2.2)

with the gauge covariant derivative Dµ = ∂mu − igsG
a
µλa/2, where Gaµ is the gluon field

for the eight different gluons a = 1, . . . , 8, λa are the SU(3) Gell-Mann matrices, and gs is
the coupling constant which connects to the strong coupling constant in equation (2.1) via
αs = g2

s/(4π). Further, q are the quark fields and Gµνa is the gluon field strength tensor, and
M = diag(mu,md) is the quark mass matrix.

By redefining the quark fields in terms of left- and right-handed fields with

qL =
1− γ5

2
q, (2.3)

qR =
1 + γ5

2
q, (2.4)

one can rewrite the Lagrangian (2.2) into

LQCD = q̄LiγµD
µqL + q̄RiγµD

µqR − q̄LMqR − q̄RMqL −
1

4
Gµν,aG

µν
a . (2.5)

This notation shows that the left- and right-handed quark fields only connect through the
mass term. Compared to the hadron mass scale of approximately 1 GeV the masses of the
up and down quarks mu ≈ 2.2 MeV and md ≈ 4.7 MeV [59] are very small. Therefore, it
is a good approximation to assume them to be zero. This limit of vanishing quark masses
is called the chiral limit. In this limit the Lagrangian (2.5) is invariant under global flavor
rotations of the left- and right-handed quark fields

qL → q′L = exp

(−iΘL · τ
2

)
qL, (2.6)

qR → q′R = exp

(−iΘR · τ
2

)
qR. (2.7)

Here, τ and ΘL/R represent the Pauli matrices in flavor space and their corresponding rotation
angles. These rotations corresponding to a global SU(2)L×SU(2)R symmetry are also referred
to as the chiral symmetry. In total, the Lagrangian in the chiral limit fulfills the SU(2)L ×
SU(2)R×U(1)V×U(1)A symmetry group, where the vector symmetry U(1)V corresponds to
the quark number conservation and the axial symmetry U(1)A is broken by quantum effects,
the so-called U(1)A anomaly.

From the hadronic spectrum we have evidence that the chiral symmetry is spontaneously
broken. We speak about a spontaneously broken symmetry, if the ground state of a system
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exhibits less symmetries than the underlying Lagrangian. If the symmetry was not broken,
we would expect degenerate hadron multiplets of opposite parity [5]. This is not the case.
For example the vector meson ρ has a negative parity (JP = 1−) and a mass of 776 MeV [59],
while the corresponding a1 meson with positive parity (JP = 1+) has a much larger mass
of 1230 MeV. Instead, the ρ meson comes in three charged states (ρ−, ρ0, ρ+) with a small
mass differences (≈ 1 MeV). This indicates that the chiral symmetry is spontaneously broken
down to its subgroup SU(2)V, which is the isospin symmetry. In a spontaneously broken
system, we expect the existence of massless Goldstone bosons. These Goldstone bosons can
be identified with the very light isospin triplet of the pions. The pions are not massless
Mπ ≈ 140 MeV [59], but are very light in comparison to other hadrons. That the pions are
not massless can be traced back to the – in reality – non vanishing masses of the up and down
quarks. Therefore, the chiral symmetry is also explicitly broken. Due to the non-vanishing
pion masses we call these the pseudo-Goldstone bosons.

Now, we have identified the pions as degrees of freedom for the effective theory. The most
general Lagrangian with the pions as degrees of freedom has an infinite number of terms

Lπ = L(2)
π + L(4)

π + ... . (2.8)

In CHPT we can order these contributions in a systematic improvable way via dimensional
analysis. We analyze the different terms in powers of (Q/Λχ)ν , where Q is the soft scale
associated with a typical momentum or the pion mass, and Λχ ≈ 1 GeV the chiral breakdown
scale. This breakdown scale is expected to be of the order of the ρ-meson mass and has an
upper bound at 4πFπ [60], where Fπ is the pion-decay constant. This expansion is often
referred to as the chiral expansion and allows us to evaluate only a finite number of Feynman
diagrams at a given order.

Adding nucleons in this scheme leads to the problem that the nucleon mass MN is of
the same order as the breakdown scale Λχ. This problem can be overcome in the so called
heavy baryon formalism [61, 62], where we separate the four-momentum of the baryons into
a massive Mvµ and an additional small momentum kµ part

pµ →Mvµ + kµ. (2.9)

Here vµ is the four-velocity of the baryon satisfying vµv
µ = 1 as well as vµk

µ � M and the
small momentum kµ is of the order of the soft scale. In this formalism the baryon mass M is
used as an additional hard scale in the theory. In the chiral limit, this allows to expand the
pion-nucleon Lagrangian LπN in powers of the inverse baryon mass 1/M:

LπN = L(1)
πN + L(2)

πN + L(3)
πN + ... . (2.10)

In addition to these terms, where pions interact with the nucleons, we need to incor-
porate purely nucleonic contact terms in the theory. These terms have multiple purposes:
They renormalize loop integrals in the theory, make the results independent of regulator
parametrizations and are needed to absorb unresolved short-range dynamics of the nuclear
force

LNN = L(0)
NN + L(2)

NN + L(4)
NN + ... . (2.11)

Finally, we obtain the most general Lagrangian, which uses pions and nucleons as degrees
of freedom and fulfills the exact and broken symmetries of QCD

Leff = Lπ + LπN + LNN + ... , (2.12)
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where the ellipsis stands for further terms with more than two nucleons with and without
pions. All these terms come with so called low-energy constants (LECs), which need to
be determined through fits on experimental data or through matching with lattice QCD
calculations. However, the lattice QCD calculations are as of today not accurate enough to
extract the LECs reliably.

2.2 Effective Interactions

Once the effective Lagrangian is constructed, we can obtain the purely nucleonic effective
interaction. This decoupling can be achieved for example through time-ordered perturbation
theory [63] or the method of unitary transformation [64, 65]. Here, we sketch the method of
unitary transformation.

Using the projection operators η̂ and λ̂ on the purely nucleonic and the remaining sub-
space, the stationary Schrödinger equation can be written as(

η̂Ĥη̂ η̂Ĥλ̂

λ̂Ĥη̂ λ̂Ĥλ̂

)(
| φ〉
| ψ〉

)
= E

(
| φ〉
| ψ〉

)
. (2.13)

With the ansatz of Ôkubo [66] for a unitary transformation for the Hamiltonian Û †ĤÛ with
the unitary operator

Û =

(
η̂(1 + Â†Â)−

1
2 Â†(1 + Â†Â)−

1
2

Â(1 + Â†Â)−
1
2 λ̂(1 + Â†Â)−

1
2

)
(2.14)

the different subspaces can be decoupled. Here, the operator Â fulfills

Â = λ̂Âη̂. (2.15)

With this ansatz the unitary transformation decouples the subspaces, if the operator Â solves
the following nonlinear equation:

λ̂(Ĥ − [Â, Ĥ]− ÂĤÂ)η̂ = 0. (2.16)

Here, [. . . , . . . ] is a commutator. Equation (2.16) can be solved perturbatively, if we separate
the Hamiltonian into a free Ĥ0 and an interacting ĤI part:

Ĥ = Ĥ0 + ĤI . (2.17)

The effective potential can then be obtained via

V̂eff = η̂Û †ĤÛ η̂ − Ĥ0. (2.18)

To solve equation (2.16), the interacting part ĤI is expanded in a power series. This allows
to solve for the operator Â in an iterative manner. For chiral potentials the chiral power
counting is used and the interacting part is expanded in powers of Qν . Different interaction
parts are usually depicted in diagrammatic form as illustrated in figure 2.1.

We employ interactions based on the chiral power counting of Weinberg [67–69]. There are
discussions to improve the power counting by, for example, promoting short-range couplings
to lower orders [70, 71]. However, no suitable interactions for nuclear structure calculations
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NN 3N 4N

LO

NLO

N2LO

N3LO

...

... ...

...

...

Figure 2.1: Diagrammatic representation of the hierarchy of nuclear forces in chiral EFT.
The nucleons are depicted as solid lines, while the dashed lines represent pions. The different
vertex dimensions are indicated through dots, circles, squares, and diamonds according to
∆i = 0, 1, 2, and 4.

have been developed yet. Weinberg obtained the following power counting via dimensional
analysis

ν = −2 + 2A− 2C + 2L+
∑
i

∆i, (2.19)

where A is the number of nucleons, C is the number of separately connected pieces, L is the
number of loops in the diagram, and

∆i = di +
ni
2
− 2, (2.20)

where di is the number of derivatives or pion-mass insertions and ni the number of nucleon
legs of the vertex i. This power counting is illustrated in figure 2.1 with the diagrams depicting
the different interaction processes between the nucleons via contacts or pionic interactions.
Here, the leading order (LO) diagrams have ν = 0 and all contributions to ν = 1 are vanishing
due to parity and time-reversal invariance. Therefore, the next-to-leading order (NLO) has
ν = 2, the next-to-next-to-leading order (N2LO) has ν = 3, and so on. At LO and NLO only
NN interactions are contributing, while higher particle-rank forces like the 3N interactions
appear at N2LO.

For example, the LO contribution

V̂ NN
LO = V̂ NN

cont + V̂ NN
OPE (2.21)

consists of a contact interaction

V̂ NN
cont = CS + CT(σ̂1 · σ̂2) (2.22)
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with the LECs CS and CT, and the one-pion exchange (OPE)

V̂ NN
OPE(~q) = − g2

A

4F 2
π

(~̂σ1 · ~q)(~̂σ2 · ~q)
q2 +M2

π

(~̂τ1 · ~̂τ2) (2.23)

with ~q the momentum transfer

~q = ~p1 − ~p′1 = ~p2 − ~p′2 (2.24)

with initial and final momenta of the nucleons ~p1, ~p2 and ~p′1, ~p′2 respectively.

2.3 Two Nucleon Interactions

The chiral EFT interactions are only valid in the low-energy regime. Furthermore, the in-
teractions applied in the Lippmann-Schwinger equation lead to infinities. To avoid these
infinities and ensure that the interactions are physical, the usual procedure is to regularize
the interactions by multiplying them with a regulator function that cuts off external mo-
menta at a specific cutoff Λ, which is larger than a typical momentum but smaller than the
breakdown scale

q � Λ < Λχ. (2.25)

There is no unique way to chose this regulator function. A typical regulator function is of
Gaussian form

F (q,Λ) = exp

[
−
( q

Λ

)2n
]
, (2.26)

where q is related to the nucleon momentum and Λ is the cutoff scale, which is usually chosen
in the range of 300-700 MeV. In this range, we do not cut off relevant physics but are smaller
than the chiral breakdown scale Λχ, hence, we suppress all momenta for which the theory is
not valid.

In principle, the theory should not depend on the chosen regulator function or scale.
The dependence on the regulation should be incorporated in the contact interactions by
rescaling the LECs. Hence, the LECs have multiple purposes: they are used to renormalize
the theory and to absorb neglected physics from higher orders, for example heavier mesons.
In chiral EFT, the LECs need to be determined order by order by fitting to experimental
data. The usual procedure is to fit the NN interaction to NN data, the 3N interaction to 3N
data, and so on. Later, in chapter 4, we will also discuss alternative fitting strategies. The
interactions constructed in chiral EFT are not unique. They distinguish themselves through
different regularization schemes, fit procedures as well as unambiguous parameters that need
to be chosen in the construction of the relativistic correction or in the short-range contact
interactions. In the following sections, we introduce the different interactions we use in this
work. As already mentioned, the result should be independent of the regulator choice, but the
regulators can generate regulator artifacts [72] or for technical reasons one regulator can be
more favorable than another. For example, many-body methods based on coordinate-space
wave functions like quantum Monte Carlo methods [38, 39] prefer local interactions as an
input and the usage of non-local regularized interactions can be more involved. Nevertheless,
it is a good idea to explore various regulator schemes and scales. This also gives an idea of
the uncertainties of the theory. Now, we discuss the different NN interactions used in this
thesis.
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2.3.1 Entem and Machleidt Interaction

A widely used NN interaction was the Entem and Machleidt (EM) NN interaction [73]. This
interaction is the first chiral interaction with terms up to N3LO and is regularized with a
non-local regularization scheme. Thus, the regularized interaction is given by

V̂ reg(p′, p) = F (p′,ΛNN)V̂ (p′, p)F (p,ΛNN). (2.27)

Here p and p′ are the initial and final momenta. The powers n in F (q,Λ) are chosen differently
for the different contributions of the interaction, but at least as large such that the regulator
function

F (q,Λ) = exp

[
−
( q

Λ

)2n
]
≈ 1−

( q
Λ

)2n
+ . . . (2.28)

does not introduce terms with powers lower than the order ν = 4. In particular, LO contri-
butions use n ≥ 3 and NLO as well as higher orders use n ≥ 2. The cutoff is chosen to be
ΛNN = 500 MeV. With this interaction we are restricted to one chiral order and one cutoff.
Hence, this interaction does not allow for an uncertainty quantification via order-by-order
analysis. Nevertheless, this interaction has been used in many applications [74–76], therefore
it is still used as a benchmark interaction. Furthermore, the accuracy of an interaction is also
strongly dependent on the data to which it is fitted. The EM interaction is fitted to phase
shifts and other NN data based on published worldwide data up to 1999 defined in reference
[2] and is in an energy range of 0 − 290 MeV. In this range, the data is reproduced with a
χ2/datum = 1.1.

2.3.2 Entem, Machleidt and Nosyk Interactions

The Entem, Machleidt and Nosyk NN interactions [46] are an advancement to the EM inter-
action. In fact, it is not only one interaction, but an interaction family. These interactions
allow for a consistent chiral order-by-order analysis with chiral orders available from LO to
N4LO. Similar to the EM interaction, a non-local regularization scheme is used with three
different cutoffs ΛNN = 450, 500, and 550 MeV. Besides these additional chiral orders and
cutoffs, the πN LECs are not fitted to the NN data base, but are rather obtained by matching
the Roy-Steiner equations to the chiral expansion [77]. Furthermore, the NN data base is
extended up to worldwide data up to 2016 [46]. The data set increased during this years from
2403 to 4853 data points. In the energy range 0 − 290 MeV the data is reproduced with a
χ2/datum = 1.63 at N3LO and χ2/datum = 1.15 at N4LO.

2.3.3 Semi-local Regularized Interactions

Complementary to the EM and EMN interaction, also interactions with a semi-local regu-
larization scheme have been developed. These interactions come in two forms, the semi-local
coordinate space (SCS) [13, 14] and the semi-local momentum space (SMS) [78] regularized
interactions. They were developed to overcome deficiencies by using a non-local regulator.
Chiral interactions consist of two distinct parts, the long-range part, which is governed by
pion exchanges, and the short-range part, which is parameterized through contact interac-
tions. Hence, the long-range part is unambiguously determined from the chiral symmetry
and the corresponding LECs should be obtained from experimental data of the pion-nucleon
system. The authors of [13] argue that the non-local regulator can cut into this long-range
part, if the cutoff value is chosen too small. These artifacts reveal themselves as a cutoff de-
pendence of observables or, in particular, oscillations of the deuteron wave function. Hence,
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a SCS regularization scheme was introduced, which regularizes long-range contributions with
a regulator function in coordinate space

f
( r
R

)
=

[
1−

(
− r

2

R2

)]n
(2.29)

and n = 6. This regulator choice does not influence the long-range part and removes the
short-range parts of the pion-exchange contributions, thus, an additional spectral function
regulator is not necessary. For short-range contact contributions one still uses a non-local
regulator in a Gaussian form

V̂ reg
cont(p

′, p) = V̂cont(p
′, p) exp

[
−p
′2 + p2

Λ2

]
. (2.30)

with Λ = 2R−1. This interaction is available for the cutoffs R = 0.8, 0.9, 1.0, 1.1, and 1.2 fm
and from LO to N4LO. This regularization scheme exploits that the long-range contribution
is mainly of local nature and that only the relativistic corrections starting from N3LO are
non-local.

Using a regulator in coordinate space comes with increasing numerical cost especially for
the 3N interactions, since in order to regularize the interaction one needs to apply a Fourier
transformation into coordinate space and after the regularization back into momentum space.
Hence, based on the same idea as the SCS interaction, but using a regulation in momentum
space, the SMS interactions were developed. This interaction family is available from LO to
N4LO+, where the + indicates additional short-range terms from N5LO. The five available
cutoffs Λ range from 350 MeV to 550 MeV. In practical calculations, the regularization in
momentum space is easier to implement for interactions defined in momentum space. The
regularization of the long-range part of the SMS interactions is carried out by replacing the
Feynman propagators for the pions by a spectral integral

1

l2 +M2
π

→
∫ ∞

0
dµ2 ρ(µ2)

l2 + µ2 + iε
, (2.31)

where l is the four-momentum of the pion and ρ(µ2) a spectral function that ensures that
the pion propagators get regularized∫ ∞

0
dµ2 ρ(µ2)

~l2 + µ2
→ F (~l2)

~l2 +M2
π

. (2.32)

For the SMS interactions the form factor F (~l2) has been chosen to be

F (~l2) = exp

[
−
~l2 +M2

π

Λ2

]
. (2.33)

In addition to the different regularization of the long-range terms, redundant short-range
off-shell terms have been removed in the SMS interaction, which simplified the fits and lead
to softer interactions, in section 5.2 we will come back to these terms and probe modifications
of those. Furthermore, the SCS and SMS interactions differ by the choice of the πN LECs.
The SCS interactions use πN LECs that are obtained in the Karlsruhe-Helsinki partial-wave
analysis [79, 80], while the SMS interactions use the πN LECs form the Roy-Steiner equation
analysis [77] similar to the EMN interactions. Both SCS and SMS describe the NN data in
excellent agreement.
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(a) TPE (b) OPE and NN contact (c) 3N contact

Figure 2.2: The 3N diagrams entering at N2LO. The nucleons are depicted as solid lines,
while the dashed lines represent the pions. The different vertex dimensions are indicated
through different thicknesses.

2.4 Three Nucleon Interactions

In this section we give a short overview of the basic structures of the 3N interactions in chiral
EFT. Afterwards, we discuss the various regularization schemes that we are using.

2.4.1 Basic Structures

In the Weinberg counting scheme the first 3N interactions appear in N2LO and are derived
in [81, 48]. These leading terms are illustrated in figure 2.2.

The long-range part is determined through the two-pion exchange (TPE) potential, which
is given by [48]

V̂ 3N
TPE(~q1, ~q2, ~q3) =

∑
i 6=j 6=k

1

2

(
gA

2Fπ

)2 (~̂σi · ~qi)(~̂σj · ~qj)
(~q2
i +M2

π)(~q2
j +M2

π)
F̂αβijk τ̂

α
i τ̂

β
j (2.34)

with

F̂αβijk = δαβ
[
−4c1M

2
π

F 2
π

+
2c3

F 2
π

~qi · ~qj
]

+
∑
γ

c4

F 2
π

εαβγ τ̂γk ~̂σk · [~qi × ~qj ] . (2.35)

Here, ~qi = ~p′i − ~pi is the momentum transfer of nucleon i with ~pi and ~p′i the initial and final
momentum, respectively. The spin and isospin operators of the i-th nucleon are ~σi and ~τi.
Further, gA is the axial-vector coupling constant, Fπ is the weak pion decay constant and Mπ

the pion mass. The LECs c1, c3, and c4 are already part of the TPE in the NN interaction
and should be chosen accordingly.

In addition, we have two contributions, which include contact interactions: the one-pion
exchange absorbed or emitted by NN contact interactions

V̂ 3N
OPE(~q1, ~q2, ~q3) = −

∑
i 6=j 6=k

gAcD

8F 4
πΛχ

~̂σj · ~qj
~q2
j +M2

π

(~̂τi · ~̂τj)(~̂σi · ~qj) (2.36)

and the three-nucleon contact (cont) term

V̂ 3N
cont(~q1, ~q2, ~q3) =

∑
j 6=k

cE

2F 4
πΛχ

(~̂τj · ~̂τk). (2.37)

These contributions come with two new LECs, cD and cE, which cannot be determined with
NN observables only.
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(a) 2π (b) 2π − 1π (c) ring

(d) 1π contact (e) 2π contact

Figure 2.3: The 3N diagrams entering at N3LO. The nucleons are depicted as solid lines,
while the dashed lines represent the pions. The different vertex dimensions are indicated
through different thicknesses. The two-pion exchange (a), the two- and one-pion exchange
(b), and the ring (c) diagrams are considered as long-range while the one-pion exchange
and NN contact (d) as well as the two-pion exchange and NN contact (e) are considered as
short-range contributions.

The N3LO terms are derived in [82, 83] and their expressions in momentum space can be
found in said papers. The expressions can be rather involved, hence, we do not show them and
only give an overview. The diagrams can be categorized into long- and short-range terms as
well as relativistic corrections to the N2LO one- and two-pion exchange contributions. These
contributions are illustrated in figure 2.3 and come with no additional LECs. The long-range
terms are simply defined as those terms that do not contain any contact terms, while the
short-range terms do have contact contributions.

The TPE terms at N3LO have a similar structure as the one at N2LO in equations (2.34)
and (2.35). Hence, we can partly absorb these contributions with a shift of the LECs ci

c̃1 = c1 −
g2

AMπ

64πF 2
π

= c1 − 0.13 GeV−1, (2.38)

c̃3 = c3 +
g4

AMπ

16πF 2
π

= c3 + 0.89 GeV−1, (2.39)

c̃4 = c4 −
g4

AMπ

16πF 2
π

= c4 − 0.89 GeV−1. (2.40)

Please note that the numerical values for the shift of c3 and c4 given in [82] are wrong and
therefore differ from those in equations (2.39) and (2.40). For the numerical values, we used
gA = 1.29, Mπ = 138.039 MeV and Fπ = 92.4 MeV such that they fit the values to the EMN
NN interaction in [46].

The other long-range contributions at N3LO – the TPE with OPE (figure 2.3b), the ring
diagrams contributions (figure 2.3c), which are the most involved ones, and the residual part
of the TPE – cannot be included with simple LEC shifts.

From the short-range topologies only the TPE with contact (figure 2.3e) leads to addi-
tional contributions, since the new N3LO contributions to the OPE and contact topology
(figure 2.3d) cancel out after asymmetrization.
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Λ[MeV] CS[fm2] CT[fm2]

N3LO
450 -4.60 -0.010
500 -4.78 -0.163
550 -4.56 -0.069

N4LO
450 -4.62 -0.028
500 -4.62 -0.078
550 -4.36 0.031

Table 2.1: The CS and CT values for the EMN interaction appearing in the 3N interaction
at N3LO. The values are isospin averaged and taken from [85].

c1[GeV−1] c3[GeV−1] c4[GeV−1] c̃1[GeV−1] c̃3[GeV−1] c̃4[GeV−1]

N2LO -0.74 -3.61 2.44 -0.74 -3.61 2.44
N3LO -1.07 -5.32 3.56 -1.20 -4.43 2.67
N4LO’ -1.10 -5.54 4.17 -1.23 -4.65 3.28

Table 2.2: The ci and c̃i values used for the EMN interaction. The ci are the LECs form
the NN interaction and the c̃i are the effective LECs entering the 3N interaction on a N2LO
term. The values are taken from [46].

The relativistic corrections lead to contributions to the TPE and to the OPE and con-
tact topologies. The relativistic corrections are dependent on the lowest order NN contact
interaction LECs CS and CT . Furthermore, these interactions are not unambiguous, since
they depend also on the constants β̄8 and β̄9, which are unitary ambiguity parameters that
in turn depend on the parametrization choice or method to construct the potentials. These
parameters should be chosen consistent with the NN interaction. For more details about
these parameters we refer to [84]. In this reference the quantities β̄8 and β̄9 are given by
µ = 4β̄9 + 1 and ν = 2β̄8. These parameters also play a role in chapter 5, where we probe
different sets of them for the SMS NN interactions.

The LECs of the NN EMN interaction which are relevant in the 3N interaction are sum-
marized in tables 2.1 and 2.2. The CS and CT values of table 2.1 are fitted to NN data while
the πN LECs of table 2.2 are obtained by matching the Roy-Steiner equations to the chiral
expansion [77].

The N4LO contributions to the 3N are not completely worked out yet. Currently available
contributions can be found in [86, 79, 87, 88]. It is not only challenging to derive the terms
of the 3N interactions at N4LO, but also to determine the appearing LECs at this order.
There are ten additional LECs that need to be fitted to few-body data. Due to the fact that
we do not have access to all terms at N4LO, we neglect these contributions in this thesis
and introduce the prime notation N4LO’, which indicates that we complement the NN N4LO
interaction with the 3N N3LO interaction using the LECs of the NN N4LO interaction.

Similar to the NN interactions, we need to regularize these 3N interactions, ideally con-
sistent with the NN interactions. In the next sections we discuss the different regularizations.

2.4.2 Local 3N Interaction

One of the first widely used chiral 3N interactions at N2LO was established by Navrátil [41].
This interaction is regularized by multiplying a regulator function on the potential

V 3N(~q1, ~q2, ~q3)→ F (~q2,Λ3N)V 3N(~q1, ~q2, ~q3)F (~q3,Λ3N) (2.41)
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with

F (q,Λ3N) = exp

[
−
(

q

Λ3N

)2n
]

(2.42)

and n = 2. Since the regularization is done with the momentum transfer of the second and
third nucleon the final interaction is local. The locality of the interaction is beneficial for
some few- and many-body approaches. However, we do not exploit these advantages directly.
The calculation of the matrix elements of a local 3N interaction is not as demanding as
for a non-local one, since these interactions depend only on the momentum transfer, thus
we do not introduce an additional angular momentum truncation for this interaction. The
regulator function itself is consistent with the regulator function in the EM [73] or EMN
[46] NN interactions. Due to the different choice of coordinates of the nucleons employed in
the regulator function, the regularization is inconsistent compared to the EM or EMN NN
interactions. Navrátil [41] states that by using a power of n = 2 the inconsistencies should be
of higher order. However, in chapter 4 we will see that the choice of the regularization has a
significant effect. We generate matrix elements for this interaction by using the MANYEFF
code by Navrátil [89].

2.4.3 Non-Local 3N Interaction

Alternatively to the local regularized 3N interaction, it is also possible to use a non-local
regularization procedure, which would be more consistent in combination with the EM or
EMN NN interaction.

This regularization procedure is similar to equation (2.41) but uses instead of the mo-
mentum transfer the initial (final) Jacobi momenta ~π1 and ~π2 (~π′1 and ~π′2) of the nucleons as
defined in appendix A.2

V 3N(~π′1, ~π
′
2, ~π1, ~π2)→ F (π′1, π

′
2,Λ3N)V 3N(~π′1, ~π

′
2, ~π1, ~π2)F (π1, π2,Λ3N), (2.43)

with the regulator function [48]

F (π1, π2,Λ3N) = exp

[
−
(
π2

1 + π2
2

2Λ3N

)2n
]
. (2.44)

The power is chosen as n = 3 if not stated otherwise. The resulting interactions are non-local,
since the use of the Jacobi momenta destroys the spatial locality of the operator structures.

The partial wave decomposition of the unregularized expressions in momentum space is
calculated by Hebeler [49] in an efficient way, which takes advantage of the either local or
polynomial non-local structure of the 3N topologies at N2LO and N3LO. Please note the
different Jacobi coordinate definition in [48, 49], which leads to a slightly different expression
for equation (2.44). Since the regularization does not depend on the angular component of
the momenta, the regularization of these terms can be carried out in a secondary step during
the transformation into the antisymmetric Jacobi HO basis. We will introduce this basis in
chapter 3. This two-step procedure allows a reduction of the computational cost, since the
expensive calculation of the interaction has to be carried out only once. A variation of the
cutoff or the power of the regulator function can be performed subsequently in inexpensive
calculations. Nevertheless, to reduce the computational cost only the lowest partial waves
are computed. In ref. [49] it has been shown that it is sufficient to truncate the number of
partial waves up to the three-body total angular momentum J12 = 9/2.
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Recently, Epelbaum et al. [63] have noted that this procedure can lead to issues. The 3N
interactions discussed in section 2.4.1 are derived with dimensional regularization. The mixing
of the cutoff and dimensional regularization scheme can lead to inconsistencies between two-
and three-body forces, which in turn can lead to violations of the chiral symmetry. These
inconsistencies arise for 3N interactions at N3LO, in particular for the 2π − 1π topology. In
this thesis we assume the absolute effect of this inconsistency to be small, but this assumption
needs to be verified in future studies. A preferable approach would be to resolve the issue
with a consistent regularization.

2.4.4 Semi-Local 3N Interaction

The consistently regularized SCS and SMS 3N interactions are currently under development
within LENPIC. Currently available are the 3N interactions for both regularizations at N2LO
[90, 91]. These interactions use the same regularization procedure as the NN interactions:
non-local regularization for the short-range part and local regularization for the long-range
part. Hence, the semi-locally regularized 3N interactions inherit features of both the local
and the non-local regularization schemes. Here, each topology is regularized differently. In
particular, the TPE is regularized locally, the 3N contact is regularized non-locally, and in
the OPE plus NN contact diagrams the OPE is regularized locally while the NN contact
is regularized non-locally. In contrast to the regularization procedure with the pure non-
local regulators, the regularization with the semi-local regulator cannot be performed in a
secondary step. The local regulator part depends not only on the Jacobi momenta, but on
the momentum transfer and thereby also on the angles of the Jacobi momenta. This angle
dependence leads to a coupling of different partial waves. An extensive discussion of these
regularizations can also be found in [92].

2.5 Uncertainty Quantification

One major advantage of interactions constructed within chiral EFT compared to phenomeno-
logical ones is the possibility to provide a quantification of theory uncertainties. There are
multiple sources of uncertainties we need to investigate:

1. Uncertainties induced by the regulation scheme and scale.

2. Uncertainties arising from the fit of the LECs and the uncertainties of the experimental
data used for the fit.

3. Truncation error of the chiral EFT expansion.

4. Other approximations and truncations used in the calculation of the observable of
interest.

The impact of 1 can be investigated by using different regularization schemes and scales, for
example, the non-local or semi-local regularization schemes discussed in the previous section.
A cutoff variation is also possible, but the number of cutoffs is often limited to a narrow
range. In addition, a cutoff variation does not provide a quantification of the impact of
neglected interaction terms. By a variation of the LECs, probing various fitting procedures
and studying the impact of these variation we can estimate the uncertainties of 2. The
uncertainties of 3 are probably the most dominant uncertainties. In the following, we discuss
two methods to estimate these, which will be used and compared with each other later in
this work. The uncertainties of 4 need to be assessed separately, but are, in an ab initio
framework, the uncertainties we have the best control of.
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EKM Uncertainty Quantification Epelbaum, Krebs, and Meißner (EKM) [13] devel-
oped an algorithm for estimating the truncation error of the chiral expansion. This method
for estimating uncertainties has been applied in numerous few- and many-body applications
[13–16]. It is simple and easy to implement, but does not provide a statistical interpretation
for the estimated uncertainties.

The basic idea is to assume that the chiral expansion is not only valid for the interaction
itself, but also for the observable X of interest. By calculating the observable for each
chiral order individual, we refer to this as order by order, we obtain information about the
progression of the expansion and can estimate the magnitude of neglected higher order terms.
The chiral expansion of an observable X can be written as

X(n) = X(0) + ∆X(2) + · · ·+ ∆X(n) (2.45)

with

∆X(2) = X(2) −X(0), (2.46)

∆X(i) = X(i) −X(i−1) for i ≥ 3. (2.47)

If the chiral expansion for the observable is valid we would expect

∆X(i) = O(QiX(0)), (2.48)

with the chiral expansion parameter Q = p/Λχ ≈ 1/3, which is the ratio of the typical
momentum scale and the chiral breakdown scale. In addition to the leading order results, we
can incorporate the individual changes between orders. Each correction of order i should be
approximately the correction at order j suppressed by the expansion parameter Qi+1−j

∆X(i) = O(Qi+1−j∆X(j)). (2.49)

The uncertainty of a given order Qi is then estimated via

δX(i) = max
2≤j≤i

(
Qi+1−j

∣∣∣∆X(j)
∣∣∣ , Qi+1

∣∣∣X(0)
∣∣∣) . (2.50)

This estimate is quite conservative, since it always quantifies the uncertainty based on the
largest difference between orders. Furthermore, it provides, as already stated, no statistical
interpretation.

Bayesian Uncertainty Quantification A more elaborate truncation error estimation
based on Bayesian statistics has been proposed by the BUQEYE collaboration [19]. In this
approach, the chiral expansion of an observable Y (n) at order n is given similar to equation
(2.45) as

Y (n) = Y (0) + ∆Y (1) + · · ·+ ∆Y (n). (2.51)

Here, we have changed the notation to distinguish it from the EKM approach. Instead of
using the correction at a given chiral order, we can rewrite it as an series expansion as

Y (k) = Yref

k∑
n=0

cnQ
n. (2.52)

Here, Yref is a reference scale, which is for instance known from a dimension analysis. In this
work, we employ the experimental value as the reference scale due to its simplicity. If an
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experimental value is not available, we use an educated guess. The expansion coefficients cn
should then be of natural size, which means to be of the order 1. From a set of results for the
lower chiral orders we can directly determine the expansion coefficients ~ck = (c0, c1, . . . , ck).
From the series ansatz it is clear that the truncation error is given by the sum of all neglected
terms

δY (k) = Yref

∞∑
n=k+1

cnQ
n. (2.53)

Since the cn with n > k are not known, we need to predict them in order to obtain the
truncation error. We can assume that the unknown cn have the same properties as the
known coefficients. In addition, we make the prior assumption that the cn are of natural size
and have a standard deviation of order 1. In a Bayesian process the cn from lower orders are
used to optimize the prediction of the unknown cn.

In order to make predictions, we formalize our knowledge as Bayesian priors. The exact
choice of the priors has only small impact on the truncation error estimates [19]. Hence, prior
choices that yield analytic posteriors are preferred. In this model we assume that the cn are
distributed normally

cn|c̄2 ∼N (0, c̄2) (2.54)

around 0 and with the marginal variance c̄2, which controls the width of the variation. For
c̄2 we assume a scaled inverse χ2 distribution

c̄2 ∼χ−2(ν0, τ
2
0 ), (2.55)

where ν0 is the number of prior degrees of freedom and τ2
0 the prior scale. The uninformative

choice of this prior has ν0 = 1 and τ0 = 1. This particular choice of priors allows to calculate
the prior for the truncation error

δY (k)|c̄2, Q ∼N
(

0, Y 2
ref

Q2(k+1)

1−Q2
c̄2

)
, (2.56)

where we used that the sum of two independent normal distributed random variables X ∼
N (µx, σ

2
x) and Y ∼ N (µy, σ

2
y) is also normal distributed

AX +BY ∼ N (Aµx +Bµy, A
2σ2
x +B2σ2

y). (2.57)

Furthermore, the truncation error is a geometrical sum over normally distributed coefficients
cn, which lead to equation (2.56).

We use the Bayes’ theorem to incorporate the knowledge of the ~ck for a posterior distri-
bution of c̄2

pr(c̄2|~ck) ∝ pr(~ck|c̄2)pr(c̄2) = pr(c̄2)
k∏
n

pr(~cn|c̄2). (2.58)

The particular choices for the priors (2.54) and (2.55) have the advantage to lead to a poste-
rior, which is again a scaled inverse χ2 distribution

c̄2|~ck ∼χ−2(ν, τ2), (2.59)
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with

ν =ν0 + nc, (2.60)

ντ2 =ν0τ
2
0 + ~c2

k. (2.61)

Here nc is the number of coefficients in ~ck that are meaningful, in particular nonzero. We are
now in the position to calculate the posterior predictive distribution of the truncation error
δY (k) by marginalizing over c̄2

pr(δY (k)|~ck, Q) =

∫ ∞
0

dc̄2 pr(δY (k)|c̄2, Q) pr(c̄2|~ck). (2.62)

Here again the choice of the priors is beneficial, since the combination of a normal distribution
with an inverse χ2 distribution leads to a Student-t distribution

δY (k)|~ck, Q ∼ tν
(

0, Y 2
ref

Q2(k+1)

1−Q2
τ2

)
. (2.63)

Finally, we obtain the full prediction

Y |~Y (k), Q ∼ tν
(
Y (k), Y 2

ref

Q2(k+1)

1−Q2
τ2

)
. (2.64)

This distribution can be used to estimate the uncertainty due to the chiral truncation error by
integrating over it until the desired degree of belief is reached. In our case we use a degree of
belief of 95%. Melendez et al. [19] refer to this uncertainty estimation model as the pointwise
model. This model can be extended to incorporate correlations between observables in the
nearby energy range. Furthermore, this model assumes that the chiral expansion parameter
Q is known. It is possible to determine Q itself through a Bayesian process. In this work,
we will apply only the pointwise model with given Q = 1/3 due to its simple applicability.
Furthermore, the exact value of Q leads only to minor differences.

For practical calculations we should note that due to the chiral expansion c1 = 0, which
need to be accounted for either by setting c1 = 0 and nc = 1 or starting the expansion (2.52)
with n = 1 instead of 0 and treating the LO as the Q1 contribution. Both ways result in the
same solution.



3 Solving the
Nuclear-Many-Body
Problem

The main problem in nuclear structure theory is to solve the stationary Schrödinger equation
for a many-body system. In recent years the development in many-body methods and the
growing power of high-performance computers has allowed it to solve nuclei up to the medium-
mass regime. In this work we mainly use methods that are based on configuration interaction
approaches like the no-core shell model (NCSM) [20, 21]. The basic idea of the NCSM is
to formulate the stationary Schrödinger equation as a matrix eigenvalue problem and solve
it in a suitable finite basis representation. By systematically increasing the model-space
dimension one improves the solution until it converges. Using the bare Hamiltonian in the
many-body problem leads to a slow convergence with respect to the model space. This
convergence behavior can be improved by using renormalization techniques like the similarity
renormalization group (SRG) approach [23, 24]. The SRG uses a unitary flow equation
to decouple low- and high-momentum states and is thereby an effective prediagonalization
method. In addition, the concept of the SRG can also be used to solve the stationary
Schrödinger equation itself. In the in-medium similarity renormalization group (IM-SRG)
[27–32] we rewrite the Hamiltonian in a normal ordered form with respect to a reference
state and use the SRG flow equation to decouple the reference state from all excited states,
such that the reference state becomes an eigenstate of the Hamiltonian.

In this thesis we restrict ourselves to the use of the methods introduced above. Neverthe-
less, there are other powerful methods to solve the nuclear many-body problem. The coupled
cluster method [34, 35], for instance, is a decoupling method of the Hamiltonian similar to
the IM-SRG, but does not use a unitary transformation. It is also possible to combine the
IM-SRG and the NCSM, which leads to the in-medium no-core shell model [36, 37]. In this
method the IM-SRG is used as an additional intermediate step to enhance the convergence of
the NCSM. An additional class of many-body approaches are quantum Monte Carlo methods
[38, 39]. Here, one focuses on optimizing the many-body wave function. This list of methods
is not complete, but should give an idea of the different routes to solve the nuclear many-body
problem.

In this chapter we will introduce the NCSM, the SRG as well as the IM-SRG. In the final
section, we give further information on the determination of radii.

3.1 No-Core Shell Model

The idea of the standard no-core shell model (NCSM) [20, 21] is conceptionally simple yet
powerful. The NCSM is in principle capable of calculating ground- and excited-state energies
of all nuclei as well as their wave functions simultaneously. Through the wave functions,
we gain access to all possible observables. The limit of the NCSM lies in the enormous
computational cost. Since the so-called model space increases factorially with the particle
number of the considered nucleus, it is, in its standard formulation, currently only applicable

21



22 Chapter 3: Solving the Nuclear-Many-Body Problem

to the p-shell nuclei.
The starting point is the stationary Schrödinger equation

Ĥ | ψn〉 = En | ψn〉, (3.1)

with Ĥ the nuclear many-body Hamiltonian and En the n-th energy value to the correspond-
ing eigenstate | ψn〉. By introducing a discrete many-body basis, with | Φi〉 the basis states
and i a collective index for all occurring quantum numbers of the spatial, spin, and isospin
parts of the Hilbert space, we can rewrite the stationary Schrödinger equation (3.1) into a
matrix eigenvalue problem∑

j

〈Φi | Ĥ | Φj〉〈Φj | ψn〉 = En〈Φi | ψn〉. (3.2)

By truncating the basis, we restrict the problem to a model spaceM and can numerically solve
this matrix-eigenvalue problem within said model space. In practical calculations, we use the
Lanzos algorithm [93], which is an efficient procedure to calculate the energetically low-lying
eigenvalues and eigenstates. By systematically increasing the model-space dimension, we can
increase the accuracy of the calculation until the solution is converged. Often the calculations
are not fully converged, but with a suitable extrapolation procedure we can extrapolate to
the infinite model space. A standard procedure is to use an exponential ansatz for the
extrapolations of energies [94], but there are also extrapolation procedures in development
that use Bayesian methods [95] or neural networks [96, 97]. Once we have calculated the
eigenstates, any other observable can be obtained by evaluating the expectation values of the
corresponding operator with the eigenstates.

3.1.1 Single-Particle Formulation

The standard basis choice for the NCSM is the harmonic oscillator (HO) basis with the
oscillator frequency ~Ω as a free parameter. Here we construct the model space with A-body
Slater determinants out of HO single-particle states

| n(ls)jmjtmt〉, (3.3)

where n is the radial quantum number. Further, the orbital angular momentum l is coupled
with the spin s = 1

2 to a total angular momentum j with projection mj and t = 1
2 is the

isospin with projection mt. Furthermore, we use the symmetries of the Hamiltonian and
restrict the model space to a total angular momentum projection MJ =

∑A
i mji , total parity

Π =
∏A
i (−1)li , and total isospin projection MT =

∑A
i mti .

In the NCSM, we truncate the HO basis with respect to the total single-particle excitation
quanta Nmax above the unperturbed Slater determinant. This is illustrated for 16O in figure
3.1. In the unperturbed case all protons and neutrons fill up the 0s and 0p shell. This
configuration is for 16O the only possible one for Nmax = 0. In the illustrated case two protons
and one neutron are excited to two shells above their unperturbed states each. Therefore,
this configuration is part of all model spaces with Nmax ≥ 6.

With increasing Nmax, the energies converge towards the exact value. Since the NCSM is a
variational method, each eigenvalue is an upper bound for the exact result. Even more, for the
energies the Hylleraas-Undheim theorem [98] holds, which states that all energy eigenvalues
drop monotonically with increasing model-space dimension and are bounded from below by
the exact solutions. This theorem is only valid for the energies and does not apply to other
observables. In addition to the stepwise increase of the model-space dimension with Nmax,
we vary the HO frequency ~ω to minimize the energies or optimize the convergence pattern.
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0s

0p

1s, 0d

1p, 0f

Figure 3.1: Example of a HO basis state configuration for an 16O calculation. In the unper-
turbed configuration all protons (red) and neutrons (green) are in the 0s and 0p shell. The
configuration with three nucleons excited is part of all model spaces with Nmax ≥ 6.

When we solve the many-body problem, we are only interested in the intrinsic solution.
Nevertheless, in the spectrum states can appear that have a center-of-mass contamination.
To suppress those states, we can make use of the HO basis, in which the center-of-mass | ψcm〉
and intrinsic part | ψint〉 factorize exactly

| ψ〉 =| ψcm〉 ⊗ | ψint〉. (3.4)

We introduce an additional center-of-mass part to the Hamiltonian

Ĥtot = Ĥint + λcmĤcm, (3.5)

where the center-of-mass Hamiltonian depending on the center-of-mass momentum P̂ and
coordinate R̂ is given by

Ĥcm =
P̂ 2

2Am
+
AmΩ2

cm

2
R̂2 − 3

2
~Ωcm. (3.6)

The frequency of the center-of-mass Hamiltonian Ωcm is, but does not need to be chosen the
same as the frequency of the basis Ω. By using a non-zero λcm we can shift the eigenvalues of
these contaminated states out of the energetically relevant lower spectrum. This procedure
goes back to Gloeckner and Lawson [99].

3.1.2 Jacobi Formulation

Complementary to the single-particle formulation, we can use a Jacobi basis to construct the
model space. In particular, we can use the antisymmetric Jacobi HO basis. This formulation
is equivalent to the single-particle formulation, but reduces the model space size significantly.
With the Jacobi HO basis, we can separate the center-of-mass part and the intrinsic part
explicitly. Since we are only interested in the intrinsic solution, we can omit the center-of-
mass degrees of freedom. Furthermore, the basis is coupled to a total angular momentum J
and isospin T , thus, we can target the quantum numbers of the specific state, which we are
interested in and omit the rest. The Jacobi coordinates are a generalization of the two-body
relative and center-of-mass coordinates for more than two particles. Jacobi coordinates are
not defined in an unique way. We use the following definition of the spatial Jacobi coordinates
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for an A particle system with equal mass:

~ξ0 =

√
1

A
[~r1 + ~r2 + · · ·+ ~rA] , (3.7)

~ξn =

√
n

n+ 1

[
1

n
(~r1 + ~r2 + · · ·+ ~rn)− ~rn+1

]
. (3.8)

The zeroth coordinate represents the center-of-mass, while the n-th coordinate represents the
relative coordinate of the (n+ 1)-st particle with respect to a cluster of the first n particles.
In an analogous way, we can define the Jacobi momentum

~π0 =

√
1

A
[~p1 + ~p2 + · · ·+ ~pA] , (3.9)

~πn =

√
n

n+ 1

[
1

n
(~p1 + ~p2 + · · ·+ ~pn)− ~pn+1

]
. (3.10)

This particular choice of coordinates has the benefit that the HO Hamiltonian has the same
form in single-particle and Jacobi coordinates

ĤHO =
A∑
i=1

(
~̂p2
i

2m
+

1

2
mΩ2~̂r2

i

)
=

A−1∑
i=0

(
~̂π2
i

2m
+

1

2
mΩ2~̂ξ2

i

)
. (3.11)

The nucleons are fermions, hence, only antisymmetric states need to be considered. While
in the single-particle formulation the antisymmetrization is directly obtained by using Slater
determinants, in the Jacobi formulation the antisymmetrization is more involved.

Two-Body Basis: A two-body state in the Jacobi HO basis can be written as

| Ncm(2)Lcm(2)MLcm(2)
〉⊗ | N1 (L1S1) J1MJ1T1MT1〉, (3.12)

with the radial, orbital angular momentum, and projection quantum numbers Ncm(2), Lcm(2),
and MLcm(2)

of the center-of-mass part, respectively. The 2 in the parenthesis indicates
that this is the center-of-mass coordinate of two particles. The radial and orbital angular
momentum quantum numbers with respect to the first Jacobi coordinate are N1 and L1. The
angular momentum L1 is coupled with the total spin quantum number S1 of both nucleons
to a total angular momentum J1 with its projection MJ1 . Furthermore, we have the total
isospin quantum number T1 and its projection MT1 . The total energy of this state is given
by

E = Ecm + E1 = 2Ncm(2) + Lcm(2) + 2N1 + L1. (3.13)

The center-of-mass part is symmetric by construction, hence, only the relative part needs
to be considered in the antisymmetrization process. In the two-body case, the antisym-
metrization of the basis can be easily achieved considering only those states that fulfill the
antisymmetry condition

(−1)L1+S1+T1 = −1. (3.14)

This condition can be directly obtained by applying the particle-exchange operator on a basis
state.
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Three-Body Basis: Similar to (3.12), we can write a three-body state as

| Ncm(3)Lcm(3)MLcm(3)
〉⊗ | E12k12J12MJ12T12MT12〉 =

| Ncm(3)Lcm(3)MLcm(3)
〉⊗ | N1N2 [(L1S1) J1 (L2s3) J2] J12MJ12 (T1t3)T12MT12〉,

(3.15)

where we introduced the total intrinsic energy quantum number of the Jacobi coordinates 1
and 2

E12 = (2N1 + L1) + (2N2 + L2) (3.16)

and a collective index k12 for the quantum numbers {N1, L1, S1, J1, T1, N2, L2, J2}.
The antisymmetrization of the three-body basis is more involved than in the two-body

case. The state in equation (3.15) is already antisymmetric regarding particle exchange
of the first and second particle if the antisymmetry condition (3.14) is fulfilled, hence, the
basis needs only to be antisymmetrized with respect to the third particle. This leads to the
antisymmetrizer

Â =
1

3
(1− 2T̂23), (3.17)

with T̂ij the transposition operator for particle i and j. The matrix elements for this trans-
position operator in the partially antisymmetrized basis are given by [89]

〈E′12k
′
12J
′
12T
′
12 |T̂23 | E12k12J12T12〉 =

δJ ′
12J12

δT ′
12T12

δE′
12,E12

∑
L,S

(−1)S1+S′
1+T1+T ′

1L̂2Ŝ2Ĵ1Ĵ ′1Ĵ2Ĵ ′2Ŝ1Ŝ′1T̂1T̂ ′1

×
{

1
2

1
2 S′1

1
2 S S1

}{
1
2

1
2 T ′1

1
2 T12 T1

}
L1 S1 J1

L2
1
2 J2

L S J12



L′1 S′1 J ′1
L′2

1
2 J ′2

L S J12


×
〈〈
N ′1L

′
1, N

′
2L
′
2|N1L1, N2L2;L

〉〉
1
3
. (3.18)

Here, we omitted the projection quantum numbers, since the antisymmetrizer is independent
of those. Further, we adopted the short-hand notation ĵ =

√
2j + 1 and the {. . . } with

six quantum numbers are 6j-symbols while the {. . . } with nine quantum numbers are 9j-
symbols. The 〈〈. . . | . . . ; . . . 〉〉d stands for the harmonic oscillator brackets following [100], see
also appendix A.5.

In order to get an antisymmetric basis, we diagonalize the corresponding matrix of the
antisymmetrizer numerically. This diagonalization results in eigenstates with eigenvalues one
or zero. We are only interested in the eigenstates with eigenvalue one, since those are the
antisymmetric states. The entries of the eigenstates are the transformation coefficients into
the antisymmetric basis and are called coefficients of fractional parentage (CFPs)

cE12,J12,T12,i12
k12

= 〈E12k12J12T12 | E12i12J12T12〉. (3.19)

The total antisymmetric basis can then be obtained by

| E12i12J12T12〉 =
∑
k12

cE12,J12,T12,i12
k12

| E12k12J12T12〉, (3.20)

where the index i12 corresponds to no physical quantum number anymore but to the i12-th
eigenvector with eigenvalue one. Note that, this basis has no unique representation and any
superposition of the antisymmetric basis states is again an antisymmetric state. Therefore
are the CFPs ambiguous and in a practical calculation one should use a defined CFP set.
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A-Body Basis: In principle, this procedure can be generalized to construct an antisym-
metric A-body basis

| E12...(A−1)i12...(A−1)J12...(A−1)T12...(A−1)〉 (3.21)

in an iterative way. We start with a partially antisymmetric basis with respect to the n
particle subcluster and construct the antisymmetrizer for this subcluster with respect to the
(n+1)-st particle. An analytic expression for this antisymmetrizer can be found, for example,
in reference [89]. Via diagonalization of the antisymmetrizer we can obtain the CFPs for the
n+1 particle basis and use the resulting basis for the next iteration until we reach the A-body
basis. This procedure is only feasible for light nuclei, since the antisymmetrization becomes
computationally demanding. In practical calculations, we use the Jacobi formulation of the
NCSM only up to A = 4.

3.1.3 Importance Truncated No-Core Shell Model

One major limiting factor of the NCSM is the rapid combinatorial growth of the model-space
dimension. The idea of the importance truncated no-core shell model (IT-NCSM) [22] is to
overcome this growth by limiting the number of basis states to the important ones. The
solution of an NCSM calculation leads to an eigenstate

| ψn〉 =
∑
i

c
(n)
i | Φi〉, (3.22)

which is expanded into many-body basis states | Φi〉 with amplitudes c
(n)
i . Many of the

amplitudes c
(n)
i are close to zero. Hence, identifying these basis states a priori and excluding

them from the model space reduces the computational cost. The importance of a many-
body basis state | Φi〉 is determined through an importance measure κ, which is motivated
physically from first-order multiconfigurational perturbation theory

κ
(n)
i = −〈Φi | Ĥ | ψ(n)

ref 〉
∆εi

. (3.23)

The so-called reference states

| ψ(n)
ref 〉 =

∑
i∈Mref

c
(n)
i,ref | Φi〉 (3.24)

are here a first approximation of the targeted states, which are typically calculated within
an NCSM calculation with a smaller Nmax value that has a feasible model space Mref size.
The ∆εi are the excitation energies of the states | Φi〉 computed in an independent-particle
picture. In the HO basis one uses simply the HO energies ea = ~Ω(2na + la + 3/2) for the
single-particle energies of the many-body state. This importance measure is not only a good
measure for the energy, but also for other observables, since it probes the importance of the
state. By including only those basis states with an importance measure |κi| larger than a
threshold value κmin into the importance-truncated model space, one can reduce the model
space to a feasible size. The quality of the truncation can be tested by a variation of κmin. In a
practical calculation we calculate an observable for a sequence of κmin values and extrapolate
to κmin → 0. The IT-NCSM is still a variational approach and the Hylleraas-Underheim
theorem [98] is still valid for the energies of all states. Therefore, the energy eigenvalues
decrease monotonically with decreasing κmin. For other observables this theorem is not valid
and the extrapolations can be more involved.
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In addition to the importance measure an additional truncation parameter, the so-called
reference threshold cmin, is used. This truncation is only introduced for technical reasons.

In the evaluation of κmin only basis states with an amplitude
∣∣∣c(n)
i

∣∣∣ ≥ cmin are considered.

This accelerates the evaluation of κmin and has no significant impact on the result for a valid
choice of cmin.

The Hamiltonian does only connect up to two-particle two-hole (2p2h) excitations or
three-particle three-hole (3p3h) excitations if three-body operators are used. Hence, the
importance measure does not probe basis states that differ by more than 2p2h or 3p3h exci-
tations. A practical IT-NCSM calculation is, therefore, performed in an iterative procedure.
In an ordinary NCSM calculation we calculate the first reference states for example in an
Nmax = 2 model space. These reference states are used to filter the Nmax = 4 model space
for a sequence of κmin values, which leads to a set of important truncated model spaces
MIT(κmin). In eachMIT(κmin) one solves the eigenvalue problem and calculates all intended
observables. The solution of the MIT(κmin) with the smallest κmin is then used as reference
state to truncate the Nmax = 6 model space.

3.1.4 Basis Optimizations

The HO basis is a convenient choice for the calculation of matrix elements due to the exact
separation of the center-of-mass and intrinsic part, but HO states exhibit a Gaussian fall-
off. Hence, a large number of oscillator shells are needed to accommodate the long-range
asymptotics of physically realistic states. In particular observables, which are sensitive to the
long-range behavior of the wave function like the root-mean-square radius and the electric
quadrupole moment, exhibit a slow convergence with respect to model-space size. Hence,
using different single-particle bases can lead to a faster convergence than the standard HO
choice. In particular, the natural orbitals (NAT) basis [101] has recently been successfully
employed. The NAT basis is the eigenbasis of the one-body density matrix, where the density
matrix is separately constructed in a different many-body calculation. The method of choice
for the calculation of the density matrix is Hartree-Fock plus many-body perturbation theory
[102], since it is a computationally cheap but still powerful method. It has been shown that
already with the lowest-order correction one obtains an accelerated NCSM model-space con-
vergence. As a beneficial by-product, the convergence of the observable becomes independent
of the underlying HO basis frequency ~Ω. Hence, a frequency variation becomes obsolete,
which in turn reduces the computational cost further. This basis can not only be used in the
NCSM but also in other many-body methods like the IM-SRG, which we discuss in section
3.3.

3.1.5 Normal-Ordered Two-Body Approximation

Including 3N interactions explicitly in the many-body approaches is often highly expensive on
the computational and also on the conceptional side. A good compromise has been found to
include 3N forces within the Normal-Ordered Two-Body (NO2B) approximation [74] into the
calculation. Here the nuclear Hamiltonian is normal ordered with respect to a nucleus-specific
reference state, which is a first approximation of the many-body system under consideration.
With the normal ordering one transfers contributions of the 3N interaction into lower-particle
ranks. It has been shown [74] that by neglecting the residual 3N contributions one deviates
typically less than 1% from the results obtained when including the full 3N interaction for
most energies of ground and excited states. We will discuss the concept of normal ordering
and NO2B in more detail in the context of the IM-SRG, see section 3.3.
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SRG−−−→

Figure 3.2: Momentum representation of the bare (left) and SRG evolved (right) EM NN at
N3LO with Λ = 500 interaction in the 3S1 channel. The SRG evolution has been performed
with α = 0.08 fm4.

3.2 Similarity Renormalization Group

Bare realistic NN interactions, like the chiral interactions described in chapter 2, exhibit a
slow convergence with respect to model-space size in many-body methods like the NCSM.
A realistic NN interaction consists of a long-range attractive tail, which is dominated by
one-pion physics, an intermediate-range attraction, which is also mainly dominated by pion
physics, and a strong repulsive core. In momentum space, the strong repulsive core translates
into large matrix elements that connect low and high initial and final relative momenta q and
q′ of the nucleons, see figure 3.2 (left), where we plot the momentum representation of the
3S1 channel of the EM NN interaction. These couplings reveal themselves in wave functions
or probability densities by a significant suppression at short range, which is often referred to
as correlation hole or short-range correlation. For example this correlation hole can be seen
in the deuteron wave function shown in figure 3.3 calculated with the EM NN interaction. In
typical basis representations, which are used in many-body methods, like the HO basis, these
short-range correlations are difficult to represent. Hence, a large number of excitation quanta
are required to accommodate them and the many-body method converges slowly. We can
accelerate the convergence of a many-body method like the NCSM by decoupling low- and
high-momentum states. In addition to the short-range correlation, at larger distances the
interaction depends strongly on the orientation of the nucleon spins. This tensor correlations
originate mainly from the one-pion exchange part in the interaction and can also lead to slow
convergence in many-body methods. Hamiltonians derived in chiral EFT are already softer
than phenomenological ones, but not soft enough to converge many-body systems larger than
A ≈ 4 within feasible model-space sizes.

The decoupling can be achieved with a unitary transformation of the Hamiltonian. With
such a unitary transformation, we do not change the eigenvalues of the Hamiltonian and other
operators can be transformed accordingly. In that way other observables than the energy can
be obtained consistently. There are various methods that base on unitary transformations to
accelerate the convergence of many-body methods with respect to the model space like the
unitary correlation operator method (UCOM) [23] or the Okubo–Lee–Suzuki (OLS) [21, 25,
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Figure 3.3: Deuteron wave functions obtained with the bare (blue) and SRG evolved (green)
EM NN at N3LO with Λ = 500 interaction. The solid line represents the S-wave and the
dashed line the D-wave. The SRG evolution has been performed with α = 0.08 fm4.

26] approach.
In UCOM the unitary operator is constructed explicitly in such a way that the nucleons

are pushed away from each other outside of the repulsive core. In addition a spin dependent
spatial shift perpendicular to the radial direction addresses the tensor correlations. Thus, the
short-range and tensor correlations are implanted into the many-body state and thereby the
problem is physically motivated approached.

The OLS approach is more technically motivated. The model space is divided into an
active and an excluded space. The active space is the model space used in the many-body ap-
proach and with a unitary transformation both spaces are fully decoupled. The OLS approach
has the disadvantage that it is dependent on the many-body model space and, therefore, the
variational principle no longer holds for NCSM like methods, but with increasing model space
the calculations still converge towards the exact solution.

With the similarity renormalization group (SRG) [23, 24] we use a more flexible approach
with the idea to prediagonalize the Hamiltonian. In the SRG an explicit specification of the
unitary operator is not necessary. It tackles multiple sources of correlations at once, and the
extension into many-body regime is straight forward. It was developed by Glazek and Wilson
[103] and independently by Wegner [104, 105] and uses a continuous unitary transformation
of the Hamiltonian

Ĥα = Û †αĤ0Ûα (3.25)

with Ûα the unitary operator (Û †αÛα = 1), α the flow parameter, and Ĥ0 = Ĥ the unevolved
or bare Hamiltonian. By taking the derivative of equation 3.25 with respect to α and defining
the antihermitian generator

η̂α = −Û †α
dÛα
dα

, (3.26)

the unitary transformation can be rewritten into a flow equation

dĤα

dα
= [η̂α, Ĥα]. (3.27)
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The generator of the unitary transformation can be chosen in a commutator form

η̂α = [Ĝα, Ĥα] = −η̂†α, (3.28)

such that the antihermiticity is automatically achieved by choosing Ĝα hermitian. This gen-
erator governs the flow of the transformation and is chosen to achieve a decoupling low- and
high-momentum states. The flexibility in choosing a generator and not having to construct
the unitary transformation operators explicitly is one major advantage of the SRG over other
methods. There are various generators that have been explored in the past, see [106] and
references therein. One of the most intuitive generator is the Wegner generator, where Ĝα is
chosen to be the diagonal part of the evolved Hamiltonian in a chosen basis

Ĝα = diag(Ĥα). (3.29)

This generator brings the Hamiltonian into a more diagonal form with respect to the chosen
basis. This can be easily seen, because if the Hamiltonian is in diagonal form the commutator
vanishes and a fix point of the flow equation has been reached. In nuclear structure physics
applications the standard choice of generator is

η̂α = (2µ)2[T̂int, Ĥα], (3.30)

with µ = MN/2 the reduced nucleon mass and T̂int = T̂ − T̂cm the intrinsic kinetic energy.
The factor (2µ)2 is used to fix the units of the flow parameter α to fm4. This generator
was introduced by Szpigel and Perry [107] and the basic idea is the same as for the Wegner
generator. Since the eigenbasis of the intrinsic kinetic energy is the momentum basis, this
generator decouples low- and high-momentum states. In addition to α, a common notation
for the flow parameter is λ = α−

1
4 , which is a momentum scale. It characterizes the width of

the band in momentum space and thereby indicates the magnitude of the momentum transfer
that couple in the Hamiltonian.

The effect of the SRG evolution on the interaction matrix elements in momentum space
is illustrated in figure 3.2. The large offdiagonal matrix elements in the bare interaction are
strongly suppressed after the SRG evolution. At the same time absolute values of the low-
momentum matrix elements increase. On the other hand, for the deuteron wave function the
short-range correlation hole gets eliminated, see figure 3.3. Thus, we see a clear decoupling
of low- and high-momentum states as well as the reduction of the short-range correlations,
which was our goal.

The unitary transformation of the Hamiltonian leaves the energy eigenvalues unchanged
while the eigenstates change

Ĥα | ψn,α〉 = Û †αĤÛαÛ
†
α | ψn〉 = Û †αĤ | ψn〉 = Û †αEn | ψn〉 = EnÛ

†
α | ψn〉, (3.31)

with | ψn,α〉 = Û †α | ψn〉 the evolved basis states. Hence, arbitrary operators Ô for observables
other than the energy need to be transformed with the same differential equation

dÔα
dα

= [η̂α, Ôα]. (3.32)

This differential equation usually needs to be solved simultaneous to the differential equation
of the Hamiltonian (3.27), since the generator depends on the Hamiltonian. As an alternative
to solve the flow-equation for Ô, we can use the differential equation for the unitary operator
itself

dÛα
dα

= −Ûαη̂α (3.33)
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and determine the evolved operator afterwards

Ôα = Û †αÔÛα. (3.34)

In practical applications we need to translate the differential equation (3.27), which is in
operator form, into a matrix ordinary differential equation by choosing a basis and solving it
numerically.

By choosing a finite basis we need to explore truncation effects. An important issue is that
the SRG induces many-body interactions. Even if we start with a two- or three-particle rank
interaction, the SRG induces up to A-particle rank contributions. In practical calculations
the SRG is truncated at the three-particle rank and induced forces beyond the three-body
ones are neglected. Any truncation formally violates the unitarity of the SRG transformation,
and thus the truncation at particle rank 3 can lead to a flow-parameter dependence of an
observable, which indicates induced higher particle-rank forces. The SRG transformation of
higher particle-rank is in principle straight forward but is computationally demanding. The
SRG transformation in four-body space has already been performed but only in small model
spaces [108] due to its computationally expensiveness. An other issue with four-body forces
is that we need to incorporate them into the many-body method of choice, which can also be
computational and conceptionally demanding. Instead of incorporating higher particle-rank
contributions, we can try to find generators, which induce less many-body forces. To my
knowledge, there has not been found a generator yet, which reduces the induced many-body
forces and gives a comparable good convergence acceleration of many-body methods. We
have studied multiple generators in [106, 109, 110] with little success. Another approach
to mitigate the effect of induced many-body forces is the use of a phenomenological four-
body force that mimics these induced contributions [111]. Here we still have the issue to
incorporate the 4N forces in the many-body methods.

We use for the SRG evolution of the NN interaction the relative-momentum and for
the evolution of NN operators the HO basis. The 3N SRG evolution is performed in the
antisymmetric Jacobi HO basis described in section 3.1.2. Here, we exploit the symmetries
of the Hamiltonian and perform the SRG in each T12J12Π12 channel separately, where Π12

is the parity of the three-body state. Furthermore, it has been found beneficial [108] not
to perform the SRG in each HO frequency ~Ω individually, but to perform the SRG in an
adequate model space and perform a frequency conversion to the desired ~Ω afterwards.
The SRG model space of our choice is ~ΩSRG = 36 MeV. Furthermore, for the different
T12J12Π12 channels we use different E3Max truncations, which is the maximum three-particle
energy quantum number e1 + e2 + e3 ≤ E3Max of the three-body model space. For channels
with J12 < 9/2 we use E3Max = 40 MeV, for channels with J12 = 9/2 we use E3Max = 38 MeV,
and for channels with J12 > 9/2 we use E3Max = 36 MeV.

In this work we perform the SRG evolution always up to the 3N level, but we distinguish
between different sets of input Hamiltonians into the SRG. If we use only the NN interaction
in the initial Hamiltonian, we denote the resulting Hamiltonian with NN+3Nind, but if we
also include initial 3N interaction terms, we denote these Hamiltonians with NN+3Nfull. We
note further that the initial 3N is only available for the lower J12 channels. Therefore, only
in those channels are the initial 3N interactions included. For the SCS and SMS interactions
we include the 3N interaction in the channels with J12 ≤ 9/2 and the non-local 3N interaction
is included in the channels with J12 ≤ 13/2.

As already said, the SRG is a quite flexible method and can also be used for other purposes
than the prediagonalization of a Hamiltonian. In the next section we employ the SRG to
solve the stationary Schrödinger equation.
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3.3 In-Medium Similarity
Renormalization Group

The in-medium similarity renormalization group (IM-SRG) [27–32] is an SRG based approach
to solve a many-body problem. Its basic idea is to use the SRG to suppress specific off-
diagonal parts of an initial Hamiltonian with respect to a specific many-body basis.

3.3.1 Second Quantization and Normal Ordering

Before we illustrate the concept of the IM-SRG, we introduce some basic terminology, which
we use later on. In second quantization we will use creation âp and annihilation operators
âq to create or annihilate particles in the antisymmetric Fock space Fa with state p or q,
respectively. They act on a Slater determinant in the following ways

âp | p1...pA〉 =

{
| pp1...pA〉 if p /∈ {p1, ..., pA}
0 if p ∈ {p1, ..., pA} , (3.35)

âp | p1...pA〉 =

{
(−1)k−1 | p1...pk−1pk+1...pA〉 if p = pk
0 if p /∈ {p1, ..., pA} . (3.36)

The shorthand notation

âp1...pnq1...qn = âp1 ...âpn âqn ...âq1 (3.37)

for multiple creation and annihilation operators is convenient to use for arbitrary n-body
operators

Ô[n] =
1

(n!)2

∑
p1...pnq1...qn

Op1...pnq1...qn â
p1...pn
q1...qn (3.38)

with the matrix element

Op1...pnq1...qn = 〈p1...pn | Ô | q1...qn〉 (3.39)

of this operator.
The creation and annihilation operators refer always to the vacuum. It is also possi-

ble to redefine this reference. If we use an A-body Slater determinant as a reference state
| ψref〉 =| q1...qA〉, we call the occupied single-particle states | q1〉, ..., | qA〉 hole states. States
that are not occupied we call particle states. The creation and annihilation operators act on
the reference state in the following way

âp | ψref〉 6= 0, âp | ψref〉 = 0, âq | ψref〉 = 0, âq | ψref〉 6= 0, (3.40)

where p and q indicate particle and hole states, respectively. Hence, we can reinterpret the
operators âp and âq as quasiparticle annihilation operators and âp and âq as quasiparticle
creation operators, since they act on the reference state in the same way as the creation and
annihilation operators on the vacuum state.

We call a set of creation and annihilation operators in normal order, if all quasiparti-
cle annihilation operators are on the right-hand side of all quasiparticle creation operators.
The normal ordering operator is indicated through curly brackets enclosing the creation and
annihilation operators

{X̂1 · · · X̂n} = sgn(π)X̂π(1) · · · X̂π(n), (3.41)
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where π is a permutation, which rearranges the operators such that normal order is fulfilled.
The sgn(π) function indicates the sign of the permutation. The normal ordering depends
on the reference state and is not unique. Using pi for particle and qi for hole states we can
illustrate this in the following example

{âp1q1p2q2} = {âp1 âq1 âq2 âp2} = −âp1 âq2 âq1 âp2 = âq2 â
p1 âq1 âp2 = âp1 âq2 âp2 â

q1 = −âq2 âp1 âp2 âq1 .
(3.42)

One special property of a normal ordered expression is that the expectation value in the
reference state vanishes

〈ψref | {X̂1 · · · X̂n} | ψref〉 = 0. (3.43)

We discussed here only the normal ordering with respect to a single Slater determinant, but
it is possible to extend this procedure to multi-reference states [112].

3.3.2 IM-SRG Concept

In contrast to the SRG approach discussed before, which we refer to as free-space SRG in
the context of the IM-SRG, the IM-SRG is formulated such that all operators are normal
ordered with respect to a reference state. This reference state is a first approximation for the
targeted state and is typically obtained from a HF or an NCSM calculation. In the normal
ordered form, the Hamiltonian for an A-body system with NN and 3N forces can be written
as

Ĥ = E +
∑
pq

fpq {âpq}+
1

2!2

∑
pqrs

Γ pqrs {âpqrs}+
1

3!2

∑
pqrstu

W pqr
stu {âpqrstu}, (3.44)

by using the Wick theorem [31], where the zero-, one-, two-, and three-body terms are

E =
∑
p

T pp np +
1

2

∑
pq

V pq
pq npnq +

1

6

∑
pqr

V pqr
pqr npnqnr, (3.45)

fpq = T pq +
∑
r

V pr
qr nr +

1

2

∑
rs

V prs
qrs nrns, (3.46)

Γ pqrs = V pq
rs +

1

4

∑
t

V pqt
rst nt, (3.47)

W pqr
stu = V pqr

stu . (3.48)

Here np indicates the occupation number. It becomes clear that the normal ordering transfers
contributions to lower rank operators and the zero-, one- and two-body parts of the Hamilto-
nian contain information on the initial 3N interaction. In the so-called NO2B approximation
we make use of this and neglect the residual three-body parts in practical calculations. It
has been shown that this is a good approximation [113, 74, 114], but it is ongoing work
to incorporate the three-body parts in the calculation, which comes with significantly more
computational expense.

However, the SRG flow-equation

dĤ(s)

ds
= [η̂(s), Ĥ(s)] (3.49)

is not used to prediagonalize the Hamiltonian for the use in an other many-body approach.
Instead the SRG is used to bring the Hamiltonian in a block-diagonal form, such that we
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Figure 3.4: Schematic illustration of the model space decoupling pattern in the IM-SRG.
On the left side is the initial Hamiltonian and on the right side the final IM-SRG evolved
Hamiltonian in the many-body Hilbert space spanned by particle-hole excitations of the
reference state.

decouple the reference state entirely from all particle-hole excitations. Here, we use s as flow
parameter to distinguish between the IM-SRG and the free-space SRG. This is illustrated in
figure 3.4. In the initial NO2B truncated Hamiltonian on the left-hand side, the reference
state is coupled with 1p1h and 2p2h excitations. Within the IM-SRG we aim to decouple the
reference state from all ApAh excitations, as illustrated on the right-hand side. If we achieve
this, the reference state is clearly an eigenstate of this Hamiltonian. We cannot guarantee
that this is the ground state, this depends on the quality of the reference state. To decouple
the reference state we partition the Hamiltonian into a diagonal and an off-diagonal part

Ĥ = Ĥd + Ĥod. (3.50)

The diagonal and off-diagonal part do not need to be the actual diagonal and off-diagonal part
in a matrix representation. In the minimal decoupling scheme one only aims to decouple the
one-dimensional block spanned by the reference state from all other particle-hole excitations,
thus in the NO2B approximation only the matrix elements that couple the reference state
with the 1p1h and 2p2h excitations are identified as the off-diagonal part

〈ψref | Ĥ{âp1q1} | ψref〉, (3.51)

〈ψref | Ĥ{âp1p2q1q2 } | ψref〉. (3.52)

There is a variety of generators available that can be used to decouple the reference state
for example the Wegner generator already discussed in the context of free-space SRG, see
equation 3.29. Further generators are the White or imaginary-time generators [30]. All these
generators are suitable to decouple the reference state and while the decoupling pattern is
different during the flow, they lead, if the truncations are chosen well, to the same fix point of
the flow. The generators differ mainly in the numerical efficiency and how they induce many-
body interactions, since during the SRG flow, we induce many-body interactions similar to
the ones in the free-space SRG. The unitarity of the transformation ensures that the spectrum
is conserved, but by truncating the flow to, for example, two-body operators, one formally
violates the unitarity.

For the calculation of other observables than the energy, we need to perform a simulta-
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neous transformation of the corresponding operator

dÔ(s)

ds
= [η̂(s), Ô(s)]. (3.53)

3.3.3 Uncertainties

The results of the IM-SRG calculation have multiple sources for uncertainties. Limited mem-
ory space requires to truncate basis sizes, for example by using the HO basis with a maxi-
mum principal quantum number emax and maximum three-particle energy quantum number
e1 + e2 + e3 ≤ E3Max. These truncations need to be chosen sufficiently large and have to
been validated. With SRG evolved interactions, these truncations are usually under control
but should be probed especially in heavier nuclei. Furthermore, the NO2B approximation
neglects all residual initial three-body operators as well as all appearing higher-body rank
operators during the IM-SRG flow. These induced many-body forces are neglected in typical
calculations, while there are efforts to include these forces. Another source of uncertainty
is the single-particle basis choice itself, which can have an impact on the final result [115].
The typical approach to quantify these uncertainties is by comparison of the results with
other many-body methods like coupled cluster [34, 35] and the NCSM, which use different
truncations or solving methods. These benchmarks indicate a total uncertainty of ≈ 1− 2%
[113, 112, 29, 74].

3.4 Calculation of Radii

The radius of a nucleus is one of the basic observables for a comparison of theory and ex-
periment. Although it is one of the basic observables, it is challenging to predict accurate
radii. On the one hand, the calculation of radii is more demanding than that of energies,
since the variational principle is not valid for other observables than the energy in NCSM like
many-body methods. In our framework the radius is usually calculated through expectation
value calculations of the corresponding radius operator. Since we are using the SRG to soften
the interactions, we need to perform a consistent SRG transformation of this operator. We
include SRG corrections up to the two-body level in our calculations. On the other hand,
most of the chiral EFT interactions underestimates radii in the medium-mass regime. The
first interaction that produced better radii was the NNLOsat interaction [45], which included
radii of medium-mass nuclei explicitly in the fit of the LECs. In this thesis, we will construct
an interaction, which is suitable to calculate realistic radii.

To compare theory and experiment, we have to overcome an additional obstacle. In
experimental setups one measures charge radii, while in theoretical calculation like the NCSM
calculations we are calculating the point-proton root-mean-square (rms) radius

Rp,rms =

√√√√〈ψn | 1

Z

A∑
i=1

(~̂ri − ~̂R)2Π̂p,i | ψn〉, (3.54)

where we used the solution of the targeted state | ψn〉, the center-of-mass

~̂R =
1

A

A∑
i=1

~̂ri, (3.55)
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and the proton projection operator

Π̂p,i =
1

2
+ t̂3,i, (3.56)

with t̂3,i the third component of the isospin operator. In this calculation we included two
assumptions: First, the nucleons have the same mass and secondly, the proton is a point-like
particle. For a comparison with the experiment, we need to take the charge distribution of
the proton and neutron into account [116]

R2
ch = R2

p,rms + r2
p,ch +

N

Z
r2

n,ch, (3.57)

with the mean-square charge radii of the proton r2
p,ch and the neutron r2

n,ch. The neutron

does not carry a net charge, but it has a charge distribution, which leads to a r2
n,ch =

−0.1161(22) fm2[59]. The mean-square charge radius of the proton is given by r2
p,ch = r2

p,E +
3/(4m2

p), which is a combination of the electric charge radius of the proton rp,E and the Darwin-
Foldy term [116], with the proton mass mp. In recent years, the electric charge radius of the
proton itself has been controversial and has given rise to the so-called proton radius puzzle.
The discussion started with the measurement of the proton radius in muonic hydrogen [117],
which lead to a significantly smaller rp,E = 0.84087(39) fm compared to the 2014 CODATA
value rp,E = 0.8751(61) fm [118]. Since then there have been various remeasurements, which
support both claims equally and there is no real solution of this puzzle yet. For instance, the
Particle Data Group still lists both values [59]. In the most recent 2018 CODATA update, the
muonic measurement has been included in the determination of the proton radius and is now
given by rp,E = 0.8414(19) fm. To avoid the dependence on the proton radius, we will only
present results that do not include these correction terms, for example the point-proton rms
or the total rms radius. For the transformation of the experimental values into point-proton
rms radii, we will use the older 2014 CODATA value. This leads to Rp,rms,exp = 1.457(8) fm
instead of Rp,rms,exp,µ = 1.477(4) fm for 4He. In section 4.4 we will again shortly discuss this
discrepancy in 4He. The experimental charge radii are taken from reference [119].

In our Jacobi-NCSM calculations, we need to make an additional assumption. Since our
basis does not resolve the isospin of a single nucleon, we assume that the total rms radius
is equal to the proton rms radius. This is a good approximation for 4He, in single-particle
NCSM calculations the proton rms radius is only 0.2% larger than the total rms radius, which
can be explained by the Coulomb interaction that pushes the protons apart. This difference
is smaller than the experimental uncertainty.



4 Optimization of Non-Local
3N Interactions

Even though interactions from chiral EFT are being used in a vast range of applications, their
potential has not been exploited entirely. A widely used chiral EFT interaction is the NN
interaction at N3LO by Entem and Machleidt [40] complemented with a local 3N interaction
at N2LO [41]. However, with a single interaction at a specific chiral order a systematic
uncertainty quantification is not possible. Furthermore, the chiral orders as well as the
regularization schemes are inconsistent between the NN and 3N force. This interaction also
systematically underestimates nuclear radii, particularly in the medium-mass regime [42–44].

There are other interactions available, for example the NNLOsat interaction [45], which
is a pure N2LO interaction with a consistent regularization scheme. This interaction benefits
from a simultaneous fitting procedure, which takes into account NN phase-shifts as well as
few- and many-body observables. Hence, this interaction also leads to a better description
of radii. However, here also only a single chiral order is available such that a systematic
order-by-order analysis is not possible.

With the SCS and SMS interactions a more systematic approach is chosen. Here, we can
study observables by taking into account a sequence of interactions with increasing chiral
orders. Hence, an uncertainty quantification with respect to the chiral truncation error
becomes possible. We will explore some properties of these interactions in chapter 5.

In this chapter we will explore the EMN interactions [46], which allow, similarly to the
semi-local interactions (SCS and SMS), a systematic improvement by chiral order. First, we
will give an update of the EM interaction and explore the difference between a local and a
non-local regularization scheme for the 3N force. Then we will employ the EMN interaction
with two different fitting procedures for the 3N force and explore the resulting interaction
families in the few- and many-body regime. We reported part of the findings discussed in
this chapter already in [120].

4.1 EM Local vs Non-Local 3N

As stated earlier, a widely used interaction is the EM NN interaction in combination with
the local 3N interaction by Navràtil [41], where the 3N interaction is fitted to reproduce the
half-life and binding energy of the triton [75, 121]. Please note that in the original version
of [75] an error in the determination of the half-life lead to the 3N LECs cD = −0.2 and
cE = −0.205. Nevertheless, this interaction has been used in a wide range of applications
[122, 74–76, 123–125]. It was shown that this interaction overbinds the ground-state energies
especially for nuclei with A & 10 [122, 74, 76].

One can mitigate the overbinding by modifying the regularization of the 3N force and
reducing the 3N force cutoff from Λ3N = 500 MeV to Λ3N = 400 MeV [74, 29, 108, 36, 113].
This regularization choice is in principle not more inconsistent than choosing the 3N force
cutoff equal to the NN force cutoff, since one uses different regularization schemes for the
NN and 3N interactions. By reducing the cutoff to Λ3N = 400 MeV and fitting the cE to the
ground-state energy of 4He it is possible to describe ground-state energies up to the oxygen

37
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Figure 4.1: Ground-state energies (left) and point-proton rms radii (right) obtained in NCSM-
PT calculations for the oxygen isotopes AO calculated with the EM NN interaction at N3LO
complemented with a local 3N interaction at N2LO with a cutoff Λ3N = 400 MeV ( ) and
500 MeV ( ) as well as a non-local 3N interaction with cutoff Λ3N = 400 MeV ( ), 500 MeV
( ), and 525 MeV ( ). Results for the EM NN ( ) are only shown for comparison. All
interactions are SRG evolved with a flow parameter α = 0.08 fm4.

drip line sufficiently well. However, in medium-mass nuclei the interaction begins to overbind
the ground states. Moreover, radii are systematically underestimated even for light nuclei.
The cutoff reduction also has an impact on the induced 4N interaction of the SRG evolution.
The strength of the induced force is observed to be reduced in comparison with the 500 MeV
cutoff for ground-state energies of medium-mass nuclei [76, 74, 122].

In a corrected evaluation of the half-life of the triton [121], cD = 0.83 and cE = −0.052
were determined. This interaction cannot describe ground-state energies of light nuclei as
well as the previous version and similarly underestimates radii. In figure 4.1 we show the
ground-state energies and point-proton rms radii of the oxygen isotopes for this updated
interaction (blue symbols). For the solid symbols, we use a cutoff Λ3N = 500 MeV and for
the open symbols we use a version with reduced cutoff Λ3N = 400 MeV. We use the cD = 0.8
from the half-life fit, while the cE is refitted to the triton binding energy within an NCSM
calculation. It is shown in [75, 121] that the determination of the half-life is barely dependent
on the 3N force and cE, whereas it depends on cD through the strength of the MEC contact
term d̂R. Using this interaction leads to clearly overestimated ground-state binding and
underestimated radii in comparison to the experimental values. A cutoff reduction is not
able to decrease the ground-state binding to a comparable level of quality as the previous
local 3N interaction.

As an alternative to the local 3N force we can use the 3N interaction with a non-local
regulator by Epelbaum et al. [48], see also section 2.4.3, and thus use the same regularization
as in the NN force. Similar to the local 3N case, we are using the N2LO terms only and
retain cD = 0.8 from the half-life determination of the triton and refit cE to the triton
binding energy. Please note that in the determination of the half-life Gazit et al. [75, 121]
use the local regulator for the MEC, hence, the cD choice is again inconsistent. The results
shown in this section are not significantly different with a different cD choice, hence, said
cD is still suited for this exploratory comparison. The ground-state energies and radii of the
oxygen isotopes for this interaction are also shown in figure 4.1 (red symbols). In comparison
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with the results for the local 3N interaction the energies are much closer to the experimental
values. But the most significant change affects the radii. While the local 3N interaction
shrinks the nuclei in comparison to the calculation without 3N force, the non-local 3N force
increases the radii. With a consistent cutoff value for NN and 3N interaction of Λ3N = 500
MeV we slightly underbind the oxygen isotopes, but by modifying the cutoff value we can
again reproduce the ground-state energies of the oxygen isotopes. Instead of a reduction in
the cutoff value, which leads to a more pronounced underbinding, a small increase to a cutoff
Λ3N ≈ 525 MeV is necessary. In the cutoff modified versions, we retain cD = 0.8 and refit
cE to the triton binding energy. The cutoff modification mainly impacts the ground-state
energies, while the ground-state radii change only slightly.

4.2 EMN Complemented with the
Non-Local 3N

Instead of using only a single chiral order like in the EM NN interaction case, with the EMN
NN interaction family we have the opportunity to perform an order-by-order analysis up to
N4LO with three different cutoffs. Furthermore, we can complement this interaction with
the 3N interaction by Hebeler et al. [49] at N2LO and N3LO with a consistent regularization
scheme and scale, as discussed in 2.4.

Since there appear no additional LECs in the 3N interaction at N3LO, the only free
parameters are cD and cE for the 3N interaction at N2LO and N3LO. A natural procedure
is to fit these LECs to three-body data, as in the section before, the triton binding energy
and the triton β-decay [75, 121]. Other three-body data can be the 3He binding energy,
the neutron-deuteron doublet scattering length 2a [48, 126] and other nd and pd scattering
data. Using only observables which correlate strongly with each other in the fit can lead
to overfitting such that the fitted observables are perfect while a good description of other
observables is not achieved. On the other hand, such correlations can be exploited by fitting
to one observable and obtaining a good description of the remaining one by construction.
The Phillips line [127] is an example for such a correlation between the triton binding energy
and 2and.

Alternative approaches include four-body data like the binding energy or point-proton
radius of 4He or even many-body observables like ground-state radii and energies up to the
oxygen isotopes [45] or include even nuclear matter quantities into the fitting procedure
[128, 129]. There also exists an empirically observed correlation, the so-called Tjon line
[130, 131, 126], between the binding energy of the triton and the ground-state energy of 4He.
We can study the validity of this correlation for the aforementioned interactions.

We will employ different ways to determine the LECs. First, we will fix the cD-cE corre-
lation via the triton binding energy and explore the dependence of ground-state energies and
radii of light and medium-mass nuclei on the cD within a natural range. Further on, we will
relax the triton constraint and explore additional possibilities to fit cD and cE.

4.2.1 Fitting the LECs to the Triton Binding Energy

The fit of the cD-cE correlation is performed by calculating the triton binding energy for a grid
of cD and cE-values in a natural range and finding the optimal cD-cE pair via interpolation.
The triton binding energies for the grid points are obtained in Jacobi-NCSM calculations,
where we use model spaces up to Nmax=48 as well as HO frequencies ~Ω in the range of
~Ω = 20− 36 MeV. An exemplary Jacobi-NCSM calculation is shown in figure 4.2. For bare
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Figure 4.2: Variation of the HO frequency ~Ω in a Jacobi-NCSM calculation of the triton
binding energy for the EMN NN interaction complemented with the non-local 3N interaction
with cutoff Λ = 500 MeV at N3LO with cD = 4.0 and cE = −1.492. The experimental value
is indicated with a dashed line.

interactions, the ground-state energies converge with an uncertainty better than 1 keV and
do not need to be extrapolated. Please note that the convergence of the calculation is not as
good for every cD-cE pair as the one shown in figure 4.2, in which we could assume a smaller
uncertainty. The resulting correlations for cD-cE are shown in figure 4.3 for the chiral orders
N2LO, N3LO, and N4LO’ and the three cutoffs 450, 500, and 550 MeV. The prime notation
N4LO’ indicates that we complement the N4LO NN interaction with the N3LO 3N interaction
only, see also section 2.4.1. We can see that the general behavior is similar for each chiral
order. For negative cD-values the cE are similar for each cutoff and with increasing cD the
cE-values fan out in parabola-like functions.

4.2.2 Exploring cD in the 4He Energy-Radius Plane

With the cD-cE correlation fitted to the triton binding energy, we can explore the cD trajecto-
ries, the observable dependent on cD, in other systems. We start with the ground-state energy
and point-proton rms radius of 4He. Figure 4.4 shows the results obtained in Jacobi-NCSM
calculations for the bare NN+3N interactions for the three cutoffs and chiral orders N2LO,
N3LO, and N4LO’. In addition to the results for the NN+3N interactions, we also show the
results for NN only at the corresponding chiral order. The trajectories for the three cutoffs
follow similar parabolic curves. With increasing cutoff, the curves shift to lower energies and
radii. The energies have an upper bound, which makes it impossible for the cutoffs Λ = 500
and 550 MeV at N3LO and N4LO’ to reproduce the experimental value for 4He for any cD-
value. While each cD-cE pair reproduces the triton binding energy, by construction the 4He
ground-state energy can vary in a large range, thus, the Tjon line is not fulfilled for a large
set of possible interactions.

Furthermore, we should keep in mind that starting with N3LO, there exist chiral 4N
forces, which we have neglected in our calculations. These forces have been found to be
small [132]. Nevertheless, with these forces included it may be possible to reproduce the
experimental ground-state energy for 4He.

For heavier nuclei than 4He, we need to perform the SRG transformation to get converged
results. Hence, we explore the impact of the SRG on the 4He observables. In figure 4.5 we
show the SRG dependence for the 4He ground-state energy and point-proton rms radius cal-
culated with the NN+3N interaction at N2LO, N3LO, and N4LO’ with cutoff Λ = 500 MeV.
For comparison, we also show the results for the NN+3Nind interaction at the same order and
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Figure 4.3: Correlation plot between the cD and cE-values. The curves indicate the fit to the
triton binding energy at the chiral orders N2LO (left), N3LO (center), and N4LO’ (right).
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state of 4He calculated in Jacobi-NCSM calculations with the EMN NN interaction com-
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Figure 4.5: SRG dependence of the point-proton radius and the binding energy of the ground
state of 4He calculated in Jacobi-NCSM calculations for the chiral orders N2LO (left), N3LO
(center), and N4LO’ (right) with Λ = 500 MeV. The numeric values indicate the cD-values
while the cE is fitted to the triton binding energy. The circles are the results for the NN+3Nind

interaction. The experimental values are indicated through black bars.

cutoff. We perform the SRG at the NN and 3N level, therefore every change in the energy
can be traced back to the neglected induced 4N force. The radius operator is consistently
SRG evolved up to the NN level. Hence, the dependence arises from the missing induced 4N
force and three- and four-body contributions to the radius operator. In general, the SRG
transformation leads to less binding and larger radii. The interactions with larger cD-values
show a stronger α-dependence. Contrary to the bare N3LO and N4LO’ interactions, with
the SRG evolved interactions we can reproduce the 4He ground-state energy and radius in a
wide range of α-values. Therefore, it is also possible to use the SRG as a tool to optimize the
interaction and use α as an additional parameter to fit the interaction. The SRG induced
two-body contributions to the radius operator ∆RSRG,NN

p,rms shown in figure 4.6 are linearly de-
pendent on the SRG flow parameter α and have a reducing effect on the radius. Nevertheless,
this contribution is not enough to compensate the α-dependence. The residual α-dependence
follows the rule that less binding leads to a larger radius, which indicates that the missing
contribution stems from the induced four-body force. Nevertheless, the variation due to SRG
for the radius is only on the percent level.

4.2.3 Performance in Medium-Mass Nuclei

Similar to the cD-variation in 4He, we can look at the cD-dependence of medium-mass observ-
ables. In this section we restrict ourselves to calculations for the N3LO interaction with cutoff
Λ = 500 MeV, where the correlation between cD and cE is constrained by the triton binding
energy. These interactions are SRG evolved up to α = 0.04 fm4 for a better convergence of the
many-body method. In the medium-mass regime we use the single-reference IM-SRG for the
calculation of ground-state energies and point-proton rms radii, see section 3.3. This method
is restricted to closed shell nuclei, hence, we focus on those in this exploration. First, we
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Figure 4.6: Contribution of the SRG induced two-body operator to the radius operator for
the ground state of 4He. Shown are the results for the chiral orders N2LO (blue), N3LO
(red), and N4LO’ (green) with Λ = 500 MeV. Different symbols indicate different cD-values
from -2 to 6.
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Figure 4.7: Ground-state energies per nucleon and point-proton rms radii of medium-mass
nuclei. The results are obtained in IM-SRG calculations with E3Max = 14 and eMax = 12 for
the NN+3N interaction at N3LO with cutoff Λ = 500 MeV for a range of cDs=-3 ( ), -2 ( ),
-1 ( ), 0 ( ), 1 ( ), 2 ( ), 3 ( ), 4 ( ), 5 ( ) and cE is fitted to the triton binding energy.
The interactions are SRG evolved up to α = 0.04 fm4. The experimental values are indicated
through black bars.
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Figure 4.8: Regulator power n-dependence of ground-state energies per nucleon and point-
proton rms radii of selected medium-mass nuclei. Solid symbols indicate a regulator power
n = 3 and open symbols n = 4. The results are obtained in IM-SRG calculations with
E3Max = 14 and eMax = 12 for the NN+3N interaction at N3LO with cutoff Λ = 500 MeV.
The different symbols and colors indicate the values of cD=3 ( ), 4 ( ), and 5 ( ) where cE

is fitted to the triton binding energy. All interactions are SRG evolved with α = 0.08 fm4.
The experimental values are indicated through black bars.

will explore the cD-dependence of these observables. Thereafter, we probe the dependence
of the results on the power of the regularization function, the SRG parameter α, and the
E3Max-truncation in the IM-SRG.

The results of the ground-state energies and point-proton rms radii for selected nuclei are
shown in figure 4.7 for various cD-values. In the negative cD-range all nuclei are underbound.
With increasing cD the ground-state energies systematically decrease until the energies nearly
agree with the experimental values for all considered isotopes at cD ≈ 4 ( ).

If we consider the results of the cD-variation for 4He in figure 4.5 (center), we would
expect the cD-value to be around cD ≈ 2 ( ). Using cD = 2 leads to underbound nuclei in
the medium-mass regime. Furthermore, Drischler et al. [128] constrain cD and cE for the
same interaction family in nuclear matter calculations. These interactions are also explored
in medium-mass calculations by Hoppe et al. [129]. They find the best description of the
saturation point around cD = −3 ( ), even though the saturation energy E/A is slightly less
bound than the empirically one [128] for N3LO with Λ = 500 MeV. In this cD-range all the
medium-mass nuclei are significantly underbound. Please note that in said references the
N3LO interaction is used with a slightly different regulator function with a power of n = 4
for the 3N interaction instead of n = 3 as in our calculation. This difference only has a small
effect on the results, see figure 4.8, where we probe the dependence of the energies and radii
of medium-mass nuclei on the regulator function in the cD-range of 3 to 5. The interactions
regularized with a regulator function with power n = 4 lead to slightly more binding, but the
energy difference between n = 3 and n = 4 is smaller than a ∆cD ≈ 1 shift. We will see later
in section 4.3 that the energy difference of ∆cD ≈ 1 is of approximately the same size as the
many-body uncertainty.

In contrast to the ground-state energies, the radii are overall close to the experimental
values and indicate only a minor cD-dependence, see figure 4.7. Despite the good description
of experimental values, in the considered cD-range the radii are slightly to small compared
with the experiment.

The dependence on the SRG parameter α is explored in figure 4.9 for the interaction
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Figure 4.9: SRG parameter dependence of ground-state energies per nucleon and point-proton
rms radii of selected medium-mass nuclei. The different symbols indicate the different SRG
parameters α = 0.04 fm4 ( ), 0.0625 fm4 ( ), 0.08 fm4 ( ), and 0.12 fm4 ( ). The results are
obtained in IM-SRG calculations with E3Max = 14 and eMax = 12 for the NN+3N interaction
at N3LO with cutoff Λ = 500 MeV with cD=4 and cE is fitted to the triton binding energy.
The experimental values are indicated through black bars.

with cD = 4. The ground-state energies and radii of all considered medium-mass nuclei show
a similar SRG dependence: with increasing α the nuclei are stronger bound and shrink in
size. This behavior is contrary to 4He, where larger α lead to less binding and larger radii.
The averaged relative difference between α = 0.04 fm4 and 0.12 fm4 is about 2% for the
ground-state energies and 4% for the radii.

In figure 4.10 we explore the impact of the E3Max-truncation, which is the maximum
total excitation energy quantum number of three nucleons in the matrix elements entering
the IM-SRG calculation. Up to 40Ca an E3Max = 14 is sufficiently large to obtain converged
ground-state energies and radii. Heavier nuclei should be calculated with an E3Max = 16 and
starting with 68Ni an E3Max = 18 is necessary.

In summary, we see a clear mismatch in the cD-values which describe 4He, medium-mass
nuclei, and nuclear matter observables. Furthermore, we have explored the SRG- and E3Max-
dependence of the IM-SRG calculations. In addition to these sources of uncertainty, we need
to take into account the uncertainty due to the NO2B approximation used in the IM-SRG.
In total we assume the uncertainty of the many-body calculation to be about 2% of the
calculated observable.

4.3 Many-Body Optimized Interactions

In the previous section, we saw that the cD-dependence in medium-mass systems is highly
correlated such that by fitting one system, we achieve an overall good description of the
ground-state energies and radii. This allows for a fitting procedure where we simply fit cD to
the ground-state energy of 16O, which is the lightest of the selected medium-mass nuclei. We
have chosen 16O, since we can calculate 16O also with the NCSM. Therefore, we have the best
control over the many-body uncertainties. In figure 4.11, we show a variation of cD for all
three cutoffs for the chiral orders N2LO to N4LO’. The calculations are performed with SRG
evolved interactions with α = 0.04 fm4. For the smallest cutoff Λ = 450 MeV a large cD-value
is necessary to reproduce the 16O ground-state energy but with increasing cutoff the optimal
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Figure 4.10: Dependence of the ground-state energies per nucleon and point-proton rms
radii of medium-mass nuclei on the E3Max-truncation. The results are obtained in IM-SRG
calculations with E3Max =12 ( ),14 ( ),16 ( ), and 18 ( ). The calculations are done with
the NN+3N interaction at N3LO with cutoff Λ = 500 MeV with fixed cD=4.0, α = 0.04fm4,
and eMax = 12. The experimental values are indicated through black bars.
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Figure 4.11: Ground-state energy of 16O for a range of cD-values. Results are obtained in
single-reference IM-SRG calculations with NAT basis and NO2B approximation with E3Max =
14 and eMax = 12. Shown are the results for the interactions with cutoffs Λ = 450 ( ), 500
( ), and 550 ( ) MeV for the chiral orders N2LO (left), N3LO (center), and N4LO’ (right).
The interactions are SRG evolved with α = 0.04 fm4 and the experimental ground-state
energy is indicated with an orange line.
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chiral order Λ[MeV] cD cE

N2LO
450 9.9± 0.9 0.901
500 5.0± 0.8 -0.159
550 2.0± 0.8 -0.966

N3LO
450 8.9± 0.8 -0.162
500 4.0± 0.7 -1.492
550 2.7± 0.9 -1.724

N4LO’
450 10.3± 0.8 -0.127
500 4.0± 1.0 -1.429
550 3.2± 1.0 -1.792

Table 4.1: Optimized cD and cE-values in the many-body system.

cD-values decrease. The cD and cE-values that reproduce the 16O ground-state energy are
summarized in table 4.1. The uncertainty bands correspond to the many-body uncertainties
estimated before (2%) and are composed of uncertainties due to basis truncations, the NO2B
approximation, and induced many-body forces from the SRG, as discussed in section 3.3.3.
For cD the many-body uncertainty translates into roughly an uncertainty of ∆cD ≈ 1. The
cE in table 4.1 corresponds to the value in the center. In the following we will refer to the
interactions fitted to the ground-state energies of the triton and 16O as many-body optimized
(MBO) interactions.

Fitting an interaction too precisely to a specific observable can lead to artifacts. While the
interaction describes the fitted observable perfectly, other observables may only be described
insufficiently. For example, the bare MBO N2LO and N3LO interactions reproduce the tri-
ton binding energy perfectly by construction, but the ground-state of 4He is about 1 MeV
overbound, see table 4.3 for the earlier result. In addition, while we are able to fit the triton
within an uncertainty of 1 keV, within the chiral expansion this is not necessary. Using the
truncation error estimate of EKM, see section 2.5, to determine the chiral truncation error
for the binding energies of triton and 4He, we would expect for the cutoff Λ = 500 MeV at
N3LO an uncertainty of

δEN3LO(3H) = Q3
∣∣ELO(3H)− ENLO(3H)

∣∣ = 103 keV (4.1)

and

δEN3LO(4He) = Q3
∣∣ELO(4He)− ENLO(4He)

∣∣ = 0.46 MeV. (4.2)

Here we have used Q = 1/3 and the results of the LO and NLO energies shown in table
4.3 to calculate the chiral uncertainties. The difference between these energies leads to the
largest term in the EKM uncertainty-quantification scheme for this observable. Thus, ground-
state energies for the triton and 4He, which deviate from the experimental values by the
uncertainties δEN3LO(3H) and δEN3LO(4He) in (4.1) and (4.2) are perfectly acceptable for
the N3LO interaction with Λ = 500 MeV.

The cD-cE values, which fulfill this condition for the triton and 4He individually are
shown in figure 4.12. The blue trajectory corresponds to the cD-cE fit of the triton, where
the uncertainty band indicates the cD-cE values, which leads to a binding energy within the
chiral uncertainty. The band is narrow for negative cD-values and becomes broader with
increasing cD. This indicates that in the narrow regions slight changes in cE translates into
large changes of the binding energy, while in the region with a broad band larger changes in
cE are possible to have the same effect on the energy. Analogously, we show the optimum
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Figure 4.12: The cD and cE-values for the N3LO interaction with cutoff 500 MeV determined
trough a fit to the Egs(

3H) (blue line), Egs(
4He) (red line), as well as the optimum cD-cE

pairs for the different optimizations MBO ( ), and α-MBO ( ). The uncertainty bands
correspond to the chiral uncertainty at N3LO.

cD-cE trajectory in combination with the uncertainties for 4He in red. The shapes of both
trajectories are similar, but the 4He trajectory is slightly shifted towards negative cE-values
and decreases faster for absolute cD-values. Thus, the optimum trajectories for triton and
4He do not intercept, therefore, there is no cD-cE pair that reproduces both the triton and
4He energies perfectly, but the uncertainty bands overlap in the range of cD ≈ −1.5 to 4,
which indicates that in this area a good description of both energies is possible.

We have multiple options to relax the constraint to the exact triton binding energy. We
can follow a protocol similar to the MBO interactions and fit the cD-cE correlation to the 4He
ground-sate energy instead of the triton binding energy. The fit of cD to the ground-state
energy of 16O is shown in figure 4.13 and results in cD = 7.2 ± 2.3. The slope of the 16O
ground-state energy with respect to cD based on the 4He constraint is not as steep as based
on the triton constraint, compare figure 4.11. This leads to a larger uncertainty of cD in
comparison with the MBO cD. In the following, we refer to this optimization as α-MBO.

In addition to the triton and 4He bands, we indicate the resulting cD-cE pairs for the
MBO and α-MBO in figure 4.12. While the MBO pair is slightly outside of the 4He band,
the α-MBO pair leads to an unsatisfactory description of the triton with a ground-state
energy of E(3H) = −8.052 MeV. As said before, the uncertainty of the α-MBO cD-value is
rather large and at the lower end of this uncertainty a better description of triton is possible,
even though, it still does not lie within the chiral uncertainty band.
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Figure 4.13: Description analogous to figure 4.11, but only for N3LO with cutoff 500 MeV
and the cD-cE-correlation is fitted to the ground-state energy of 4He instead of 3H.

4.4 Few-Body Optimized Interactions

Instead of fitting the LECs in the many-body system, we can optimize the cD-cE pair also in
the few-body system only. For this purpose, we minimize the mean square relative deviation
of the ground-state energies of triton and 4He with respect to the experimental values

XFBO(cD, cE)2 =
1

2

[(
E(3H, cD, cE)− Eexp(3H)

Eexp(3H)

)2

+

(
E(4He, cD, cE)− Eexp(4He)

Eexp(4He)

)2
]
.

(4.3)

We use this metric so that the deviation of the 4He energy does not have a higher weight
than the deviation of the triton energy. Experimental uncertainties are not included in
the calculation, since the experimental uncertainties of the energies are extremely small in
comparison with the theory uncertainties.

We refer to the optimization via equation 4.3 as few-body optimization (FBO). The
optimum cD-cE pair of the FBO with Λ = 500 MeV at N3LO is shown in figure 4.14 in
combination with the areas that have XFBO(cD, cE) < 0.010 and 0.015 (green). The minimum
with XFBO = 0.0055 has a lower cD-value than the MBO and α-MBO interaction. The area
with XFBO(cD, cE) < 0.010 describes roughly the overlap of the chiral uncertainty bands of
the triton and 4He optimizations. Using the estimates of the chiral uncertainties for the
ground-state energies in equations (4.1) and (4.2), we obtain a XFBO(cD, cE) = 0.014, thus
the shown area with XFBO(cD, cE) < 0.015 gives an outer boundary condition for cD-cE pairs
in agreement with the chiral uncertainty estimates.

The corresponding 4He results of the FBO interaction for the ground-state energy and
point-proton rms radius are shown in figure 4.15 (left). The areas correspond to the same
cD-cE areas in figure 4.14 with XFBO(cD, cE) < 0.010 and 0.015. The optimal FBO cD-cE pair
leads to a slightly underestimated 4He radius, but in the XFBO(cD, cE) < 0.010 area cD-cE

pairs are possible that reproduce radii in accordance with the experiment.

Since the relative deviation is dimensionless, we can easily include other observables like
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Figure 4.14: The cD and cE-values for the N3LO interaction with cutoff 500 MeV determined
trough a fit to the Egs(

3H) (blue line), Egs(
4He) (red line), and the uncertainty bands corre-

spond to the chiral uncertainty at N3LO, as in figure 4.12. In addition, we show the optimum
cD-cE pairs for the different optimizations MBO ( ), α-MBO ( ), FBO ( ), R-FBO ( ),
Rµ-FBO ( ). The green areas correspond to XFBO(cD, cE) < 0.010 and 0.015.
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Figure 4.15: Ground-state energy and point-proton rms radius of 4He for FBO (left), R-FBO
(center), and Rµ-FBO using the experimental proton radius obtained from muonic hydrogen
(right). The areas correspond to XFBO(cD, cE) < 0.010 and 0.015.

radii

XR-FBO(cD, cE)2 =
1

3

[(
E(3H, cD, cE)− Eexp(3H)

Eexp(3H)

)2

+

(
E(4He, cD, cE)− Eexp(4He)

Eexp(4He)

)2

+

(
Rp,rms(

4He, cD, cE)−Rp,rms,exp(4He)

Rp,rms,exp(4He)

)2
]
. (4.4)

We indicate the inclusion of the Rp,rms of 4He in the fit by using the expression R-FBO.
This explicit inclusion of the Rp,rms in the fit improves the resulting Rp,rms, such that the
R-FBO optimum is within experimental uncertainties, see figure 4.15 (center). The shown
areas correspond again to XR-FBO(cD, cE) < 0.010 and 0.015 and the optimum cD-cE pair has
a XR-FBO = 0.0050.

The experimental uncertainties of Rp,rms are not as small as the uncertainties of the
energies. As discussed in section 3.4, we use the CODATA 2014 experimental proton radius
rp,E = 0.8751(61) fm [118] in the conversion of the experimental Rch into Rp,rms. The ongoing
proton radius puzzle leads to two distinct solutions for the Rp,rms. In figure 4.15 (right), we
also show the solution of the R-FBO using the proton radius rp,E = 0.84087(39) fm [117]
obtained from muonic hydrogen indicated with Rµ-FBO. This measurement has also been
included in the recent CODATA 2018 value rp,E = 0.8414(19) fm. The blue bar corresponds to
the experimental Rp,rms,µ obtained with this proton radius from muonic hydrogen. Again, we
show the areas corresponding to XRµ-FBO(cD, cE) < 0.010 and 0.015 as well as the optimum
cD-cE pair corresponding to a XRµ-FBO = 0.0087. Here, the radius is further increased, but
the indicated areas do not enclose Rp,rms,µ and the radius for the optimum Rµ-FBO cD-cE

pair is outside of the experimental uncertainties.

Between the different optimizations FBO, R-FBO, and Rµ-FBO the 4He energy is nearly
unaffected and is slightly overbound. The optimal cD-cE pairs for all optimizations are
indicated in figure 4.14 and follow closely the trajectory of optimal 4He energy. The inclusion
of the radius in the optimization leads to larger cD inbetween the FBO and MBO optima.
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chiral order Λ[MeV] cD cE XFBO

N2LO

450
6.44 0.586 0.0

(−2.80 −0.660) 0.0

500
1.55 −0.304 0.0

(−3.84 −0.896) 0.0

550
−1.77 −0.866 0.0

(−4.50 −1.093) 0.0

N3LO
450

6.50 −0.415 0.0
(0.00 −1.290) 0.0

500 1.27 −1.697 0.0055
550 0.04 −1.774 0.0094

N4LO’
450

6.86 −0.480 0.0
(0.37 −1.351) 0.0

500 1.41 −1.510 0.0029
550 −0.32 −1.631 0.0056

Table 4.2: Optimized cD- and cE-values in the few-body system as well as the corresponding
value of XFBO. In case of two minima, both pairs are given. The pair without parentheses
corresponds to the pair that leads to a smaller deviation of the 16O ground-state energy.

Furthermore, in the radius operator applied in the NCSM calculation we omit chiral
two-body corrections to the charge density operator, such that we need to assign a larger
uncertainty to the calculated value. Due to this incomplete calculation and the larger exper-
imental uncertainty of the radius, we will consider only the FBO interaction for now.

We can perform the optimization of cD and cE analogously for the other chiral orders
and cutoffs. This leads to the LECs reported in table 4.2. We should note that in case of
the N2LO interactions as well as for all chiral orders for the interactions with Λ = 450 MeV
this optimization leads to two distinct optima, where the experimental ground-state energies
of 3H and 4He are both reproduced. In these cases we use the 16O ground-state energy as
additional guidance. The difference to the experimental 16O ground-state energy is in general
smaller for the optima with larger cD-value. Nevertheless, in table 4.2 we report both optima.

4.5 Globally Optimized Interactions

In the previous sections we optimized cD and cE for only two isotopes at the same time. We
can easily extend the optimization procedure discussed in the previous section and include
more isotopes, for example 3H, 4He, 16O, 24O, 40Ca, and 48Ca and minimize the mean-square-
relative deviation

XGBO(cD, cE)2 =
1

n

n∑
i=1

(
E(i, cD, cE)− Eexp(i)

Eexp(i)

)2

, (4.5)

where n indicates the number of the different isotopes i. This optimization we refer to as
globally optimized (GBO). The results of the oxygen and calcium isotopes are obtained with
IM-SRG calculations and SRG evolved interactions with α = 0.04 fm4 while the energies of 3H
and 4He are obtained in Jacobi-NCSM calculations with bare interactions. This optimization
leads to an optimal cD = 4.74 and cE = −1.554 with XGBO = 0.016 and is indicated in
figure 4.16 (left). Since the root-mean-square-relative deviation is larger for GBO than for
FBO and R-FBO, we indicate the area with XGBO(cD, cE) < 0.020 instead of 0.010 and 0.015
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Figure 4.16: Resulting cD-cE values of the GBO (left) and GBO400 (right) ( ) for the N3LO
interaction with Λ = 500 MeV. In the GBO the ground-state energies of 3H, 4He, 16O,
24O, 40Ca, and 48Ca are optimized. While in the GBO, we use the bare interaction for
the calculation of the 4He energy, in the GBO400 we use the SRG evolved interaction with
α = 0.04 fm4 to obtain the 4He energy. In both cases, the energies of the oxygen and
calcium isotopes are obtained with α = 0.04 fm4 evolved interactions. In addition to the
optimum values, we indicate the areas corresponding to XGBO(cD, cE) < 0.015 and 0.020.
For reference, we show the results of the different optimizations MBO ( ), α-MBO ( ) as
well as the correlation of cD and cE by fitting Egs(

3H) (blue line) or Egs(
4He) (red line). In

the right figure, we show the correlation line for 4He based on the SRG evolved interaction.
The uncertainty bands correspond to the chiral uncertainty at N3LO.

as before. The GBO result is close to the MBO result, which indicates that the MBO was
already a good choice.

In the optimization, we can alternatively use SRG evolved interactions for the light iso-
topes 3H and 4He to be consistent between light and medium mass isotopes. For triton this
makes no difference, since we perform the SRG in two- and three-body space. For 4He this is
different, since the induced 4N interaction is neglected in our calculations. The cD-cE corre-
lation band based on the SRG evolved interactions for 4He is shown in figure 4.16 (right) and
overlaps completely with the triton correlation band. The strong SRG dependence of 4He,
especially for positive cD-values, we have already seen in section 4.2.2. The global optimiza-
tion using the SRG evolved interaction is indicated with GBO400 and leads to an optimal
cD = 4.14 and cE = −1.476 with XGBO,400 = 0.013. This pair is in even a better agreement
with the MBO result and the root-mean-square-relative deviation is smaller than the GBO
result.

Due to the good agreement between MBO and GBO we will not further explore the GBO
interaction.
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FBO MBO
chiral Λ Egs(

3H) Egs(
4He) Rp,rms(

4He) Egs(
4He) Rp,rms(

4He)
order [MeV] [MeV] [MeV] [fm] [MeV] [fm]

LO 500 −11.089 −40.08 1.087 −40.08 1.087

NLO
450 −8.446 −28.41 1.457 −28.41 1.457
500 −8.306 −27.55 1.476 −27.55 1.476
550 −7.992 −25.76 1.519 −25.76 1.519

N2LO
450 −8.480(289) −28.30(97) 1.506(59) −29.42(117) 1.498(56)
500 −8.482(308) −28.29(107) 1.480(50) −29.42(154) 1.475(50)
550 −8.483(425) −28.30(189) 1.461(63) −29.45(257) 1.459(64)

N3LO
450 −8.485(73) −28.28(24) 1.479(20) −29.01(36) 1.475(18)
500 −8.425(82) −28.41(27) 1.447(21) −29.12(41) 1.453(16)
550 −8.383(118) −28.48(48) 1.437(20) −29.50(65) 1.437(19)

N4LO’
450 −8.480(73) −28.30(24) 1.479(20) −29.51(30) 1.470(20)
500 −8.451(79) −28.35(27) 1.465(15) −28.80(49) 1.476(13)
550 −8.424(111) −28.41(48) 1.447(17) −29.32(65) 1.454(16)

Table 4.3: Ground-state energy of 3H as well as ground-state energy and point-proton rms
radius of 4He for the FBO and MBO interactions. Starting from N2LO, the uncertainties in
parenthesis are the chiral truncation uncertainties obtained with the Bayesian uncertainty-
quantification scheme, see text for more information. For the many-body uncertainties we
assume 1 keV for the triton Egs, 10 keV for the 4He Egs, and 0.001 fm for the 4He Rp,rms.
The ground-state energy of 3H for the MBO interactions starting from N2LO are fitted to
the experimental value and are per construction equal at LO and NLO to the FBO results.

4.6 Results for Many-Body Systems

In the previous sections we have defined two interaction families, MBO and FBO. Both allow
for a theory uncertainty quantification with the EKM and Bayesian uncertainty-quantification
schemes. In this section, we will discuss results of these interactions in the many-body systems
and explore the different uncertainty-quantification schemes. We start with a compilation of
results in the few-body systems 3H and 4He. Afterwards, we discuss results in the medium
mass systems as well as p-shell results.

4.6.1 Few-Body Results

In table 4.3 we report the ground-state energies of 3H and 4He as well as the corresponding
point-proton rms radius of 4He obtained with the bare MBO and FBO interactions. In
addition to the obtained values, we give the chiral truncation uncertainties obtained with the
Bayesian uncertainty-quantification scheme. Since we do not have the LO interactions for all
cutoffs, we use the NLO results as LO input in the uncertainty-quantification scheme. More
details on how we apply the uncertainty-quantification scheme is given in the next section.
We see a clear improvement of the 4He ground-state energy from MBO to FBO while the
triton binding energy is only moderately affected.

Furthermore, we see a clear trend for the radii. In both optimizations with increasing
cutoff the radii decrease.
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4.6.2 Medium-Mass Properties

Now, we explore results of medium-mass systems. Here, we use the IM-SRG as method of
choice. Before we compare the different interactions, we have a closer look on the uncertainty-
quantification schemes and how we apply them.

Since we do not have the LO results for all cutoffs and the LO results do not always
have physical significance, we do not incorporate them in the uncertainty quantification.
Furthermore, at N4LO’ we have no contribution of the N4LO 3N interaction terms. Therefore,
we cannot assume that the uncertainty at N4LO’ scales with Q5. Instead, we assume Q4.
In the determination of the N4LO’ uncertainties we neglect the results of N3LO and use the
N4LO’ results as alternative N3LO input into the uncertainty-quantification schemes.

First, we will compare the EKM and Bayesian uncertainty-quantification schemes in-
troduced in section 2.5. For this comparison we restrict ourselves to ground-state ener-
gies of selected medium-mass nuclei calculated based on the MBO interaction family with
Λ = 500 MeV up to N3LO. The N4LO’ uncertainties behave similarly to the N3LO uncer-
tainties and are omitted in this comparison for a clearer view. All ground-state energies are
obtained in single-reference IM-SRG calculations with E3Max = 18 and eMax = 14 in NO2B
approximation in a NAT basis. Furthermore, the interactions are SRG evolved with α = 0.04
fm4.

In figure 4.17 we employ the EKM uncertainty-quantification scheme as given in equation
(2.50). The uncertainties decrease with increasing order and the uncertainties of N3LO are

within the uncertainties of N2LO. In addition to the uncertainties δX
(i)
χ due to the truncation

of the chiral expansion we include the many-body uncertainty δX
(i)
mb = 0.02X(i), which we

assume to be 2% of the result X(i) such that the total theory uncertainties are given at chiral
order i by

δX
(i)
th = δX(i)

χ + δX
(i)
mb. (4.6)

While at N2LO the truncation error dominates the uncertainties, at N3LO the many-body
uncertainties are of similar size.

Alternatively a Bayesian uncertainty-quantification scheme is employed as given in equa-
tion (2.64). For the reference scale we use the experimental values. The purpose of the
reference scale is to scale the expansion coefficients to natural size and the resulting un-
certainty bands are robust with respect to variation of this reference scale. The use of an
approximate reference scale of, for instance, Xref = −9 A MeV leads to only small deviations
of the uncertainties in the range of (1−20) A keV. As indicated above, we do not incorporate
the LO into the uncertainty quantification. Hence, we use the NLO result as the LO contribu-
tion, such that the expansion coefficients c1 and c2 of the Bayesian uncertainty-quantification
scheme (2.52) vanish and do not contribute to the uncertainty quantification. The coefficient
c1 is already zero, due the vanishing Q1 contributions in the chiral Hamiltonian.

The prior information of the distribution of the expansion coefficients cn is parameterized
in τ0 and ν0, see section 2.5. An uninformative prior is given by τ0 = 1 and ν0 = 1, which is our
main parameter set (I). With these parameters, we can tweak the assumption of naturalness
of the prior. With increasing orders, which are included in the uncertainty quantification,
these parameters are less relevant. The scale τ0 is the best guess of the marginal variance
c̄ and ν0 is the number of degrees of freedom in the scaled inverse χ2 distribution, which
indicates the width of the distribution. For example, in the limit of ν0 → ∞ the prior is
a sharp peak at τ0. In figure 4.18 we vary these parameters and probe in addition to the
uninformative prior the parameter sets (τ0 = 2, ν0 = 1) (II) and (τ0 = 1, ν0 = 2) (III). For
the calculation of the uncertainties we employ a 95% confidence interval and, in a first step,
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Figure 4.17: Ground-state energies of medium-mass nuclei for the MBO interactions with
Λ = 500 MeV for NLO ( ), N2LO ( ), and N3LO ( ). The uncertainty bands are estimated
with the EKM truncation-error-uncertainty scheme in combination with (solid) and without
(dashed) the many-body uncertainties. The results are obtained with single-reference IM-
SRG calculations with E3Max = 18 and eMax = 14 in NO2B approximation in a NAT basis.
All interactions are SRG evolved with α=0.04 fm4. Experimental values are indicated with
black bars.
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Figure 4.18: Ground-state energies of medium-mass nuclei for the MBO interactions with
Λ = 500 MeV for NLO ( ), N2LO ( ), and N3LO ( ). The uncertainty bands are determined
with the Bayesian uncertainty-quantification approach for the truncation error estimates. We
use τ0 = 1 and ν0 = 1 (solid lines), τ0 = 2 and ν0 = 1 (dashed lines) and τ0 = 1 and ν0 = 2
(dot-dashed lines). The results are obtained with single-reference IM-SRG calculations with
E3Max = 18 and eMax = 14 in NO2B approximation in a NAT basis. All interactions are
SRG evolved with α = 0.04 fm4. Experimental values are indicated with black bars.
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Figure 4.19: As in 4.18 with τ0 = 1 and ν0 = 1. We show the results with the truncation error
estimates only (dashed lines) and in combination with the many-body uncertainties (solid
lines).
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Figure 4.20: Ground-state energies and point-proton rms radii of medium-mass nuclei for the
MBO (left) and FBO (right) interactions with Λ = 500 MeV for NLO ( ), N2LO ( ), N3LO
( ), and N4LO’ ( ). The interactions are SRG evolved to α = 0.04 fm4. For the IM-SRG
calculation, we use E3Max = 18 and eMax = 14 in NO2B approximation in a NAT basis.
The uncertainty bands indicate the combined uncertainties from the many-body calculation
and the truncation error estimation with the Bayesian approach. Experimental values are
indicated with black bars.

we neglect the many-body uncertainties. The choice of the prior has only a small impact on
the uncertainties. The largest difference between the uncertainties is between the priors with
parameter set (II) and (III). With increasing chiral order the differences decrease. While at
N2LO the uncertainties vary about 200 A keV, at N3LO the uncertainties vary only about
50 A keV. Thus, the resulting uncertainties are stable with respect to the prior choice,
especially at N3LO, which is most relevant for our purposes. Therefore, in the following we
use the uninformative prior to estimate the uncertainties.

In addition to the interaction uncertainties based on the Bayesian uncertainty quantifi-
cation, we show in figure 4.19 the sum of the interaction and the many-body uncertainties.
Similarly to the EKM approach the interaction uncertainties dominate the uncertainty band,
but the Bayesian approach leads to larger uncertainties, especially for N2LO. The uncertain-
ties of N3LO are of similar size, nevertheless, the Bayesian uncertainties are slightly larger.
In the following we only use the uncertainties obtained with the Bayesian approach due to
its conceptual superiority.

Up to now, we have discussed the different estimations of the uncertainties. Now, we
focus on the differences between the MBO and FBO interactions. In figure 4.20 we compare
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Figure 4.21: Same as in 4.20 with Λ = 450 MeV and Λ = 550 MeV.
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the resulting ground-state energies and radii using the MBO and FBO interactions with
Λ = 500 MeV. Using the MBO interaction starting from N2LO, the resulting energies and
radii are close to the experimental values. The experimental values are within the uncertainty
bands with the exception of the ground-state energy of 78Ni. The picture changes for the
FBO interactions. For the FBO interactions the radii are described similarly well but the
energies are underbound starting from N2LO. At N3LO and N4LO’ we obtain ground-state
energies where the experimental values all lie outside of the uncertainty bands.

In figure 4.21 we also show the results for the interactions with Λ = 450 MeV and
550 MeV. For these interactions not every IM-SRG calculation converges, hence the missing
data points in the plots. Overall, the picture is similar for all cutoffs. The MBO interactions
reproduce the experimental ground-state energies within uncertainties, while the nuclei for the
FBO interactions are underbound. In case of the radii, the MBO interaction at N4LO’ with
Λ = 550 MeV leads to slightly underestimated radii while all other interactions reproduce the
experimental values within uncertainties. Here, two mechanisms play a role. First, we can
identify the trend that with increasing cutoff the radii decrease and second, the NLO results
for Λ = 550 MeV are already close to the experimental values for both energies and radii.
The latter leads to uncertainties due to the chiral truncation that are much smaller than for
the other cutoffs. To avoid this effect, the inclusion of the LO results into the uncertainty
quantification might be helpful.

We can summarize that due to the inclusion of the ground-state energy of 16O into the
fit, the MBO interactions provide an excellent description of ground-state energies of medium
mass isotopes. The FBO interactions on the other hand lead to systematically underbound
ground states. Both interaction families yield similarly good radii, whereby the radii obtained
with the Λ = 450 MeV interactions are slightly too large. With increasing cutoff the radii
shrink such that the radii obtained with the Λ = 550 MeV interactions are slightly too small.

4.6.3 Results of p-Shell Isotopes

For the calculation of observables of p-shell nuclei we employ the IT-NCSM. These calcula-
tions are performed in model spaces with up to Nmax=10 for two to five HO frequencies in
the range of ~Ω = 10 to 20 MeV. The extrapolation procedure is illustrated in figure 4.22
and described in the following. The interactions used in the IT-NCSM calculations are all
SRG evolved up to α = 0.08 fm4 for a better convergence with respect to model-space size.

The final ground-state energies are determined by an extrapolation of the Nmax sequence
for the frequency with the smallest energy at maximum Nmax. For the extrapolation to
infinite model space size we are using an exponential function

E(Nmax) = E∞ +A exp (−BNmax). (4.7)

The corresponding extrapolation uncertainty is estimated by the maximum difference to the
extrapolations at the neighboring HO frequencies. These extrapolation uncertainties can vary
widely depending on the specific model space choices. To gain a more reliable estimation and
suppress fluctuations of individual extrapolations, we average the extrapolation uncertain-
ties within an interaction family for a given nucleus, since we assume that the many-body
uncertainties for a given nucleus should be of similar size.

The determination of radii is more complicated than the determination of ground-state
energies. The radii behave differently regarding Nmax. They are not bounded from above
and the convergence pattern of a Nmax-sequence can – in most cases – not be described
with an exponential course. The behavior is typically dependent on the HO frequency ~Ω.
For low ~Ω the radii converge from above and for large ~Ω the radii converge from below



4.6 Results for Many-Body Systems 61

Nmax

E
[M

e
V
]

2 4 6 8 10 12 14 16

-30

-25

-20

-15

Nmax

R
p

,r
m

s
[f

m
]

2 4 6 8 10 12 14 16

1.9

2

2.1

2.2

2.3

2.4

2.5

Figure 4.22: Model space extrapolation in the IT-NCSM for the ground-state energy (left)
and point-proton rms radius (right) of 6Li obtained with the MBO interaction with cutoff
Λ = 500 MeV at N3LO and α = 0.08 fm. The different symbol shapes indicate the different
HO frequencies ~Ω = 10 ( ), 12 ( ), 14 ( ), 16 ( ), and 20 ( ) MeV. Colored symbols are
used in the determination of the extrapolated results and uncertainties while gray data points
are neglected as described in the text. The red band is the extracted uncertainty band while
the dashed line indicates the experimental result for comparison.

with increasing Nmax. The pivot point is typically associated with the converged result. We
determine the ground-state radii by performing linear fits of the Nmax-sequences as indicated
in figure 4.22. The intersection of the fits with the HO frequencies around or closest to the
sign change of the slope is used for the resulting radius value. The uncertainty is estimated
by the maximum difference between this obtained value and the results at the last Nmax value
for the considered HO frequencies. Similarly to the ground-state energies the uncertainties
of the individual isotopes are averaged within an interaction family to suppress outliers.

The resulting ground-state energies and point-proton radii for selected p-shell isotopes
using the MBO and FBO interactions with Λ = 500 MeV are shown in figure 4.23. The in-
dicated uncertainty bands include the uncertainty of the many-body calculation as discussed
above as well as the uncertainties due to the chiral truncation determined with the Bayesian
scheme. Both interaction families lead to robust results and converge with increasing chiral
order. The ground-state energies determined with the MBO interactions are slightly under-
bound in comparison to the experimental values but agree within uncertainties. Interestingly,
the FBO interactions lead to a stronger underbinding – in this case the experimental values
are outside of the uncertainty band.

Both interaction families lead to a similarly good description of the radii. Here, the
uncertainties are dominated by many-body uncertainties, since the radii vary only slightly
with chiral order.

Even though the FBO interactions are constrained in few-body systems, the MBO inter-
actions yield a better agreement with the experimental ground-state energies of p-shell iso-
topes. The radii are in good agreement with the experiment for both optimization schemes,
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Figure 4.23: Ground-state energies (left) and point-proton rms radii (right) of p-shell nuclei
obtained with the FBO (green) and MBO (blue) interactions with cutoff Λ = 500 MeV. The
chiral orders N2LO, N3LO and N4LO’ are shown. The uncertainty bands are constructed by a
combination of many-body uncertainties (dark) and chiral truncation estimates constructed in
the Bayesian uncertainty-quantification scheme (light). The experimental values are indicated
by black arrows.
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Figure 4.24: Model-space variation in an IT-NCSM calculation for the first exited-state energy
of 6Li obtained with the MBO interaction with cutoff Λ = 500 MeV at N3LO and α = 0.08
fm. The different symbol shapes indicate the different HO frequencies ~Ω = 10 ( ), 12 ( ),
14 ( ), 16 ( ), and 20 ( ) MeV. Colored symbols are used in the determination of the final
result and uncertainty while gray data points are neglected as described in the text. The red
band indicates the extracted uncertainty band.

as was the case for the medium-mass regime. Next we explore the influence of the different
optimizations on the spectra.

The determination of excitation energies and their uncertainties in an IT-NCSM calcu-
lation is exemplarily shown for the first excited-state of 6Li in figure 4.24. The resulting
excitation energy is defined as the value at highest Nmax for the HO frequency that shows
the most converged behavior, as determined by visual examination. The corresponding uncer-
tainty is defined as the maximum difference to the values of the neighboring HO frequencies
at maximum Nmax − 2. In the example of 6Li in figure 4.24, we choose ~Ω = 14 MeV as the
most converged frequency. Therefore, we define the resulting value as the energy given at
Nmax = 10 with ~Ω = 14 MeV and the uncertainties are given by the maximum difference of
this value with the energy given at Nmax = 8 for ~Ω = 12 MeV and ~Ω = 16 MeV. Similar to
the ground-state observables, we average over the uncertainties within an interaction family
for a given nucleus and state in order to suppress outliers.

In figure 4.25 we show the spectra of 6Li, 7Li, 8Be, and 9Be obtained with the MBO
and FBO interaction families with Λ = 500 MeV. For 6Li we show for each result two
uncertainty bars. Both bars include the many-body uncertainties in combination with the
chiral truncation error estimates. While for the left-hand bar, we use the EKM approach,
we use the Bayesian approach for the right-hand bar. The two approaches behave similarly
in excited and ground-state observables. The EKM approach leads to smaller uncertainties
than the Bayesian approach, especially at lower orders. At higher orders the differences
between both approaches decrease. Henceforth, we use the Bayesian approach only. With
few exceptions, higher-order results lie within the uncertainties of the lower orders. In most
cases the interaction uncertainties are larger than the many-body uncertainties except for
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Figure 4.25: Spectra of selected Li and Be isotopes calculated in IT-NCSM calculations
with the MBO and FBO interaction families with Λ = 500 MeV. The uncertainty bars
include many-body (dark) and chiral (light) uncertainty estimates. For 6Li we show the chiral
uncertainties estimated with the EKM (left) and Bayesian (right) uncertainty quantification.
For the other nuclei, we show only the uncertainties derived with the Bayesian uncertainty
quantification. Experimental values are taken from [133, 134].
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states with very large many-body uncertainties like the 1
2

−
and 3

2

−
states of 9Be.

Overall, both interaction families lead to similarly good results. Most states agree with
experimental values within uncertainties. However, there are a few exceptions. The excitation
energies of the 6Li states are systematically to large. When we compare the MBO and
FBO interactions, within a chiral order the FBO interactions generally lead to slightly larger
excitation energies with the exception of the 9Be 1

2

−
and 3

2

−
states. These states also have

large error bars driven by the many-body uncertainty, which are larger than 0.5 MeV. An
additional exception is the 1

2

−
state, which has in general an undersized excitation energy

but also very small uncertainties.
We have seen that in contrast to the ground-state energies, where the MBO interaction

leads to a better agreement with the experiment in both p-shell and medium mass isotopes,
the excitation energies are well described by both interaction families. It is worthwhile to
mention that both interaction families reproduce the ground-state radii well.
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5 Interactions with Semi-Local
Regulators

In the previous chapter we explored interaction families based on the EMN NN interaction
in combination with a non-local regularized 3N interaction. The non-local regularization
can lead to regulator artifacts [13, 72], since the non-local regulator function cuts into the
long-rage contributions, which should be given unambiguously through pion physics, see also
section 2.3.3. With the idea to reduce this regulator effect Epelbaum et al. [13, 14, 78]
developed two versions of a regularization scheme that treat short- and long-range contribu-
tions differently. In the first version (SCS) short-range contributions are regularized with a
non-local and the long-range contributions with a local regularization function. The regu-
larization function acts in configuration space and is parameterized via a cutoff with length
scale R. In a second version (SMS) the regularization scheme has been modified such that
the regularization function acts in momentum space, which in turn simplifies the numerical
calculation of the matrix elements of these interactions, compare also section 2.3.3. The
interaction is available from LO up to N4LO+ with four different cutoffs Λ.

In this chapter we explore the SMS interaction family in light nuclei. First, we will
consider only the NN interaction and later on we will combine it with 3N interactions.

5.1 Results of the NN Interaction

First we explore the SMS NN interactions without 3N interactions in light nuclei. In figure
5.1 we show the results of Jacobi-NCSM calculations for ground-state observables of 4He for
the different chiral orders and cutoffs. With increasing chiral order, both energies and radii
converge smoothly for all cutoffs. For the energy, the cutoff Λ = 400 MeV yields the smallest
difference to the experimental value and with increasing cutoff, 4He is less bound. Hence,
the neglected many-body forces need to have an attractive character to reconcile the results
with the experiment. The interactions with cutoff Λ = 500 MeV reproduce the experimental
radius value best and with decreasing cutoff the radii decrease. Hence, in this case the smaller
cutoffs need to be combined with many-body forces that push the nucleons further apart in
order to reduce the difference to the experimental value. Thus, for Λ = 400 MeV we need
a 3N interaction that has barely any influence on the energy but increases the radius. We
can conclude that the complemented many-body forces need to have an increasingly binding
character with increasing cutoff while at the same time the influence on the radius should
decrease. Nevertheless, we should state that even though the Λ = 400 MeV interactions lead
to radii, which deviate the most from the experiment, this discrepancy is only about 0.06 fm.

The picture changes for 16O. We have calculated ground-state observables of 16O in NCSM
calculations with the NAT basis. The results of these calculations are shown in figure 5.2.
The use of the NAT basis makes the results independent of the HO frequency ~Ω. Therefore,
the many-body uncertainties for the energies are calculated by taking the difference of the
extrapolated results and the results at the largest Nmax value. For the extrapolation we use
an exponential ansatz as before, compare equation (4.7). The extracted radius is defined as
the result at the last Nmax value and the many-body uncertainty as the difference between

67
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Figure 5.1: Ground-state energies (left) and point-proton radii (right) of 4He calculated with
the SMS NN interactions within Jacobi-NCSM calculations up to Nmax = 24. The shown
energies are the minima of the HO frequency variation in the range ~Ω = 20 − 44 MeV.
Shown are the interactions with the cutoffs Λ = 400 (blue), 450 (red), and 500 (green) MeV.
The dashed black lines indicate the experimental values.
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Figure 5.2: Ground-state energies (left) and point-proton radii (right) of 16O calculated with
the SMS NN+3Nind interactions within NCSM calculations with NAT basis up to Nmax = 10.
The shown energies are the extrapolated energies with uncertainties as described in the text.
Shown are the interactions with the cutoffs Λ = 400 (blue), 450 (red), and 500 (green) MeV.
The interactions are SRG evolved with flow-parameter α = 0.02 fm (open symbols) and
α = 0.04 fm (filled symbols). The dashed black lines indicate the experimental values.
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the results of the last two Nmax values. The interactions are SRG evolved to accelerate the
convergence of the calculation. The SRG induced 3N forces as well as the induced two-body
contributions to the radius operator have been taken into account.

Similarly to 4He, the ground-state energy and point-proton radius of 16O converge smoothly
with respect to chiral order. The energy is well described especially for the cutoffs Λ = 450
and 500 MeV without the 3N interaction. In contrast to 4He, the ground-state radii of 16O are
about 0.5 fm too small when only the NN interactions are used. This property is independent
of the cutoff Λ and also the SRG only leads to small variations between the α = 0.02 and
0.04 fm4 evolved interactions. Hence, large uncertainties due to missing higher particle-rank
SRG contributions are unlikely. An additional 3N force would need to increase the radius
significantly and at the same time have only a minor impact on the energy to reconcile the
results with the experiment.

5.2 Modifications of the NN Interaction

Probing the SMS NN interactions in many-body systems like 16O shows that these interac-
tions can describe the ground-state energy very well but the radius is significantly underes-
timated. These interactions lead to a point-proton radius of about Rp,rms ≈ 2.2 fm for 16O,
which corresponds to an underestimation of about 15% in comparison with the experiment.
If we compare the densities of these nuclei instead of the radii, the small radius leads to a
theoretical density that is about 1.6 times denser than the experimental one. Similarly, other
observables that depend on powers of the radius, for example electromagnetic observables,
cannot be described satisfactorily.

By replotting the results of the energy and radius of 16O calculated with the SMS NN
interaction in figure 5.3a, we see that there exists a strong linear correlation between the
energy and radius for these NN interactions. The resulting radius is negatively linearly
dependent on the binding energy of the different NN interactions. This correlation makes
it impossible to reproduce both experimental radius and energy. The radius is significantly
underestimated unless 16O is far too underbound.

Even in the NN interaction, we have parameters, which are not directly constrained by
the fit on the phase shifts and other NN data. The choice of these parameters is made in
the construction of the interactions. Hence, we explored in collaboration with Reinert and
Epelbaum [135] variations of the SMS NN interaction and their impact on the radius and
energy description. For instance, we can probe the energy range of the fitting data or use
different sets of πN LECs. Furthermore, we have so-called ambiguous parameters in the
interaction that need to be chosen in the construction of the interaction. Here, we probe
ambiguous parameters of different nature: short-range off-shell terms as well as relativistic
ambiguous parameters. In this survey we restricted ourselves to the SMS NN interaction
at N4LO+ with cutoff Λ = 450 MeV and SRG parameters α = 0.04 and 0.08 fm4. At this
chiral order the description of the NN scattering data can be achieved in a precision such
that the performed adjustments to the interaction have no significant effect on the accuracy
of their description. The ground-state energies and radii of 16O obtained with these adjusted
interactions can be found in figure 5.3b. We have calculated these observables with NCSM
calculations with NAT basis as before. The corresponding results for the unaltered version of
this interaction is also shown for reference. In addition, the results of the other chiral orders
and cutoffs are grayed out as well as the previously found correlation is indicated by a gray
line.

We start by modifying the maximum energy Emax
lab for the NN data, which is used in the
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(a) The shown results are the same as in fig-
ure 5.2. The different colors indicate the cut-
offs Λ = 400 ( ), 450 ( ), and 500 MeV ( )
while the different symbol shapes indicate the
chiral orders N2LO ( ), N3LO ( ), N4LO ( ),
and N4LO+ ( ). Open symbols indicate SRG
flow-parameter α = 0.02 fm4 and filled symbols
α = 0.04 fm4.
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(b) The shown results correspond to the follow-
ing modifications of the NN+3Nind interactions:
SMS ( ), SMS-Emax

lab =220 MeV ( ), SMS-KH
( ), SMS-Doff

1S0=3 ( ), SMS-Doff
3S1=3 ( ), SMS-

Doff
ε1 =3 ( ), SMS-β̄8/9=1/2 (A ( ), B ( ), C

( )), SCS-N4LO R=1.0 fm ( ), and SCS-HK-
N4LO+ R=1.0 fm ( ). These modifications
are applied to the SMS interaction with Λ =
450 MeV at N4LO+ and are explained in the
text. The gray symbols correspond to the results
of (a) and are given for reference and the gray
line indicates the found correlation. Open sym-
bols indicate SRG flow-parameter α = 0.04 fm4

and filled symbols α = 0.08 fm4.

Figure 5.3: Correlation plots between the point-proton radius and the energy of the ground-
state of 16O for the SMS NN interactions (a) and variations of the SMS NN interaction with
cutoff Λ = 450 MeV at N4LO+ (b). The dashed lines correspond to the experimental values.
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fit of the interaction. Hereby we can probe the stability of the fit of the NN interaction. We
lower Emax

lab from the standard choice of 260 MeV to 220 MeV. This choice has practically
no worsening effect of the pp data description [78], while the np data description is slightly
improved for data with Elab < 200 MeV and slightly worsened for higher energetical data.
The effect on the ground-state energy as well as the radius of 16O is negligibly small. This
indicates that the fit of the NN interaction is stable from the point of view of many-body
observables.

Starting from N3LO, the choice of the operator basis, which represents the contact inter-
actions, is ambiguous [78]. With a unitary transformation one can transform this operator
basis such that three LECs, namely the short-range off-shell terms Doff

1S0, Doff
3S1, and Doff

ε1 ,
are vanishing. This choice is used in the standard version of the SMS NN interaction. The
unitary transformation affects also the strength of the 3N interaction and currents. Since we
only use the NN interaction, we can indirectly probe the impact of certain 3N interaction
and current terms by applying a different choice of these parameters. Reinert and Epelbaum
[135] have provided us with versions of the SMS NN interaction in which these parameters are
individually set to 3·104 (GeV)−6. The modifications of the S-channels lead to increased radii
and less binding, while the modification of the mixing ε1-channel decreases the radius and
increases the binding energy in comparison with the standard version. These modifications
can have a strong impact on the energy and radius but do not lead to results which deviate
from the correlation line.

In addition to these off-shell terms, at N3LO relativistic corrections to the potential start
to contribute. These relativistic corrections are scheme-dependent [84] and depend on the
unitary ambiguity parameters1 β̄8 and β̄9. These parameters are present in the NN and
many-body interactions as well as the currents. In a consistent treatment the choice of these
parameters should not have an impact, but we can similarly to the short-range off-shell terms
indirectly probe their impact by the absence of the many-body interactions as well as the
current contributions to the radius. In the standard version of the SMS NN interaction these
parameters are chosen as β̄8 = 1/4 and β̄9 = −1/4. This is also referred to as the “minimal
non-locally” choice, since it eliminates complicated terms in the potential that are of non-
local form. Here we probe versions with these parameters set to β̄8 = β̄9 = 1/2. These come in
three different versions where the additional non-local terms in the OPE potential are treated
differently: (A) no subtractions and no regularization in k are employed, (B) no subtractions
are employed, the additional terms are regularized with a non-local cutoff function, and (C)
a single subtraction and no regularization in k is employed. Here, k denotes the momentum
corresponding to the energy eigenvalue E in the relativistic Schrödinger equation [13]. The
different treatments lead to only minor differences in the ground-state observables of 16O. In
general, these versions lead to a larger radius but at the same time smaller binding energy.
The results fall on the same correlation line as the other interactions.

Next, we probe the impact of the πN LECs. The standard choice in the SMS NN in-
teractions are the πN LECs obtained by matching the Roy-Steiner equations to the chiral
expansion [77]. These LECs have only small uncertainties. Alternatively, we are probing the
set of LECs [79] that is obtained by the Karlsruhe-Helsinki (KH) partial-wave analysis [80].
This modification leads to a smaller radius and larger binding energy for 16O in comparison
with the standard interaction, but still falls on the correlation line.

The modifications conducted before affect not the regularization procedure. Now, we
probe an updated version of the SCS NN interactions at N4LO+ with R = 1.0 fm, which
uses the short range off-shell parameters set to zero and uses the KH πN LECs. In addition,

1We have adopted the notation of Epelbaum et al.[13] where the parameters µ and ν of [84] are given as
µ = 4β̄9 + 1 and ν = 2β̄8.
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Figure 5.4: Correlation plots between the point-proton radius and the energy of the ground-
state of 16O. The grayed out results are the SMS NN+3Nind interactions including variations
of figure 5.3b. Furthermore, the different colors indicate the interaction families with corre-
sponding cutoff: SCS (R = 0.9 ( ), 1.0 ( ) fm), EMN (Λ = 450 ( ), 500 ( ), and 550 MeV
( )), and EM ( ) while the different symbol shapes indicate the chiral orders NLO ( ), N2LO
( ), N3LO ( ), and N4LO ( ). Open symbols indicate SRG flow-parameter α = 0.04 fm4

and filled symbols α = 0.08 fm4. The dashed lines correspond to the experimental values.

we use for reference the standard SCS NN interactions at N4LO with R = 1.0 fm. The
updated version leads to a significantly more bound 16O with smaller radius and lies also on
the correlation line. Only the original SCS NN interaction lies slightly above the correlation
line.

Up until now, we have seen that all SMS NN interactions including modifications lead to
16O ground-state energies and radii that lie on a correlation line while only the original SCS
NN interaction at N4LO leads to a result that deviates from that correlation. In figure 5.4 we
added further results of chiral NN interactions: for the additional chiral orders and cutoffs
of the SCS NN interaction, for the EMN NN interaction family, as well as for the EM NN
interaction. In general, the results of the different interactions follow the same trend as the
SMS interactions, yet they follow the correlation line not as strictly as the SMS variations.
The results of the EMN NN interaction family lie on or slightly above the same correlation
line as the SMS NN interactions and follow the same trend. While the N2LO results of the
SCS interactions lie also on the correlation line, the higher chiral orders N3LO and N4LO
of the SCS as well as the EM interaction are above the correlation line. The later ones
are all underbound.We can conclude that even though some NN interactions lead to slightly
enhanced radii in comparison with the SMS correlation line, the overall description of radii
are for all NN interactions similar. Thus, many-body interactions and current contributions
to the charge radius operator are needed to reduce the large difference to the experiment.
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Figure 5.5: Correlation plots between the point-proton radius and the energy of the ground-
state of 16O. The grayed out results are the results from before, see figure 5.4. Furthermore,
the different colors indicate the different interactions: SMS NN+3Nind (Λ = 450 ( ), 500
( ) MeV), SMS NN+3Nfull (Λ = 450 ( ), 500 ( ) MeV) while the different symbol shapes
indicate the chiral orders N2LO ( ), N3LO ( ), N4LO ( ), and N4LO+ ( ) of the NN
interaction, while the 3N interaction is fixed at N2LO. Open symbols indicate SRG flow-
parameter α = 0.04 fm4 and filled symbols α = 0.08 fm4. The dashed lines correspond to the
experimental values.
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NN chiral order Λ[MeV] cD cE

N2LO
450 2.4850 −0.5279
500 −1.6262 −0.0627

N3LO
450 1.5281 −0.3540
500 −0.4344 −0.3106

N4LO
450 0.6526 −0.3528
500 −1.5794 −0.3203

N4LO+
450 0.8918 −0.3860
500 −1.2788 −0.3821

Table 5.1: The cD and cE-values of the SMS interactions with supplemented 3N interaction
at N2LO [91, 135].

5.3 Effects of the 3N Interaction

In the previous section we saw that by using NN interactions only, we get 16O ground-state
energies and radii that fall on a correlation line, which fails to reproduce both experimental
energy and radius simultaneously. In this section, we supplement the SMS NN interactions
with different 3N interactions. First, we explore the impact of the consistently regularized
N2LO 3N interaction on the 16O ground-state energies and radii correlation. Afterwards, we
explore the effect of different regularization procedures on the different 3N topologies.

In the consistently regularized 3N interaction, we use the standard LENPIC choice of the
LECs cD and cE, which are constrained by the triton binding energy as well as the proton-
deuteron differential cross section minimum at the nucleon beam energy EN = 70 MeV
[91, 135] and are given in table 5.1 for the cutoffs Λ = 450 and 500 MeV. As before, we show
the resulting 16O ground-state energies and radii as a correlation plot in figure 5.5, which are
obtained in IM-SRG calculations. For comparison we include the NN results shown in figure
5.4 as gray symbols. The inclusion of the 3N interactions leads to results that lie slightly
above the correlation line. For the interactions with Λ = 500 MeV the 3N interaction mainly
leads to more binding, such that for all chiral orders 16O is overbound. The radii are only
slightly affected for this cutoff. For Λ = 450 MeV the picture is somewhat different, the radii
are slightly improved and the effect on the energies is not as strong as for Λ = 500 MeV. In
total the results with 3N interaction lie on a slightly shifted correlation line with radii about
0.06 fm larger and lead to results similar to the EMN NN interaction. This is only a small
improvement towards the experiment.

Motivated by the results of chapter 4, which indicate that medium-mass isotopes and
few-body systems are not necessarily described equally well with the same cD-cE pair, we
now explore if it is possible to improve the description of the radius by using a different cD-cE

set. Given that, the non-locally regularized 3N interaction supplemented with the EMN NN
interaction has enhanced the description of radii significantly in comparison with a locally
regularized 3N interaction, we also probe the impact of the regularization scheme on the
individual 3N topologies. Here, we restrict ourselves again to the highest chiral order for
the NN interaction, N4LO+, in combination with the 3N interaction at N2LO. We show the
results of IM-SRG calculations for the ground-state energies and point-proton rms radius of
16O, 24O, 40Ca, and 48Ca in figure 5.6 for the cutoff Λ = 500 MeV. The results are shown
for different cD-values that are of natural size and the corresponding cE-values are fitted to
the triton binding energy.

In the first column the 3N interaction is consistently regularized with the SMS regular-
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Figure 5.6: Ground-state energies and radii of selected medium-mass nuclei calculated with
the SMS NN interaction supplemented with different 3N interactions. In the first column the
3N is regulated with the SMS regularization scheme, in the second column the cD term is
non-locally regularized instead of the SMS regularization scheme, in third column the ci terms
are non-locally regularized, and in the last column all 3N terms are non-locally regularized.
The cutoff in the regularization scheme is Λ = 500 MeV. The results are obtained in IM-
SRG calculations and the interactions are SRG evolved with α = 0.08 fm4. The different
symbols indicate the cD-values of the 3N interaction: cD= -3( ), -2( ), -1( ), 0( ), 1( ),
2( ), 3( ), 4( ), 5( ), 6( ), 7( ), 8( ), 9( ), and 10( ). The corresponding cE is fitted
to the triton binding energy. The results without initial 3N interaction are indicated with
and the experimental values are indicated with black bars.

ization scheme. The comparison of the results with and without the initial 3N force indicates
that the 3N force binds the nuclei more and has only a minor influence on the radii. The
LENPIC cD ≈ −1.3 value leads to overbinding, which increases for heavier isotopes further.
With a smaller cD one would reduce the overbinding and with a cD ≈ −3 a good description
of the experimental energies is possible. The radii can be slightly improved, but show a much
weaker cD-dependence compared with the energies.

Now, we study if by switching the locally regularized terms to non-locally regularized
ones, we can improve the description of the radii. The three-nucleon contact term is already
non-locally regularized, hence we do not modify it in this investigation.

First, we use a non-local regulator for the cD-term. This is shown in the second column of
figure 5.6. We again show results for various cD-values where the corresponding cE-values are
refitted to reproduce the triton binding energy. This switch of regularization scheme leads to
underestimated results for both, the energies and radii.

Secondly, we switch the regularization of the two-pion exchange terms parameterized with
the ci to a non-local one and refit the cE-values. These results are shown in the third column
of figure 5.6. This has a strong effect on the energies and radii. The selected nuclei tend
to underbind, but for larger cD-values of around 8 the binding energies can be brought to
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Figure 5.7: Ground-state energies and radii of selected medium-mass nuclei calculated with
the SMS NN interaction at N4LO+ supplemented with different regularized 3N interactions
at N2LO, as in figure 5.6 with cutoff Λ = 450 MeV. The results are obtained in IM-SRG
calculations and the interactions are SRG evolved with α = 0.08 fm4. The different symbols
indicate the cD-values of the 3N interaction: cD= -3( ), -2( ), -1( ), 0( ), 1( ), 2( ), 3( ),
4( ), 5( ), 6( ), 7( ), 8( ), 9( ), and 10( ). The corresponding cE is fitted to the triton
binding energy. The experimental values are indicated with black bars.

a good agreement with the experimental values. The corresponding radii are substantially
enhanced into the range of the experiment.

Lastly, we use a complete non-locally regularized 3N interaction, which is shown in the
last column of figure 5.6. The attractive character of the non-locally regularized cD term can
mitigate the binding through the ci terms and thereby reduce the cD-value, which is necessary
to bring the ground-state energies in agreement with the experiment. The radii are described
similarly well.

We show the same analysis as before with the interaction with cutoff Λ = 450 MeV in
figure 5.7. The qualitative behavior is the same, but for this lower cutoff the non-local two-
pion term has a stronger repulsive effect. Therefore, larger cD-values in the range of 10 are
necessary to bring the results of the complete non-local 3N into the range of the experiment.
This matches the finding of section 4.3, where with increasing cutoff the cD-value decreases.

In this section we have seen that the SMS 3N interaction at N2LO acts similarly to the
locally regularized 3N interaction in section 4.1 and thereby is not able to enhance the radius
of medium-mass nuclei into the range of the experimental values. By using a non-locally
regularized 3N interaction, we are able to increase the radii and bring both energies and radii
in alignment with experiment. In particular the regularization of the ci terms has a strong
influence on the size of the nuclei. In general, this adjustment of the regularization scheme
is undesired, since it destroys the consistency between the NN and 3N force.

How can we reconcile the differences emerging from these regulator schemes? First, in
contrast to the non-local regularization scheme the SMS regularization scheme could have a
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slower or different convergence such that the radii of medium-mass nuclei are enhanced at
higher chiral order. A consistently regularized 3N interaction at N3LO is currently under
construction. From experience with the non-locally regularized 3N interaction at N3LO the
effect on the radius is expected to be small. Nevertheless, at N2LO the behavior of the locally
and non-locally regularized terms was also different. Thus, the N3LO 3N interaction can have
unanticipated effects. Furthermore, we have not included current contributions to the charge
radius operator, which can also have sizeable effects on the radius. The inclusion of these
contributions is also ongoing work in LENPIC.
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6 Next-to-Leading Order
Contributions to the
Magnetic Moment

Electromagnetic observables, like multipole moments and transition strengths, are important
quantities for the comparison of theory and experiment. They are complementary observables
to energies and probe different aspects of the nucleonic wavefunction.

In many theoretical determinations of these quantities only the leading order contribu-
tions, also called impulse approximation contributions, of the nuclear currents have been
taken into account [16, 136–138]. Even though the LO contribution is the dominant part, in
precision studies higher orders, the so-called meson exchange currents, have to be considered.

The need to introduce exchange currents to satisfy the continuity equation for the electro-
magnetic current has already been shown by Siegert [139] in 1937. Recently, first explorative
results on the impact of electromagnetic currents derived in chiral EFT have been obtained
by Marcucci et al. [50] as well as by Pastore et al. [51]. They show that these currents
are not negligible. In the calculations of [50, 51] the authors use a hybrid ansatz with phe-
nomenological interactions to solve the nuclear many-body problem. In Piarulli et al. [140]
also chiral EFT interactions for nuclei up to A = 3 have been used.

In order to fulfill the continuity equation of the electromagnetic currents, the currents
should be constructed consistently with the interaction. Furthermore, the consistent treat-
ment of currents allows to connect different processes to fit the LECs of the chiral interaction
as for example in the case of the triton beta decay [75, 121], where the weak current contri-
bution is used to fit cD.

The derivation of currents in chiral EFT has further been studied in [141–143]. The
NLO current contribution consists of terms that originate from the one-pion exchange in the
interaction. The aim of this chapter is to provide a framework to determine corrections beyond
the LO of the magnetic dipole moment operator in NCSM calculations with interactions
derived in chiral EFT. Hence, we utilize the one-pion-exchange-current contributions to the
magnetic-moment operator as a test case.

We start by introducing the electromagnetic interaction and motivate the origin of the ex-
change currents. Then, we sketch the expansion of the electromagnetic field into multipoles.
These multipoles are the basic components to determine moments and transition strengths,
which are in turn sensitive to details of the nuclear wave functions. After this general descrip-
tion of electromagnetic properties, we concentrate on the magnetic dipole moment operator
and the derivation of the corresponding matrix elements. Before we can use the matrix el-
ements in an NCSM calculation we explain the consistent treatment of the SRG evolution
at the NN level as well as the transformation in a suitable basis representation for NCSM
calculations. Finally, we explore the impact of the NLO contribution to the magnetic dipole
moment of the ground state and M1 transition strength of the first excited 1+ state to the
ground state in 6Li.

79
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6.1 Electromagnetic Interaction

In this section we introduce the interaction of an electromagnetic field with a nucleus as well
as the nuclear currents relevant in this work. The description is guided by [144–146].

A nucleus exposed to an electromagnetic field can be described with the Hamiltonian

Ĥ = Ĥnuc + Ĥfield + Ĥint, (6.1)

where Ĥnuc is the Hamiltonian of the nucleus, Ĥfield describes the electromagnetic field and
Ĥint the interaction between both. The interaction can be described up to linear terms in
the four-vector potential Aµ(~x, t) = (φ(~x, t), ~A(~x, t)) with

Ĥint =
1

c

∫
d3x Ĵµ(~x, t)Aµ(~x, t). (6.2)

The four-current density Ĵµ = (cρ̂(~x, t), ~̂J(~x, t)) consists of the nuclear-charge density ρ̂(~x, t)

as well as the nuclear-vector-current density ~̂J(~x, t) and needs to satisfy the continuity equa-
tion

∂ρ̂(~x, t)

∂t
+ ~̂∇ · ~̂J(~x, t) = 0, (6.3)

such that the theory fulfills gauge invariance. The density and current operator should be
constructed consistently with the nucleonic interaction for instance in the framework of chiral
EFT [147, 148, 142, 143, 149]. In this framework the density and current operator is expanded
consistently in one-, two- and many-body operators similar to the nuclear forces

~̂J(~x) =
A∑
i

~̂J[1],i(~x) +
A∑
ij

~̂J[2],ij(~x) + ..., (6.4)

where the number in the square brackets gives the particle rank and the ellipsis indicates
higher particle ranks.

In this work we will only consider LO and NLO contributions of these operators. Please
note that there exist different conventions in the power counting as well as different methods
to construct these currents. In this work we follow the authors of [147–149] in the power
counting and description of the currents. At LO and NLO we only consider point-like non-
relativistic nucleons with the nuclear charge density given by

ρ̂[1](~x,~r1...A) =

A∑
i

eΠ̂p,iδ(~x− ~ri). (6.5)

Here, e is the electric charge and

Π̂p,i = 1 + τ̂3,i (6.6)

the proton projection operator with τ̂3,i the third part of the reduced isospin operator.

The LO current consists of an orbital part

~̂JLO,o
[1],i (~x,~ri) =

eΠ̂p,i

2MN

{
~̂pi, δ(~x− ~ri)

}
(6.7)
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and a spin part

~̂JLO,s
[1],i (~x,~ri) = c~̂∇× µN

2

(
Π̂p,igp + Π̂n,ign

)
~̂σiδ(~x− ~ri), (6.8)

where MN is the mass of a nucleon, µN = e~/(2MNc) is the nuclear magneton, {. . . , . . . }
denotes an anticommutator, and the g factors of the proton and the neutron are gp = 5.5857
and gn = −3.8261 [118]. The orbital part can be separated into a center-of-mass and an
intrinsic part, such that the complete LO current is given by

~̂JLO
[1] (~x,~r1...A) = ~̂JLO

cm[1](~x,~r1...A) + ~̂JLO
int[1](~x,~r1...A), (6.9)

with

~̂JLO
cm[1](~x,~r1...A) =

1

2AMN

{
~̂Pcm, ρ̂[1](~x,~r1...A)

}
(6.10)

and

~̂JLO
int[1](~x,~r1...A) =

A∑
i

eΠ̂p,i

2MN

{
~̂p′i, δ(~x− ~ri)

}
+

A∑
i

~̂JLO,s
[1],i (~x,~ri). (6.11)

Here

~̂Pcm =
A∑
i

~̂pi (6.12)

is the center-of-mass momentum and

~̂p′i = ~̂pi −
1

A
~̂Pcm (6.13)

denotes the momentum of the i-th nucleon with respect to the center-of-mass of the A-
body system. This separation is practical since only the intrinsic current is relevant for the
determination of excitation processes.

This one-body current and density satisfies the continuity equation

~̂∇ · ~̂J(~x, t) = −∂ρ̂(~x, t)

∂t
= − i

~

[
Ĥ0, ρ̂(~x, t)

]
(6.14)

with

Ĥ0 = T̂ =
A∑
i

~̂p2
i

2MN
(6.15)

the non-interacting Hamiltonian given by the kinetic energy. At NLO we further need to
consider exchange currents, which occur if the NN interaction exchange charge between two
nucleons. This process corresponds to a ~̂τi · ~̂τj term in the two-body interaction

V̂ij = V̂0,ij + V̂ex,ij~̂τi · ~̂τj , (6.16)

such that the Hamiltonian is given by

Ĥ0 −→ T̂ + V̂ =

A∑
i

~̂p2
i

2MN
+

A∑
ij

(V̂0,ij + V̂ex,ij~̂τi · ~̂τj). (6.17)
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Since the density operator (6.5) contains the proton projection operator

Π̂p,i = 1 + τ̂3,i (6.18)

the commutator in the continuity equation (6.14) includes terms of the form[
~̂τi · ~̂τj , τ̂3,i

]
= −

[
~̂τi · ~̂τj , τ̂3,j

]
= τ̂−,iτ̂+,j − τ̂+,iτ̂−,j = 2i

[
~̂τi × ~̂τj

]
3
. (6.19)

Therefore, we obtain from the continuity equation (6.14) that the current contribution asso-
ciated with the exchange process needs to fulfill

~̂∇ · ~̂Jex
[2],ij(~x,~ri, ~rj) =

e

~

[
~̂τi × ~̂τj

]
3
V̂ex(~ri − ~rj) [δ(~x− ~ri)− δ(~x− ~rj)] . (6.20)

Due to translation invariance the exchange current can only depend on ~ri − ~x and ~rj − ~x,
hence, we can use the following Fourier transformations for the exchange current

~̂Jex
[2],ij(~x,~ri, ~rj) =

∫
d3qi

(2π)3

∫
d3qj
(2π)3

ei~qi(~ri−~x)ei~qj(~rj−~x) ~̂Jex
[2],ij(~qi, ~qj) (6.21)

and for the exchange potential

V̂ex(~r) =

∫
d3q

(2π)3
ei~q~rV̂ex(~q) (6.22)

to obtain a general relation in momentum space

i(~qi + ~qj) · ~̂Jex
[2],ij(~qi, ~qj) = e

[
~̂τi × ~̂τj

]
3

(V̂ex(~qi)− V̂ex(~qj)). (6.23)

The dominant exchange process is the one-pion exchange and the exchange interaction is
given by the OPE potential [148] 1

V̂ NN
OPE(~q) = − g

2
A

F 2
π

(~̂σi · ~q)(~̂σj · ~q)
q2 +M2

π

(~̂τi · ~̂τj), (6.24)

or alternatively expressed in configuration space as [145]

V̂ NN
OPE(~r) =

g2
A

F 2
π

(~τi · ~τj)(~̂σi · ~∇)(~̂σj · ~∇)
e−Mπr

4πr
. (6.25)

Hence, the NLO contribution to the current needs to fulfill

(~qi + ~qj) · ~̂JNLO
[2],ij (~qi, ~qj) = ie

g2
A

F 2
π

[
~̂τi × ~̂τj

]
3

[
(~̂σi · ~qi)(~̂σj · ~qi)

q2
i +M2

π

− (~̂σi · ~qj)(~̂σj · ~qj)
q2
j +M2

π

]
. (6.26)

The processes associated with the NLO current are shown in figure 6.1. Diagram (a) il-
lustrates the LO one-body current contribution, while diagram (b) illustrates the virtual
photoproduction of a pion from a nucleon in combination with an absorption by a second
nucleon. In literature this diagram is often referred to as seagull diagram and the current is
given by [148]

~̂JNLO,s
[2],ij (~qi, ~qj) =− ie g

2
A

F 2
π

[
~̂τi × ~̂τj

]
3

{
~̂σi(~̂σj · ~qj)
q2
j +M2

π

− (~̂σi · ~qi)~̂σj
q2
i +M2

π

}
. (6.27)
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(a) (b) (c)

Figure 6.1: Diagrammatic representation of the LO (a) and NLO (b,c) contributions to the
nuclear current operator.

Diagram (c) represents the processes were the photon connects with the pion in-flight. The
corresponding current is given by [148]

~̂JNLO,π
[2],ij (~qi, ~qj) =ie

g2
A

F 2
π

[
~̂τi × ~̂τj

]
3

(~qi − ~qj)
~̂σi · ~qi
q2
i +M2

π

~̂σj · ~qj
q2
j +M2

π

. (6.28)

The individual currents do not fulfill (6.26), while the sum of the currents does.

6.2 Static Multipole Moments

Intrinsic states of nuclei are characterized by a total angular momentum. Hence, a decompo-
sition of the charge and current operators into terms of operators that correspond to a definite
angular momentum transfer is convenient. This allows for the use of reduced matrix elements
in combination with the Wigner-Eckart theorem, see appendix A.6. In the derivation of the
multipole moments in this and the following section we follow the description of [144].

First, let us consider that the nucleus interacts with a static electromagnetic field. In
first-order perturbation theory, this leads to a change of the nuclear energy in the state i by

∆Ei = 〈Φi | Ĥint | Φi〉. (6.29)

The interaction Hamiltonian is given by (6.2)

Ĥint =
1

c

∫
d3x Ĵµ(~x)Aµ(~x) =

∫
d3x ρ̂(~x)Φ(~x)− 1

c
~̂J(~x) · ~A(~x)

=

∫
d3x ρ̂(~x)Φ(~x)− ~̂µ(~x) · ~B(~x) (6.30)

where we have introduced the magnetic flux density

~B(~x) = ~∇× ~A(~x) (6.31)

and the magnetic dipole density ~̂µ(~x), which is connected with the current density via

~̂J(~x) = c~∇× ~̂µ(~x). (6.32)

1The OPE potential used by Pastore et al. [148] differs by a factor of 4 from (2.23). The origin of this
factor is a different parametrization in the Lagrangian, hence, the currents also differ by a factor of 4 in respect
to the currents of Kölling et al. [142, 143]. In principle, the currents should be chosen consistently with the
used interaction.
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The sources of the external field are assumed to be far away, thus we can apply the homoge-
neous Maxwell equations in the region of interest. Therefore, the electric and magnetic field
can be written as gradients of scalar fields

~E(~x) = −~∇Φ(~x) and ~B(~x) = −~∇Ξ(~x). (6.33)

Furthermore, these fields need to fulfill the Laplace equations

∆Φ(~x) = 0 and ∆Ξ(~x) = 0. (6.34)

The general solutions for these Laplace equations can be expressed in spherical coordinates
via

Φ(~x) =
∑
λµ

aλµx
λYλµ(Ωx) and Ξ(~x) =

∑
λµ

bλµx
λYλµ(Ωx), (6.35)

with the help of the spherical harmonics Yλµ(Ωx). The coefficients aλµ and bλµ relate to
various derivatives of the fields. The index λ indicates the multipolarity and µ its projection.
Hence, the interaction Hamiltonian can be rewritten as

Ĥint =
∑
λµ

(
aλµQ̂λµ + bλµM̂λµ

)
, (6.36)

where we introduced the electric and magnetic multipole operators

Q̂λµ =

∫
d3x ρ̂(~x)xλYλµ(Ωx), (6.37)

M̂λµ =

∫
d3x ~̂µ(~x) · ~∇

(
xλYλµ(Ωx)

)
. (6.38)

Furthermore, the magnetic multipole operator can be rewritten such that it depends on the
current density:

M̂λµ =
1

c(λ+ 1)

∫
d3x

(
~x× ~̂J(~x)

)
· ~∇
(
xλYλµ(Ωx)

)
. (6.39)

To arrive at equation (6.39), we use the identity

(~∇× (~∇× ~x))xλYλµ(Ωx) = (λ+ 1)~∇(xlYλµ(Ωx)) (6.40)

and integration by parts. An explicit derivation of identity (6.40) can be found in [150]
and [151]. With these operators we can calculate the static electromagnetic moments by
evaluating the expectation values

Qλµ = 〈Ψn | Q̂λµ | Ψn〉 and Mλµ = 〈Ψn | M̂λµ | Ψn〉, (6.41)

where | Ψn〉 =| αJM〉 is a nuclear state with the total angular momentum J and its projection
M . The index α is a collective index over the remaining quantum numbers. Since these
operators are spherical tensor operators and | Ψn〉 is an eigenstate of angular momentum,
we can apply the Wigner-Eckart theorem and easily calculate the various projections M .
Therefore, in the definition of the electromagnetic moments one restricts themselves to the
maximum projection quantum number M = J .

Before we insert the previously motivated currents of section 6.1 in equation (6.39) in
section 6.4, we examine the connection of the multipole operators to the transitions between
states.
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6.3 Multipole Transitions

In addition to the energy shift within an electromagnetic field, the interaction Hamilto-
nian Ĥint is also relevant for the description of transitions from an initial nuclear state
| Ψi〉 =| αiJiMi〉 into a final nuclear state | Ψf 〉 =| αfJfMf 〉 in combination with the emis-
sion or absorption of a photon. The transition probability can be calculated in first-order
perturbation theory with Fermi’s golden rule [152]

Tfi =
2π

~
|〈f | Ĥint | i〉|2g(Ef ). (6.42)

Here the initial and final state are a combination of the eigenstates of the nuclear and elec-
tromagnetic field Hamiltonian

| i 〉 = | Ψi〉 ⊗ | . . . n . . .〉, (6.43)

| f〉 = | Ψf 〉 ⊗ | . . . n± 1 . . .〉, (6.44)

where the eigenstate of the electromagnetic field Hamiltonian is given in occupation-number
representation with respect to multipole modes associated with the photons. Furthermore,
the factor g(Ef ) denotes the density of states as a function of the energy of the final nucleonic
state Ef = Ei ∓ Ek given by the energy of the initial state Ei and the photon Ek. The
photon can be characterized with its absolute momentum k in combination with its angular
momentum component λ and projection µ.

Using the interaction Hamiltonian (6.2) as before, we can decompose the transition prob-
ability into an electric (σ = E) and a magnetic (σ = M) component

Tfi(σ, kλµ) =
8π(λ+ 1)

~λ((2λ+ 1)!!)2

(
Ek
~c

)2λ+1

|〈Ψf | M̂(σ, kλµ) | Ψi〉|2, (6.45)

with the general electric

M̂(E, kλµ) =
(2λ+ 1)!!

kλ(λ+ 1)

∫
d3x

(
ρ̂(~x)Yλµ(Ωx)

∂

∂x
xjλ(kx)

+i
k

c
~̂J(~x) · ~xYλµ(Ωx)jλ(kx)

)
(6.46)

and magnetic

M̂(M,kλµ) =
−(2λ+ 1)!!

ckλ(λ+ 1)

∫
d3x ~̂J(~x) · (~x×∇)(jλ(kx)Yλµ(Ωx)) (6.47)

multipole transition operators. In the long-wavelength limit (kR � 1, with R the nuclear
radius), the Bessel functions can be expanded as

jλ(kr) ' (kr)λ

(2λ+ 1)!!

(
1− 1

2

(kr)2

2λ+ 3
+ . . .

)
. (6.48)

Thus, in leading order the transition multipole operators are equal to the static multipole
operators

M̂(E, kλµ) =

∫
d3x

(
ρ̂(~x)xλYλµ(Ωx) +

ik

λ+ 1
(~r × ~̂µ(~x))~∇xλYλµ(Ωx)

)
(6.49)

≈
∫

d3xρ̂(~x)xλYλµ(Ωx) = Q̂λµ, (6.50)

M̂(M,kλµ) =
1

c(λ+ 1)

∫
d3x

(
~x× ~̂J(~x)

)
· ~∇
(
xλYλµ(Ωx)

)
= M̂λµ. (6.51)
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The second term in (6.49) is typically neglected in the long-wave limit, since it is an order
kr smaller than the first term [153].

In experiments one usually does not distinguish between the different orientations of the
angular momentum. Therefore, we average over the initial projections Mi and sum over the
final projections Mf . These sums can be carried out with the help of the Wigner-Eckart
theorem, thus, we finally get

Tfi(σ, λ) =
1

2Ji + 1

∑
Mi,Mj ,µ

Tfi(σ, kλµ) (6.52)

=
8π(λ+ 1)

~λ((2λ+ 1)!!)2

(
Ek
~c

)2λ+1

B(σλ, Ji → Jf ), (6.53)

with the reduced transition probability or also called transition strength

B(Eλ, Ji → Jf ) =
1

2Ji + 1
|〈αfJf || Q̂λ || αiJi〉2, (6.54)

B(Mλ, Ji → Jf ) =
1

2Ji + 1
〈αfJf || M̂λ || αiJi〉|2. (6.55)

These B(σλ)-values are of interest in the comparison between theory and experiment, since
the information about the nuclear states are encoded in them. All the other contributions to
the transition probability are only kinematic factors.

6.4 Magnetic Dipole Moment Operator

To probe the NLO contribution of the current, the most relevant electromagnetic multipole
operator is the M̂1 operator, since in the long-wave limit, the electric operator depends only
on the density. Furthermore, if allowed, the M1 component has the largest contribution of
the magnetic ones. Therefore, we now concentrate on the evaluation of the magnetic dipole
moment operator.

The magnetic dipole moment of a nucleus is defined as

µ =

√
4π

3
〈αJJ | M̂10 | αJJ〉, (6.56)

where the state is aligned along the z-axis. The prefactor
√

4π
3 is absorbed in this definition,

such that it is identical with the classical dipole moment

µ̂ =

√
4π

3
M̂10 = µ̂z (6.57)

with

~̂µ =
1

2

∫
d3x~x× ~̂J(~x). (6.58)

The magnetic dipole moment operator depends mainly on the underlying current and can
similarly be split into its individual particle rank contributions

~̂µ =
A∑
i

~̂µLO
[1],i +

A∑
ij

~̂µNLO
[2],ij + · · · , (6.59)

where the ellipsis indicates higher particle-rank and chiral-order contributions.
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Leading Order Contribution
The LO magnetic dipole operator is an one-body operator and is given by

~̂µLO
[1],i = µN

[
Π̂p,i

~̂li +
(

Π̂p,igp + Π̂n,ign

) ~̂σi
2

]
(6.60)

with ~̂li the angular momentum operator of the i-th nucleon. Analogously to the current, in
an A-body system we can split this operator in an intrinsic and a center-of-mass part. We
are again only interested in the intrinsic part, which is

A∑
i

~̂µLO,int
[1],i = µN

A∑
i

[
Π̂p,i

~̂l′i +
(

Π̂p,igp + Π̂n,ign

) ~̂σi
2

]
. (6.61)

Here, the orbital angular momentum operator ~̂l′i for the i-th nucleon is defined with respect
to the center-of-mass

~̂l′i =
(
~̂ri − ~̂Rcm

)
×
(
~̂pi −

1

A
~̂Pcm

)
. (6.62)

In this form, the LO magnetic dipole operator is no longer an one-body but an A-body
operator.

Next-To-Leading Order Contribution
The NLO part can be separated into an orbital part, which depends on the center-of-mass
coordinate of the two-body system

~̂Rij =
1

2
(~̂ri + ~̂rj) (6.63)

and an intrinsic part, hence, it is given by [145]

~̂µNLO
[2],ij =

1

2
~Rij ×

∫
d3x ~̂JNLO

[2],ij (~x) +
1

2

∫
d3x

(
~x− ~Rij

)
× ~̂JNLO

[2],ij (~x). (6.64)

The first term is the so-called Sachs moment [154], which can be related to the continuity
equation (6.14) via a partial integration [145]

~̂µNLO,Sachs
[2],ij (~Rij , ~rij) =

1

2
~Rij ×

∫
d3x ~̂JNLO

[2],ij (~x)

=
1

2
~Rij ×

∫
d3xx

(
~∇ · ~̂JNLO

[2],ij (~x)
)

=
e

2

[
~̂τi × ~̂τj

]
3

(
~Rij × ~rij

)
V̂NN

OPE(~rij), (6.65)

with the relative distance of the two nucleons given by

~̂rij = (~̂ri − ~̂rj). (6.66)

Here V̂NN
OPE(~r) is the non-isospin part of the exchange potential (6.25)

V̂NN
OPE(~r) =

g2
A

F 2
π

(~̂σi · ~∇)(~̂σj · ~∇)
e−Mπr

4πr
. (6.67)
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The second term of (6.64) depends only on the relative distance of the nucleons. Using the
sum of the currents given by (6.27) and (6.28) leads to [145, 155]

~̂µNLO,int
[2],ij (~rij) =

− eMπ

2

g2
A

4πF 2
π

[
~̂τi × ~̂τj

]
3

[(
1 +

1

Mπrij

)((
~̂σi × ~̂σj

)
· ~erij

)
~erij −

(
~̂σi × ~̂σj

)]
e−Mπrij . (6.68)

Now we have explicit expressions for the dipole moment for the LO in equation (6.61) and
for the NLO in equations (6.68) and (6.65). The next step is to calculate the matrix elements
in an appropriate basis.

6.5 Matrix Elements of the M1
Operator in a Relative HO Basis

We have calculated the LO and NLO contributions to the magnetic dipole operator in the
previous sections. For a pure NCSM calculation we can calculate these operators directly in a
single-particle basis. Since we use the SRG to soften the interaction, we need to evolve these
operators analogously. We perform the SRG successively in a two- and three-body basis,
hence, the leading contribution of the induced operator terms is at particle rank two. To
calculate these contributions we need the matrix elements of the M1 operator in a relative
two-body basis. Since we need the matrix elements to be in the HO basis for the NCSM
calculation, the relative two-body HO basis is an appropriate choice.

To calculate the matrix elements of the LO contribution of the M1 operator, we begin
with the A-body MLO

10 operator

M̂LO
10 =

√
3

4π
µN

A∑
i=1

[{
gpŝz,i + l̂′z,i

}
Π̂p,i + gnŝz,iΠ̂n,i

]
, (6.69)

where we switched the Pauli matrices into spin operators in comparison with (6.61). In the
relative two-body space this leads to

M̂LO,2b
10 =

√
3

4π

[
1

2
(gp + gn)Ŝz +

1

2
L̂′z + (gp − gn)

2∑
i=1

ŝz,it̂3,i +
1

2
L̂′zT̂3

]
, (6.70)

where ~̂S and ~̂T are the total spin and total isospin operator of the two-body system. Fur-
thermore, we used that the relative part of the angular momentum operator is given by

~̂L = l̂′1 + l̂′2 (6.71)

and that

l̂′1 = l̂′2 =
1

2
~̂L (6.72)

holds in a two-body system. Evaluating the MLO,2b
10 operator in the relative HO basis leads
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to

〈N(LS)JM, TMT |MLO,2b
10 | N ′(L′S′)J ′M ′, T ′M ′T 〉 =√

3

4π
µN

 ∑
ML,MS

{(gp + gn)MS + (1 +MT )ML}

× 1

2
δNN ′δLL′δSS′δTT ′δMTM

′
T
c

(
L S′

ML MS

∣∣∣∣J ′M
)
c

(
L S
ML MS

∣∣∣∣ JM
)

+ (gp − gn)δNN ′δLL′
∑
M ′
S

∑
ML,MS

∑
ms1 ,ms2

∑
mt1 ,mt2

× c
(
L S′

ML MS

∣∣∣∣J ′M
)
c

(
s1 s2

ms1 ms2

∣∣∣∣ S′MS

)
c

(
t1 t2
mt1 mt2

∣∣∣∣ T ′MT

)
c

(
L S
ML MS

∣∣∣∣ JM
)

×c
(
s1 s2

ms1 ms2

∣∣∣∣ SMS

)
c

(
t1 t2
mt1 mt2

∣∣∣∣ TMT

)
[ms1mt1 +ms2mt2 ]

]
. (6.73)

Here we have decoupled the angular-momentum and spin part to utilize the eigenvalue rela-
tions. For the evaluation of the third term in (6.70) we have decoupled the spin and isospin
part further into single-particle components. In the end, we are interested in the reduced
MLO,2b

1 operator, which we obtain by applying the Wigner-Eckart theorem

〈N(LS)J, TMT ||MLO,2b
1 || N ′(L′S′)J ′, T ′M ′T 〉 =

(−1)M−J
(

J 1 J ′

−M 0 M

)−1

〈N(LS)JM, TMT |MLO,2b
10 | N ′(L′S′)J ′M,T ′M ′T 〉. (6.74)

A more detailed derivation can be found in [151] and an alternative expression using spherical
tensor notation can be found in appendix A.8.

The numerical matrix elements for the Sachs and intrinsic part of the NLO magnetic
dipole moment operator used in this thesis where provided by Hernandez [155] in an HO basis.
These are obtained by a numerical transformation of the configuration space expressions into
the HO basis using the HO eigenfunctions given in equation (A.11). Since the Sachs term
(6.65) depends also on the center-of-mass coordinates of the two-body system, we need to
extend the basis. Consequently, the operator is given in the coupled form

〈[NcmLcm, N (LS) Jrel] J, TMT ||MNLO,2b
1 ||

[
N ′cmL

′
cm, N

′ (L′S′) J ′rel

]
J ′, T ′M ′T 〉 (6.75)

with the radial and angular momentum quantum numbers of the center-of-mass coordinate
Ncm and Lcm, respectively, as well as for the relative coordinate N and L. The relative
angular momentum is coupled with the spin-quantum number S to a relative total angular
momentum Jrel, which is again coupled with the angular momentum of the center-of-mass
coordinate Lcm to a total angular momentum of the two-body system J .

On the other hand, the intrinsic contribution does not depend on the center-of-mass
coordinate, thus this extension of the basis is not necessary for this contribution. Now, we
have the M1 operator in an appropriate basis to perform the consistent SRG transformation,
which we describe in the next section.

6.6 Consistent SRG Transformation

The many-body methods, which we are using, need SRG-evolved interactions as an input in
order to obtain converged results. The SRG is described in section 3.2 and for a consistent
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result, we need to perform the same SRG transformation on the operators of other observables
like the M1 operator

M̂1,α = Û †αM̂1,α=0Ûα. (6.76)

In previous work by Mertes [151] it was shown that the consistent SRG treatment of the
M1 operator has a small effect of 2% on average, but can reach up to 6% depending on
the observable and nucleus. Nevertheless, for precision studies this contribution cannot be
neglected.

The unitary operator Ûα is determined by evaluating equation (3.33) numerically in an
HO basis. In a second step, we evaluate equation (6.76). Here we can exploit the symmetries
of the unitary operator, which are determined by the choice of the SRG generator η̂α. The
standard choice of the SRG generator exhibits the same symmetries as the Hamiltonian,
hence, the matrix elements of the unitary operator are given as

〈[NcmLcm, N (LS) Jrel] J, TMT | Uα |
[
N ′cmL

′
cm, N

′ (L′S′) J ′rel

]
J ′, T ′M ′T 〉

= δN ′
cmNcmδL′

cmLcmδJ ′JδJ ′
relJrel

δS′SδT ′T δMT ′MT
〈N (LS) Jrel | Uα | N ′

(
L′S

)
Jrel〉. (6.77)

Therefore, the matrix elements of the SRG-evolved M1 operator can be obtained by

〈[NcmLcm, N (LS) Jrel] J, TMT |M1,α |
[
N ′cmL

′
cm, N

′ (L′S′) J ′rel

]
J ′, T ′M ′T 〉

=
∑
N ′′,L′′

∑
N ′′′,L′′′

〈N (LS) Jrel | U †α | N ′′
(
L′′S

)
Jrel〉

× 〈
[
NcmLcm, N

′′ (L′′S) Jrel

]
J, TMT |M1,α=0 |

[
N ′cmL

′′′
cm, N

′′′ (L′S′) J ′rel

]
J ′, T ′M ′T 〉

× 〈N ′′′
(
L′′′S′

)
J ′rel | Uα | N ′

(
L′S′

)
J ′rel〉. (6.78)

The LO and intrinsic part of the NLO M1 operator do not depend on the center-of-mass
coordinates, thus, for these operators the number of relevant matrix elements that need to
be calculated is reduced and only the relative part is of interest.

Since the initial LO M1 operator is a particle-rank one operator, the evolved operator is a
mixture of particle-rank one and two. For the use in an A-body system we need to separate
the different contributions. This is achieved by subtracting the initial LO M1 operator from
the evolved one. The NLO contribution to the M1 operator is of particle-rank two, thus, this
operator does not need to be subtracted.

6.7 Transformation into Single-Particle
Coordinates

The NCSM needs two-body m-scheme matrix elements as an input. Thus, we employ a gen-
eralized version of the two-body Talmi-Moshinsky transformation given in [156] for spherical
tensor operators. This transformation allows the conversion of matrix elements in a relative
basis into the m-scheme. In the first step we sketch the general Talmi-Moshinsky transfor-
mation for a single antisymmetrized two-body state, which can also be found in [157, 158],
and in a second step we use this result to derive the Talmi-Moshinsky transformation of a
generalized spherical tensor operator. The starting point is an antisymmetrized two-body
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state

| n1n2 [(l1s1) j1, (l2s2) j2] JM, (t1t2)TMT 〉a
=
√

2!A | n1n2 [(l1s1) j1, (l2s2) j2] JM, (t1t2)TMT 〉 (6.79)

=
√

2!
1

2
(1− P12) | n1n2 [(l1s1) j1, (l2s2) j2] JM, (t1t2)TMT 〉 (6.80)

=
1√
2

(| n1n2 [(l1s1) j1, (l2s2) j2] JM, (t1t2)TMT 〉

− | n2n1 [(l2s2) j2, (l1s1) j1] JM, (t2t1)TMT 〉) (6.81)

=
1√
2

(| n1n2 [(l1s1) j1, (l2s2) j2] JM, (t1t2)TMT 〉

− (−1)j1+j2−J+1−T | n2n1 [(l2s2) j2, (l1s1) j1] JM, (t2t1)TMT 〉) (6.82)

with A the antisymmetrizer and the permutation operator P12 of particle 1 and 2. Further-
more, we use the symmetries of the Clebsch-Gordan coefficients given in equation (A.13). By
recoupling into a (LS)-coupling scheme the first term can be written as

| n1n2 [(l1s1) j1, (l2s2) j2] JM, TMT 〉 =

∑
ΛS

Λ̂Ŝĵ1ĵ2


l1 l2 Λ
s1 s2 S
j1 j2 J

 | n1n2 [(l1l2) Λ, (s1s2)S] JM, TMT 〉. (6.83)

Here, we have introduced the shorthand hat notation

x̂ =
√

2x+ 1. (6.84)

In addition, we can use the harmonic oscillator brackets (HOBs), which allow to transform
the HO quantum numbers between single and relative coordinates

| (n1l1, n2l2)ΛMΛ〉 =
∑

NcmLcm,NL

〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | (NcmLcm, NL)ΛMΛ〉.

(6.85)

This leads to

| n1n2 [(l1s1) j1, (l2s2) j2] JM, TMT 〉 =
∑
ΛS

∑
NcmLcm,NL

Λ̂Ŝĵ1ĵ2


l1 l2 Λ
s1 s2 S
j1 j2 J


〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | NcmN [(LcmL) Λ, (s1s2)S] JM, TMT 〉. (6.86)

In the next step we decouple the center-of-mass part of the angular momentum from the
relative one with the help of a 6j-symbol.

| n1n2 [(l1s1) j1, (l2s2) j2] JM, TMT 〉 =

∑
ΛS

∑
NcmLcm,NL

∑
Jrel

(−1)Lcm+L+S+J Λ̂2ĴrelŜĵ1ĵ2


l1 l2 Λ
s1 s2 S
j1 j2 J


{
Lcm L Λ
S J Jrel

}
× 〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | NcmN [Lcm, {L (s1s2)S} Jrel] JM, TMT 〉. (6.87)
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For the second term in equation (6.82) follows analogously

(−1)j1+j2−J+1−T | n2n1 [(l2s2) j2, (l1s1) j1] JM, TMT 〉

= (−1)j1+j2−J+1−T
∑
ΛS

∑
NcmLcm,NL

∑
Jrel

(−1)Lcm+L+S+J Λ̂2ĴrelŜĵ1ĵ2


l2 l1 Λ
s2 s1 S
j2 j1 J


×
{
Lcm L Λ
S J Jrel

}
〈〈NcmLcm, NL; Λ|n2l2, n1l1〉〉1 | NcmN [Lcm, {L (s2s1)S} Jrel] JM, TMT 〉

(6.88)

= (−1)j1+j2−J+1−T
∑
ΛS

∑
NcmLcm,NL

∑
Jrel

(−1)Lcm+L+S+J Λ̂2ĴrelŜĵ1ĵ2

× (−1)l2+l1+Λ+s2+s1+S+j2+j1+J


l1 l2 Λ
s1 s2 S
j1 j2 J


{
Lcm L Λ
S J Jrel

}
(−1)L−Λ

× 〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | NcmN [Lcm, {L (s2s1)S} Jrel] JM, TMT 〉 (6.89)

=
∑
ΛS

∑
NcmLcm,NL

∑
Jrel

(−1)T+L+S(−1)Lcm+L+S+J Λ̂2ĴrelŜĵ1ĵ2


l1 l2 Λ
s1 s2 S
j1 j2 J


×
{
Lcm L Λ
S J Jrel

}
〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | NcmN [Lcm, {L (s2s1)S} Jrel] JM, TMT 〉

(6.90)

where we used the symmetry relation (A.21) of the 9j-symbol and relation (A.23) of the HOBs
to get the same structure as in equation (6.87). Furthermore, we have used that s1 = s2 = 1/2

as well as the energy conservation of the HOBs which yields

2n1 + l1 + 2n2 + l2 = 2Ncm + Lcm + 2N + L (6.91)

and therefore

(−1)l1+l2 = (−1)Lcm+L (6.92)

due to the fact that the radial quantum numbers n1, n2, Ncm, and N are integers. Finally,
the two terms (6.87) and (6.90) differ only by the phase factor

(−1)T+L+S (6.93)

and the ordering of the spins s1 and s2 as well as the isospins t1 and t2. Here we can use that
the spins and isospins are all equal to 1/2 such that a switch of s1 ↔ s2 and t1 ↔ t2 has no
effect. This step has to be understood as a renaming and not a recoupling. In the end, we
obtain for the antisymmetrized two body state (6.82)

| n1n2 [(l1s1) j1, (l2s2) j2] JM, TMT 〉a =
1√
2

∑
ΛS

∑
NcmLcm,NL

∑
Jrel

× (−1)Lcm+L+S+J
(
1− (−1)T+L+S

)
Λ̂2ĴrelŜĵ1ĵ2


l1 l2 Λ
s1 s2 S
j1 j2 J


{
Lcm L Λ
S J Jrel

}
× 〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | NcmN [Lcm, (LS) Jrel] JM, TMT 〉. (6.94)
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We can conclude that only states with odd T + L+ S contribute to the antisymmetric state
and other states vanish.

This result for an antisymmetric state can be used to obtain the Talmi-Moshinsky trans-
formation for matrix elements of a spherical tensor operator

a〈n1n2 [(l1s1) j1, (l2s2) j2] JM, TMT | Okq | n′1n′2
[(
l′1s
′
1

)
j′1,
(
l′2s
′
2

)
j′2
]
J ′M ′, T ′M ′T 〉a =

=
1

2

∑
Λ′S′

∑
N ′

cmL
′
cm,N

′L′

∑
J ′
rel

∑
ΛS

∑
NcmLcm,NL

∑
Jrel

ĵ′1ĵ
′
2Λ̂′2Ĵ ′relŜ

′ĵ1ĵ2Λ̂2ĴrelŜ

×
(

1− (−1)T
′+L′+S′

)(
1− (−1)T+L+S

)
× (−1)L

′
cm+L′+S′+J ′


l′1 l′2 Λ′

s′1 s′2 S′

j′1 j′2 J ′


{
L′cm L′ Λ′

S′ J ′ J ′rel

}〈〈
N ′cmL

′
cm, N

′L′; Λ′|n′1l′1, n′2l′2
〉〉

1

× (−1)Lcm+L+S+J


l1 l2 Λ
s1 s2 S
j1 j2 J


{
Lcm L Λ
S J Jrel

}
〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1

× 〈NcmN [Lcm, (LS) Jrel] JM, TMT | Okq | N ′cmN
′ [L′cm,

(
L′S′

)
J ′rel

]
J ′M ′, T ′M ′T 〉. (6.95)

Now, the Wigner-Eckart theorem allows us to bring this transformation into the reduced form

a〈n1n2 [(l1s1) j1, (l2s2) j2] J, TMT || Ok || n′1n′2
[(
l′1s
′
1

)
j′1,
(
l′2s
′
2

)
j′2
]
J ′, T ′M ′T 〉a =

=
1

2

∑
Λ′S′

∑
N ′

cmL
′
cm,N

′L′

∑
J ′
rel

∑
ΛS

∑
NcmLcm,NL

∑
Jrel

ĵ′1ĵ
′
2Λ̂′2Ĵ ′relŜ

′ĵ1ĵ2Λ̂2ĴrelŜ

×
(

1− (−1)T
′+L′+S′

)(
1− (−1)T+L+S

)
× (−1)L

′
cm+L′+S′+J ′


l′1 l′2 Λ′

s′1 s′2 S′

j′1 j′2 J ′


{
L′cm L′ Λ′

S′ J ′ J ′rel

}〈〈
N ′cmL

′
cm, N

′L′; Λ′|n′1l′1, n′2l′2
〉〉

1

× (−1)Lcm+L+S+J


l1 l2 Λ
s1 s2 S
j1 j2 J


{
Lcm L Λ
S J Jrel

}
〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1

× 〈NcmN [Lcm, (LS) Jrel] J, TMT || Ok || N ′cmN
′ [L′cm,

(
L′S′

)
J ′rel

]
J ′, T ′M ′T 〉. (6.96)

Since we have applied the Wigner-Eckart theorem on both sides, the additional factor con-
sisting of a phase and a Clebsch-Gordan coefficient vanishes. Nevertheless, the applicability
of the Wigner-Eckart theorem reduces the amount of matrix elements that needs to be cal-
culated to those that fulfill the triangular condition

| J ′ − k |≤ J ≤ J ′ + k. (6.97)

Furthermore, the sums can be limited by the energy conservation of the HOBs

δ(2N ′
cm+L′

cm+2N ′+L′)(2n′
1+l′1+2n′

2+l′2)δ(2Ncm+Lcm+2N+L)(2n1+l1+2n2+l2) (6.98)

as well as by constraining for example the spin quantum numbers S and S′ via the antisym-
metry condition (6.93).

If the spherical tensor operator does not depend on a center-of-mass contribution like the
LO M1 operator or the intrinsic part of the NLO, equation (6.96) can be simplified further.
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We can apply relation (40) of section 13.1.5 from [159] in combination with the Wigner-Eckart
theorem, see also appendix A.7 and obtain

a〈n1n2 [(l1s1) j1, (l2s2) j2] J, TMT || Ok || n′1n′2
[(
l′1s
′
1

)
j′1,
(
l′2s
′
2

)
j′2
]
J ′, T ′M ′T 〉a =

=
1

2

∑
Λ′S′

∑
N ′

cmL
′
cm,N

′L′

∑
J ′
rel

∑
ΛS

∑
NcmLcm,NL

∑
Jrel

ĵ′1ĵ
′
2Λ̂′2Ĵ ′relŜ

′ĵ1ĵ2Λ̂2ĴrelŜ

×
(

1− (−1)T
′+L′+S′

)(
1− (−1)T+L+S

)
× (−1)L

′
cm+L′+S′+J ′


l′1 l′2 Λ′

s′1 s′2 S′

j′1 j′2 J ′


{
L′cm L′ Λ′

S′ J ′ J ′rel

}〈〈
N ′cmL

′
cm, N

′L′; Λ′|n′1l′1, n′2l′2
〉〉

1

× (−1)Lcm+L+S+J


l1 l2 Λ
s1 s2 S
j1 j2 J


{
Lcm L Λ
S J Jrel

}
〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1

× δL′
cmLcmδN ′

cmNcm(−1)J
′+Jrel+L

′
cm−k

{
J ′rel L′cm J ′

J k Jrel

}
× 〈N (LS) Jrel, TMT || Ok || N ′

(
L′S′

)
J ′rel, T

′M ′T 〉. (6.99)

Now, we have the M1 operator in a basis that can be used as input into the NCSM calculation.

6.8 6Li Results

We use 6Li to study the role of the current contributions of the M1 operator, since it is the
lightest non-strange hadronic system with a dominant internal electromagnetic decay from its
first excited 0+ state to the 1+ ground-state. This makes the transition strength accessible in
precision studies in theory as well as in experiment. In addition to the transition strength, we
also probe the magnetic dipole moment µ(1+) of the ground state and compare the different
contributions of the various M1 terms.

Before we explore the impact of different contributions of the M1 operator and interac-
tions, we start by testing the dependence of the results on the truncations. Also we explain
the determination of the magnetic dipole moment µ(1+) of the ground state and the magnetic
dipole transition strength B(M1, 0+ → 1+) from the fist 0+ to the ground state of 6Li in an
IT-NCSM calculation.

First, we probe the dependence of the IT-NCSM calculation on the Emax,M1 truncation,
which is the maximum two-body energy Emax,M1 = 2Ncm +Lcm +2N+L of the Sachs term of
the NLO M1 operator. We introduced this truncation, since the Sachs term depends not only
on the relative but also on the center-of-mass coordinates, which significantly increases the
number of matrix elements. This truncation becomes relevant in equation (6.78), where we
calculate the SRG transformation of the M1 operator. Since the SRG transformation connects
states of low- and high-energies, we are sensitive to energy quantum numbers of the bare M1
operator larger than the Nmax truncation of the NCSM calculation. For the M1 operator
terms that only depend on the relative coordinate, we use Emax = 150, which is sufficiently
large. In figure 6.2 we show the results of the µ(1+) and the B(M1, 0+ → 1+) value for the
MBO interaction at N2LO with Λ = 500 MeV of an IT-NCSM calculation with ~Ω = 20 MeV.
We see the strongest impact of the Emax,M1 truncation on the B(M1, 0+ → 1+) value already
at Nmax = 2, which increases up to an Emax,M1 = 16. From Emax,M1 = 24 upwards the
results lie practically on top of each other. With increasing Nmax the results are only shifted
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Figure 6.2: Convergence of the IT-NCSM calculation of 6Li with respect to Emax,M1. In the
calculation we use ~Ω = 20 MeV and the last two Nmax results are IT-extrapolated. Shown
are the results for the MBO N2LO interaction with cutoff Λ = 500 MeV. Furthermore, the
full NLO M1 operator is employed. The gray box indicates the experimental µ(1+) [133] and
B(M1, 0+ → 1+) [160] values. The experimental uncertainties of µ(1+) are scaled with a
factor of 100 to make them visible on this scale.

parallelly. The effect of the Emax,M1 truncation on the µ(1+) is very small, this is also related
to the observation that the µ(1+) changes only slightly with the inclusion of the Sachs term,
which we discuss later. In the following we use Emax,M1 = 40, which is sufficient for these
observables.

Next, we discuss the truncations of the IT-NCSM, in particular the dependencies on
the κmin and Nmax truncation, and how we define the resulting values and corresponding
uncertainties. We exemplarily show the Nmax = 12 IT-extrapolation of the dipole moment
and the transition strength for the MBO interaction at N3LO with Λ = 500 MeV in figure
6.3. While the dipole moment of the ground state only shows a small dependence on κmin,
the transition strength decreases for κmin → 0. In case of energies we benefit from the
monotonous decrease with the κmin-sequence. This is not the case for these M1 observables,
which can fluctuate along the κmin-sequence. These fluctuations are on a small scale, but
they make polynomial extrapolations very sensitive on the chosen κmin-sequence, especially
the results for the smallest κmin-values can decide if the extrapolations bend upwards or
downwards. This can be seen in figure 6.3, where we show polynomial extrapolations with
different degrees for different endpoints of the κmin-sequence. Thus, the most reliable result is
given by using a linear extrapolation towards κmin → 0. As stated above, the general trend of
the κmin-sequences is different for the dipole moment and the transition strength. Therefore,
we use different uncertainty estimates for both observables. Since the slope of the κmin-
sequence results for the dipole moment is not steep and the extrapolated results are within
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Figure 6.3: Importance truncation extrapolation within the IT-NCSM calculation at Nmax =
12 for the µ(1+) (left) and B(M1, 0+ → 1+) (right) of 6Li calculated with the MBO N3LO
interaction with Λ = 500 MeV. Shown are different polynomial extrapolations: linear (blue
line), quadratic (green lines), cubic (violet lines). While we use all data points in the fit of the
solid lines, in the fit of the dashed lines we neglect the data points at smallest κmin, and for
the dot-dashed lines the data points for the two smallest κmin-values. The red lines indicate
the extracted values and the band denotes the corresponding IT-uncertainties as explained
in the text.

the range of the κmin-sequence, we define the maximum difference between the extrapolated
value and the results of the κmin-sequence as the uncertainty of the IT-extrapolation. The
slope for the transition strength is steeper and decreasing, thus, we are using the difference
between the extrapolated value and the result for the smallest κmin-value as an estimate for
the uncertainty.

With these definitions of the IT-extrapolated values and corresponding uncertainties, we
explore the Nmax-sequence for three HO frequencies ~Ω = 16, 20, and 24 MeV for the N3LO
MBO interaction with Λ = 500 MeV. These are shown in figure 6.4 in a combined plot
of the dipole moment and the transition strength. Since the gaps between the results of
Nmax = 8 and the first IT-extrapolated results at Nmax = 10 are particularly large and
between Nmax = 10 and 12 particularly small, we show in addition to the Nmax-sequences
also the κmin-sequences for the last two Nmax-values 10 and 12 to stress the validity of the
extrapolations within the given uncertainties. The dipole moment can be constrained from
above and below, since it converges for ~Ω = 24 MeV from below and for ~Ω = 16 MeV
from above. At the same time, the transition strength converges only from above for the
considered HO frequencies.

In the following, we define the results of the IT-NCSM calculation as the obtained value
from the central HO frequency ~Ω = 20 MeV for the largest Nmax = 12. The many-body
uncertainties are defined as the maximum difference of this result to the values of the neigh-
boring frequencies ~Ω = 16 and 24 MeV at Nmax = 12 including IT-uncertainties. This result
with uncertainty is indicated as the red box in figure 6.4.

In figure 6.5 we explore the impact of the consistent SRG evolution of the M1 operator
and the NLO M1 operator contribution as well as the dependence on different interactions.

The choice of the M1 operator has the largest impact on the result. Using the bare LO
M1 operator leads to the largest dipole moments and in comparison with the experiment to
slightly too small transition strengths. With a consistent treatment of the LO M1 operator
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Figure 6.4: Model-space variation in an IT-NCSM calculation for the µ(1+) and B(M1, 0+ →
1+) of 6Li calculated with the MBO N3LO interaction with Λ = 500 MeV. The red box
indicates the extracted values with many-body uncertainties. The gray box indicates the
experimental µ(1+) [133] and B(M1, 0+ → 1+) [160] values. The experimental uncertainties
of µ(1+) are scaled with a factor of 100 to make them visible on this scale.

due to SRG the dipole moment becomes approximately 2% smaller and improves the result
with respect to the experiment. At the same time the transition strength is approximately 4%
reduced and is dependent on the interaction approximately 7-10% too small in comparison
with the experiment.

The inclusion of the NLO two-body current contribution to the M1 operator increases
the transition strength, such that the transition strength improves and is in accordance with
the experiment within uncertainties. The dipole moment on the other hand is only slightly
enhanced. The small influence on the dipole moment can be understood, since the ground
state of 6Li is approximately a 4He core with a deuteron halo. The 4He core has a J = 0 state
and, therefore, a vanishing magnetic dipole moment. Hence, the magnetic dipole moment is
mainly given by the deuteron cluster. This can be seen since the free deuteron has a similar
magnetic dipole moment of µ = 0.8574 µN [161]. The deuteron has a T = 0 state and
thus the NLO two-body contribution to the M1 operator does not contribute, since the NLO
contribution is an isovector operator and the deuteron is in an isoscalar state.



98 Chapter 6: Next-to-Leading Order Contributions to the Magnetic Moment

0.80 0.81 0.82 0.83 0.84 0.85

14.0

14.5

15.0

15.5

16.0

16.5

μ(1+
) [μN]

B
(M

1
,0

+
-
>
1
+
)
[μ

N2
]

Figure 6.5: Results of the µ(1+) and B(M1, 0+ → 1+) of 6Li for different chiral orders N2LO
(blue), N3LO (red), and N4LO’ (green) of the MBO (solid symbols) and FBO (open symbols)
interactions, both with Λ = 500 MeV. The different symbol shapes indicate the applied M1
operator: bare LO M1 ( ), SRG evolved LO M1 ( ), and SRG evolved NLO M1 ( ). The
experimental values are indicated with gray bands and the central value with a gray line.
The experimental uncertainties of the dipole moment are not visible at this scale.

The different results with respect to the interactions are close to each other and differ
up to 1% for the dipole moment and up to 3% for the transition strength. Thus, both the
consistent SRG-evolution of the M1 operator and the NLO contribution to the M1 operator
have a larger impact on the result than the choice of the interaction. Nevertheless, we can
find small trends using different interactions. While the FBO interactions lead to a slightly
larger dipole moment, the MBO interactions lead to a slightly larger transition strength, but
the differences in the results arising from the different 3N interaction constraints are within
many-body uncertainties. Furthermore, the results converge smoothly with increasing chiral
order of the interactions. The dipole moment increases slightly and the transition strength
has an alternating convergence pattern with increasing chiral order. In addition, the best
calculations, interactions at N4LO’ and NLO M1 operator, lead also to the result closest
to the experiment. We note that even though both, the interactions and the currents, are
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based on chiral EFT our calculation is not fully consistent, since we do not use interactions
and currents at the same order. Therefore, a consistent uncertainty quantification via an
order-by-order analysis is not appropriate.

We can compare our results with quantum Monte Carlo calculations [51] using the Ar-
gonne v18 NN [1] and Illinois-2 3N [4] potentials. Instead of only M1 current contributions
up to NLO they even include contributions up to N3LO. In these calculations the transition
strength is increased from B(M1LO, 0

+ → 1+) = 13.18(7) µ2
N to 16.08(8) µ2

N [51]. Thus,
their calculated current contribution to the transition strength is three times as large as our
calculated contribution. The magnetic moment increased by 0.02 µN , where only N2LO and
N3LO contribute. This effect is of the same size as the SRG correction in our calculation.
Thus, we can expect that higher chiral-order contributions also are of the same size as the
considered ones.

We also reported in [160] about these findings using a previous version of the FBO inter-
actions. In these interactions the cD-cE correlation of the 3N interactions is constrained by
the triton binding energy and the cD is chosen to fit the 4He ground-state energy and radius
best. These results are shown in figure 6.6 and are within uncertainties of the FBO inter-
actions and reveal the same systematic. In addition, we have used the EM NN interaction
complemented with a local 3N interaction with cD = 0.8, compare section 4.1. The results of
this interaction follow the same pattern.

We can summarize that in this first fully chiral study, both a consistent treatment of the
M1 operator with respect to SRG and the inclusion of the NLO two-body current contribution
are found to have relevant effects. Therefore, they are necessary in precision calculations to
bring theory and experiment in agreement.

We note that in this study not all inconsistencies could be addressed. In a more extensive
study one should include higher-order contributions such that the interactions and currents
are consistent at a given chiral order. Furthermore, the regularization of the currents should
also be consistently chosen with the interactions.
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Figure 6.6: Results of the µ(1+) and B(M1, 0+ → 1+) of 6Li as reported in reference [160].
Shown are the results of the different chiral orders N2LO (blue), N3LO (red), and N4LO
(green) of the interactions with Λ = 500 MeV of an earlier version of the FBO interactions as
described in the text with Λ = 500 MeV. In addition, the results of the EM NN interaction
complemented with a local 3N at N2LO with Λ = 500 MeV and cD = 0.8 are shown in violet.
The different symbol shapes indicate the applied M1 operator: bare LO M1 ( ), SRG evolved
LO M1 ( ), and SRG evolved NLO M1 ( ). The experimental values are indicated with gray
bands and the central value with a gray line. The experimental uncertainties of the dipole
moment are not visible at this scale.



7 Conclusion

In this thesis, we benefitted from the current advances in both chiral EFT and many-body
approaches. State-of-the-art many-body methods, like the NCSM and the IM-SRG, in combi-
nation with SRG evolved interactions enable us to solve the stationary Schrödinger equation
for a vast range of light- and medium-mass nuclei. In the past, chiral interactions came only
at a specific order, which does not allow for an uncertainty quantification via a systematic
order-by-order analysis. With the new EMN, SCS and SMS NN interaction families, we
are now capable to estimate the uncertainties arising from the NN interaction via a system-
atic order-by-order analysis. For an accurate description of many-body observables also 3N
interactions are essential.

In an initial assessment of the regulator form for the 3N interaction in combination with
the EM NN interaction, we found that the regulator choice of the 3N interaction has a
strong effect on many-body observables, especially the radii. A local regulator leads to
strong underbinding and too small radii, especially in medium-mass nuclei. With a non-local
regulator the description of radii is tremendously improved.

In this thesis we constructed families of chiral NN plus 3N interactions based on the EMN
NN interactions. At N2LO and N3LO the 3N interactions were constructed with consistent
chiral order, non-local regulator, and cutoff values. We studied the dependence of light- and
medium-mass nuclei on the 3N interaction LECs, cD and cE. We found a discrepancy between
the LECs needed for an optimal description of light- and medium-mass nuclei as well as for
nuclear matter. Based on these findings we introduced two optimization schemes of these
parameters and defined correspondingly two interaction families, FBO and MBO. The FBO
interactions optimize the ground-state energies of 3H and 4He, while the MBO interactions
optimize the ground-state energies of 3H and 16O. A global optimization of medium-mass
nuclei confirmed that fitting the ground-state energy of 16O also leads to a good description of
other closed shell medium-mass nuclei. In the medium-mass nuclei, an accurate description of
ground-state energies and radii up to the Ni isotopes is possible. In the few-body sector, bare
MBO interactions lead to an overbound 4He ground-state. For medium-mass nuclei we use
SRG evolved interactions and for 4He the induced 4N interactions of the SRG evolution are
not negligible. The SRG can reconcile the ground-state energy of 4He with the experiment,
thus, the SRG can also be used as a tool to optimize the interaction.

We studied the performance of both interaction families for ground-state energies and
radii of light- and medium-mass nuclei as well as for the spectra of p-shell nuclei. In these
calculations, we estimated the uncertainties for both the many-body approach and the inter-
action. The uncertainties due to the chiral truncation were estimated with a state-of-the-art
approach rooted in Bayesian statistics. Both interaction families converge smoothly with in-
creasing chiral order and the uncertainty bands of higher orders lie within the bands of lower
orders. This exploration indicated that the FBO interactions lead to a systematic underes-
timation of binding energies of light- and medium-mass nuclei ground-states. In contrast,
the MBO interactions describe the experimental ground-state energies within uncertainty
bands. The corresponding radii are not as sensitive to the optimization procedure and lead
to similarly good results, which agree with the experiment. With few exceptions the spectra
of both interaction families are in good agreement with experiment. In the medium-mass
regime we performed also a cutoff variation, which revealed only a small cutoff dependence
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with overlapping uncertainty bands.
With, in particular, the MBO interactions, we have now a chiral NN plus 3N interaction

family, which can be used in ab initio nuclear structure calculations with fully quantified
uncertainties. This interaction family describes many different nuclear observables with an
accuracy that is superior to previous interactions. We still have challenges left, for example to
reconcile the simultaneously good description of many-body observables with the description
of nuclear matter. Further studies need to be conducted to find the limitations of this
interaction family.

But for reliable predictions it is favorable not to be restricted to a single interaction family
with a specific regularization procedure. In this thesis, we also studied the SMS NN interac-
tions in 16O, which revealed that these interactions lead to too small radii. Furthermore, the
ground-state energy and radius correlate linearly for all versions of this interaction. Mod-
ifications of the SMS NN interactions as well as consistent 3N interactions at N2LO could
not improve the description. The modification of the regularization of individual 3N terms
revealed that in particular the TPE term is very sensitive to the regularization choice. It has
become evident that the regularization procedure, in particular, local and non-local regular-
ization of the 3N interaction, has a strong influence on many-body observables. At this point
in time, we cannot explain the mechanism behind these differences. A possibility is a differ-
ent chiral convergence, such that in the SMS regularization scheme the radii of medium-mass
nuclei are enhanced at a higher chiral order. Furthermore, neglected current contributions
to the charge-radius operator can have a sizeable effect. Both consistent 3N interactions at
N3LO and current contributions are currently under development within LENPIC.

For accurate and precision studies of electromagnetic observables like multipole moments
and transition strengths, we need in addition to an accurate interaction also consistent ex-
change currents. In this work, we developed the necessary framework to include exchange-
current contributions to the M1 operator in IT-NCSM calculations. This comprised the
correct treatment in the SRG as well as the transformation into a suitable single-particle
basis representation. This lead to the first fully chiral determination of the magnetic dipole
moment of the ground state of 6Li as well as the magnetic dipole transition strength from
the first 0+ to the 1+ ground state of 6Li including the NLO current contribution to the
M1 operator. This study showed that both the consistent treatment in the SRG and the
exchange-current contribution to the M1 operator are important to match theory and exper-
iment. The next steps are to incorporate higher orders of the exchange currents and match
the regularization between the currents and the interactions. The higher orders are needed
for a systematic uncertainty quantification.

In conclusion, in this work we improved the precision of ab inito nuclear structure calcu-
lations by providing a chiral NN plus 3N interaction family with an accurate description of
a broad range of nuclei and developed a framework to incorporate exchange current contri-
butions to the M1 operator in IT-NCSM calculations.



A Appendix

A.1 Isospin and Projection Operators

We define the proton projection operator as

Π̂p,i =
1

2
+ t̂3,i =

1 + τ̂3,i

2
(A.1)

and thre neutron projection operator as

Π̂n,i =
1

2
− t̂3,i =

1− τ̂3,i

2
, (A.2)

with t3 = 1
2 for the proton and t3 = −1

2 for the neutron. The reduced isospin operator is
defined as

~̂τ = 2~̂t. (A.3)

A.2 Jacobi Coordinates

Dealing with many particles makes the use of suitable coordinate systems necessary. Instead
of using single-particle coordinates, the Jacobi coordinates are an established coordinate
system. These coordinates are a generalization of the two-body relative and center-of-mass
coordinates for multiple particles. There is no unique way to define Jacobi coordinates. We
are using the following definition of the spatial Jacobi coordinates for an A particle system
with equal mass:

~ξ0 =

√
1

A
[~r1 + ~r2 + · · ·+ ~rA] , (A.4)

~ξn =

√
n

n+ 1

[
1

n
(~r1 + ~r2 + · · ·+ ~rn)− ~rn+1

]
. (A.5)

Here ~ri is the single-particle coordinate of the i-th particle and the ~ξ0 coordinate is pro-
portional to the center-of-mass coordinate. The following coordinates ~ξi are constructed
successively as relative position between the center-of-mass of the first i particle cluster and
the (i+ 1)th particle.

In an analogous way, we can define the momentum Jacobi coordinates

~π0 =

√
1

A
[~p1 + ~p2 + · · ·+ ~pA] , (A.6)

~πn =

√
n

n+ 1

[
1

n
(~p1 + ~p2 + · · ·+ ~pn)− ~pn+1

]
. (A.7)
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A.3 Harmonic Oscillator Basis

The harmonic oscillator (HO) is an important system in quantum mechanics. It has notable
properties, which make it widely used as a basis. For example, it can be solved analytically
and in a many-body system, we can separate the intrinsic and center-of-mass part exactly.
The Hamiltonian of the HO is given by

Ĥ =
~̂p

2

2 m
+
m ω2 ~̂x

2

2
=

~ ω
2

(
a2~̂k

2

+
~̂x

2

a2

)
. (A.8)

Here, ~̂p = ~~̂k is the momentum operator and ~̂k the corresponding wave vector. The position
operator is ~̂x, while the mass of the particle is given by m. The HO is characterized by the

HO frequency ω or the HO length a =
√

~
mω . In momentum space, the eigenfunction is given

by

ψnlml(
~k) = 〈~k | nlml〉 = Rnl(k) Ylml(θ, φ), (A.9)

with the spherical harmonics Ylml(θ, φ) and

Rnl(k) =

√
2 (n!) a3

Γ(n+ l + 3
2)

(k a)le−
1
2

(k a)2L
l+ 1

2
n (k a)2, (A.10)

where Lαn(x) are the generalized Laguerre polynomials, n is the radial quantum number and
l the angular momentum quantum number. The eigenfunctions in configuration space are
similar

ψnlml(~r) = 〈~r | nlml〉 = Rnl(r) Ylml(θ, φ), (A.11)

with

Rnl(r) =

√
2 (n!)

Γ(n+ l + 3
2) a3

(r
a

)l
e−

1
2( ra)

2

L
l+ 1

2
n

(r
a

)2
. (A.12)

A.4 Clebsch Gordan, 3J, 6J and 9J

An important symmetry of Clebsch-Gordan coefficients, which we utilize in this work, is (see
e.g. equation (10) of Varshalovich [159] page 245)

c

(
j1 j2
m1 m2

∣∣∣∣ JM
)

= (−1)j1+j2−Jc

(
j2 j1
m2 m1

∣∣∣∣ JM
)
. (A.13)

With a 6j-symbol one can recouple three angular momenta

〈[j1, (j2, j3)j23] j′m′ | [(j1, j2)j12, j3] jm〉 = (A.14)

= δjj′δmm′(−1)j1+j2+j3+j
√

(2j12 + 1)(2j23 + 1)

(
j1 j2 j12

j3 j j23

)
(A.15)

= δjj′δmm′(−1)j1+j2+j3+j ĵ12ĵ23

(
j1 j2 j12

j3 j j23

)
, (A.16)
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where we used the hat notation

x̂ =
√

2x+ 1. (A.17)

Recoupling of coupling schemes with the 9j-symbol (see e.g. equation (5) of Varshalovich
[159] page 334)

〈[(j1j2)j12, (j3j4)j34] jm | [(j1j3)j13, (j2j4)j24] j′m′〉 (A.18)

= δjj′δmm′
√

(2j12 + 1)(2j13 + 1)(2j24 + 1)(2j34 + 1)


j1 j2 j12

j3 j4 j34

j13 j24 j

 (A.19)

= δjj′δmm′ ĵ12ĵ13ĵ24ĵ34


j1 j2 j12

j3 j4 j34

j13 j24 j

 . (A.20)

Useful symmetry relations of the 9j-symbol are found in Varshalovich [159] page 342, whereby
the exchange of columns is of particular importance for us

j11 j12 j13

j21 j22 j23

j31 j32 j33

 = (−1)j11+j12+j13+j21+j22+j23+j31+j32+j33


j12 j11 j13

j22 j21 j23

j32 j31 j33

 . (A.21)

A.5 Harmonic Oscillator Brackets

We use the harmonic oscillator brackets (HOBs) [162] following [100], which allow to trans-
form the HO quantum numbers between single and relative coordinates

| (n1l1, n2l2)ΛMΛ〉 =
∑

NcmLcm,NL

〈〈NcmLcm, NL; Λ|n1l1, n2l2〉〉1 | (NcmLcm, NL)ΛMΛ〉.

(A.22)

In this work we use the following symmetry relation of the HOBs

〈〈n1l1, n2l2; Λ|NL, nl〉〉d = (−1)L−Λ 〈〈n2l2, n1l1; Λ|NL, nl〉〉 1
d
, (A.23)

see e.g. equation (3.62) of reference [157].

A.6 Wigner-Eckart Theorem

The Wigner-Eckart theorem allows to reduce a spherical tensor operator T kq of rank k and
projection q such that the dependence on the projection quantum numbers is fully described
by a geometrical factor, which is given by a Clebsch-Gordan coefficient or a 3j-symbol

〈ζ ′J ′MJ ′ | T kq | ζJMJ 〉 = Ĵ ′−1
c

(
J k
MJ q

∣∣∣∣ J ′MJ ′

)
〈ζ ′J ′ || T k || ζJ 〉 (A.24)

= (−1)J
′−MJ ′

(
J ′ k J
−MJ ′ q MJ

)
〈ζ ′J ′ || T k || ζJ 〉. (A.25)
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A.7 Embedding an Operator That
Depends Only on One Angular
Momentum

According to Varshalovich [159] equation (40) of section 13.1.5 on page 481 the following
relation holds true:

〈n′1n′2
(
j′1, j

′
2

)
J ′M ′ | Okq (1) | n1n2 (j1, j2) JM〉 = (A.26)

δj′2j2δn′
2n2

(−1)J+j′1+j2−kĴc

(
J k
M q

∣∣∣∣ J ′M ′
) {

j1 j2 J
J ′ k j′1

}
〈n′1j′1 || Ok(1) || n1j1〉. (A.27)

With the Wigner-Eckart theorem (appendix A.6) it follows that

〈n′1n′2
(
j′1, j

′
2

)
J ′M ′ | Okq (1) | n1n2 (j1, j2) JM〉 = (A.28)

Ĵ ′−1c

(
J k
M q

∣∣∣∣ J ′M ′
)
〈n′1n′2

(
j′1, j

′
2

)
J ′ || Ok(1) || n1n2 (j1, j2) J〉. (A.29)

In combination we get

〈n′1n′2
(
j′1, j

′
2

)
J ′ || Ok(1) || n1n2 (j1, j2) J〉 = (A.30)

δj′2j2δn′
2n2

(−1)J+j′1+j2−kĴ ′Ĵ

{
j1 j2 J
J ′ k j′1

}
〈n′1j′1 || Ok(1) || n1j1〉 (A.31)

A.8 M1 Operator with Spherical Tensor
Matrix Elements Expressions

An alternative expression for the matrix elements of the leading MLO,2b
1 operator can be

derived in spherical tensor notation. The starting point is the two-body MLO,2b
1 operator as

given by

MLO,2b
1 =

√
3

4π

[
1

2
(gp + gn)S +

1

2
L+ (gp − gn)

2∑
i=1

sit3,i +
1

2
LT3

]
. (A.32)

This leads us to

〈N(LS)J, TMT | |MLO,2b
1 | | N ′(L′S′)J ′, T ′M ′T 〉 =√

3

4π

[
1

2
(gp + gn)(−1)L

′+S′+J+1δL,L′δS,S′δMT ,M
′
T
δT,T ′ Ĵ Ĵ ′Ŝ

{
S J L
J ′ S 1

}√
S(S + 1)

+
1

2
(1 +MT )(−1)L+S+J ′+1δL,L′δS,S′δMT ,M

′
T
δT,T ′ Ĵ Ĵ ′L̂

{
L J S
J ′ L 1

}√
L(L+ 1)

+

√
3

8
(gp − gn)(−1)L

′+S′+J+1δL,L′ Ĵ Ĵ ′ŜŜ′
{
S J L′

J ′ S′ 1

}{
1/2 S 1/2
S′ 1/2 1

}
×
(

((−1)S
′ − (−1)S)δMT ,M

′
T

(δT,1δT ′,0 + δT,0δT ′,1) + ((−1)S
′
+ (−1)S)MT δMT ,M

′
T
δT ′,T

)]
(A.33)

with

x̂ =
√

2x+ 1. (A.34)
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[42] V. Lapoux, V. Somà, C. Barbieri, H. Hergert, J. D. Holt, and S. R. Stroberg.
Radii and Binding Energies in Oxygen Isotopes: A Challenge for Nuclear Forces. Phys.
Rev. Lett., 117:052501, Jul 2016. doi: 10.1103/PhysRevLett.117.052501. URL https:

//link.aps.org/doi/10.1103/PhysRevLett.117.052501.

[43] A. Cipollone, C. Barbieri, and P. Navrátil. Chiral three-nucleon forces and the
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[75] D. Gazit, S. Quaglioni, and P. Navrátil. Three-Nucleon Low-Energy Constants
from the Consistency of Interactions and Currents in Chiral Effective Field Theory.
Phys. Rev. Lett., 103:102502, Sep 2009. doi: 10.1103/PhysRevLett.103.102502. URL
https://link.aps.org/doi/10.1103/PhysRevLett.103.102502.

[76] R. Roth, J. Langhammer, A. Calci, S. Binder, and P. Navrátil. Similarity-
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[120] T. Hüther, K. Vobig, K. Hebeler, R. Machleidt, and R. Roth. Family
of chiral two- plus three-nucleon interactions for accurate nuclear structure studies.
Physics Letters B, 808:135651, 2020. ISSN 0370-2693. doi: https://doi.org/10.1016/
j.physletb.2020.135651. URL https://www.sciencedirect.com/science/article/

pii/S0370269320304548.

[121] D. Gazit, S. Quaglioni, and P. Navrátil. Erratum: Three-Nucleon Low-Energy
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Bogner. Ab initio electromagnetic observables with the in-medium similarity renormal-
ization group. Phys. Rev. C, 96:034324, Sep 2017. doi: 10.1103/PhysRevC.96.034324.
URL https://link.aps.org/doi/10.1103/PhysRevC.96.034324.

[138] I. J. Shin, Y. Kim, P. Maris, J. P. Vary, C. Forssén, J. Rotureau, and
N. Michel. Ab initiono-core solutions for6Li. Journal of Physics G: Nuclear and
Particle Physics, 44(7):075103, may 2017. doi: 10.1088/1361-6471/aa6cb7. URL
https://doi.org/10.1088/1361-6471/aa6cb7.

[139] A. J. Siegert. Note on the interaction between nuclei and electromagnetic radiation.
Physical Review, 52(8):787–789, 1937. ISSN 0031899X. doi: 10.1103/PhysRev.52.787.

[140] M. Piarulli, L. Girlanda, L. E. Marcucci, S. Pastore, R. Schiavilla, and M. Vi-
viani. Electromagnetic structure of A = 2 and 3 nuclei in chiral effective field the-
ory. Phys. Rev. C, 87:014006, Jan 2013. doi: 10.1103/PhysRevC.87.014006. URL
https://link.aps.org/doi/10.1103/PhysRevC.87.014006.

[141] T.-S. Park, D.-P. Min, and M. Rho. Chiral Lagrangian Approach to Exchange
Vector Currents in Nuclei. Nuclear Physics A, 596(3-4):515–552, may 1995. ISSN
03759474. doi: 10.1016/0375-9474(95)00406-8. URL http://dx.doi.org/10.1016/

0375-9474(95)00406-8.
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H. Krebs, Ulf-G. Meißner, J. A. Melendez, A. Nogga, P. Reinert, R. Roth, R. Skibinski,
V. Soloviov, K. Topolnicki, J. P. Vary, Yu. Volkotrub, H. Witala, T. Wolfgruber, Light
nuclei with semilocal momentum-space regularized chiral interactions up to third order,
Phys. Rev. C 103, 054001 (2021)
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